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. CHAPTER I

I'ntrodu_ctien

Let ..(.Xn) be a sequence of independent continuous random variables. .M_any -

authors (for examples Shapiro (1975, 1 9'77 1988), Termwnttipong (1986), Nea.rn-v

ma.nee(1998 2001 2002) and Siricheon and Neammanee (2001)) mvestlgated the. |

limit distribution of remprocals of the random vamables Siricheon and Neam-

manee (2001) and Neammanee (2001) con51dered the sequences of dJstrlbutlon
no

1
f t s of —.
unction - ; = Xk

ke Z - |X t , respectively. They found that both _
- of the sequences converge to Lauchy distribution functions, which are stated in
the followmgs theorems (Theorem 1.1 and Theorern 1.2)_ .
Theorern 1.1 Let (Xn),n=1,2,3,... be a sequence of .independent continnous
random-variable_s such that Ian CR-{jm lj € Z} end.lletv fr land F be the
probabi]ity -density function and the distribution function of X, respectivvely.v ;
As_sume that - | |

{j2fk‘ : k. € N,je Z} is un'iforrnly"equicontinuous, ie. for any e>0
.there exists a0 > 0 such that for real numbers z and y..'if lz —yl < & then

72 fk(:v) — 2 fk(y)l <e for eveiy integer j and positive integer k,.

2. nz Z Il (27~1 = L, for some L, > 0 and

k=1 j=-o00 v
lim —?; Z Z fk 2]71' = L, for some L, > []
k=1 ]-—~oo

Then there emsts a sequen_ce of real constants (A,) such th_at the sequence of

- distribution functions of — ( :
o : 7 ; sin X

T

) — A, converges to the Ceu_chy distribution




_ function
1 T
F(x) = 7{_(2 +arctanm)
: : . o 1< : ' _ -
where the constants A,, are given by A, = ~ Z /  zdFu(z) and Foi(z) is the
: . : ‘ k=1 ICE|>1 o ’

distribution function of Xnk.

Theorem 1.2 Let (X, ) n=1,2,3,... be a sequence of indepeﬂdent continuous
| random variables such that ImX,, CR—-{0,%1}. Let fi be the probability den51ty
function of X; [ A,s_sume that

L | fk( )) is equlcontlnuous at 1,

lim — Z fk = L and lim — - Z fre(—=1) = L, Whe‘re’Ll,Lz > 0.

" m—00 T} n—oo 7
k=1

Then there exists a sequence of real constants (A,) such that the sequence of
~ distribution functlons of —( ) — A, converges weaki to the Cauch;
5™ )~ An s ety o e G
distribution functlon
_ "1

i T
] F(.’E) = ;(5 + arctan m)

" where the constants A, are given by A, = = Z j[ 2dF(x) and Fou(z) is the
: 1] |z|>1 : . )
distribution function of X,. '

In this work, we will find the rates of convergences of the sequence of distri-

bution functions of random variables in theorem 1.1 and theorem 1.2.

The followings are our main results.

.’.I‘heorem 1.3 Let (X,),n=1,2,3,... be a sequeﬁce of independent: identicelly '-
distributed conﬁnuo_us random yariebles With eoﬁimon symmegric prebabih'ty den;
- sity function f. Assume that - | | | | _

1 | f (0 ) > 0 and there exists a positive constant B such that | f ( )| < vier all x,
2. f! exists and is bounded in some nelghborhood of the orlgm | |

3, Ika [—ga and 0 ¢ ImX,.




1 - |
 Then for any fixed 0 < d < § there exists a constant C such that

C

sup |F,(z) - F(a;)|v< i) '

—oo <z <O

n

| | | 1
- where F,, is the distribution function of —Z

1 | ]
Fis th -
0 X and F'is the Cauchy dis

tribution function defined by

e
LR

F(z) :—71;

1
o arctan-.(wf(ﬂ)n. :
| Theorem.l.é._L Let :(Xn), n—1,2,3,... be a sequence of indepepdent identically
distributed continuous random variables with common symmetric p._robabi]_i.ty den-
sitj function f and distribution functien H. Assume that
Lof(-1) and f(1) > 0 and there exists a positive constant B euch that_l f(=)| < B
for all 5, ,
2. f' exists a_nd:_is bounded in some neighborhood of 1,
3. (H oexp) is symmetric. -

Then for any fixed 0 <d < 3 there exists a constant € such that

C
sup |Fn(z) — F(z)| < 3

—oe <z <0

1
where F, is the dlstr bution funetlon or — and Fis the Cauch dJstm—
Z In Xy v
butlon function defined by
1rm ' x
F(z) = =| = + arct :
(@)= 2[5+ ereten ()

In this thesis we organize as_follows. In chapter II, some important 'preliminary :
: results and notatlons Wthh are necessary for this work are presented Chapter :

11T and chapter IV contain our main results



CHAPTER II

Preliminaries

In thls chapter we present some basic concepts and facts of theory of probablhty
that are needed in this work The proofs of the statements are ornltted They can
| be found in Cramer(1945), Laha and Rohatgi(1979), Gnedenko(1962), Gnedenko |
and Kolmogofov(1954) and Lukacs(1960) |
2 1 Random Varlables, Dlstrlbutlon Functions and Characterxstlc Func-
thIlS i |

A probabil.i.ty space is a measure space (£, P) in ;Vhich P is a posifive -
© Imeasure such that P(Q) = 1. The set © will be referred to as a sample space.
The elements of & are called events. For any event A, the value P(A) is called
the probablhty of A. | | ‘- "

A funcmon X from a probablhty space ( Q 53, P‘ to the set of complex numbers :
| (C is sa,ld to be a complex-valued random variable if for every Borel set B
in C, X~ (B) belongs to &, If X is real-valued, we say that it is a real—valued_
random \}ariable or'.simplvy. a random 'varialole ; .

| Let X be a random variable deﬁned on a probablhty space (Q P) We will *
use the notatlon P(X <), P(X > > x) and P(|X| > :v) to denote .' |

({w c Q|X w) < a:}) P{w € Q‘X ) > a:}) and P({w € Q“X(w )| > 33})
respectlvely | _- '

A function F frorn R to R is said to be a,-distributjon- function if it s

non-decreasing, right-continuous, F (—o0) =0 and F (+oo)‘: 1.




