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CHAPTER I

INTRODUCTION

In this chapter, we introduce the basic concepts and terminology used in our work.

Definition 1.1. For a nonempty set X, a collection T of subsets of X is called a
topology on X if it satisfies the following conditions.

(1) XeT andpeT.

(1i) Any union of members of T is also a member of T .

(1i1) Any finite intersection of members of T is also a member of T .
The elements of T are called open sets in X and (X,7T) is called a topological space.

A subset A of a topological space X is said to be closed if the set X — A is open.

Given a subset A of a topological space X, the interior of A is defined as the union
of all open sets contained in A, and the closure of A is defined as the intersection of all
closed sets containing A.

The interior of A is denoted by Int A, and the closure of A is denoted by A. Obviously

Int A is an open set and A is a closed set; furthermore,
Int AC ACA.
If A is an open set, A =Int A; while if A is closed, A = A.

Definition 1.2. Let (X, 7T) be a topological space and 'Y be a subset of X. The collection
Ty ={Y NU :U € T} is a topology on'Y, called the subspace topology. (Y,7y) is

called a subspace of X.

Remark 1.3. If Y is an open subspace of X and G € Ty, then G € T. If O € T and

O CY, then O € Ty.



Definition 1.4. A metric on a set X is a function

d: X xX—R

having the following properties:
(1) d(x,y) >0 for each x,y € X; the equality holds if and only if x =y,
(7i) d(x,y) =d(y,x) for each x,y € X,

(idi) d(x,y) + d(y, ) > d(@, 2), for all .y, € X.

Given a metric d on X, the number d(x,y) is often called the distance between x

and y with respect to the metric d. Given £ > 0, the set

By(z,e) ={y e X : d(z,y) < ¢}

is called the e-ball centered at x. Sometimes we omit the letter d from the notation
and denote this ball simply by B(z,¢), if no confusion will arise. A subset G of a metric
space (X, d) is said to be open in X if for every point z in G, there is £ > 0 such that
B(z,e) C G. It is easy to show that B(x,¢) is an open set. And by a neighborhood of
a point x, we mean an open set containing z. A subset F' of (X,d) is closed if X — F
is open. Let 7; be the collection of all open sets in (X,d). Then 7; has the following
properties

(1) X € 75 and ¢ € Ty,

(2) Any union of members of 7 is also a member of 7y,

(3) Any finite intersection of members of 7; is also-a member of 7j.
Thus 73 is a topology on X. The topology 7; is called the topology induced from

the metric d on X.

Definition 1.5. A topological space (X,T) is called a metric space if 7 is a topology
that induced by a metric on X, and in this case we denote (X,T) by (X,d), or simply

X if no confusion arises.



Example 1.6. The standard metric or the usual metric on R"™ is the metric d

defined by
n
d(z,y) = | > (@i —v)?%,
i=1
forz = (x1,29,...,2y) and y = (y1,Y2,...,Yn) in R™. It is easy to see that d is a metric
on R".

Definition 1.7. Let (X,dx) and (Y,dy) be metric spaces. We say that a function
f: X—=Y is continuous at a point x in X if for each € > 0 there is 6 > 0 such that
for every y € X if dx(z,y) < 6, then dy(f(x), f(y)) < e. If f is continuous at every
point x in a subset A of X, then f is said to be continuous on A. If f is continuous

on X, then we simply say that f is continuous.

Definition 1.8. Let X and Y be metric spaces. A bijective function f : X—Y is called

homeomorphism if f and f~1 are continuous.

Definition 1.9. By a linear topological space we mean a vector space X over R
equipped with a Hausdorff topology such that the two functions +: X x X — X and

R x X — X are continuous.

Definition 1.10. Let V and W be vector spaces over R. A functionT : V — W is said

to be a linear transformation (linear function) if
T(ru+ sv) = rT(u) + sT(v)
for eachr;s ER andu,v e V.
Definition 1.11. Let X be a vector space over R and x,y € X, the set
L(z,y) ={ty+ (1 —t)z:0<t <1}

is called the line segment from x to y. A subset C C X is convex if L(xz,y) C C for

every pair z,y € C. A subset C' of X is star-convex if L(0,y) C C for each y € C .



Definition 1.12. Let X be a vector space over R. A function || - || : X — R is said to
be a norm on X if

(7) || > 0 for all x € X; the equality holds if and only if x =0,

(17) ||cz|| = |c|||x|| for all x € X and c € R,

(iid) |lz +yll < [lz] + llyll for all 2,y € X.
A vector space equipped with a norm is called a normed linear space

Theorem 1.13. Let X be a normed linear space. Then the function d : X x X — [0, 00)
defined by

d(zyy) = |z —yll, forz,y € X,

s a metric on X.
Definition 1.14. A subset A of a space X is said to be dense in X if A= X.
Example 1.15. The set Q of all rational numbers is dense in the space R.

Definition 1.16. A subset of a space X is called a Gg-set in X if it is an intersection

of a countable collection of open subsets of X.

Remark 1.17. (1) Every open subset of X is a Gs-set.
(2) For a subset A of X, let U(A,e) = U B(x,e). Since B(x,¢) is

€A

1
open for every z. € A, U(A,¢) is an open set. If Ais closed then A = ﬂ U(A, —).

n
) neZt
Therefore, every closed set is a Gg-set.

Definition 1.18. Given a set X, we define a sequence'in X to-be a functionx : N — X.

We usually denote x itself by the symbol (x1,x2,...) or (x,).

Definition 1.19. Let X be a metric space. A sequence (xy,) in X is said to converge

to a point y in X if for each € > 0, there is N € N such that

d(xn,y) <e whenever n > N.



A sequence () in X is said to be a Cauchy sequence if for each ¢ > 0, there is N € N
such that

d(xn,rm) < e whenever n,m > N.

