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CHAPTER |

INTRODUCTION

1.1 General

The study of dynamic response of a soil medium under a moving load is of
considerable importance in civil engineering. For example, analysis of ground vibrations
induced by surface and underground traffics from high-speed train or subway system
has useful applications in the design of roadways, pavement and tunnels. In the past,
several researchers have studied this problem by employing a variety of analytical and
numerical methods. A majority of those studies considered the soil domain as a single-
phase elastic solid. However, geomaterials are often two-phase materials consisting of a
solid skeleton with voids filled with water. Such materials are commonly known as
poroelastic materials and widely considered as much more realistic representation of
natural soils and rocks than ideal elastic materials. Moreover, natural soil profiles are
normally layered in character with different properties and thicknesses. A review of
literature indicates that studies related to a poroelastic material subjected to a moving
load are very limited when compared to the case of an ideal elastic material.

In this thesis, the dynamic response of a multi-layered poroelastic half space
subjected to moving loads along its free surface with constant velocity is considered.
The general solutions of a homogeneous poroelastic material are derived based on
Biot's poroelastodynamics theory through the application of the triple Fourier integral
transform. The boundary value problems corresponding to a poroelastic half space
subjected to moving loads are formulated in the Fourier transform domain. Time-domain
solutions are obtained by employing the fast Fourier transform (FFT). A computer
program has been developed to solve this problem. Finally, selected numerical results
are presented to demonstrate influence of various governing parameters on dynamic

response of a multi-layered poroelastic medium under moving loads.



1.2 Objectives of Present Study

The objectives of this thesis are the followings:

1) To derive a fundamental solution of a three-dimensional homogenous
poroelastic medium under transient loading.

2) To obtain an exact stiffness matrix of a multi-layered poroelastic medium
under transient loading.

3) To develop an efficient numerical scheme to investigate the dynamic

response of a multi-layered poroelastic medium subjected to moving loads.

1.3 Scopes of Present Study

A general solution of a three-dimensional poroelastic medium under transient
loading is derived by using the Fourier integral transform. The dynamic response of a
multi-layered poroelastic medium under moving loads is studied by employing an exact
stiffness matrix approach. Time domain solutions are obtained by using the fast Fourier
transform. A computer program has been developed to investigate influence of various
parameters on the dynamic response of a multi-layered poroelastic medium under

moving loads.

1.4 Basic Assumptions

This study is based on the following assumptions:

1. Each layer of a multi-layered poroelastic medium is governed by
Biot's poroelastodynamics theory.

2. The load is moving with constant velocity and vertically applied to
the free surface of the supporting medium.

3. An infinite plate behaves according to the classical Kirchoff theory.

4. The contact surface between the plate and the supporting medium is

assumed to be smooth and either permeable or impermeable.



CHAPTER I

LITERATURE REVIEWS

Several researchers have studied the problem of an elastic medium under a
moving load by employing a variety of analytical and numerical methods in the past.
Most studies considered the soil domain as a single phase elastic material. Sneddon
(1951) considered the two-dimensional problem of a line load moving with constant
subsonic speed over the surface of a homogeneous elastic half-space by using an
integral transform method. The three dimensional problem of steady-state motion of a
point load in an unbounded body was considered by Eason et al. (1956). Later, Eason
(1965) studied the three dimensional steady-state problem of a uniform half-space
subjected to moving forces distributed over a rectangular area at uniform speeds. Cole
and Hulth (1958) considered the problem of a concentrated line load moving along the
surface of an elastic half plane and obtained the solution for subsonic, transonic and
supersonic cases. Gakenheimer (1969) studied the propagation of transient waves in an
elastic half space excited by a traveling normal point load, in which the load is suddenly
applied and then moves rectilinearly at a constant speed along the free surface. Barros
and Luco (1994) developed an approach for treating a multi-layered viscoelastic half
space subjected to a buried or surface point load moving at constant subsonic,
transonic or supersonic speeds. Hung and Yang (2001) studied elastic waves
propagating in a visco-elastic half space generated by various vehicle loads,
namely, moving point load, uniformly distributed wheel load, elastically distributed wheel
load and a train load simulated as a sequence of elastically distributed wheel loads.
Andersen and Nielsen (2003) presented the boundary element method formulation of
the steady-state wave propagation through elastic media due to a source moving with
constant velocity. The Green’s function for the three-dimensional full-space was
formulated in a local frame of reference following the source. Alekseyeva (2007)
presented the fundamental solutions of a half-space under the action of a load moving

at constant velocity that does not change with time in a moving system of coordinates.



Geomaterials are often two phase materials consisting of a solid skeleton with
voids filled with water. Such materials are commonly known as poroelastic materials and
widely considered as a much more realistic representation of natural soils and rocks
than ideal elastic materials. A review of literature indicates that studies related to
poroelastic materials subjected to a moving load are very limited when compared to the
case of ideal elastic materials. The theory of wave propagation in a poroelastic medium
was established by Biot (1956a,b) by adding the inertia terms to his consolidation theory
(Biot 1941). In the last fifty years, a number of researchers have employed Biot’s theory
to study dynamic response of a poroelastic material. For example, Senjuntichai and
Rajapakse (1994) derived two-dimensional dynamic Green’s functions of poroelastic half
plane. Based on Senjuntichai and Rajapakse (1994), Rajapakse and Senjuntichai (1995)
studied the dynamic responses of a multi-layered poroelastic medium under time-
harmonic loading. In the case of moving loads, Siddharthan et al. (1993) presented an
efficient semi-analytical continuum approach based on Boit's formulation to evaluate the
dynamic response of a layered soil subjected to a moving surface load by assuming
that the response occurs under a plane-stain condition. Jin et al. (2004) examined
stresses and excess pore pressure induced in a saturated poroelastic half space
by a moving line load. Cai et al. (2007) studied the dynamic steady state response of
a poroelastic half space subjected to a moving rectangular load. Later they presented
the dynamic responses of track—ground system subjected to moving train passages by
the substructure method (Cai et al., 2008). Lu and Jeng (2007) presented an analytical

solution for the dynamic response of a half-space subjected to a moving point load.



CHAPTER Il

THEORETICAL CONSIDERATIONS

3.1 Basic Equations and General Solutions

Consider a poroelastic medium with a Cartesian coordinate system (X,Y,Z)
defined such that the z—axis is a perpendicular to the free surface. Let ui(X, Yy, z,t)
and W.(x,Y,z,t) denote the average displacement of the solid matrix and the fluid
displacement relative to the solid matrix in the I—direction (i=X,Y,Z), respectively.
Then, following Biot's theory for two-phased material (Biot,1941), the constitutive
relations for a homogeneous poroelastic material can be expressed by using the

standard indicial notation as

oy =2ue;+Aoe—asp 1 j=XY.z (3.1)

p=-aMe+M(¢ (3.2)
where

o Ve (3.3)

In the above equations, o;; is the total stress component of the bulk material; &;
and e are the strain component and the dilatation of the solid matrix, respectively,
which are related to the displacement U; as in ideal elasticity; x# and A are Lame’

constants of the bulk material; o;

j is the Kronecker delta; p is the excess pore fluid

pressure (suction is considered negative); and ¢ is the variation of fluid content per unit
reference volume. In addition, @ and M are Biot's parameters accounting for
compressibility of the two-phased material. It is noted that 0 <o <land 0<M < for
all poroelastic materials. For a completely dry material M =0, whereas for a material

with incompressible constituents ¢ =land M — « .

The equations of motion of a poroelastic medium in the absence of body force
(solid and fluid) and a fluid source can be expressed in terms of displacement u, and

W, as (Biot,1962)



MU, +(A+a’M + p)u +aMw, ; = pli; + p Wi, (3.4)

i ji

aMu; ; + Mw; ;= p,U; + M, +ovi; (3.5)

where an overdot denotes the derivative with respect to the time parameter t; p and
p¢ are the mass densities of the bulk material and the pore fluid, respectively; m is a
density-like parameter that depends on p; and the geometry of the pores. In addition,
b is parameter accounting for the internal friction due to the relative motion between the
solid matrix and the pore fluid.