For aiiy-random variable X, the function F': R 5 R defined by .
F(z) = P(X < 7)

is a distribution function. It is said to be the "'di_s_,tribution function of the
random variable X.
We shall say that a random variable X has a Caﬁx__:hy distribution with

parameter 8 if its distribution function is given by

F(m) = %[g + arctan (%)}whgre g > 0. B

Let F, Fi, Fy, . . be bounded non-decreasing functions. A sequence (Fy) con-
'Verges weakly to £ if .
(i) for every continuity point & of F, Fy(z) — F(x) and

(i) Fa(+o0) — F(_Jfoo) and F,(—00) — F(—00).

: - We will write ,

F,5F
if (F},) converges weakly to F. Note that the weak limit of the sequence (F,), if
it exists, is unique. o -
We déﬁ_x_le the expectation of a cdmplex—valued random variable X' to be

XdP
Q

provided that the integral / X dP exists. Tt wi}l.b_é denoted by E[X].

Proposition 2,1.1(Cramer(1945), p.174) Let X1, Xo,...,X, be random vari-
ables. Then

B X+ X = Y B[X),
=1

provided that the sums on the right hand side is meaningful.



Proposition 2.1.2(Laha and Rohatgi(1979), p.28) Let X be a random variable

with the distribution function F. If E[X] exists, then

E[X]:/ s dF(z).
The expectation of a randdifi’ Véxiablé X is also known as the mean of X.
The expectation of (X — E[X])? is known as the variance of X and is denoted

by 0?(X). Note that mean and variance of random variable may be infinite.

Let I be a distribution function. The function ¢ : R—» C defined by

o0) = [ edra)

—00

is called the characteristic function of the distribution function F. If

- F'is the distribution function of a random variable X, then ¢ is also called the

.characteristic function of X.
Proposition 2.1. 3(Gnedenko and Kolmogorov (1954), p.45) For any character-
istic function go, ‘we have
0 w)=1,
(it} |e(t)] < 1 for everyt
(i) ¢ is contmuous
Proposition 2.1.4(Lukacs(1960), p.45)
(i) The product of two characteristic function is a characteristic function,
(ii) If o is a characteristic function, then |p|? is also a characteristic function.
The random variables X, Xy, . ,Xn are _called independent if
ﬂ{w‘X <xJ} HP(Xj < z;)
o=l
hold for every real number 1, zo, ... ,la.;n;'- '
A sequence of random variables (X,,) is said to be independent if

Xiy, Xw, .., X;, are independent for all distinct 45,4, ..., %, for every k € N.



‘Theorem 2.1.5(Créi_mer(1945), p.188,191) Let Xy, Xo,.. ..','Xn be random vari- .
ables with the characteristic functions @1, 2, . .,gon, respecti{}ély. Assume that
X1, Xy,..., X, are mdependent Then the followmgs hold,

(i) the characterlstlc function ¢ of X; + X, + -+ X, is given by
*@wzm@mmw%m for all ¢ € R,
(if) % (X1 + Xp - +X):ﬂun+acnw~~+ﬁum

1fa(X)<oofor7,—12

2.2 Inﬁnitely Divisible Distribution Functions
A dlstrlbutlon functlon F' with the characteristic fhnctlon @ is sa,ld to. be
-_1nﬁn1tely divisible if for every natural number n, there exists a characterlstlc

functlon ©r, such that__for every ¢,

o(t) = {ea(t)}"™.
The characteristic function of any infinitely divisible function is al_sv_(_)‘ said to be
' infinitely divis_ib_le. A random variable is said to be infinitely divisible if its
distribution function is infinitely divisible.
Theorem 2.2.1(Lukacs(1960), p.89) The characteristic function () is anm—

finitely divisible if and oniy if it can be written in the canonical form

log o(t) = iyt + /OO f(t,u)dG(u) (2.2.1)

where 1 is a real constant, the function f is given by

o e )
| _g fu=0

and G(u) is a bounded non¥decreasing function which is contimuous from the
~ right and G(~00) = 0. The representatlon (2.2. 1) is unique and it is called Levy—

"-".Khlnchlne ’s formula



'8.

There is another repfesentatibn of the logarithm of an infinitely divisible char-
.acteristic function ¢, known as Lé{ry’s formula:
| " PR ) e ) |
logp(t) = iyt — o + / g(t,w)dM(u) + / g(t,w)dN(w) —  (2.22)
| A o - _
the function g is given by

vg(t,u):et —1—m, u#O )

where 02. > 0 5nd_ v are real ch.stéhts, the functions M a_nd N are non-
decreasing functions define on (—00,0) and (0, +00) respectively With M (:400) = .
.0, N(+00) =0 and’ |
' ' C 0~ e
/ z2dM (z) + / z2dN(z) < +oo
—€ JOot

for every posit.ive realvnumber E. |

The char_a_cteﬁstic function ¢ is infinitely divisible if -and only if ifs logarithm
':'can be r__epresén_t_ed By Lévy’s formula. |
~ For an infinitely divisible characteristic function cp,-representatioh (221) and

(2.2.2) are related by

- T ] ge?
M(z) = / a6 (), fors <,

—0o0

u2

: +o0 2 .
N{z) = —/ 1+udG(u), for z > 0,

0" = G(too) ~ G(~o0).

It is We]_l-krioWn that - Caﬁchy__raridom variable is inﬁhitely divisiblelwith

Lévy-Khinchine’s formula and Lévy’s formula as follows:



) Characteristic Lévy—Khi_n.chine’s - Lévy's forrhula
 Function | formula |
g Gu) |7y o M@ N

el g>0 | 0 (%).arctanang- ol £ |- L

Theorem 2.2.2 (Gnédenko(1962), p-307) In order that a distribuﬁion function F'

" with finite variance is infinitely divisible it is necessary and sufficient that there

exist a uniqﬁe constant p and a non-decreasing, right-continuous function of
bound_ed variation K such that K(—oo) = 0 and the logarithm of its characteristic
function ¢ is given by

log p(t) = iut + / f(t,z)dK(z) - (2.2.3)

—00

where

(e i-w)(5) oo

ft,z) = 2

Thé formula (2.2.3) is known as Kolmogorov .fox_'mula. .-
Theorem 2.2.3 (Gné_denko and Kolmogorov (1954)) Let X be an .inﬁnitely divis-
ible randé:lil, variable with finite variance. Let the coﬁé_tant 1 and the fL_mction K
be giyen as 1n the Kohnogofov formula of thé characteristic fymction (;f X. Then
() BX)=p, |
(i) &Z(X ) = K(+09)...