A metric space (X,d) is said to be complete if every Cauchy sequence in X converges

(to a point) in X.

Example 1.20. The space R with the standard metric is a complete metric space, but

its subspace Q is not.

Definition 1.21. A topology T on X is called Hausdorff if for each pair x,y of distinct
points in X, there exist open sets U, and U, such that v € Uy, y € Uy, and U, NU, = ¢.

A topological space (X,T) is called a Hausdorff space if 7 is a Hausdorff topology.

Definition 1.22 ([1], P. 295). A space X is said to be a Baire space if the following
condition holds: Given any countable collection {A,} of closed sets in X each of which

has empty interior, their union | J A, also has empty interior.

Theorem 1.23 ([1], P. 296). A space X is a Baire space if and only if given any count-
able collection {U,} of open sets in X, each of which is dense in X, their intersection

N U, is also dense in X.

Theorem 1.24 ([1], P. 296, Baire category theorem). If X is a compact Hausdorff

space or a complete metric space, then X is a Baire space.
Corollary 1.25. A _countable dense subset of a.-complete metric space-is not a Gg-set.

Proof. Let X be a complete metric space and A a countable dense subset of X. Sup-

[ee]

pose that A = ﬂ G;, and G;’s are open in X. Then each G; is also dense in X,
i=1

since A is dense in X and A C G;. Let B = {G;}ien|U{X — {a} : a € A}. Then

ﬂ G, = ¢. By Baire category theorem, X is a Baire space. By Theorem 1.23,
Ga€B

ﬂ G, is dense in X, which is a contradiction. Therefore, A is not a Ggs-set. O
Ga€B



Remark 1.26. The set Q of all rational numbers is a countable dense subset of R and

R is a complete metric space. By Corollary 1.25, Q is not a Gg-set.

Lemma 1.27. Let X and Y be metric spaces and f: X —Y be a function. The set

A={x € X : f is continuous at x} is a Gs-set.

Proof. Suppose A is nonempty. Let n € N and a € A be arbitrary. Since f is continuous
at a, there is a neighborhood Gy, of a such that f(a) € f(Gna) C B(f(a), ).
Let A, = U Gnq and B = ﬂ A,.
a€cA neN
It is clear that A C B. Next, we will show that B C A. Let b € B and € > 0 be

arbitrary. There is m € N such that % < &. Since b € A,,,, there exists a € A such that

be Gna Let g€ Gpq. So f(b) and f(g) are in f(Gpa) € B(f(a), %) Thus

dy (F(5), (9)) <dy (f(), F(@) +dy (f(@), f(g)) < — + — = = < =.

m m m

Therefore, f is continuous at b, which implies b € A. O

We will denote the set of all continuous functions from X to Y by C(X,Y). We
usually refer to an element in C'(X,Y") as a map from X to Y, and use 1x to denote the

identity map in C(X, X).

Definition 1.28. Let (X,dx) and (Y,dy) be metric spaces. A subset F of C(X,Y) is
said to be equicontinuous atx € X if for each ¢ > 0, there is § > 0 such that for every
y e X, dy(f(x),f(y) < e whenever dx(x,y) < 0 and f € F. The set of all points z in

X at which F-is_equicontinuous, is denoted by E(F).
Remark 1.29. Let F C C(X,Y). If F is finite, then E(F) = X.

Proof. Suppose F = {fi, fa,..., fn} for some n € N, and f; € C(X,Y) for every
i€ {1,...,n}. Assume that x € X and € > 0 be arbitrary. For every i € {1,...,n},
since f; € C(X,Y), there is §; > 0 such that dy (fi(z), fi(z")) < € whenever dx(z,2') <

d;. Choose 6 = min{dy,d2,...,0,}, so & > 0. For every i € {1,...,n}, we have



dy (fi(x), fi(z")) < & whenever dx(x,2’) < §. Therefore, € E(F), which implies
E(F) = X. 0

n-copies

—_—N
Let f € C(X,X). We define f*(z) to be f*(x) = fofof---of(x). If F={f":

n € N}, then we denote E(F) by E(f).

Example 1.30. For each m € N — {1} and f : R — R given by f(z) = mx, for z € R.

Then E(f) = ¢.

Proof. Suppose f(x) = ma for some m € N — {1}. Let z € R, ¢ =1 and n € N. Then

(@ = oa ot )) = (@ e )
=(m T = m m+7)

Z (m"x —1,m"z+1), by m" >n for alln € Nand m # 1

= (f"(@) =& f*(2) +¢).
Therefore, © ¢ E(f) for all x € R. O

Proposition 1.31. Let H,F C C(X,Y). Then the following conditions hold.
(1) If H C F, then E(F) C E(H).
(2) E(HUF) C E(H) N E(F).

(2) E(H) U E(F) C E(H N F).

Proof. For (1). Suppose that H € F. Let z € E(F) and € > 0 be arbitrary. Then there
is a neighborhood U of z such that f(U) C B(f(x),e) for.all f € F. Since H C F,
fU) C B(f(z),e) for all f € H,soz € E(H).

For (2). Since H, F C HUZF and by (1), we have E(HUJF) C E(H) and E(HUF) C
E(F). Therefore, E(HUJF) C E(H)N E(F).

For (3) HNF CH and HNF C F and by (1), we have E(H), E(F) C E(HNF).

Thus E(H) U E(F) C E(HNF). O



Remark 1.32. By Ezample 1.30 and Proposition 1.31 (1), we have E(C(R,R)) C E(f)

where f: R — R is defined by f(x) =2z and E(C(R,R)) = ¢.