The Fourier integral transform of function f(X,y,z,t) with respect to time

domain t, is defined by (Sneddon, 1951) as

f(x, Y,2,0) :I f(x,y,z,t)e " dt (3.6)

—00

and the inverse relationship is given by
fiy z,0)= LT f(x,y,z,0)e”" do (3.7)
i

In view of equation (3.2), the governing partial differential equation (3.5) can be
transformed into the frequency domain by applying Fourier transform with respect to

time and expressed in term of fluid displacement as

N 1 - - .
W =g (P P@l)  i=xyz o)

By substituting equation (3.8) into equation (3.4), the following equation is obtained

/uai,jj + (/1"'/1)0],11 + ktz(p_pf )Gi —(a=9) ﬁ,i =0 (3.9)
in which
2
| /’Zf“’_ (3.10)
(mo* —ibw)

and applying the divergence operator on equations (3.8) yields



pi@ . po’(a-9)
+ p+ é

V2D =0 3.11
p M 3 (3.11)

Similarly, using the divergence operator on equations (3.9), the following equation is

obtained
(A+2u)VE+K (p—p, Né—(a-HV?P = 0 (3.12)

Equations (3.11) can also be expressed as

—_ 2’\ A
JF 27 A\ ANE (3.13)
p’(a-9) M(a-9)
Substitution of equation (3.13) into equation (3.12), yields
Vp+BVip+B,p=0 (3.14)
where
B (Me® —ibw)(A +a’M +2u) + pM &* = 2aM p, & (3.15)
Y M (A +2) '
me’ —ibw) pw’ — po*
M(A+2u)

By applying the double Fourier integral transform with respect to the two
horizontal coordinates X and Yy to equation (3.6), the resulting equation can be

expressed as follows

00 00 00

T (ko kyz,0) = j | j f(x,y,z,t)e "™ “dx dy dt (3.17)

X1 Ny

—00 —00 —00

and the inverse relationship is given by

1 T ik, x+ik, y+iof
f(xy.2t) = (Zﬁ)g_j_j_j F(k, k, 2, ) "k dk do (3.18)

where the symbol ~ is used to denote triple-dimensional Fourier transform. In view of

equation (3.17), the solution to equation (3.14) can then be expressed as follows



P = Ae + Be™ +Ce " + De’” (3.19)
where

yi=ki+ki-L ,i=12 (3.20)

Lf:'[““’gzlz_ﬂ'ﬁ2 (3.21)

L2 = o V[;lz_ﬂ"gz (3.22)

Similarly, in view of equations (3.13) and (3.19), it can be shown that

ST (Rl B Bel' ) 3 7, (Ce " De™) (3:23)
in which
IML? - p,
8 =12 (3.24)
piMo”(a-9)

By applying the double-Fourier integral transform with respect to the two
horizontal coordinates X and Yy in equation (3.9), and then substituting equations
(3.19) and (3.23) into the resulting Fourier transform of equation (3.9), it can be
shown that the general solutions of the average displacement of the solid matrix and
the fluid displacement relative to the solid matrix, in the i—direction (i=X,Yy,2)

respectively can be expressed in the Fourier transform domain as

U, =ik, (a,Ae ™ +a,Be’™ +a,Ce ™ +a,De™ ) +iGe ¥ +iHe’” (3.25)
u, = alyl(Ae’7lz - Be7lz)+ a7, (Ce’y22 - De721)+ Ee 7 + Fe’* (3.26)
W, = _h1 (Ae—m _ Be” ) B h2 (Ce—;fzz _ De’? ) ! g(EeﬂaZ 4 Fei/az) (3.27)

Applying the triple-dimensional Fourier transform to the dilatation of the solid

matrix yields

z (3.28)



Substitution of equations (3.23), (3.25) and (3.26) into equations (3.28), results in

U, =ik, (a,Ae " +a,Be’* +a,Ce " +a,De’* ) —ikﬁ(Ee‘”Z —Fer?)

X

. (3.29)
ik -
——V(Ge 74 He“z)
kX
where
T . (3.30)
k2 (p—p,9
§t= 1/ (p—r:9) (3.31)
7
W o s/ NS (3.:32)
W5 1)
1 \
h. :( 3 +ai}/i19 A2, 2 (3.33)
k
P
Finally, the solutions for the stresses can also be obtained as follows:
&, = ug; ik, (Ae 7 —Be )+ ug, ik, (Ce " - De’” )
ig0(K2 + 72 ik (3:34)
+—ﬂ( £ )(Ee”Z + Fe732)+—yw/3 (Ge’”Z - He73z)
kX kX
&, = g, ik, (Ae”* —Be )+ ug, ik (Ce* - De'” ) 035
+ik,u(Ee 7 + Fe'# ) —iy,u(Ge 7 — He'™*) |
&, = 0;(Ae 7 +Be™)+g,(Ce’* + De”)
(3.36)
—2uy, ( Ee ’* — Fe’™™ )
where
gi = 2ai7/i H i :1,2 (337)
0; = An,—2uay —a (3.38)
9, = A%, — 2487, —a (3.39)
and A(k,,k,, o), B(k,k, @), Ck.k, @), ... H(k,k, o) are the arbitrary

functions to be determined by using appropriate boundary and continuity

conditions relevant to a given problem. The superposed bar denotes the triple-
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dimensional Fourier transform of quantities with respect to the two horizontal

coordinates X and y and the time coordinate t.

3.2 Influence Functions

3.2.1 Influence functions of homogeneous poroelastic half space

The influence functions of a poroelastic half space are obtained by solving
the boundary-value problems related to a moving load on the free surface and in
the interior of the half space as shown in Figure 1(a) and 1(b) respectively.

Boundary conditions corresponding to a moving load on the free surface (Figure

1(a)) are
5 106 )C0 1= (3.40)
o,(Xy,0,t)=0 (3.41)
0, (%Y,0,t)==P(x,y,t) (3.42)
p(x,y,0,t)=0 (3.43)

where P(X,Y,t) denotes the intensity of moving load in the z—direction

In the order to satisfy the condition of vanishing fields as z—> o0, the
arbitrary functions B(k,,k,, @), D(k,.,k,,®), F(k, k, @) and H(k,,k,,®) must be
set to zero. Substitution of equations of (3.19) and (3.34)-(3.36) results in an
algebraic linear simultaneous equation system to determine the remaining arbitrary
functions A(kx,ky,a)), C(kx,ky,a)), E(kx,ky,w) and G(kx,ky,a)) which are

expressed by.

a
A= R;h(kz +7;) (3.44)
a,P
C-= RLh(k2 +7;) (3.45)
E=%"(g,—g,)k (3.46)



1"

a,P

G= (gl_gz)ky73 (3.47)

h

The solutions of buried transient loading as shown in Figure 1(b) can be
derived by defining a point at z=12  and treating the half space as a two-domain
boundary-value problem. The domain "1" is bounded by 0<z <7  and the domain
2" by z,<7<00. The general solutions for each domain are given by equations
(3.19), (3.25) to (3.27), (3.29) and (3.34) to (3.36) in terms of the arbitrary functions
Ak, k,, o) to Hi(k, k,®), where i (i=12) is used to identify the domain

X Vil
number. Note that for the domain "2", the arbitrary functions B,(k,,k g )
D,(k.,k,,®) = Kk, k,o) = H,(K K

®) = 0 in order to satisfy the condition

X1 Ny X1 Ny X1 Ny

that the solutions vanish as z-—>o. The boundary conditions at z=0

corresponding to a fully permeable top surface are given by
cQ(xy,0t)=0, j=xy,z (3.48)
p®(x,y,0,t)=0 (3.49)

and the continuity conditions at z=2, are corresponding to a homogeneous

poroelastic half space subjected to buried transient vertical loading.