CHAPTER III
Rate of convergence of distribution function ofsums of
the reciprocals lo_f_'_ls_i'ne of independent contihﬁeﬁe random

variables._'-.to' the Cauchy distribution function

The purpose of this chapter is to find the rate of convergence of the sequence of

1

dlstrlbutlon function of Z to the Cauchy distribution function. The

sin Xk
mam theorem is the followmg

Theorem Let (X,),n=1,2,3,... be a sequence of independent zv'dentz.'_cd.l__ly. ._dz'..s_
tributed continuous random vqr_z'a_bles.‘ with common symmetric probabzhty density
function f. Assume that ‘
1. f(0) > 0 and there ezists a positive constant B such that |f(z)| < B for oll z,
2. [ exists and is bounded in some neighborhood of the origin,.

- R

3. ImX, C [- 721 5} and 0 ¢ ImXp.

Then for any fized 0 < d < 9 there exists a constant C . such that

sup |Fn(z) — F(z)| <

I
—00 LT <X nd

1
DXk

where Fn s the distribution function of Z
tribution function defined by o

F(z)= 71r [2 +. arctan (

fo((]) )]

and F'is the C’auchy dis- S
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The proof of thlS theorem is based on the results of Shap1ro(1955) and.
: _.._'_Boonyasombut a.nd Shapxro(1970) | | - |
Throughout this Work C stands for a positive constant Wlth posably dlfferent

Va.lues in dn‘ferent places

For k': 1,2, n,n = 1,2, o det X = and let Fk be the

mn8in Xy

dlstrlbutlon functlon of Xk To proof the main theorem we. need the followmg
4 1emmas and Ltheorem (Lemma 3.1, Lemma 3.2, Lemma 3.4, Lemma 3.7 and
Theorem 3.6).

"Lemma 3.1 Let H be the common distribution function of Xj.

: (fl(O)—H(sin”l—L) if —1<—-1—<0
nr ne .

: T
H(0)+1— H(sin™} @) z'f__O oo 1_..___

Proof . Let z be any real number.
T
Case 1. x~00r '>1.

Ifx=0, then

Fo(0) = P(X, < 0)
‘ 1
7 sin Xk =

= P
= P(sin X, <0)
= P(~§ < Xk < 0)
_:H@*HFQV-

o H).



If L < —1, then

nr

1
<z

Fo(w) = P(nsinXk -

= P(L < sin X}, < 0)
n

= P(—1 <sin X} < 0)

= P(—g < Xi <0)

= H(0).

1
If — > 1, then
ne

Fo(z) = Fa(0) + P(0 < ——

1
— F(0) + P(sin Xy > —
(0} + P(sin L_nx)

= nk(O) + P(Sil’le = 1)

1
nsin X, —

Fnk(.’I?) = P( 37)

1
= P(— <sin X} < 0)
nx

1
= P(sin™* — S X< 0)

— H(0) — H(sin™ %).

nsin Xy —

z)

12
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1
Case 3. O0<— <1
e

nsin Xp =
#(0) + P(sin X > nx)

Fu(z) = F(0) + PO <

1
" = Fo(0)+ 1 — P(sin Xp, < —
x(0) + (sin Xy m)
. 1
= H{0)4+1=P(X in~! —
(0) + . (X% < sin na:)
1

BP0+ T — HlEnh e,
(0)+1~ H(sin™ )

]

For a > 1 we define X, = Xy if —a < 'Xnk < a and otherwis_e__'let X5, =0. That

is
. 1 00 1
= - if Xg<sin™t ( - —-—) or sin! (—) < Xy
Xe, = ¢ nsn X na » na
0 if sin™! (— —1-—> < X < sin~? (i>
: na na

- Let Fo. 0%, pni(a) and o2, (a)be the distribution function, characteristic

- function, mean and variance of X2, respectively.

Lemma 3.2- o

0 i zf:c < —a
e (@) - a(en () o —eses
e (z) = ﬁ H(Sin‘l (i)) if 2=0
H(sin'l(—))Jrl—H(sin”l_(—)) if 0<z<a

1 B o of x> a.
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Proof .

Case 1. z< —a.

Fow(z) = P(X5 < z) . -
= P{(nsirll X;;'_.'S z) N (X < sin™? ( _%) or sin™! (—nl—a) < Xk)}
= P[(% Sszk <D M(Xe < gin™" (— i—l) or sin"?_(%) S‘Xk)]
= P(¢
=0
Case 2. —a < x < 0.

Note that  F%(z) = P(X% < —a) + P(—a < X%, < z)

=04+ P(—a < X3 <z) and
< nz) N (X < sin™? (* ——)or_
na/:

- Pl—a< X5, <z) :,P[(—na < —

SN A

>
= (s (- o)) - # (s~ ()
fence o= (st (1)) (s (1))
Case_..3_. z=0.
R (s) = P(X3, < 0)
— P(X2, < —a) + P(~a < X2, < 0)+ P(X2, = 0)

R 1 1
— 2 —a a n~ i - — < in~! { —
0+ p(_.:a. < X2 < 0)+ P(sin a> < Xk < sin (_”_“>)

) - (s (,_v._%))
)= (-55)

= P(—a < X% < 0)+ H.(Smfl-:'(ni)
(=) et (S
o H(sin_l (_7%))



Case 4. O< 2z Slva_..'