Theorem 1.33. Let {U, : « € A} be a collection of open subsets of X. If F is equicon-

tinuous on Uy, for all o € A, then U Uy C E(F).
a€gl

Proof. Let u € U U, and € > 0 be arbitrary. So u € Ug for some g € A. There is a

acA
neighborhood Vj of u such that f(V3) C B(f(u),€) for every f € F. Since V3 is open in

Ug, V3 is open in X. Hence u € E(F). O

Example 1.34. Let F = {f, : n € N}, where for each n € N, f, € C(R,R) is defined

by

fn(aj) =i ST % (1'1)

Then E(F) =R —{0}.

Proof. First, we will show that 0 ¢ E(F). Choose ¢ = 3 and let U be an open set

containing 0, and n € N be such that (0 — 1,0+ 1) C U. Then

Fal(0 =20+ ) =[0,1) & (~3, 5) = (F0) — 5. £(0) + 5) = ((0) — &, £(0) +<)

n n 2

for every n € N. Thus 0 ¢ E(f), which implies E(F) C R — {0}. Next, we will show

that F is equicontinuous on R — {0}. For every n, if we restrict the domain of f, to



(—00,0) U (%, 00) then the class F defined as in (1.1) is finite. Therefore, (—o0,0) and

(,00) are subset of E(F) for every n € N. By Theorem 1.33,

no

R — {0} = (—o0,0) U | J (~,00) C B(F),
neN

so E(F) =R —{0}. O
Example 1.35. Let y € R and n € N, define f,, € C(R,R) by

Jyn(T) = y(fu(z —y)), forz € R,

where f,’s are defined as in Example 1.34. Then E(F) = (—o0,0] where
F=A{fyn:yeR", neNL

fix)

&

VWV e em= s == ==

F(X)=Ty (%)

Proof. As in the previous example, (—c0,0) € F(F). Next, we show that 0 € E(F).

Let € > 0 be arbitrary. We choose 0 = € and let f,,, € F. If y > ¢, then
[fym(z) =0 =y(fulz —y)) =y-0=0
for every x € (—¢,€).. If 0 <y < &, then
[fyn(®) =0l =y(falr = y)) = yfulz <y) <y <e

for every # € R. Thus 0 € E(F). Finally, we show that F is not equicontinuous on R*.
Let y € RT. We will show that y ¢ E(F). Choose ¢ = 4 and let U be a neighborhood

of y. There is n € N such that (y — %, y+ %) CU. Choose f,, € F. Then

Funlr =2+ ) =105) £ (5. D) = () — &, fun) + ) = (F9) — &, S ) +2).

Then F is not equicontinuous at y. Therefore, E(F) = (—o0,0]. O
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Theorem 1.36. For each F C C(X,Y), the set E(F) is a Gs-set.

Proof. For each n € N and x € E(F), there is a neighborhood G, ; of = such that
f(z) € f(Gnz) C B(f(x), %) for every f € F, since F is equicontinuous at x.
Let Ay = |J Gnzand B= () A,

zEE(F) neN
It is clear that E(F) C B. Next, we will show that B C E(F). Let b € B and € > 0 be
arbitrary, there is m € N such that % < . Since b € A, for every n € N, b € A,,. There

is a point a € E(F) such that b € G, 4. Let ¢ € G g and f € F. Hence f(b) and f(c)

are in f(Ghna) C B (2), )50

- m

d(f(b), f(c)) < d(F(b): f(a)) +d(f(a), f()) < —
Therefore, there is a neighborhood G, of b such that f(G,,,) € B(f(b),e) for all
f € F, so F is equicontinuous at b. Thus b € E(F). O

Corollary 1.37. The set E(f) is a Gs-set, for every f € C(X, X).

Definition 1.38. Let X and Y be two spaces, I the unit interval [0,1] and f,g €
C(X,Y). We say that f and g are homotopic if there exists a map H : X x I — 'Y

such that H(z,0) = f(x) and H(z,1) = g(x) for each x € X.

Definition 1.39. Let X be a space and A C X. A retraction of X onto A is a map
r: X — A such that r|s is the identity map of A. If such a map r exists, we say that A

is a retract of X.

Definition 1.40. A map f € C(X,Y") is called nullhomotopic “if f is homotopic to a

constant map. A space X is called contractible if 1x is nullhomotopic.
Theorem 1.41. Let A be a retract of X. If X is contractible, then so is A.

Remark 1.42. Any star-convex subset of a linear topological space is contractible.

Proof. Let X be a star-convex subset of a linear topological space. Define a homotopy
H : X x[0,1] — X by H(x,t) = tx for each z € X and t € [0,1]. Thus 1x is

nullhomotopic, so X is contractible. Il



CHAPTER II

SOME PROPERTIES OF CONVERGENCE SETS

For an nonempty Hausdorff space X and f € C(X, X), the convergence set of f is

defined to be the set
C(f) :=={a € X « the sequence (f"(z)) converges in X},

and the fixed point set of [ is the set F(f) of all fixed points of f. That is F(f) :=

{r € X : f(x) = z}. Note that F(f) is closed for every f € C(X, X).

Remark 2.1. Let X be a metric space and f € C(X,X). We clearly have:
(1) F(f) € C(f),
(2) lim f™(z) is unique and belongs to F(f) for each x € C(f),

n—oo

(3) C(f) = ¢ if and only if F(f) = ¢.
From now on, we will assume that F(f) # ¢.

Definition 2.2. Let X be a metric space and f € C(X, X).

(1) The map f is called nonexpansive if for cach x,y € X,

d(f (), f(y)) < d(z,y).
(7i) The map f is called quasi-nonexpansive if for each z € X andy € F(f),
d(f(z),y) < d(=,y).
(141) The map f is called virtually nonexpansive if C(f) C E(f).

It is obvious that every nonexpansive map is quasi-nonexpansive. It is known that

every quasi-nonexpansive maps is virtually nonexpansive and F'(f) is a retract of C'(f)[2].
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Proposition 2.3. Let f € C(X, X). If {f" : n € N} is a finite set, then f is virtually

nonexrpansive.