U (% Y, 2,, ) =P (%, ¥, 2,,) =0, j=xy,2 (3.50)
P (%, Y,2,,t) = p?(X,y,2,,t) =0 (3.51)
o) (X, ¥,2,) -0 (X, ¥,2,,1) =0, j=x,y (3.52)
oW (%, y,2,,t) —c@(x,y,2,,t) =—P(X, y,t) (3.53)

WP (X, ¥, 2,,8) =W (X, Y, 2,,t) =0 (3.54)

where a superscript () is used to denote the domain number

Substitution of arbitrary functions in the general solutions for displacements,

stresses and pore pressure defined by equations (3.19), (3.25) to (3.27), (3.29)
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and (3.34) to (3.36) in the above boundary and continuity conditions, the non-zero
arbitrary functions appearing in the general solutions of homogeneous

poroelastic half space for buried transient loading cases can be obtained as

A&Z—a;ZjR(4k2a1(92a373+(a1—a2)a2(k2+y§))—a2a3(¢l—¢3)) (3.55)
123" h

Bl — P73
R,

(¢, +¢5) (3.56)

C, = —alozzngh (4k2a2 (i —(a -2, ) e (K* +72 )~ e, (1 + ¢3)) (3.57)

P
D, = a:sh (¢2 +¢3) (3.58)

=
E, - kP
,a,0,R,

(2(93 F 94)(920‘1 i glaz)a373 _(ai _az)alaz (¢2 _¢3)) (3.59)

k*P

F T - .
1 ath (ai az)(¢2 +¢3) (3 60)
Pk, y
Gl T aﬂZZl:Rh (2(93 T 94)(920(1 ¥ glaz)a37/3 —(31 _aZ)alaZ (¢2 _¢3)) (3.61)
Pk, 7.
= oce,th3 (878 )4+ ) (3.62)
and
=)
1 alazjssRh (4k2a1(gza373 +(31 —8.2)0(2 (k2 +}/§))
~a0, (- - (4 +4))) 363)

C,= ﬁ(zmzaz(glaﬂa - (a, —aZ)al(kz +7§))

S (¢1 +dy+a; (4, +¢3))) (3.64)
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k*P

E,= _m(z(gs _94)(_92051 + glaz)a373 +(a1 _az)(a1a2 (¢2 _¢3)

+ala2a§ (¢2 +¢3))) (3.65)

G =—M(2(9 ~0.)(9,2 - 9.2, )y, — (8, -8, ) (a4, (4, - )

2 ca,oR, 3~ 9 )\ 90 — 0,4, ) Os )5 2 N\ (D, — P
+ala2a§ (¢2 +¢3))) (3.66)

where

Ry =2(2k2(a1—a2)+g3_g4)73(¢2+¢3) (3.67)
a=c’i3 A 1423 (3.68)
k¥ =kZ +k; (3.69)
¢1:2(gl+gz)k273 (3.70)
9, =2(gl_gz)k273 (3.71)
3 =(93_g4)(k2+732) (3.72)

In addition, Is(kx,ky,a)) is the Fourier transform of a buried transient vertical

loading at (z = z,) and/or a moving load at the free surface.

3.2.2 Influence functions of multi-layered poroelastic half space

3.2.2.1 Stiffness matrices

The solution of a multi-layered poroelastic half 'space can be
determined by using an exact stiffness matrix method subject to a moving load on
the free surface that was successfully developed to study the dynamic response of

a multi-layered poroelastic half-plane (Rajapakse & Senjuntichai, 1995).

A multi-layered model consisting of N layers of different properties and
thicknesses overlying a homogenous half space is considered as shown in Figure 1c.

The general solutions for solid and fluid displacements, pore pressure and
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stresses in the Fourier transform with respect to frequency and the horizontal wave
numbers of a homogeneous poroelastic medium, equations (3.19), (3.25) to (3.27),

(3.29) and (3.34) to (3.36), can be expressed in the following matrix form.

v(k,,k y1 2y o) = R(k,,k F o)c(k,, y,a)) (3.73)
f(k, K, z,@) = S(k,.k,,z,0)c(k,.k,, @) (3.74)
where
vik, k. z,0) = [ig, it T, p| (3.75)
f(k,.k,2.0) = [i5, i3, &, W, ] (3.76)
ck, .k, @) =[ABC DE F G HJ (3.77)
R(k.k,2,0) = | Ry(K,.K;,Z,0) i R,(Kk, 2,0)] (3.78)
(k. K, z,0) = [Si(K k. 2,0) i S,(k, .k, 2,0)] (3.79)

and the superscript T denotes the transpose of a vector or a matrix. The arbitrary

functions A(k,,k,, ) to H(k,,k ,®) appearing in c(k,,k ,®) can be determined

by employing appropriate boundary and continuity conditions. The matrices

R.(k,.k,,z,@) and S;(k,, y,Z,a)) where i (1=1,2) in equations (3.78) and (3.79)

X1 Ny

are defined as

Cake” ake™ ake’? ake?
k e k.e" ake”” ake”
Z,0) = Yy Ay 2 2 (3.80)

R, (k, Kk
alrle’}/lz _ alriehz a2r2e7722 _ azrze}/ZZ

x1 Ny

e_}’lz e}/lz e_}’zz e}’zZ
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3 e*i/az _ieﬂ’sz y e*}/sz &eﬂ’sz
kX kX kX kX
R,(k,.k,,z,0)= 0 0 —e ¥ (3.81)
e e’ 0 0
0 0 0 0
I _ﬂglkxe_ylz ll’lglkxe}/1Z B ﬂgzkxe_}’zz ,ngzkxe}/zz |
—10, K ae ke uig kB eiaug K €
S, (K, k,,2,0) = o // ™ = (3.82)
0,6 Q€™ g g.e”
gite 3 JhET —=h ey ™
i 2 2 2 2 7
u(k +73)e%z w(Ki+7s) L kg L, ukr -
kX kX kX
S, (k. K, 2,0) = | —uk,e " 7K e Wy —uye”™ | (3.83)
—2uy e’ 2 1y 87" 0
ge 7 —9e’* 0 )
The superscript n is used to denote quantities associated with the nth layer (n
=1, 2, 3,...., N) as shown in Figure 1c. For the nth layer, the following relationships

can be established by using equation (3.73) and (3.74).

R(n)(kxy yl n!a))
=0 1 K. ¢
R(n) (kX’ y? (n+1), )
S(n) (kxa y! n!a))
6" = e, c™

S(n)(kx’ y! (n+1)’ )

(3.84)

(3.85)
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where
u™ =|: V(n)(kx, ky’ Z.,) V(n)(kx,ky, Z. 1 w)]T (3.86)
i
¢ =|: 'f(n)(kxv ky, Z ) f(n)(kx’ ky’ Z., w)} (3.87)

In equations (3.86) and (3.87), u™ denotes a vector of generalized coordinates
for the nth layer whose element is the Fourier transforms of displacements and pore
pressure of top and bottom surfaces of the nth layer. Similarly,c(") denotes a
generalized force vector whose elements are the Fourier transforms of traction and fluid
displacements of the top and bottom surfaces of the nth layer. The matrices R™ and
S™in equation (3.84) and (3.85) are identical to R and S defined in equations (3.80)
to (3.83), respectively with the material properties of the nth layer being used in the
definition and z=12z, or Z,,. The vector ¢™ in equations (3.84) and (3.85) is the
arbitrary coefficient vector corresponding to the nth layer.

The equation (3.84) can be inverted the express ¢™ in terms of u™and

substitution in equation (3.85) yields
o™ =K"u™ n=12 3 =:.,N (3.88)

K™ =gMR™]? (3.89)

(n)

where K can be considered as an exact stiffness matrix in the Fourier transform

space describing the relationship between the generalized displacement vector
u™ and the force vector 6™ for the nth layer.

