CHAPTER III
CLIQUE PARAMETERS OF THE K-POWER OF

PYRAMIDS

In this chapter, we investigate the values or bounds of the clique covering
numbers and the clique partition numbers of the k-power of pyramids. The first
section contains results of the elique covering numbers of the k-power of pyramids
and the other contains results of the clique partition numbers of the square of

pyramids.

3.1 Clique Coverings of the k-power of Pyramids

Definition 3.1.1. A pyramid or pyramid graph of order ﬂ%ﬂl, PG, is a graph
of 1(1‘;—1) vertices if the vertex set V(PG,) = UL ,{(:,7) | 7 = 1,2,..., i}, then for
(a,b), (c,d) € V(PG,), vertices (a,b) and (c,d) are adjacent in PG, if and only if
(a=cand [b—d|=1)or (la—c/]=1andb=d) or (jJa—c|=1and [b—d| =1).
Throughout this chapter, we use this vertex set to label vertices in PG,.
an
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Figure 3.1: Pyramid of 'l(’—‘itﬂ vertices (PG,,)



26

Next, we find lower bounds of the clique covering numbers of the k-power of

pyramids.

Lemma 3.1.2. Forn,k € N where 1<k<n-—1,

cc(PG*) > (n—-k)(v;—k-i—l)'

Eragfs Lebi Iy = U?:_lk (2,5)G + k,5) | 7 = 1,2,...,i}. Then I; is a subset of
B(PGY) and || = Fjts = Rk,

Figure 3.2: I} in Lemma 3.1.2

We claim that I; is a clique-independent set of PG’f,. Let e;,e, € I where
er # e2. Then e; = (i1, 51)(%1 + k,71) and ex = (iz,j2)(ia + k,72) for some

11,199 € {1,2, wnny TU R k} and J1 € {1,2,...,7:1} and Jjo € {1,2, ,‘22}

Case 1 : i) # is.

WLOG, assume #; < #3. Then dpg, ((i1,71), (iz + k, j2)) =
dpg,((11,51), (11 + k, j1)) + dpg, ((ir + k, j1), (32, j2)) > k+1 > k. Thus (i, ju) is
not adjacent to (i + £, j2) in PGﬁ. Hence, e, and e, are clique-independent edges

of PGE.
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Figure 3.3: Case 1 in Lemma 3.1.2

Case 2 : i} = 1.

WLOG, assume j; < jo. Then dpg, (i1 + k, 71), (2, J2)) =
dpa, ((i1+k, 1), (ia+k, j2)) +dpg,((ia+k, j2), (i3, j2)) > k+1 > k. Thus (i, +k, j;)
is not adjacent to (is, j2) in PGﬁ. Hence, e; and e, are clique-independent edges

of PGE.

Figure 3.4: Case 2 in Lemma 3.1.2

By two cases, we can conclude that I} is a clique-independent set of PG*.

Therefore, cc(PGF) > |I;| = n=kln=k+1) O

2

We next find upper bounds of the clique covering numbers of the k-power of

pyramids.
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Leming 3.1.3. Forl=1,2,..%k, 1=1,2,.;n—1lond 7 = 1,2, ....;4; let Vi(4,7)
be a subset of V(PG,) defined by
Vi, j) = { (i, 7),
(z+1,7),(E+1,7+1),

(1+2,5),(0+2,5+1),(0+2,j +2),

E+5L4),(E+47+1),(+L5+2),..,(0+1Lj+1) }

Let Ci(i,j) = PGE[Vi(i,§)]. Then Ci(i,j) is a subgraph of Ci(i',j') for some

i €{1,2,..,n—k} and j’' € {1,2,...,7'}.

Figure 3.5: Ci(i,7) in Lemmma 3.1.3

Proof. 1f i < n — k, then Ci(t, j) is a subgraph of Ci(7, ). Assume i > n— k. If
J £ n —k then Ci(7, j) is a subgraph of Ci(n — k, j). Otherwise j > n — k, then

Ci(i,7) is a subgraph of Ci(n — k,n — k). O

In the next lemma, we show upper bounds of the clique covering numbers of

the k-power of pyramids.