Proof. Assume that {f™ : n € N} is a finite set. Then E(f) = X, by Remark 1.29, and

so f is virtually nonexpansive. O

Here is an example to show that a map may be nonexpansive relative to a metric but

not nonexpansive relative to another metric even though the two metrics are equivalent.

Example 2.4. Consider R? with the metric induced by the norm

1@, 9) oo = max{|z], [yl},

and define f : R2 — R? by
fz,y) = (2 ]x]).
Then f is nonexpansive relative to ||-|| .. not nonexpansive relative to the standard met-

ric. However it is virtually nonexpansive relative to any metric on R? even though the

two metrics are equivalent.

Proof. To show that f is nonexpansive relative to |[:{[o, let (@1, 1), (z2,y2) € R%. We

have

[f(z1,91) —f (@2, y2)ll oo = Nl (21, |21])— (22, [22]) ]|
= [l(z1 — 22, Jz1| - |22]) [l
= max{|zy — T2, [|z1] — [22[}
= |z1 — a2
< max{|x1 — 22, [y1 — y2|}

= [[(z1,91) — (22, 92) o -

Next, we note that for (0,1),(1,1) in R?, we have

1£(0,1) = F(L, )] =v2>1=(0,1) = (1,1)].
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That is f is not nonexpansive relative to the standard metric. Since f* = f for any n € N,

{f™ : n € N} is finite and by Proposition 2.3 implies that f is virtually nonexpansive. [
Example 2.5. Consider C([0, 2], [0, 27]) with the norm
2
Jall = [ Jato)a
0
for x € C([0,2x],[0,27]). The map f : C(]0,2x], [0, 27]) — C([0,27], [0,27]) defined by
(f (@) (@) = sin(t)|z(t)|  (z €C((0,2n],(0,2n]))
1S MONETPANSIve.

Proof. To show that f is nonexpansive, let =,y € C([0, 27], [0, 27]). We have

2
I f(@) —f ()l = /0 |(f (2)) () — (F (9))(2) |dt
2
= / [sin(t)x(t) — sin(t)y(t)|dt
0
2
= [ lsnto| () — yie)lar
21
< | 0=l
=llz—ull.
This implies that f is a nonexpansive map. O
The followings are examples of virtually nonexpansive maps on C.
Example 2.6. Let f: C — C be defined by f(z) =z for each z € C.
Let z =&+ yi € C. Then f(z + yi) = x — yi and
F(f)={z+yi:y =0}
Also, for n € N, f*(z + yi) = x + (—1)"y and
C(f) ={z+yi:y=0}=F(f)

Since {f™ : n € N} = {f, 1c¢} and by Proposition 2.3, f is virtually nonexpansive.
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Example 2.7. Let f : C — C be defined by f(z+iy) = x+ii (y + |z|) for each z = z+iy

in C.

It is easy to see that F'(f) = {x + iy : y = |z|} and C(f) = C. Note that
n—1 n—1
1
f(x+iy) = :v—i—z— y—|—z27’\x| ) and —227’ < 1 for all n € N. We will show that
E(f) = C. Let z + iy € (C and € > 0 be arbltrary Choose § = 5. Hence for each

x1 +iy1 € C and n € N such that ||z + iy — (21 +iy1)|| < 0, we have

|$| |21]) Z 2’
1 1

e - moQ—nzw'
=0

1" (& +iy) = f (21 +aga) || = ||(& — 1)

<l = =)l +

<O+ 0+ | (| = |z )]

<d+d+0d=¢.
Thus = + iy € E(f). Therefore, B(f) = C.

Example 2.8. Let f : R? — R? be defined by f(x,y,2) = (a:,y,%(z—i— |y|)) for each

(z,y,2) € R3.

It is easy to see that F'(f) = {(#,y, 2) : z = |y|} and C(f) = R3. Similar to Example
2.7, we can show that f is virtually nonexpansive.

The followings are examples of maps that are not virtually nonexpansive.
Example 2.9. Let f: C — C be defined by f(z) = z|z| for each z € C.
It is easy to see that for each n € N, f"(2) = z|z|*" =1+ Then
F(f)={z€C:|z| =1} U{0} and
C(f)y={z€C:|z| <1}.

Next, we will show that f is not virtually nonexpansive. Suppose that f is virtually
nonexpansive. Since 1 € F(f), there exists 6 > 0 such that for every y € C and n € N,

|1 — f*(y)|| < 3 whenever ||1 —y|| < é. Let k € N be such that 1 — (2)2’c < 9. Then
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[1- ()™

nonexpansive.

‘ = Hl — §H = % which leads to a contradiction. So f is not virtually

Next, we let £°°(R) be the set of all bounded sequences of real numbers. That is
°(R) = {(z1,22,...) : sup|z;| < oo}.

Then ¢*°(R) is a vector space under the usual addition and scalar multiplication. That

is for each (xy,), (yn) € £>°(R) and ¢ € R,

(:Bn) 7 (yn) o (mn < yn)v

c(xn) = (czp).

Define
2|l o = sup |zl
(A

for x = (x,) € £>°(R). It is easy to verify that |||, is a norm on ¢*°(R).

Example 2.10. Let f : {°(R) — (°°(R) be defined by f(z1,72,23,...) = (23,23,23,...)

for each (x1,x2,x3,...) € £°(R).

Proof. We will show that f in not virtually nonexpansive. Suppose that f is a virtually

nonexpansive map. Since (1,1,1,...) € F(f), there exists § > 0 such that if

||(17 L1,.. ) - (y17y27y3’ . )”oo <0,

then

1

I, 115 0) = Py v s, S o =0 (L L 1L = My p2swss -l < 5

1
for every n € N. Let k € N be such that 1 — (%) 2k < §. Hence

kth —term

(L1, ) = (1,1, (%)H) <5
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but

kth—term
1

1 1

k & = 5 -3
(L1 L. = (L. <2> ) _H(l’l’l"")_(2’1’1"")Hoo_2’

o0

which is a contradiction. It is easy to see that F(f) = {(x,a:%,x%, ... rx e RTJ{0}}.