An exact stiffness matrix, K™ corresponding to poroelastodynamics is very
complicated since it involves the manipulation of fully populated 8 x8 unsymmetric
complex matrices. The computer algebra package Mathematica (Wolfram, 1988) is
used to obtain K® explicitly. Mathematica results in very lengthy and
complicated expressions for elements of K™ which have to be manipulated and
reduced extensively to obtain expressions which enhance the computational
efficiency of the solution scheme. After lengthy manipulations, it is found that K™

is symmetric and its elements are given in Appendix A.1
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For the underlying haft space, due to the regularity condition at z — o, the
general solution involves only four arbitrary coefficients in the vector ¢ e, AN

cV  EMNYgnd G| The stiffness matrix of the bottom half space can be

expressed as

e =L G g (3.90)
KN = g RN (3.91)
where
u D = VO (kK 20, 0) | (3.92)
o E[EFODaek 7y, 10)]. (3.93)

The matrices R™™ and S™*™in equation (3.91) are

alkxe_ﬂ’lz azkxe_yzz %e‘}’sz %e_%z

X X

Rk, k, z,0) =| ake™ ake’™ 0 —e 7 (3.94)

alyle’}’lz a27/2e7722 e_}/SZ 0
oais €72 e 0

2, .2
ugk e’ ugk e’ ﬂ(kxk:r%)e‘“z ﬂl;yxyg e
SNV (k. k, z,0) =| pgke”* ugke”? uke —pye" (3.95)
20E A n aoicEA LT 0
| he™ hg” ge 7 0 |

The element of the stiffness matrix of the underlying half space, K™ are
given in Appendix A.2. Note that exponential terms of k,, k, and @ are not
involved in the expression of K™ and its elements depend on the material

properties of the underlying half space and the Fourier transform parameters K,

ky and .
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3.2.2.2 Global stiffness matrix

The global stiffness matrix of a multi-layered half space is
assembled by using the layer and half space stiffness matrices together with the
continuity conditions of tractions and fluid flow at the layer interfaces. For example,

the continuity conditions at the nth interface can be expressed as
n-1 n n
fOD(k, K, 2, 0) - T (k, K, 2, @) =t (3.96)

where ™ is identical to f defined in equation (3.76) with a superscript n denoting the

layer number and

A4 -4 op i
t™ — Tx(n) Ty(n) TZ(”) bt (3.97)
iw

where T (i=x,y,z)and Q" denote the Fourier transforms of loadings and fluid

source (i.e. fluid injection at discharge in the I—direction (i=X,Y,2Z) equal to
(n)

OW.
Qi(”) =7') respectively applied at the nth interface. If the nth interface is not

(n) ;

subjected to external loading and fluid source then t"" is a null vector.

The consideration of equation (3.96) at the each layer interface together with

equations (3.88) and (3.90) results in the following global equation system.

K(l)
u® t®
K@ u® Y
. Doop=1e (3.98)
‘. na t(N)
K(N) ( g (N t(N+D)
K ]+1

The global stiffness matrix of equation (3.98) is a symmetric matrix and has a
band width equal to eight. The number of unknowns in the global equation system is
equal to 4(N +1). The solutions of equation (3.98) represent the Fourier transform of the
displacement and pore pressure at the layer interfaces. In this study, time domain

solutions are obtained by employing the fast Fourier transform.
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It should be noted that if an impervious rigid base is presented at z =12, the

global equation will be modified according to the following condition.

UM (%, Y, 2y,0,t) =0, j=X,y,2 and WV (X, Y, 2,,,,1) =0 (3.99)

3.3 Moving Load Functions

3.3.1 General loading function of moving loads

The vehicles induced vibrations are generally interacting with the ground
surface. General function of @ moving load can be considered into two parts as shown in
Figure 2. The first part relates to the distribution of moving loads pattern as @(x—ct, y)
where € is the velocity of moving load along X -direction and ¢@(X, Y) is the distribution
pattern of the axle loads. The second part is generated by the dynamic interaction
between the loading and the ground surface, which is indicated by f (t) . Therefore, the

moving load P(X,Y,t) can be similarly written as (Hung and Yang, 2001).
P(x,y,t) =P g(x—ct,y)f(t) (3.100)
where P, denotes the magnitude of the moving load.

The triple-dimensional Fourier transform of equation (3.100) can be expressed

as

P(k,.k,, @) =Pd(k, k) f(@+kc) (3.101)

A

where the symbol  denotes the Fourier transform with respect to time variable and the
symbol " denotes the double-dimensional Fourier transform with respect to X and Yy

coordinates respectively.

3.3.2 Distribution function of the loading
Theoretically, the distribution function of the moving load should be determined
based on the field data collected for the wheel loads. However, by using simple models,

the most fundamental features of vehicle-induced ground surface can be represented.
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Based on considerations the different pattern of distribution function, @¢(X—ct,y) can

be expressed depending on the types of wheel load, for example.

a) Single moving point load
For a point load, the distribution function along the free surface can be

written in the Dirac’s delta function as

d(x—ct,y)=5(x—ct)s(y) (3.102)
Correspondingly, due to the double-dimensional Fourier transform

d(k,.k,) =1 (3.103)
which is constant regardiess of the value of k, and K, .

b) Uniformly distributed wheel load.
In reality, the contact point between a wheel and road is not actually a
point but contact area; therefore it can be represented according to the nature of wheel

load with a uniformly distributed load as

, —a<x—-ct<aand —b<y<b

¢(x—ct,y):{ ! (3.104)

0 , otherwise

where a and b are constant, representing the half width of a unit distributed load.

Therefore, according to the double-dimensional Fourier transform

4sin(ak, )sin(bk, )
KK,

ok, k) = (3.105)

3.3.3 Interaction force between wheel and road

In general, the interaction force between the wheels and the ground surface may
be simulated by a quasi-static term of constant value plus a dynamic term that varies
with time, t. The static term is contributed mainly by the wheel weight, whereas the

dynamic term by the track irregularities and vehicle defects. In the present study, the



21

dynamic term is assumed to depend on only a single frequency @,, and can be

expressed as
f(t) =eloh, (3.106)

The Fourier transform of dynamic function f(w+ k,C) can be expressed as

f(a)+kxc)=15[w_a)° +ka (3.107)
C (®

It is noted that if @, =0 then f(t)=1 implying that the moving load with no
oscillation is considered. For the case that @, # 0, the moving load oscillates by itself at

a constant frequencies f, =@, /(27).

3.4 The Fast Fourier Transform

The fast Fourier transform is another method for calculating the Discrete
Fourier transform. It is incredibly more efficient to reduce the computation time

while produces the same result as the other approaches.

There is a connection between the discrete inverse Fourier transform and the
continuous inverse Fourier transform. Because the discrete inverse Fourier transform
yields a close approximation to continuous inverse Fourier transform. The continuous

inverse Fourier transform is defined as (Brigham, 1988)

h(t)= [ h(f)e™ " df (3.108)
Consider the discrete inverse Fourier transform given by
h(kT)—ifﬁ D Jeizemin 0,1 N -1 (3.109)
N &N : L., :

where N and T are defined as the sample number and the sample interval

respectively.

Consider the triple-dimensional Fourier transform solutions ﬁ(kx,ky,z,a))

expressed in terms of the horizontal wave numbers and the frequency @ . The dynamic
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response can be represented by Q(X, Y, Z,t) in terms of the horizontal coordinate and

time by using the triple-dimensional inverse Fourier transform as

Q(x,y,2,t) ! ; j j jg(kx, 1 2,0)e" "k dk deo (3.110)

—00 —00 —00

In this study, the appropriate evaluation waveform has been used to perform the
inverse Fourier transform with respect to the horizontal wave numbers and the fast

Fourier transform with respect to the frequency domain as

- To ~ (& n ik, x+iky y ink/N
Q(x,y,z,kT) Wni i L[@Q(kx,ky,z,ﬁ]e dkxdky}e

,k=0,1,...,N-1 (3.111)

where it is assume that there are the number of sample points, N (N =2", where
I is an integer number) and the sample interval, T (T =T,/N , where T, is the

period of sample).