()

= F(0) + PO < X3, < ) e
o 1 e 1

_ pa < =1 = iv -1f <
n,_c((]) + Pl(0< e XL S z) N (Xg < sin (na) or sin (na> < Xk)]

:P( skga)+P(a<XskS$)

=14 P[(na < S 5 m:) ﬂ (X, < sin™! <-— %) or sin™* (—T—Z-:—z-) < Xk)} |
=1+ P[(n—lgE <sin X < ;1(;) N (Xy < sin™* (— ;%) or sin™* (;%) < Xk)}
=1+ P(qs) |

the characteristic function of S,, and F, %, u,(a) and ai(a) denote respectively
the distribution function, characteristic function, mean and variance of 5.

'To bound |Fn(:1:) — F(z)], we note that

| (@) — F ()| < |Fo(2) = FR(2) |+ (z) = F ()] (3.1)



16

Lemma33|F(. |<Z{ +1— nk(a/)} )

Proof . See Boonyasombut and Shapir0(1970), p.240. o O

In what following, we give'. a bound of.':ea_ch term on the right of (3.1). The =

. following lemma gives a bound of the first term.
Lemma 3.4 sup |F,(z)— Fi(z)| < s
a

—0o<LT<Oo0

Proof . By Lemma 3.1 and Lemma 3.3 we see that

|Faf@) = F2(@)| < n(Fui(—a) +1 - Fnk(a)“) )
~(n(en (3)) - (s (-3))
.:n/sm b )f(:r:)da:

JeinH=k) -

ﬁ fsin™! u) i
=i Al=w?

\/1*(%)

=N

IA

(na)% —1
2nB
5 7
-/ tnaye - )
C

| _C R .
To give a boﬁnd of the sééond term on the right, of (3.1) we neea.the fo]lowin'g'

constrﬁction. | | - ” |
According to chaptér I.I, we kno“.z. that Levy;khinchirle’s for._n__lula of the char-

acteristic funétion @ of FlS defined by | :

oo - 1+u?/ w2
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where G(u) = f(0) fan T + %(0) ‘We deﬁﬁe :
1o i u<l-a

.. G*(u) = ¢ G(u) _ G(—a) if —a< u_<— a

Gla)~G(~a) if u>a,

. 1
7“:—/ — di(u),
[u|>a Y ()

uo) =+ [ udce)

-0

ad _Ka'<u>:/“<~1a:)daa()

We also let F @ be an mﬁmtely d1v151b1e dlSuI‘lqulO‘”l function whose loganthm of . |

its charactenstlc functlon is given by

logy(0) — inlat+ [ " (65 dK*(z)

where
‘I .
(e —1— zta‘) if z#0
fR=t 2?
and let

Kaw)=n [ a*dFufo-+ (@)
Fdr 0 < § < 2a, define _ _ .

m = m(a, é? = {7} +1
where [z] is the greatest integer less than or equal to z.
.Let —d - ZTg < Ty < < 'a:m — a be such that

max (z; — & <5
1<<mkz ZI)

 : ~ Theorem 35 sﬁp |Fo(z) — F(z)| < .Cg"‘(n,'m(a, 5),7”): (392

—00<zT<o0
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when 0 < o7.(a) < 1 for largen and k =1,2,...,n and

Wl

1<k<n

.o, 9)7) = [oR(@) s e ]% Ll ZIK“ (@) - k()]

+ [2at02(a) + o)

+{21x2(00) - Kzla) + Ko(o0) - K*(a) + K2(=0)

1

o 1 8 o T
+ K*(=a)] + 2lpm(a) — p(a)|} + [ /| L 4G ()] "
} v ‘ ul>a
- for any positive r € (0,1).
:-_".Proc)f . See Boonyasombut, and Shapiro(1970), p.240. U

Theorem 3.6 _Fo_?:"large n we have a constant Csuch thai

sup lFS(’E) g F(Q?)l < Oh’a(nam(a’, 6)>T)

—oo<Lz<oo

where
hﬁ(_@,_m(a, 8),r) = [%B%ﬂ% + Eiu{;(%) K“(J;z)\]% [ Sa(B + f(O))]%
N + {3100 — @)+ s} + [

o Proof. X

First, we will show that.--(_3.2) holds. To show this it suffices to prove that

0< o2 (a)<1for Iarge nand k=1,2,..,n

Note that &
sinH-nn) g J ER | N
. an(a) B /_% nsm:z:f(.@ $+/ —1( 1 )nsn:le(x)
z ( -z
= “/ Mdﬂ?—}”/ —f(.x) dx
sin'l(_f%)?ZSll’l.’I; sin‘l(ﬂi@)’ﬂ,Slnl‘

=0

where we have used the fact '-that f is symmetric in the last equality.



. Hence -

024(0) = E((X3)") — (1a(0))? -

i

w1 3 IR
:/ | <nsmx>2f(@d“/sm.-us,;).mﬂ”’_-’”

__J((_—i_d$+/g N f(x) da

- /sm_l(%)n%_sm)z sin~i(3f) W (sin.2)°

VE]

= 2/ ——_—2]@ 5 dT
- Sy nP(sinz)?

2B (%

< — csc? xdz

2
n sin"i(zla-)

= g_g_c_z cos ( sin™! (;3;))

o ,<_. 2Ba

ie, 0 < o2 (a) < 1for large n and k = 1,2, ...,n. So (3.2) holds.

In our case, we see that

| ol(a) = 0%y (a) +I- <+ 02 (a) SIQBa,

R _ 1 N £(0)
,},a:.__‘/.. —dG’lj, :—/ __\_’__dujo’
- Ju>a U ( ) lul>a ?L(l i u2) : !

o=+ [ wdorw)

-

= —audGa(u). + [ Zudé“(u) + [ udé“@ |

oo —

" uf(0) :
Bt [a.(l + u2) du

. — 07

(@) = pos(@) () =0,
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K*(u) = [u (14 2%) dG*(z)

| / (1+2°) dG*(x) o if u<-—a
/ (14 2%) dG(z) Jr/ (1+ 2% dG*(z) if —a §u<a
=47 . o o
/ (1+ 2% dG“(d:)+/ (1+ %) dG*(x) N
+/ (1+ 2°%) dG°(x) . 1fu > a,
{
o if u<-—a
:</f(0)dx if—a<u<a
/ f(0)dz if u> a,
\J —a
0 | if u,—a
={fO@+e i a<u<a
sz(o)a if u>a,

o%(a) = K*(oo) = 2f(0)a and

/ |ufdG(w) _ 2/(0) / v 2du§2f(0)/a°°ur_2 2O

lul>a . - 1+u (1 *'f’)a_l__ri
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Then we have,

'ga<n,m<a,,§>',r>% 502 )'Qlax 02(a) ]% | E Z'K“ z:) — K*( xm}

wIH .