111
Example 2.11. Let f : {°(R") — (°(R") be defined by f(x1,x2,23,...) = (x3,23,23,...

for each (w1, 12, x3,...) € (*°(RT).

Proof. Suppose that f is virtually nonexpansive. Since (0,0,0,...) € F(f), there exists

0 > 0 such that if

H(0,0,0, . ) = (y17y27y37 * )Hoo S 5’

then
1
10,0,0,...) = f™(y1. 92, 48, - - Miac = 10,0, 0, ) = f"(y1. 92,93, oo < 5
for every n € N. Let k € N be such that?%<5. Hence
kth—lterm
(0,0,0,...) —(0,0,..., 5" ,0,.. )| <9
(e.e]
but
Eth —term
(0,0,0,...) = f*€0,0 1) " =1/(0,0,0 )—(100 ) _1
,0,0, ... 0,k gy 0t = 1(0,0,0,... 200 =5
o

which a contradiction. It is easy to see that F'(f) = {(z, 2%, z%,...) :x € RT [ J{0}}. O

The next example shows that if f € C'(X,X) is a virtually nonexpansive map and
p € C(X,X) is a homeomorphism, then p o f and f o p need not to be a virtually

nonexpansive map.

Example 2.12. Let p : R — R defined by p(x) = 2x for each x € R. It is easy to see

that p is a homeomorphism. By Example 1.530, E(p) = ¢ and F(f) = {0}, so p is not
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virtually nonexpansive. Since 1r is virtually nonerpansive, po lg = 1g o p = p is not

virtually nonexrpansive.

Theorem 2.13. Let f,p € C(X,X). Then f is virtually nonexpansive if and only if for

1

every homeomorphism p on X, po fop™ is virtually nonexpansive.

Proof. For only if part. Let 2 € F(po fop 1) and £ > 0 be arbitrary. Note that

n—time
7

ff=(ofop No(pofop Yo...o(pofop )=poflop™!

and f(p~!(z)) = p~1(x), since po f op !(x) = z. Therefore, p~(x) € F(f).

Since p is continuous, for each z € X, there is §; > 0 such that for every y € X, if
Iz — y|| < d1, then ||p(z) = p(y)|| < e. Since f is virtually nonexpansive and by [2], for
each z € F(f), there is d2 > 0 such that for every y € X, |[f™(2) — f"(y)|| < 61 where

1 is continuous, for each z € X, there is

Iz —y|| < d2 and for every m € N. Since p—
d3 > 0 such that for every y € X, if ||z —yl| < 03, then ||p~'(z) —p~'(y)|| < 82. Since

p~H(z) € F(f), for every y € X, such that ||z — y|| < d5 implies
|lpo fropt(z) —po fropl(y)| <e

for any n € N. Thus F(f) € E(f) and by [2], which implies p o f o p~! is virtually

nonexpansive. For if part, the conclusion is obvious. O

Lemma 2.14 ([4]). If f € C(R,R) is quasi-nonexpansive, then F(f) is a convex subset

of R.

Theorem 2.15. Let X be a convex subspace of R and f € C(R,R) quasi-nonexpansive.

If|F(f)] > 1, then C(f) = X.

Proof. Let ¢ € X. Since f is quasi-nonexpansive, by Theorem 2.14, F(f) is a closed

convex subset of X.

Case 1. F(f) = X. Then F(f) C C(f) C X.
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Case 2. F(f) = (—oo,z]N X for some x € X. Since (—oco,z] N X = F(f) C C(f),
it suffices to show that (z,00) N X C C(f) and let z = = — |x — ¢| € F(f). Since f
is quasi-nonexpansive, we have ¢ > fl(c) > f?(c) > ... > z, it follows that (f"(c)) is
decreasing and bounded below by z. Hence it is a convergent sequence.

Case 3. F(f) = [x,00) N X for some x € R. The proof is similar to case2.

Case 4. F(f) = [x,y] for some z,y € R. Suppose ¢ ¢ [z,y]. Then there are 3
possibilities:

(4.1) There exists z € F(f) and m € N such that for each n > m, f"(c) > z. Thus

f"(c) > z for each n > m. Since f is quasi-nonexpansive,

c>fle) > f2o)>...> 2

Therefore, (f™(c)) is a convergent sequence.
(4.2) There exists z € F(f) and m € N such that for each n > m, f"(c) < z. The
proof is similar to the case (4.1.).

(4.3) For each z € F(f) and each m € N, there exist n, k > m such that
rley< 24nd'To () Sue

We will show that this case is impossible. To do this, let define a subsequence (f™*(c))

as follows:

frHe) = fle)s
f"*(c) < x for some ny > ny,

[ (c) > x for some nz > na;

for k is even, f"(c) < z,

for k is odd, f"™*(c) > x.

Note: 0 < z — f™(c) for every even number k. Let r = |z — f"2(c)| > 0 and 7’ =

[f"(¢) — .
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f”2( \) v 3 ‘f‘”3(c)
— e 5 ®
| i - i
' T
Since r = [f"2(¢) — x| > |f™(c) — x| =" and f"3(c) > y, we have
e —yl=1'=(y=n)<r-(y-=).
7™ vl 7"
— * o @
| ; i ; i
l - (v-x) I

Next, let " = |f™(c) — y|. Since r — (y —x) > |[f™(c) —y| > |f™(c) — y| = r" and
f™(c) <z, we have x — f(c) = 1" = (y —x) <r —2(y — z).