3.5 Infinite Plate on Multi-layered Poroelastic Medium

3.5.1 Mathematical models of infinite elastic thin plate

Consider an infinite elastic thin plate resting on a multi-layered poroelastic half
space. The contact surface between the plate and the supporting medium assumed to
be smooth and either permeable or impermeable. The plate behaves according to
Kirchhoff theory. Let the reaction of the ground to the plate be denoted by F(X,Y,t).
According to Kirchhoff small deflection thin plate theory, the governing equation can be

written as (Kim, 2003)

a*w, (x, y,1) ) o'w (x,y, 1) o'w,(x,y, t)
+ +
P ox* ox>oy? 6’y4
o o*w, (X, y,t)
p atz

(3.112)
=P(x,y,t)+ F(x,y,t)
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where w, is the vertical displacement of the plate; m, is the mass density of the plate
per unit area and P(X,Y,t)is the traffic load pressure acting on the plate. In addition,

D, is the flexural rigidity of the elastic plate defined as

3
Eh?

o alin ¥4 3.113
VLSS (3.113)

where Ep, hp and v, is the elastic modulus, thickness and Poisson’s ratio of the plate

respectively.

The stresses along X coordinate (longitudinal stress) and Yy coordinate
(transverse stress) can be obtained by
E, (o*w, o°w

zel—vz e +V, 6y2p (3.114)

Es azwp 82Wp
P (3.115)
1-v2{ oy ox

(o)

Applying the triple-dimensional Fourier transform to equation. (3.112), the

following equation can be obtained

1D, (KK ) =y [ Wy k)= Pl k@) +F (G K 0) (3110

3.5.2 Boundary condition of infinite plate on soil medium

The continuity conditions of interaction between infinite thin plate and soll

medium can be considered for two different hydraulic boundary conditions as

a) For a fully permeable infinite elastic plate, p®(x,y,t)=0.
The solution for displacement and pore pressure at the surface and each layer

interface can be determined according to the following conditions.

:
u® =[a® o a® o] (3.117)
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_ QW T
tY =|0 0 -F == (3.118)
o
t" =[o 0 0 0], i=23..,N+1 (3.119)

b) For a fully impermeable infinite elastic plate, Q™ (x,y,t) =0.
The solution for displacement and pore pressure at the surface and each layer

interface can be determined according to the following conditions.

u® = [T® g g® po ]T (3.120)
t =fo 0 -F of (3.121)
@ Ao fo -8 gl\N\i=2'8y, e (3.122)



CHAPTER IV

NUMERICAL SOLUTIONS

This chapter is concerned with the numerical results obtained from the
solution scheme described in Chapter Ill. A computer program has been
developed to evaluate the displacements, pore fluid pressure and stresses.
Convergence and stability of numerical solutions are investigated. The
accuracy of the present solution is verified by comparing with the existing
solutions given in the literature. Numerical results are presented in this
chapter to demonstrate the applicability of the present solution scheme and to

portray the influence of governing parameters on the interaction problem.

4.1 Numerical Solution Scheme

The solution scheme described in Chapter Ill is implemented into a
computer program. The properties of poroelastic materials considered in the
numerical study are given in Tables 1 to 4. The properties of pavement
materials given by Kim and Roesset (1998) are used in the numerical solutions
of a plate on multi-layered medium as shown in Table 5.

In order to obtain the time domain solutions, the inversion of the ftriple-
Fourier transform of displacements, stresses and pore pressure expressed in
the form of (3.18) must be performed. By using the property of Dirac’s delta
function, the inversion of the Fourier transform with respect to t can be
performed analytically by replacing X with —(w—a®,)/c. Similarly, the inversion
of the Fourier transform with respect to X can be performed by replacing t
with —=(k,c—a,) . As a result, the original triple integral is reduced to a double
integral. In this study, the numerical evaluation of these double integrals is
performed by using the appropriate quadrature schemes proposed by
Piessens et al. (1983) for the inverse transform and the fast Fourier transform.
The numerical quadrature scheme subdivides the interval of integral and
employs a 21-point Gauss-Kronrod rule to estimate the integral over each

subinterval. The error for each subinterval is estimated by comparing of the
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results obtained from a 21-point Gauss-Kronrod rule with those from a 10-
point Gauss-Kronrod rule. The subinterval with the largest estimated error is
then bisected and this procedure is applied to both halves. This bisection
procedure is continued until the error criterion is reached. For the fast Fourier
transform, the number of sample points of the calculated function must be fine
enough to accurately represent the function. To satisfy of the number of a

sample point, N =4096 is used with frequency number -8<(k, or w)< 8.

4.2 Comparison with Existing Solutions

The accuracy of the present solution scheme of a moving load is
verified by comparing the results from the present scheme with the existing
solutions. Figure 6(a) presents a comparison of the time histories of vertical
displacement at an observation point (0,0,10m) for a point load moving with
constant subsonic and supersonic velocity at 700 and 2000 m/s respectively
from the present solutions with those given by Barros and Luco(1994).The
properties of an ideal elastic half space are simulated by choosing very small
values for the poroelastic parameters (b, M, P¢, Mand a are set to 1073). Itis
evidented that the two solutions are in an excellent agreement. Hung and
Yang (2001) considered the case of a viscoelastic half space subjected to a
surface moving load. The comparison between the normalized vertical
displacements obtained from the present solutions and those of Hung and
Yang (2001) is presented in Figure 6(b). The results are plotted at the
observation point (0, 0, 1 m) during the time 0.04 < t £0.04 seconds. Two
kinds of loading speeds are considered, i.e. =50 m/s and 150 m/s. Note that
the time t=0 sec corresponds to time when the applied load is passing
through the origin. Lu and Jeng (2007) studied the case of a homogenous
poroelastic half space subject to a moving normal point load F,. Three cases
of loading speed are investigated, which are corresponding to
c=0.1vy,,c=0.5vy, and c=0.9v,,, where v, is defined as Vg, :\/,u/—ps. In
addition, the coordinates 2<X'=Xx—-ct<2 m and y=z=1 m are considered.

The normalized vertical displacement and pore pressure are defined as
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U, =u,ua,/F, and p"=pai/F, where the reference quantities are a
reference length(a;) and shear modulus () respectively. The comparison
between the present solutions and the solutions given by Lu and Jeng (2007)
shows an excellent agreement between the two solutions.

The final comparison is corresponding to the case of a multi-layered
elastic half-space subjected to a moving point load given by De Barros and
Luco (1994) and shown in Figure 8. The layered medium consists of five layers
of 4.0m overlying a half space. The point load moves along X-direction over
the free surface with constant supersonic velocity ¢=700 m/s. The observed
point is located in the third layered at (X.,Y,,z)=(0,0,10m.). The vertical
displacement is normalized as U, =(,L77/ P)uZ where Z and u are a
reference length and the shear modulus in the underlying half space,
respectively and P is the amplitude of moving load. Once again,
b, M, P¢,» Mand a are set to 10- =t clearly seen from Figure 8 that very
good agreement between the present solution and the one from Barros and
Luco (1994) is observed. The accuracy of the present solutions is thus

confirmed by these comparisons.

4.3 Numerical Results and Discussion

In this section, the dynamic response of a poroelastic medium under a
moving point load of magnitude P, is investigated. All length parameters are
nondimensionalized with respect to a unit lengtha,, i.e., X' =x/a;, Y =y/a,,
2" =z/a,. The normalized time, frequency and load velocities are defined as
t" = (t/ag)Jus Py ,é‘:a)aRm and ¢ =c/cy respectively where u, is
the reference shear modulus; p; is the reference density; and Cg :m
is the shear wave velocity. In addition, the nondimensionalized material
properties are defined as A" =A/puy, M"=M /1y, p;=p; ! py, M =m/p,
and b’ :ab/m. The results are plotted at the observation point z°=1 for
different values of loading velocity. Figures 3 to 5 show the geometries of a

homogenous poroelastic medium, a multi-layered poroelastic half space and

an infinite elastic plate overlaying a multi-layered poroelastic half space
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respectively considered in the numerical study. In addition, the case of a
homogeneous poroelastic layer overlaying a rigid half space is also

considered as shown in Figure 3(b).