+ [2ot03(a) + o))

+ {é[KZ(OO) — K2(a) + Ka(oo) — Ka(a) + Ks(_a)

Ko 2@ = pol) (2] wraco]
< [Boma (229)]*+ [33 kit - o]
4[%523a42f )ﬂ%
+ {2 K@)+ 2f(0)a - 27(0)a-+ K;_(—@}%
'l b
¥ 7( 1f r)al- T}
= [%BWJ!%- { Z| (@) — );} %'4- [-g-da(mf'(b))}%
+ (o0 - e+ Ketcan) 4 2O T
= h%(n, m(a, 5),r) . |
Hence sup |F;ff(.:c)—F(x)]._SC'h“(n,m(a?._(?_),'r) | O

—00 < <00

Next lemma, we will bound the second and the forth terms of A% (n,m(a,0),7).

Lem_ma. 3.7

I.Kg(oo) — Ki(a) + Ki(—a) = 0 and

2K (@) - K“(xz)| < %lnna for any 1=0,1,2,.... m
: Proof . |

By Lemr_ria 3.2 and the fact that p..(a) = 0 we see _thét
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Kewy=n | a3

oo
(sin™ N
/ if —a<u<a
— ﬁ —a
m;
f(sin™
\na: da: - AT o
i 1_
na,"

- Hence (1) follows 1mmed1ately from the formula of K2. Next we wﬂl ‘prove (2).

By the hypothesm of the main theorem, there exist positive constants € and C

such that | ()] <-_C for |z| <e.

1
Casel. @ z;<——.
By Mean-Value Theorem, for all u € [sin‘l (E_) ,sin~1 ( —~ —g)} there exists
- ,1'[ [ . )

£u € (u,0) such that |f(u) = J(0)l = |/'(6) ()| < Clul. Hence

| K () — K“(:ci)[

sin 1 ..
e \/—T
e !
s (5h) .
T <z;su—f«»><—%> y

_ /sin'l(;—l—;é_) ~ flu) ' d +/‘sln l(——)f( )Cosudu‘ v.

- sinl(=L) (Slnu) in~1(—1) _n(smu)

/S“"I(")f(u) Q) 4, +/Sﬂ“‘*“n‘df(o)— [Qcosu

1) n(sinu)? n=1( L) n(sin u)?
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S / n 'n.a) f(u) ‘ + / inh‘l(—%) f(o)(coso _ ;‘}OS u)du
sin~2(;1-) (smu sin (1) n(sinu) RN
e — _)
e f(0) | —siné|| — ul B
— du + —— du .
sin~1(-L sm'M) n Jsin—1(-L) (sinu)? S

for some :5 € (u,0)

=) _
T NSy (sinw)?

du

ERE 1 1
Ll () ()t (e ()
n o e & Wi A

s.m_l(—_;.)... e
—/ cotudu]

—1/_1
sin 1(n—a:t)

C . 1 " 1 Ll (1
= — [—na sin (——) cos (sm (———-)) —nz;sin ( ) e <sm ( ))
n na na nL; nw;

< —nc-'-[]nna —na(sin_1 (— %))}

From this fact and the fact that

s (< ) <0 <->>

na na
1 1
= for some € e (——,0)
v 1—&2 ne

<2

.- we have

K@)~ K@) < lana



,Case2 — <z < .
nsine nsine’

From the first case we see that

and by the fact that |z; | <

, f__ /_——“ a

nsine

-1

l/szm ==
V n

i ff<0>(nsm)|

<B/—— .(0)

—f sin~ o
’/ — Olnna
\/ m:

4B
< +
nsinge mnsine
Hence
___f =
| & l/ \/ﬁ — f(0) da:
s na;
sm 1 _
+| / -
P I Egy 1
\,/ \mc
< — lnna
n
Case 3. = x; >

= nsine’
From the second case we see that

-
r,;f(SIH 1 (E))-— f(0) da:‘ < %lnna

- ()
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L / nsms )
\nx o

and by Mean-Value Theorem, for all u € [sin_1 (—),5} there exists &, € (0, u)

_ : NnT;
such that |f(u) — f0) = | f'(&) (u)| < Clul, we hgve



sm 1 : sin=} (1) |
\/— 0) | = l/ (9 i0) (-
‘/ 1ol n( smu2 du\

+’/ o ,0) f(o cosuu

n(sin u)?

= — du
n ./hqn/l(;) (sinu)?
C[ -_1<1) (._1<1
= — | ;811 — ) cos | sin™
n NI; T

—ecot(e) + / x éotudu}
. sin_l(n—lz—;) )

o[ . _1( 1 ) '(5";"_'1(
= — | Tt¥; S — ] COS | SIn

— ecot(e )+In]31rs|+]nm:]

. T
< E[nxz sin (;a:_z) —ecot(e) + In|sinel .

+Lnna}.

- Trom this and the fact-'t‘:hat

\
/

we have

nT; 1 =
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,Hence_- '
nsmE Sln 1
| K2 (%) — K" (x:)] < “/
E
sm
+ \ /
V nx
elig
n
-~ So we have the lemma in this case. 3 o | 0

Proof of the Main Theorem .

‘From Theorem 36 and Lemma 3.7 we see that

1—r

1+r :[

2

e mia 9.0 <o[(5) + {(Zr ) m}% 6oyt 40 (7)

which iinplies - ‘
© sup |Fn(a;)— F(z)] < C’F— 4 (EE)% . {(m;: 1) lnmi}1 ((5a)%

Cor codaoo La

T C(r) (é-)

where C(r) is a constants depending on T,

=y

hﬂ fora>1landre(0,1) ~  (3.3)

We set @ = n*t and § = n—F2 Wh_ere k: and ky are positive numbers, so

wp |Fa(s) P < C[-- 4 (ﬁ)i((—ﬂ;ﬁ*z—im)%-f ()’

—00<EL 0O nk1

+00) (& 1") .