Lemma 3.1.4. For n,k € N where 1<k<n-1,

(n—k)(n—k+1)
5 .

ce(PGF) <
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Proof. Forl=1,2,..,k, i=1,2,..,n—land j =1,2,...,1, let Vi(i, j) be a subset
of V(PG,) defined as in the previous lemma. Note that the distance between two
vertices of Vj(i, j) in PG, is at most k. Thus Cy(i, ) := PGh[Vi(i, )], an induced
subgraph of PGE  is a clique in PGX. Let C = |J7{Ck(i,5) | j = 1,2,...,i }. Then
i€ = Z'i:lki = gn_—kl(g—_HQ We claim that C is a clique covering of PGX. Let
e € E(PGfl). Then e = (i, j1)(i2, j2) for some 4y, j1, 42,72 € {1,2,...,n}. Assume

that the distance between (i1, j1) and (i, j2) in PG, is d. WLOG, assume 7; < 3.

Case 1: |j2 — ji| < @2 — 1. Then e € E(Cy(i1, 71))-

@.4)

G,+d.j) (l,j,) iy +d, j +d)

Figure 3.6: Case 1 in Lemma 3.1.4

Case 2 : jl — j2 > tg 1. Then e € E(Cd(%g = d,]g))

G-d. )

()]

“}-j]) =P = ('7')') + d)

Figure 3.7: Case 2 in Lemma 3.1.4
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Case 3 : jo — j1 > i3 — i;. Then e € E(Cy(i2 — d, j2 — d)).

G —d. j~d)

()

(i, -d. j) ¢ (3. J2)

Figure 3.8: Case 3 in Lemma 3.1.4

By Lemma 3.1.3, e € E(Ci(#, ")) for some ¢’ € {1,2,...,n — k} and
j' € {1,2,...,i'}. Hence C is a clique covering of PG~.

Therefore, cc(PG*) < |C| = g"—"kl(g_—ml O

Next, we conclude the values of the clique covering numbers of the k-power of

pyramids in Theorem 3.1.5.

Theorem 3.1.5. Forn,k € N,

1 if k>n-—1,
ce(PGF) =

ROy 1<k<n—1.

Proof. Case 1: k>n—1.

Since diam(PG¥X) = n — 1, we have that PG* is a complete graph.
Hence cc(PGF) = 1.

Case2:1<k<n-1.

By Lemma 3.1.2 and Lemma 3.1.4, cc(PGE) = i“;k){'z';kﬂl O

We investigate values of the clique partition numbers of the square of pyramids

in the next section.
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3.2 Clique Partitions of the Square of Pyramids

First, we find the number of edges of the square of pyramids.

Proposition 3.2.1. For n € N wheren > 4,

|B(PG2)| = 5(n—1)(3n - 4).

Proof. Recall that V(PG2) = V(PG,) = U-,{(ij) | j = 1,2,...,i}. Thus
IV(PG2)| = 31 i =22 Forv € V(PG?2),

4

5, if ve{d1),(n1)(n,n)},

8, if ve{(2,1),(2,2),(n-1,1),(n,2),(n,n—1),(n—1,n—-1)},
if v - - -

dra(v) = | 12 €1{(3,2),(n=1,2),(n—1,n— 2)},

11, if ve {(41),09),(n,q7) | i=3,4,..,n— 2},

15, if ve {(5,2)(,2=1),(n—-1,1—1) |i=4,5,....,n— 2},

18, otherwise.

\

(n.1) (n.n)

Figure 3.9: Degrees of vertices of PG2
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Thus
n—6
> d(v) = 5(3) +8(6) + 12(3) + 11[3(n — 4)] + 15[3(n — 5)] + 18 ) _
vEV(PG2) i=1
- w+4&+%+ﬁan—@+4mn—m+1&”_?m_5)
= 78n — 258 + 9(n? — 11n + 30)
= 9n? —21n+12
= 3(n—1)(3n —4).
Hence
|B(PGY)| = z‘;(”) = g(n—l)(:}n—-fi).
0

In the next theorem, we show bounds of the clique partition numbers of the

square of pyramids.

Theorem 3.2.2. For n € N.
(i) Ifn=1,2 or 3, then cp(PG2)=1.

(i) If n = 2r + 1 where r > 2, then

(n—=2)(n—
2

n—1)(7n —19)

D < ap(pe2) < - :

(111) If n = 2r where r > 2, then

I = 2
(n 2)2(" D < op(PG2) < 7—2— —5n+4.