4.3.1 Response of a homogenous poroelastic half space

The dynamic response of a homogenous poroelastic half space
to a moving load as shown in Figure 3(a) is considered first. Four poroelastic
materials, identified as materials HA-1, HA-2, HA-3 and HA-4 and a dry elastic
material (HA-5) are considered in the numerical study. The properties of these
materials are given in Tables 1 and 2. The dynamic responses are obtained at
the point with coordinate (x,Y,z)=(0,0,1) for a homogenous poroelastic half
space.

Time histories of the normalized vertical displacement
U = u.a.U,, /P and the normalized pore fluid pressure, p*=paZ/P are shown
in Figures 9 and 10 respectively for a homogeneous poroelastic half space
subjected to a moving point load P on the free surface at the velocities 0.5¢,
and 1.5¢cg, . It can be seen from Figure 9 that the peak of vertical displacement
occurs close to the instant t"=0 for both the subsonic case (c* =0.505h) where
the load velocity is less than shear wave velocity, and the supersonic case
(C*=1.5csh) where the load velocity is more than shear wave velocity. It is
found that the peak magnitude of the supersonic case is higher than that of
the subsonic case and it occurs immediately after the instant t*=0. The results
presented in Figure 10 indicate the significant influence of the poroelastic
parameters on the pore pressure. Since the value of parameter b is inversely
proportional to the permeability of the porous medium the material HA-4 then
has the lowest permeability. Therefore, the highest pore pressure generated
under a moving load is observed in the poroelastic half space HA-4 followed
by the half spaces HA-3, HA-2 and HA-1 respectively. Figure 11 shows the
normalized of vertical displacement and fluid pore pressure of the material
HA-3 for different values of oscillation frequencies of a moving load.

Contours of the normalized vertical displacement and pore
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pressure along the surface of the homogeneous poroelastic half space HA-2
under a moving surface load are presented in Figures 12 and 13 respectively.
The moving load is travelled along the X—axis in moving reference frame.
Three cases of the moving load velocity are considered, namely, subsonic
(C* :O.5csh), transonic (C* :1.0C5h) and supersonic (C* :1.505h) velocities. The
results are plotted at the instant time t"= 0, which is the moment that the
moving point load passes through the origin. It is evident from Figures 12 and
13 that the response of the half space depends significantly on the velocity of
the load. For a moving load with low velocity (subsonic case), the contour of
vertical displacement and pore pressure are almost symmetric and anti-
symmetric respectively with respect to the y—axis (Xx=0) as shown in Figures
12(a) and 13(a). As the speed increases, the effect of loading speed is more
obvious. The response shows more asymmetrical and the Mach radiation
effect can be observed. The maximum displacements occur at the point
behind the moving load, whereas the maximum positive pore pressure occurs
before the arrival of the moving load. The contour of pore pressure shown in
Figure 13 indicates two distinct zones due to effects from the moving load.
The negative pore pressure is observed in the vicinity behind the moving load.
Note that the presence of negative pore pressure will increase the risk for

liquefaction in the porous medium.

Figure 14 shows the vertical displacement at the free surface
(z=0) of a homogenous poroelastic layer HA-3 overlying an impermeable
rigid base (see Figure 3(b)) induced by a rectangular moving surface load
with different velocities in a moving reference frame. Three cases are
considered for different layer depths, i.e. z° =1, 10 and 30. It can be seen that
the vertical displacement for the thickness z" =1 is smaller than those of z" =
10 and 30. In addition, the moving load velocity has less influence on vertical

displacement for the thickness z* = 1 than those of z° = 10 and 30.
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4.3.2 Response of a multi layered poroelastic half space

The dynamic response of a multi-layered poroelastic half space
as shown in Figure 4 to moving surface loads is presented next. The multi-
layered poroelastic half space consists of two layers and an underlying half
space. The thickness of the first and second layers is set to a;. Three layer
systems are considered with the material properties being given in Table 3.
Note that b = 0 for all layers of the system A whereas for the systems B and
C, the values of b parameter for each layer are shown in Table 4.

Figures 15 and 16 present time histories of the nondimensional
vertical displacement and the nondimensional pore pressure for the three
poroelastic layer systems, namely system A, B and C, subjected to a moving
point load at the velocities 0.1cy, 0.5cy, and 0.9c,. It is found that both
displacement and pore pressure in all layered systems are significantly
influenced by the loading velocity. The maximum value of the peak response
is found when the loading velocity is equal to 0.9cy, whereas the lowest one
occur when ¢ =0.1c,,. It is also found that the material parameter b and the
loading velocity have more influence on the fluid pore pressure than the
vertical displacement. Similar behavior is also observed in Figures 17 and 18
for the responses in moving reference frame. Figure 19 shows the profile of
normalized vertical displacement and fluid pore pressure along the z—axis of
a multi-layered poroelastic half space due to the moving surface load. The
vertical displacement rapidly decreases with depth in the first layer for all
velocities and all layer systems. On the other hand, the pore pressure in the
first layer increases from zero at the free surface reaching the maximum value
in the first layer. Both displacement and pore pressure gradually decrease

with the depth in the second layer and the underlying half space

Figure 20 presents the variation of the nondimensional vertical
displacement and the nondimensional pore pressure with the normalized
oscillation frequency in the range 0<0 <2 for a moving load at the velocity

0.5cy,. It is observed from Figure 20(a) that the displacement initially
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increases reaching the maximum value in the vicinity of ¢ =0.5 before
gradually decreasing with the frequency. Note that the maximum value is
found in the layered system A. The pore pressure response presented in
Figure 20(b) indicates that initially it remains almost constant in the frequency
rang 0<06<0.4. Thereafter, the pore pressure gradually increases with
increasing o for the systems B and C. For the system A, it decreases reaching

the lowest value when 6 =0.5 before gradually increasing with o .

The final problem is the case of a moving point load on an
infinite plate resting on a multi-layered poroelastic half-space. The geometry
of this problem is shown in Figure 5 with the material properties of the plate
being shown in Table 5, which represent the case of pavement materials. The
variation of the normalized vertical displacements of a moving load on the
infinite plate on layered system B with the loading velocity is shown in Figure
21. The flexural rigidity of the plate D; equal to 0.005, 0.01, 0.05 and 0.1
where D, :Dp/,uRag are considered for both fully permeable and
impermeable cases. The case of the half-space without a plate is also
presented for comparison. It can be seen from Figure 21 that the vertical
displacements increase slowly in the range 0<c*<0.5 for both permeable
and impermeable plates with all flexibilities. Thereafter, they rapidly increase
reaching the peak values when ¢” >0.8. The earliest peak is found in the case
of the half-space without plate followed by D; = 0.005, 0.01, 0.05 and 0.1
respectively. The pore pressure response under the impermeable plate
presented in Figure 22. It is found that the pore pressure decreases with the
loading velocity for all plate flexibilities. It is also observed that more pore
pressure is generated under a plate with more flexibility. Therefore, the
maximum pore pressure occurs under the plate with D; = 0.005 followed by

D,=0.01, 0.05 and 0.1 respectively.



CHAPTER V
CONCLUSION

In this thesis, the dynamic response of a multi-layered poroelastic
medium subjected to moving loads with constant velocity is investigated.
Analytical solutions in the frequency and wave number domains for a
poroelastic material are derived by using the Fourier integral transform. An
exact stiffness matrix method has been employed to study the dynamic
response of a multi-layered poroelastic medium under transient loading. Time
domain solutions are obtained by using the fast Fourier transform method. The
numerical accuracy of the present exact stiffness matrix method is confirmed
by comparing with the existing solutions give in the literatures. Excellent
agreement is observed through several independent comparisons. Major

findings can be summarized as follows:

1. The influence of the parameter b, which is the internal friction of a
poroelastic medium on the vertical displacement and the fluid pore
pressure is more significant when the velocity of the moving load
increases. The effect of the parameter b on the vertical

displacement is not apparent for the low velocity loading.