P o 5 v ¥
il 5 = i

1

(©)

r'-lv-x)

Follow this process, we have

f(e) —y <r =3y —x),
x—f"c)<r—4y—x),...,

r— fM(e)<r—(i—2)(y—x),ifiis even,

fi(e) —y <r—(i—2)(y— ), if i is odd.

There is an even number m € N such that x — f"m(c) <r — (m — 2)(y — z) < 0 which

leads to a contradiction. O
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Definition 2.16. Let X be a metric space and f € C(X, X).

(1)  The map f is called periodic if there is n € N such that f* = 1x.

(1i) The map f is called recurrent if for each € > 0 there is N € N such that for
each z € X, d(fN(x),r) <e.

(13i) The map f is called pointwise recurrent if for each x € X and € > 0 there

is N € N such that d(fV(z),z) < e.

Remark 2.17. Every periodic map s recurrent, and every recurrent map is pointwise

recurrent.

Lemma 2.18. Let f : X — X be pointwise recurrent. Then for each x € X and & > 0,

the set Ay . = {n € Nod(f™(x),x) < e} is infinite.

Proof. Let x € X and € > 0 be arbitrary. We suppose that A, . is a finite set. It is easy

to see that f is not periodic. Since f is not periodic, d(f"(x),z) > 0 for all n € N. Thus
0 < min{d(f"(z),z) :nc Ay} <e.
Since f is pointwise recurrent, there is m € N such that
d(f"(x),x) < min{d(f"(x), &) ne Al <e.
It follows that m € A, .. Hence
d(f™ (), ) <min{d(f"(z),x) : n € Az} < d(f™(2),2),
which leads to a contradiction. Therefore, A, . is infinite. O
Theorem 2.19. If f € C(X, X) is pointwise recurrent, then C(f) = F(f)-

Proof. It suffices to show that C'(f) C F(f). Let z € C(f), and lim f"(x) =y for some

n—oo
y € F(f). Let € > 0 be arbitrary. There is N € N such that d(f"(z),y) < § for each

n > N. By Lemma 2.18, we know that {n € N : d(f"(z),r) < 5} is infinite, so there is

k > N such that d(f*(z),z) < £. Hence

d(z,y) < d(z, f*(2)) + d(f*(2),y) < = +

2%
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Since ¢ is arbitrary, d(z,y) = 0. That is x =y = lim f"(z) and
n—oo

f(2) = f(lim f"(2)) = lim f"+ () = .

n—o0 n—oo

Therefore, z € F(f). O

The next theorem describes C(f) when f € C(X, X) is a virtually nonexpansive map

on a complete metric space. The proof generalizes the result in [2].

Theorem 2.20. Let X be a complete metric space. If f € C(X,X) is virtually nonez-

pansive, then C(f) is a Gs—sel.

Proof. Let f € C(X, X) is virtually nonexpansive. Since C(f) C E(f), f is equicontin-
uous for every a € C(f). That is for every o € C(f) and m € N there exists dq,m > 0

such that if d(y, @) < dqm, then
n n 1
d(f"(y), f"(a)) < — for every n € N.

Let A4,, = U B(a, 6a,m), for each m € N and B = ﬂ A,
acC(f) meN
We will claim that B = C(f). It is clear that C'(f) € B. To show that B C C(f). Let
b € B and € > 0 be arbitrary. There exists & € N such that % < §. Since b € Ay, for

every m € N, there is a € C(f) and 64, > 0 such that d(b, @) < a4, s0

< for-all n € N.

x| =
> ™

d(f" (), f*(e)) <

Since o € C(f), there exist-# € X and N'€ N.such that d(f"(a),z) < § for every

n > N. Hence

d(f™(b), x) < d(f™(b), [ (@) + d(f"(a),z) < Z + Z _ %
for every n > N. And
d(fH(b), f7(b)) < d(f'(b),x) + d(z, f7 (b)) < % + 5=¢

for every i,j > N. Therefore, (f™(b)) is a Cauchy sequence. Since X is complete, (f™(b))

converges to a point in X. That is b € C(f). O
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The next example shows that there is a map such that C'(f) is not a Gs-set.

Example 2.21. Define T : [0,1] — [0,1] by

|
|
|
!
|
0 i 1 N
2

Note F(T') = {0,2}. We consider the composition of T" as follows:

;

4z ifo<z<1,

2—4x ifi<a<?i
ToT(zx)=T%zx)=

4r — 2 if%<x§%,




2 if0<z <,
2 —2"g if2%<x§2%,
2y — 2 if 2 <z<2,
4 — 2"y if%<x§%,
My —4 if &<z <2,
6 —2"x ifQ%<a:§2%,
T"(z) =

T i - agy

2n_ _2717

2’)7,

My £ ] if BN g < k2
2 — 2Ny if 21 <o <1

\

Remark 2.22. The tent map T has the following properties

k+1—2" if £ <2 < EEL where k is odd,

(1) for x € (0, 3], there is k € N such that 5 < T*(z) < 1,

(2) forzxz € [%, 1], there is k € N such that 0 < TF(x) < %

Proof. (1) Let € (0, 3]. There is k € N such that

and

Thus

(2) Define g : [0,1] — [0, 1] by g(y) =

'

1
2k+1 Sts 2k

1 1

<ok =Thz) <1.

| =

2—y

A={g"(1)=1,9(1),4°(1),g%(1),..