Then we see that the order of the bounds in (3. 3)

1'--"' 1 (1+k:1)1nn 1 1
Th)  1ZR) TR N Clr)— G - (3.4)
ne st n( ) L=

n 4 n i+

1.- 5 ' ' -1
Let ky = -5- and ko = 9 then we have that they gives the maximum value of 9 for

. 1 )
the first of four terms in (3.4). For 0 < a < ) the choice of r = 5

o .
implies
61 o
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1— 1 1 .
that & - o - g . We have that for any constant 0 < d < 3 there exists a
r

constant C such that




CHAPTER IV
| Rate of convergence __of distﬁbﬁti_oh function of s_ufns of :
' 'the'v.recvi:prdcalsv of legarith‘m of anOIntely independent' |
continuone random variables to the Cauchy Distrib_ution

functinn .

"The pmpose of thls chapuer is to find the rate of convergence of the sequence of

1

Xkl

dlstnbutlon functlon of. Z to the Cauchy distribution functlon. The

In

. main theorem is the followmg

" Theorem Levt'-(Xn),.n = L2, 8asbeqg sequence of_independent.identically dis-
tributed continuous random variables with common sy’rmnetrz’c z.)robability.densz:ty
functwn f and dzstrzbunon functzon H. Assume that |
1. f(-1) andj(l) >0 and there ezists aposztwe constant B such that | f(z)| < B ;
for every z, | . |
2. f exzsts and 18 bounded n some nezghborhood of 1,
_ 3. (H oexp) is symmetmc.-

Then for any fized 0 < d < — there exists a constant C such that

9 | v
sup | Foler) — Fla)] <

—0o<LE <o nd

where F, is the distribution functzon of — Z o | X and F' is the Cauchy dzstrz— '
k

butwn function deﬁned by
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Since X} is continuous, we may assume that ImX, C R — {0,+1}. To proof
the theorem, we use the same idea of the main theorem in chapter III.
1
For k = 1,2,...,n,n = 1,2,..., let X, = ———— and let F,; be the
nln le|

distribution function of X,,. To proof the main theorem we need the following

4 lemmas and 1 theorem (Lemma 4.1, Lemma 4.2, Lemma 4.3, Lemma 4.5 and

Theorem 4.4).

Lemma 4.1

H(1)— H(=1)+ 1+ H(—em=) — H(ews)  if > 0.

\

Proof. Let z be any real number.
Case 1. z=0.
Fror(0) = P(X,; < 0)
= P(ln | X%| < 0)
= P(X| < 1)
=P(-1< Xp<1)

= H(1) — H(=1).

1

1
— P(— < 1In|X| < 0)
nT
= P(ems < |Xi| < 1)
= P(eﬁl? <X, < 1)+ P(=1 < X < —ena)

= H(1) — H(e™) + H(~em) — H(-1).
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Case 3. :1:> 0.

Fn (@) = Fu(0) + P(0 < < )

1
‘TZ]II‘X/E‘—
1
= F, P(— <In|X
4(0) + (o= < In X))

= Fo(0) + Plem < |IXal)

= Fu(0) + P(Xy > €7) + P(X < —e7)

— H(1) — H(—1) +1 — H(ew) + H(—em).

O
For a > 1 we define X, = X, if —a < X,k < @ and otherwise let X5, = 0. That
is

1 ! 1 A , . S
ln |X | 1f XkS —ena QI —¢ na < Xk < @ ma QT ena S Xk
xe — (¢ "N k ™

nk L s L
- ca L A
0 if —ens < Xp < —€7ha or e7ne < X <era.

Let F2., ¢%, tne(a) and o2,(a)be the distribution function, characteristic

a
mn

function, mean and variance of X, respectively.

Lemrﬁg_{L.Z

0 . if < —a
H(—eE)~H(——e‘n_la)+H(e‘ﬁ).v—..I__1_(_('eE) if —a<z<0
Fr(®) = § H(ewe) — H(—ew) if z=0

H(ewa) — H(—ena) + H(—ews) +1— H(ems) if 0<z<a

1 - if ©>a.
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1
((—— < z)N (X, < —ema or — e mi < Xp < € % or ena < Xk))
= P((—— <In|Xi| <0)N (X < —em Or — e R < X < e~ me or ene < Xk))
= P((eﬁl? <Xl < DN (X < —eni or — e 7 < Xi < e na or e < Xk)>

1 1
< Xp < e na

l
~
TN
GX
i

IA
S
2
A
=
&
N
it
A
2
IA
!
(¢}
2
D
®
X
IA
|
4]
gl
@)
]
|
M
I
2|

Case 2. —a<xz<0.
()

= P(Xp, < —a)+ P(—a< X3, < z)

=0+ P(~a < X% < 2)

— P((—na < < n.’E) N (Xk S —67’%0 or — e_% < Xk < e_;{i or en—la S Xk))

1
In [ Xy ~
= P((e% < | Xk < e‘n—la) N (X < _eni or — e ma < Xj < e e or ens < Xk))
- P((e%li < X <€7%) U(—e7% < Xj < —ew#) N (Xp < —ene or

_ i 1 1
— € mna <Xk: < e na Qr gna SXI;))
-1 1 1 a1

= P(—C na < X’C _<_ —C;;) "|‘P(eE S Xk < e—na)

1

= H(—ewz) — H(—e"7e) + H(e™w) — H(ew).
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Case 3. = =0.
;k(x)
:P( )

= P(X?%, < —a) + P(—a < X% < 0) + P(X% = 0)

=0+ P(-a< X,’;‘k < 0)+ P(—eil? < X < —e“ﬁ) + P(e_% < Xp < en%)

= P(~a < X7, <0) + H(~e7) — H(~¢%) + H(e%) — H(e™%)

)]

= H(e™#e) — H(—e ) + H(—¢ %) — H(—ema) + H(en ) — H(e™ws)

1

— H(ena) — H(—ema).

"

S Cased. O<uw < a.