2. The magnitude of vertical displacement of a poroelastic half space
generated under a moving load is smaller when compared to that

of an ideal elastic half space.

3. Transonic velocity loading generates larger displacement and fluid

pore pressure than supersonic and subsonic velocity loading.

4. The influence of oscillation loading generates larger fluid pore
pressure when the internal friction of a poroelastic medium and the

loading velocity are increased.

5. The magnitude of the vertical displacement decreases when the

flexural rigidity of the elastic plate, Dp increases.

The numerical solution scheme developed in this thesis is applicable
for several practical problems in civil engineering. For example, seismic
response of tunnels and pipelines buried in layered poroelastic soils, ground

vibration induced by dynamic loading, dynamic response of pile or pile group
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in layered soil, and the material characterization from the in-situ tests such as
the Falling Weight Deflectometer (FWD).
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Table 1. Material properties of a homogeneous poroelastic half space.

T t T T 1 1
M A M P Pt m a

Material HA-1to HA-4 5 20 244 20 106 22 097

Material HA-5 240} 2.0 = 2.0 - -

T %
x 10°N/m*  x 10 kg/m’

Table 2. Values of parameter b for different homogeneous poroelastic

half spaces.

Material HA-1 HA-2 HA-3 HA-4 HA-5

b(Ns/m')  632x10° 1.45x10° 6.32 x 10° 6.32 x 10 -

Table 3. Material properties of a three-layered poroelastic half space.

yT ﬂ‘r " t ,01 . t N t B

First layer 25 5.0 25.0 2.0 1.0 30 095
Second layer 1.25 1.88 18.8 1.6 1.0 1.8 0.98
Half space 10.0 10.0 20.0 2.4 1.0 4.8 0.9

T ii
x 10° N/m” x 10 kg/m’



Table 4. Values of parameter b for different poroelastic layered systems.

First layer Second layer Half space
b(l) b(2) b(3)
(N's/m’) (N s/m’) (N 's/m’)
system A 0 0 0
system B 1.5x% 10° 75x10° 4.5x10°
system C 1.2% 10’ 75x10° 45x10°

Table 5. Properties of pavement material.

E v h m

p p P p
(x10°N/m°) (cm) (kg/m°)

Flexible pavement 3445 0.35 15.24 354

35
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Figure 1 Geometry of the poroelastic half space models
(a) A homogeneous poroelastic half space subject to
a moving load on the free surface.
(b) A homogeneous poroelastic half space subject to
a moving load in the interior of the half space.
(c) A multi-layered poroelastic half space subject to

a moving load on the free surface.
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considered in this study.
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Figure 6 Comparison of the normalized vertical displacements with time induced by a

moving point load of a homogenous elastic half space; (a) Barros&Luco(1994) and (b)

Hung&Yang(2001).
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Figure 7 Comparison of the normalized dynamic responses induced by a moving point
load of a homogenous poroelastic half space in moving reference frame; (a) vertical

displacements and (b) fluid pore pressure.
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Figure 8 Comparison of the normalized vertical displacements with time induced by a

moving point load of a multi-layered elastic half space.
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displacement at z/a; =1 of a

homogenous poroelastic half space induced by a moving point load (6 =0) with

different material types: (a) c=0.5c,, and (b) c=1.5¢c, .
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Figure 10 Time histories of the normalized fluid pore pressure

(b)

at z/a; =1 of a

homogenous poroelastic half space induced by a moving point load (6 =0) with

different material types: (a) c=0.5c,, and (b) c=1.5¢c, .
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Figure 11 Time histories of the normalized dynamic responses at z/a; =1 of a
homogenous poroelastic half space for a material HA-3 with different oscillation

frequencies: (a) vertical displacements and (b) fluid pore pressures.
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Figure 12 Contour of the normalized vertical displacement surface at z/a, =1 induced
by a moving point load (6 =0) for material HA-2 in moving reference frame; (a)

c=0.5¢c, (b) c=1.0c,, and (c) c=1.5¢,,
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Figure 13 Contour of the normalized fluid pore pressure surface at z/a, =1 induced by
a moving point load (6 =0) for material HA-2 in moving reference frame; (a) ¢=0.5¢c,,,

(b) c=1.0c,, and (c) c=1.5¢c,
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Figure 14 The normalized vertical displacement at the free surface (z/a; =0) of a

homogenous poroelastic layered on rigid half space induced by a rectangular load

(0 =0) for material HA-3 with different depth of the layer in a moving reference frame:

(@) H" =1, (b) H" =10 and (c) H" =30
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Figure 15 Time histories of the normalized vertical displacement at z/a, =1 of a multi-
layered poroelastic half space induced by a moving point load (6 =0); (a) ¢=0.1c,,

(b) c=0.5¢,, and (c) c=0.9c,
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Figure 16 Time histories of the normalized fluid pore pressure at z/a, =1 of a multi-

layered poroelastic half space induced by a moving point load (6 =0); (a) ¢=0.1c,,

(b) c=0.5¢cy, and (c) ¢ =0.9c,
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Figure 17 The normalized vertical displacement at z/a, =1 of a multi-layered
poroelastic half space induced by a moving point load (6 =0) in a moving reference

frame; (a) c=0.1cg , (b) c=0.5¢c,, and (c) ¢ =0.9c,,
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Figure 18 The normalized fluid pore pressure at z/a; =1 of a multi-layered poroelastic

half space induced by a moving point load (6 =0) in a moving reference frame; (a)

c=0.1c,, (b) c=0.5cy, and (c) c=0.9c,
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Figure 19 The normalized dynamic responses along the depths of a multi-layered
poroelastic half space induced by a moving point load (6 =0) in a moving reference

frame; (a) vertical displacement and (b) fluid pore pressure.
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reference frame; (a) vertical displacement and (b) fluid pore pressure.
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Figure 21 The normalized vertical displacement at z/a, =1 of a multi-layered
poroelastic half space (system B) underlying infinite thin plate induced by a moving
point load in a moving reference frame; (a) fully permeable plate and (b) fully

impermeable plate.
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Figure 22 The normalized fluid pore pressure at z/a, =0 of a multi-layered poroelastic
half space (system B) underlying a fully impermeable of infinite thin plate induced by a

moving point load in @ moving reference frame.
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APPENDIX

This appendix presents the elements of the layer stiffness matrix K™ and

the underlying half space stiffness matrix KN for are generated the global

stiffness matrix of a multi-layered half space.

A.1 The elements of the layer stiffness matrix, KM

The elements of each layer stiffness matrix of fully populated 8x8 symmetric

complex matrices are manipulated and reduced extensively to obtain expressions

which enhance the computational efficiency of the solution scheme as shown

1st row:

|(11 =

klz =

k13 =

Kig = =

le =

%(8(6‘1—%) a3n73F3V/32+73(kF (kf_7§)F11)F13V/32

+2(kf _7§)r4r12‘//31'//32 +(a1 —az)rz (Szkf‘//m 2ky73‘/’32)) (A1)

%(_8(%_3-2”( ya3n73 Wa — kky73( +F11)F13‘//32

+2k K, I\ Lppraga, + (a1 —a ) k(k, I (k2W§1 +75 (_4 + A4y Y ))) (A.2)

M(‘4(31 _az)kxo%n?/s (3k2 +732)F3 -k, ((kz +}/32)F1 +27/32F11)F13

R
+4K, 7L Ty + (a1 -4, ) Ky 3 (3k2 + 732)F2V/32) (A.3)
S pa,a,k
%((ai_az)kz (71V/12W21_72‘//11V/22)W31_(a1712 +a2722)
|

VWl nWay + 40,7177 (az (O‘Sanz Y ) -4 (a3n‘//22 + Vs, ))
+1172V W1 (azre +a1(4'052n053n +‘//22'//32))) (A.4)