3.
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for each y € [0, 1]. We consider the set
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We claim that g*(1) < ¢*¥*2(1) if k is odd and ¢¥*2(1) < ¢*(1) if k is even.
1

n

Since g"(y) = 5~ Z )i 4 (—1)"(y), we obtain
=1
1 n n+2 o
gn(l) — 2_n (_1)n712z and gn+2 2n+2 n+27221'
=0

Consider ¢g"(1) — g"*2(1). We note that

n 1 n+2

2n (_1)717127, b 2n+2 Z(_l)n+2*l2l
i =0

g"(1) — g2 (1) =

1 - .7 1 n+2 o

— on iz <22 (*1)n—121> _ W <(_1)n—12+ (_1)n + Z(_l)n—I—Q—zQz)
e i=2
- n+2

N 2n1+2 <(Z(—1)"‘i2”2) — () (=ymRi2) — (-2 + (—1)”+2)>
i i=2

- 78 <<Z<—1)"i2"+2> = (D=1 — (-1 l2 <—1>">>
1=0 i=0

= s e =y 2

G

on+2

So if n is odd, then g™(1) — g"*2(1) < 0, otherwise g"(1) — g"*2(1) > 0.
Let z € [3,1] = {2}. We have ¢"(1) < # < ¢F2(1) for some odd number k or
g"*2(1) < 2 < g¥(1) for some even number k.

Since g"(z) € [3,1] for every n € N and z € [0, 1],

9 n—1 - n—1 ’
Tog":f<Tg> :2—2<Tg> = ¢"~! for every n € N.

By composition, we have
TFog"(1) = ¢ (1) = g°(1) = 1 > TH(a) > T" 0 g"*2(1) = ¢* 7 7F(1) = ?(1) =
and then 0 < T*+1(z) < % O

Next we will determine the convergence set, C(T), of the tent map T'. Define the set

oo
= U T
n=1
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where T~!(x) is the inverse image of {x} and the set T~"(x) is the inverse image of the
set T-"F1(x).

By the definition of T', we have T~ (z) = {%, £5%}.
Then T71(0) = {0,1}, T72(0) = {0,3,1}, T73(0) = {0,%,2,2,1}, ..., T7(0) =

{#Fr:m=0,1,2...,2"7 1} and

7-°00) = | J {2:11 :m:O,l,Z...,Q”_l},

n=1
which is dense in [0,1]. We claim that C(T) = 7" >(0) JT~>°(2). It is easy to see
that T=°°(0) UT*OO(%) C C(T'). Now suppose that there is z € C(T) such that = ¢
T(0)UT(2).
Case 1. lim T"(x) = 0 but 7" () # 0 for every n € N. Choose ¢ = 1, so there is

n—oo

N € N such that [T"(z) — 0] < 3 for every n > N. Hence

0<TV(z)<

N =

By the property (1) of the tent map in Remark 2.22, there is £ € N such that

1
5 < TN+k(.%') S
. 2 2 1 ,
Case 2. lim T"(x) = 3 but T"(x) # 3 for every n € N. Choose ¢ = g there is
n—oo

2 1
N € N such that [TV (z) — §| <5 for every n > N. Hence

1 )
<N - <L
5 = (x)<6<

By the property (2) of the tent map in Remark 2.22, there is £ € N such that

0< TN*E () <

N |

Hence it is a contradiction. Therefore,
—00 —o0 2
o) =T =OUTr =G

Since C(T) = f~°°(0)UT~>°(2) is a countable dense subset of [0, 1] and by Lemma 1.25,

C(T) is not a Gs-set.
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Now we show that the map 7" is not virtually nonexpansive. By Theorem 1.8 in [2],
it suffices to show that F(T) € E(T). Note that 0 € F(T'). We will show that 0 ¢ E(T).
Suppose that 0 € E(T'). That is every € > 0, there exists § > 0 such that if |z| < J, then

|T™(z)| < e for every n € N. For € = 3, there exists § > 0 such that if |z| < d, then
1
|T" ()| < b for every n € N

which contradicts to the property (1) of the tent map in Remark 2.22. For when n € N

is fixed, there is k € N such that

T (x) > =, whenever |z| < 6.

N[ =

Therefore, the tent map is not virtually nonexpansive and the convergence set of the

tent map is not a Gs-set.



CHAPTER III

STAR-CONVEXITY OF CONVERGENCE SETS

In this chapter, we investigate a geometric property of the convergence set of virtually
nonexpansive maps. More precisely, we show that the convergence set of special virtually

nonexpansive maps is star-convex and its fixed point set is contractible.

Theorem 3.1. Let X be a linear topological space. If f: X — X is a linear map, then

C(f) is a convex subset of X .

Proof. Let f € C(X,X) be a linear map and z,y € C(f), say lim f"(x) = a and

n—o0

lim f"(y) = b for some a,b € F(f). Since X is convex, L(z,y) C X. Then

frte+ (1 —t)y) = fHz)+ (L =t)y) = tf" (=) + (1 - 6)f"(y)
for every point tx + (1 —t)y € L(z,y) and n € N. Hence

lim f"(tz+ (1 —t)y) =t lim f"(x)+ (1 —1t) nh_)rgo (y) =ta+ (1 —1)b,

n—oo n—oo

sotx + (1 —t)y € C(f). Then C(f). is.a convex subset. of X. O

Proposition 3.2. Let X be a linear topological space and f € C(X, X) such that
fle+y) = f(x)+ f(y) for every x,y € X. Then f(tx) = tf(x) for every t € R and

x € X, and hence f is a linear map.

Proof. Let x € X. Since f(0) = 0, we have 0 = f(0) = f(z + (—z)) = f(x) + f(—=z),

n—time

ie., f(—z) = —f(z). For every n € Z, f(nz) = f(z)+ ...+ f(z) = nf(zr) and then
f(@) = f(2z) = nf(iz). Thatis L f(z) = f(z) for every n € N. Let ¢ = 2 € Q, so

n

flgz) = f(Z2) = mf(tz) = 2f(x) = ¢f(z). Now let t € R. There exists a sequence
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(¢n) in Q such that lim g, =t. Hence
n—oo

ftr) = f(lim guz) = lim f(gne) = lim g, f(z) = tf(z).

n—oo

Therefore, f(tx) =tf(x) for every t € R and x € X. O

Theorem 3.3. Let X be a star-convex subset of a linear topological space and f €
C(X,X). If there is a map ® € C([0,1],[0,1]) such that for every t € [0,1], f(tx) =

O(t)f(x) for each v € X and lim ®"(t) exists, then C(f) is a star-conver subset of X.