(%)
= F(0) + P(0 < X3 < z)

(0) .+'_P((O < <z)N(Xg < —eni or — e i < X < e e :

L =

nln [ X —
or ena < Xk))

= F5(0) + P((1Xel > €%) 0 (X < —e% or — 7% < Xi < 7% or o < X))

= Ful0)+ P<(X’“ E _eal_) U (X > e2) N (X < —63130“ = e he < Xp < e ne
or 7 < Xk)) |

= Fr(0) + P(Xy < —enz) + P(Xs 2 e7)

= H(e) — H(~c%) + H(~e®) + 1~ H(e%).
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Case 5x> a

k() _
= P(X%, < a) + Pla < X < )

=1 + P((na < <nz)N (X < —gha or — e < X < e‘niz_z.jf_'_()'r

1
In | Xk| =
ens < Xk))...
f— 1 + P((en—lzg ‘Xk’ < eh‘ﬂ]—a) m (Xk‘, S -—e'n_la. or — 8—71.12 < Xk<e-—% or e-n._la S Xk))
=1 +P((e;1; < Xj < ema) U (—ems < Xp < —ena) N (X < —e7e or
L meTra < X < e haorena < Xk))
=1+ P(¢)

Let S, = an..{t Xz + -+ Xun and S = X3y + Xop +- +Xgn Let ¢, be
the characteristic function of S, and Ff, ©%, tin(a) and o2 (a) denote respectively -
the dis_t_ribﬁtion function, characteriétic function, mean and variance of S;.

To bound \F,(z) — F(z)], we note that ‘

IFn(a:v)-.—':F.(x)] < |Fya)~ F2(@) [+ F2 (@)~ F(2). @

In what following, we give a bound of each term on the right of (4.1). The

following lemma gives a bound of the ﬁ’;_st.__t'érm.

Lemma 4.3 sup |F(z)— oz)| < ¢
a

—00o<z<00

Proof . By Lemma 3.3 and Lemma 4.1 we see that



-

. Togivea bound of the second term on the right of (4.1) we. have'used the same

techhique of chépter 3 where G(u) = (f(1) + f(— 1)) tan Ly + = (f(l) + f( 1)).

Theorem 4.4 For large n we have a constant C such that

o sup |F(z) — F(z)| < Ch*(n,m(a, 5)’” o

- mooao0 |

where

h*(n,m{a,d), ) =

1)) |
. s e UE L [I6G(=1) F F))
| J_r{a[K"(oo) #ola) +K"(_q'”} * [ (1 =r)atT ] ’
' Proof S
Fu"st we will show that Theorem 3.5 holds To show thlS it sufﬁces to prove that - |

0§ak()<1forlargena.ndk—12 n.Notethat
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kg e : SR
)= [ i@ [ TR @ /N o —f(a)ds

R pa) 0 f(ea) . [ fa) “ f(z) |
:/oo _m'd‘”/e—a% hm:d +/o ning ot em”m?f'dx

1

:ng; raf L84

(L5 fe) g, /‘"“——‘226”@ ,
2(/ fle)e . ma fle ‘“) ‘“du)
(

2/ fleer /f it

* where we have used the fact that (H o exp)’ is symmetric in the last equality.

I

2

| l

I

Hence .

oul0) = BUXS) - (@)
o _em___f(i)_ ‘ e ha _f_(_37)_ e f(x)
=/ (I ]2 ““/_c £ ) d’*/im (ninfa])? “

o

[ fE T )
_Q/emng(lnx) aug /(; n?(lnz)? do

_ /1 fle* d + T f(@) du)

n2u2 oo T2Z

(] fw i /1 fW
~ ), B
- 5 f_ : (f;)e“ dut /1°° f(i;)eu ,
—%(/_lf%)idu+/m (}];(gz dx)
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4Be 11 4 [
S fowtta) e
4Be 4
= F(_l + na) + E
<3 Bet
n

ie, 0<o? (a) <1for larg;é nand k= 1,2,...,n. So Theorem 3.5 holds.
In our case, we see that 5

o2(a) = 02, (a) + -+ + 02, (a) < 4a(Be + 1),

T Ly [ SO AEY,
’y- /| dG(u) = /I;L|>a 7 du = 0,

ul>a U U

’ —00

= /:audG“(u) + /a udG*(u) + /:oudG“(u)

o —a

[,
a (L4442 -

=0,

n(@) = pn1(a) + - -+ + pnn(a) = 0,

ko) = [ (+a%d6e(w)
( /“ (i + 2%) dG*(x) ] if u<-—a

.—m
u

J /__a(l + %) dG*(z) +/_ (1 +x2)dG“(a:) if ~-a<u<a

/ T4 dG*(z) + / (1+ z?) dG*(z)

o -G

+/ (1 + ) dG=(z) fu>a
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0 ifu<—(_z

S

/,zvtgf(jl)wa(—l)da; if —a<u<a

/af(l) n f(__l) dz if u Z a,

0 vl if u,—a
= & (O EED R )t JSNE g 2 < o
| 27(1) + f(-1)a i u> 0

(@) = K*(00) = 2(f(~1) + f(1))a and

/| o D+ 0
<2(f(-1) + £(1 ))'/ 2 gy
_ 2f(=1) + £(1)
(I =rjal—+
Then we have :
o L s Forlem . . 3
 glm(a6),r) = |5oke) maxol(a)| [z_,uK ) - K(z:)]

1

+[26(3(@) + (@)

+ {21Ks(00) — Kia) + K*(00) — K*(a) + Ki(—0)

ool 2o -} + 2] prac]

< [EtagBer ) (EEIN L (15 ka(mg - eo(w)]

=0

W

1
4

+ [26a(Be+ 1)+ 20(7(1) + f(-1))



38

Nl

+ {2s(00) ~ K2(a) + 2/ (0)a — 27(0)a+ Kﬂ( A}

Py

[l

o [;2( (Be + 1)) )} [ Zu{a () — K*(z)l|

=0

B

.. + [—2-.5(4(1(Be + 1)+ 2a(f(1) + f(—l)))]

o) Kt p(-a ) [ )