ﬁ(2a3n}/3 (_kjrl + (kx2 _732)r11)r13 +4a;, (_kf + 7; )F4F12W31

R,
_2(31_ ) (8k20!3n7/3+Szkle//321)+4(ai—az)kjam}/;l"z{//sz) (A.5)
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Kis R (Zk Ky@3075 ( + Fll)FlS —4kk ez, Ty — 4(31 -3,) kxkya3n7§F2V/32

_2(a1 - az)kxkyrs (kzl//e?l - 7; (_4+ 4y, + '//3?2 ))) (A.6)

K. = Zszﬂ(ﬂ_az)kx%'ﬂal
17 = R
|

+a272‘//11(053n‘//22 _a2nl//32)) (A7)

(a171‘»”21 (_aSnl//lz + oW, )

ZSzalazkxagnyB (—(al+a )7172 (3171 +a272)‘//11W21)

+28° (a1 -4, ) K, (_a1a2k2 (_asz/zl//ll T, a1n71W21)‘//31
+, (_azn‘//lz TV )Wsz )) (A.8)

2nd row:

Ky, = ﬁ(8(a1 _az)kxzasn7§F3V/32 el 3 (kfrl _(kj _7§)F11)F13'//32

R
+2(k§ _732)F4F12‘//31‘//32 (al @ ) (S kyW31 2k273‘//32)) (A.9)
ky ky

k23 _k_k13 k24 _k_k14 k25 = k16 (A.10)

R,
_Z(ai_az)r3(8kfa32n73 +8°K l//31)+4(a1 a )kfa3n7§rzl//32) (A.11)
ky ky

k27 :k_xku’ k28 =k_xk18 (A12)

T
Ky = %(_731—‘2‘”31 iin (a'l -4, ) kZV/anll//az ) (A.13)
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k _ MYy
34 = R

7/273) ~a,k* (ZazgS_al(g3+94)_23'l(a'l_a )k2)7273r6‘//11
—ak’ (2&194 (gs+g4)+2(a1 a )ak )7173 ¥

BV (8- 2, ) (-2,0, + 9, )k +87 (g, +23,k7 ) 7275 + 25 (9, +2aK°)

—(9:+9,+2(a, +a,)k )}/3F4F12y/31) (A.14)
2uk I’
Kss = _%(aﬁ/ﬂ//zl (_a3n‘//12 RELTUEY ) + W0 (aSnl//ZZ s )) (A.15)
|
k
k36 = k_y k35 (A.16)

2
ks, = —%(93 — Oy +2(a1—az)k2)73l//31((a1_az)k2a3nW11W21_73r3‘//31) (A7)
|

k. — 2/Ja1a2r7
38 R
|

K (=0, + 0,5, ))) (A.18)

(_k272V/11 (_aSnlr//ZZ + Vs ) +7 (7/27/3 (aznV/1z —QWy ) Va

4th row:

Ky = _%(_4a2k2a2na3n (Zazhl72 +‘93127172 _al( Vil (hl+lga‘27/1)72))7/31//12

|
—daK’a, a7, (a1;/1 (= Y a1 i, ))1/122 +(—a,h,7, +a,hy,)
73 (~ 0ol aWagWon + il o )Woar + (8 = 8 ) K (@, — v )0y
+9a.8, (—1WWa + 7 Vil )1//31) +a,a,k’y, (—4alna2n VAYESA PN
+(=71Ts = 72010 ) Wil o1 Vo + KoV ol o ) (A.19)

%
ks = _%(kaa3n73 (_a171r9 —a,7,1 1 ) Wi + 2K, 057, (a27/2r9 +ayly, )

|
(_4ana2n +V/12'//22)+ 2(31 —a )k K ( (o2 RS T2 +a1nF9‘//21)V/31
2k, (alh271 —a,h7, )73 (—a2n‘//12 T, )‘//32) (A.20)

k4e :_yk45 (A.21)

Ky = ‘//R31 ( (alh271 a,hy, )732 (_azn%z T Yo )‘/’31 - 2(a1 -, ) AW
|

(Canio = W5 )= 2(8, = 8, )K*yaagrsy (~ gz + s, )) (A.22)
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5th row

6th row:

7th row:

8th row:

where
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= _ﬁ(8kzalna2na3n73rs —28,0,, (_a1h2712732 +a,0 717,73 —(81 -4 ) k4r10)

YWy + 28,0, ('9a12k471 -8 (k4 (hl + 152327/1)"' h271727§)+ azhl(k4 +7227/§))
Vol + 28,k 7, (a'la3n (7T + 7,050 ) Wi + a1, (_2azh172 +9a, (-8, +a,)
N, ta (h271 +hy, ))V/zzl/lsz ) +2a, Ky, (az (h172 + 71r10)(_a3n'//22

+0Ws )+ A (_2h2a2n‘//32 +98,7, (a3n'//22 TV )))) (A.23)

: Ks =Kit\ Keg =Kz, Ksy = —kia, Ksg =Ky (A.24)
kee r kzzl k67 T _kzsl kes ~ k24 (A.25)

k77 = k33, k78 - _k34 (A.26)

e =\, (A.27)

R =y (22K —af (K + 7772 ) =3 (k" + 7272 ) ) Tis - 2(3, - 2,)

a Ky, y T v, +28, (a8, —a, ) K>yl s + 2;/3F4F121//31) (A.28)
a, =e /M —— T ——— (A.29)
v; =(-1)! + ~i=1,2, =) (A.30)
T, =(a-a,) k? (A31)
Ly =ayynl¥ o =87 na (A.32)
Ly = —2,05,7,00 + 22,1,y n (A.33)
I, =-4a,a,, +v, W, (A.34)
I'. =-4a,0,, + vV, (A.35)

Uy =—4a,,05, + Y5, (A.36)



64

F7:(93—g4+2(a1—a2)(kf+k§))y31//31 (A.37)
Iy = 2a§h1}/2 + afj/l (2h2 -9a,y, ) -aa, (hzy1 + (h1 + 8a2y1)y2) (A.38)
Iy=h—-ay (A.39)
I, =h—9%.,, (A.40)
Ty =afy +ay; (A.41)
Ly =a@,71757s (A.42)
Ly =vuaVa (A.43)

The elements of the layer stiffness matrix K™

are functions of the layer
thickness, the layer material properties and the Fourier transform parameter K,, ky

and o .

A.2 The elements of the underlying half space stiffness matrix, K (N

For the underlying half space, due to the conditions that the solutions
vanish as z — o, the general solution involves only four arbitrary coefficients in the
vector ¢V e, AND  CcO T ENDgng G The stiffness matrix , KM s

populated 4x4 symmetric complex matrix of the bottom half space can be written

as
1st row:
K= 2 (@ (k47 (K =7 )) =2 (K7, 45 (K] =7274) (A.44)
S
] K K
klz=%(81(71—73)—8.2(72—]/3)) (A.45)
S
IZB = ﬂR—kX(al(k2 - 2174 +;/32)—a2 (k2 —2y,y3+ ;/32)) (A.46)
S

K o—_ Szﬂaiazkx (71_72)
14 = R
s

(A.47)
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2nd row:
ky, = Ri(ai(kzn +75(K = 717)) =0 (K72 + 7 (K2 =727 (A.48)
S
- k
Ky = 'uR—(ai(k -2117s +73) (k2 —27,75 +7§)) (A.49)
S
Kpy = — 5'kaz, i;( ~72) (A.50)
S
3rd row:
k~33=/;—7/(g =0 G (S dlk ) (A.51)
S
Ky, = Rﬁ( alg4( }/l}/3)+a (2a1k (n 72)7/3+g3(k2—y27/3))) (A.52)
4th row:
2__
- ah, (K ~77:) =2, (- 961: (=72) thi(k =727)) 53)
o
where
Rs:a1(k2_7173)_az(k2_7273) (A.54)

It is noted that exponential terms of K, ky and @ are not involved in the
expression of KN and its elements depend on the material properties of the

underlying half space and the Fourier transform parameter K, , ky and w .
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