Proof. Let x € C(f) and ¢ € [0, 1]. From f(tx) = ®(¢) f(x), we have f"(tx) = ®"(t) f"(x)

for every n € N. Therefore,

lim f"(tx) = hm O"(¢t) f"(x) = lim ®"(¢) lim f"(x).

n—oo n—oo n—oo

Since lim ®"(t) exists, tw € C(f). Thus C(f) is a star-convex subset of X. O

n—oo
Example 3.4. Let X be a star-convex subset of a linear topological space Y and f €
C(X, X) with f(tx) = tiz for some q € RT for every x € X,t € R. Then C(f) is a

star-convex subset of X.

Theorem 3.5. Let X be a linear topological space and f € C(X,X). Suppose f is
not constant and ® € C([0,1],[0,1]) is such that f(tx) = ®(t)f(x) for each x € X and

€ [0,1]. Then the following properties hold.

(1) ®(1) =

(2) ®(st) = D(s)P(t) for every s,t € [0,1].
(3) @(0) =

(4) £(0) =

() [F(®)] = 2.

Proof. Let x € X be such that f(z) # 0. Then f(z) = f(lz) = ®(1)f(z). Thus

(1-®(1))f(z) =0, so (1) = 1. That is (1) holds. Let s,¢ € R. Since

O(st) f(x) = f((st)r) = f(s(tx)) = B(s) f(tx) = (s)®(t) f (),
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we have (®(st) — ®(s)®(t))f(z) = 0. This implies ®(st) = P(s)P(t).

Let y,z € X be such that f(y) — f(z) # 0. Then

©(0)f(y) = f(Oy) = £(0) = f(02) = ®(0) f(2).

Thus ®(0)(f(y) — f(2)) = 0, so ®(0) = 0. This implies (3). And (4) follows from

f(0) = ®(0)f(0) =0. (5) is obtained from (1) and (3). O

Theorem 3.6. Let X be a linear topological space and [ € C(X, X), if f is a quasi-nonexpansive map
with |F(f)] > 1 and a map ® € C([0,1],[0,1]) is such that f(tx) = ®(t)f(x) for each

x € X and t € [0,1], then @ is the identity map on [0, 1].

Proof. Let t € R, s € F(®) and y € F(f)— {0}. It follows that sy € F(f) and

&= sl llylt = lity = syl
> |1 f(ty) = f(sy)ll
= [ @) f(y). — 2(s) f (W)
= [®(1) = 2(s)| || f (W)

= [®(t) — sl lyll -

Thus @ is quasi-nonexpansive. Since 0 and 1 are in F(®), by Lemma 2.14 F(®) is convex.

Therefore, F/(®) = [0, 1] implies that ®(¢) = ¢ for every ¢ € [0, 1]. O

Theorem 3.7. Let X be a star-convex subset of a linear topological space Y and f €
C (X, X) virtually nonexpansive. If a map ® € C([0,1],[0,1]) is such that for every t €

[0,1], f(te) = ®(t)f(z) for each x € X and lim ®"(t) exists, then F(f) is contractible.

n—oo
Proof. By Theorem 3.3, C(f) is a star-convex subset of X. By Remark 1.42, C(f) is
contractible. But from [2] we know that F'(f) is a retract of C'(f), so F(f) is contractible.

O

In the following example, Theorem 3.7 is used to determine that the fixed point set

of f is contractible.



30

Example 3.8. Let f: R3 — R3 be defined by
V3 1 1 1 V2

V3 V2
T4yt ——z|, ——z— Yoy 4 RIS
6v2 67 62 23 67 6 6 7

1
=z
6

Lt
-z
3

)

f@) = <CE, gy+ %z —

where T = (z,y,2) € R3.

This map satisfies the property that f(t(z,y, 2)) = tf(z,y, z) for every (x,y,2) € R?
and t € [0,1]. Note that f = PTP~! where P : R — R3 is the linear transformation

represented by the matrix

-L 1 _L-
V2 V3 /e
A 41 il
v2 V3 VB
0o -—-L 2
L V3 V6 |
and T : R® — R3 given by T(x,y.2) = (z,y,3(z + |y|)) for each (z,y,2) € R3. By

Example 2.8, T' is virtually nonexpansive. The map f is virtually nonexpansive, since
P is homeomorphism and by Theorm 2.13. Therefore, F'(f) is contractible, by Theorem
3.7. We will determine F'(f) and C(f). We claim that F(f) = P(F(T)). We first show
that F(f) € P(F(T)). Let # € F(f). Then PTP~'(z) = z, so T(P~!(z)) = P~().
Thus P~Y(x) € F(T). This means # € P(F(T)) or F(f) C P(F(T)). To show that
F(f) 2 P(F(T)), let # € P(F(T)). Then # = P(y) for some y € F(T). Hence
f(x) = PTP~Y(z) = PTP~Y(Py) = PT(y) = P(y) = @. This implies F(f) 2 P(F(T)).

Therefore,

= P({(z,y.|y]) : (z,y,2) € R*})

1 {(%(azﬂ;), %(—x—l—y — lyl))s %(—fﬂ —y-+ 2Iy!)) ', g6 R} :

n—time

Since f* = (PTP Y)Y (PTP™Y)...(PTP ') = PT"P~! and C(T) = R?,

lim f*(z) = lim (PTP~YH"(z) = lim PT"P ()

n—oo n—oo n—oo

= lim PT"P~Y(z) = P(lim T"(P~%(x)))

n—oo n—oo

exists for every x € R3. Therefore, C(f) = R3.
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