Wh—l

:"L (a(Be + 1)) } [ZIK“& K”zz)lj

+ {géa(Z(eB-l- 1) S (f( )+ f( )))]% v

+ {%[K,‘Z(oo)——K,‘I(a)+K;(_jq)]}§% [16(f( 1)+ f(l)w L

(1 —r)al-"
= h*(n,m(a,d),r)

Hence ga(n’ m(a7 5)7T> < h"“(n,m(a,&), 'f')- v } ]

Next lemma, we will bound the second and the forth terfﬁ_s_éf .f:z“(n, m(a,d),r).
Lemma 4. 5 |
.. 1 K“( ) K%(a)+ K2(—a)=0 and
2. IK"( — K*(z;)| < %Inna for any i :30, 372 oo
Proof

By Lemma 4 2 and the fact that g.x(a) = 0 we see that
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0 if u<-a

I

/ue#(f(_eﬁ) -+ f(e%)) dr if —a <y < a |

| [#ueedr senas it wza

Hence (1) follows immediately from the formula of K%. Next we will prove (2)
By the hypothesis of main theorem, there exist positive constants €and C such

that |f(z)] < C for |z—~1] <e.
; ~d
nin(l+¢)
By Mean-Value Theorem for all u € [e“z e nla] there exists . € (u, 1) such
that |F(1) ~ f(w)] = |f €)1 -wl<c —u).

- Hence

Case 1. T; <

)~ Ko(w)| = | [ R (o) + %)) - (1) + f(1) o]

[, wit-w-sem(- —*——m(;u),;)d;;

| [, @i = )~ )
-2 Lf:f<uaf<u>_—f<1>>(- anu)z)d’“‘ '
:2/_,% et eﬁanulnu ‘ |
LWd /“)('—mr‘d
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oA
©ope na
/1. .
ety

e 1—u 2£(1) 1—u
< = el
Ton Jens (Inw)? + n u(ln u)
C [T 1y 2f1)(1+5) e"“l—
<o )la Tap®t & (nu? ™
C ™ 1-u -
E/en; (Inu )2 au
C’/‘E (1—¢%)
_EE a‘(l— e”)e” |1| .
nJo z |z
Vi
< F A,
| S—n— Inna
where we have used ;c.he fact that
J (1—e%)e®| (1 —e%)e”
z B ——
L 1=€)
-z
¢t(—2)
= _—3_7_ ) 56 (377 0)
1 1
is bounded on [—, ———]
nT; na
L 1 1
- 2. - — G ——
Case nln(lte) = nin(l+e)
Noting from case 1 that
Kaa) — Kol < | [ T () + f(__e.m)) — (=) + (1)) da

< P luna
(L)
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and

Ti

1

e (f(—e®) + &) - (F(-1) + F(D)da
F(=1) + £(1))
nln(l +¢)

1
nln21+si 1

e (f(—e) + Fle)) da] + 2

IA

= il -
nin(1te)

:‘/WWﬁTQ&If@mzd y% f(=1) + F(1)

m—j ln\1+€,

_ 0 26111_1](.(6;1;) dn n /nln(1+s) 23735; f(e'n:z:) di| - 2(f(—1) =+ f(l))
0

_ 1
7 in( 1+Ei

2B +2/W
- nln(1+6) o)

1

o fe)| do g 2D+ FQ)

A
Z nln(l + €)

L n{lnu)?
e [ 2

R +e n(in u)2

ke’
2 o N
TS /_m {u) du

IA
sjQ 31Q

I

e =
Hence IK“(Q:Z) K“(wz)|< — Inna.

Case 3. T; > m .

From the second casé .we'see" that

[ T (e )+ (e = (1) + (1) de] < Ztuna

and by Mean-Value Theorem, for allu € [c"%i, 1+ €] there exists &, € (1,u) such

that | (1) — f(w)| = |f"(€)(u — )| < C(u — 1), we have

nmu+@“;f;fﬁ;:;,



s}j&e(ﬂ—wuffb4»(—gagzﬁ)¢4 

[ e 1) (- )

Ite nu(ln u)?
E?:2A:é<(m fu»( ) dof

i " o

= gt S e
(1

nu
:2/“fﬂw £01) LTS LR

Inu)? d % e nu(lnu)?

3

n(lnwu) Jertr nu(lnwu)?
e u-1 2] ’1+ u—1

. < = . - du
ey lnu, n: (In u)?

c/

7 (lnu

3 In(1+4-¢ ) e® 1
fg/L _Uﬁ

ln(l—l— ) x
< _/ (6 1)

In(1+e) yz -
<—/ -—d:c

O In(1+ ) 1

T

5%@@m@+e»+&m@

(
S2£;¢ﬂ?1fg> o [ IO,
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Hence

Kie:) = K@) <| / e (f(eE) 4 () — (F(-1) + FW)da
';+L/%1 e%(ﬂ—eﬁ)+f«ﬁa)—(fpd)+fund4'

- 'So we have the lemma in this case. ' o [

Proof of Main Theorem

. From Theorem 4.4 and Lemma 4.5 we see that

. * a?\ & m 1y, : 1 N =2l
e mia, 8,1 < O[(T) "+ {(F5=) tmna} + G + 063 ()|
which- implies R ;
o 1 (a?\3 m-+ 1 3 h
— < - — 1
e B0 - F@I < 0[g+ (T) +{(F5 ") ana} + 60y
(1N =3 "
+C(r)| = fora>1and r € (0,1) (4.2)
3 a} o
where C(r) are constants depend on 7. :
We set a = 1k and § = 1% where ky and k, are positive numbers, so -
o o 1 N3 (L E)InnnE s 1 \Ec
_offf@olpn(m) b F(:c) |S C[n—g—i_ (n1‘2k1) i ( qnl—k1—kz ) + (n’“z‘kl)
1y 5 | |
+o0aw) 7]
Then we see that the order of the bounds in (4.2), are
- 1 1 (I+k)lnn 1 - 1
1—2kq 7( 1) o (4.3)

ETETTa e ("=
) n ST

TR _
n-t n"s q n~ 1t

n(
By the same argument as in Chapter 111, we have that for any constant 0 < d < 3
there exists a constant C such that

swp [Folz) - F@) < S,

—00<E <00 o nd
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