Proof. (i) Let n = 1,2 or 3.

Then PG? is a complete graph. Hence cp(PG?2) = 1.
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(i2) Let n = 2r + 1 where r > 2.
Fori=1,3,...,2r—1and 7 =1,3,...,1, let
A;; = PG2{(3,7), (1+1,7), (i+1,541), (i+2,5), (i4+2,5+1), (i+2,5+2)}].
We have that A;; is a copy of Kg and |E(A;;)| = 15.
Fori=3,5,..,2r—1and j=2,4,...,1— 1, let
B;; = PGi[{(i,4), (i +1,5),(i +1,j +1)}] and
Ciy = PG, 3), (i +2,9), (i+2,5 + D).
We have that B, ; and C;; are copies of K3 and |E(B, ;)| = |E(C;;)| = 3.
For i =2,4,...,2r — 2 and9='1, 2, 46t
D;; = PGy[{(i,5), (i +2,75), (i + 2,5 + 2)}].
We have that D; ; is a copy of K3 and |E(D; ;)| = 3.

By Proposition 3.2.1,

B(PG)| = S(n— 10— 4)
= S(@r+)-DE@r+1)~4) (sincen=2r+1)

. g(zr)(sr—n — 1823,

e 2 . e " ”
H=rP@\[ U 45+ U Bs+ U cu+ U Dyl
i=1,3,....2r—1 i=3,5,...,2r—1 i=3,5,...,2r—1 i=2,4,...,2r-2
i=1,3,mi j=24,...,i—1 §=2,4,...,i—1 7=1,2,...,i

r F—1 r—1 =1
|E(H)| = (18r*=3r) = [15) i+3) i+3) i+3) 2i]
f=1 i=1 i=1

=1

— 1872 — 3 — l-‘rii(;*—l) _ 3(r — 1)(r) — 3(r — 1)(r)
= 1212 +3r — ——15(’)(2” D
9r2 — Or

2
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Figure 3.10: Cliques of PG?2 in Theorem 3.2.2 (i1)
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We have that

U v U Bstu U {GsDis} U EH)
1 3,...2r—1 i=35,..,2r—1 i=35,..,2r—1
i P G=2 4, mi—1

forms a clique partition P of PG? such that
r—1

|P| = Zz+222+223+9r =i

ety =D+ -1 + T2

2
_r(r+1) I 13r(r — 1)
B 2 2
2 _
_ 14r — 12r N
2
Since r = 231,

(n—1)(Tn — 19)
3 :

Pl = (A7 - 6) =

Thus cp(PG2) < ©=00"=19) By Theorem 3.1.5, ce(PG2) = == Hence
cp(PG2) > A=Y Therefore; A2toll < op(pG2) < (2=LIn=19)

(22¢) Let n = 2r where r > 2.

For i = 1, 3, ....,En+ Brandniic= Bl &5y let

Aij = PGE[{(3,7), i41,7), (i+1, j+1), (i+2,7), (i+2,5+1), (i+2, j+2)}].

We have that A, ; is a copy of Kg and |E(A; ;)| = 15.
Fori=3,5,...,2r—3and j=2,4,...,1—1, let

i =PGi{(,5),(i+1,5),(i+1,j+1)}] and

Cig = PG2[{(0,7), (i +2,9), (i +2,5 +2)}].

We have that B;; and C;; are copies of K3 and |E(B;;)| = |E(C;;)| = 3.
Fori:=24,..,2r—2and j=1,2,...,1, let

= PG2[{(3,7), (i +2,7),(i + 2,5 + 2)}].

We have that D;; is a copy of K3 and |E(D; ;)| = 3.
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For j=1,2,...,2r — 1, let
F; = PG[{(2r - 1,)),(2r,5), (2,5 + 1)}].
We have that Fj is a copy of K3 and |E(F})| = 3.

(L1

F,

J

2r.1) : (2r,2r)

Figure 3.11: F}; in Theorem 3.2.2 (i)

By Proposition 3.2.1,
BPG)| = (n=1)(3n=4)
. %((27‘) _1)(8@r)~4) (sincen=2r)

= 18%* —21r +6.

r—1 r—2 r—2 r—1
|E(H)| = (187 —=21r +6) —[15) i+3» i+3» i+3) 2i+3(2r—1)]
i=1 i=1 i=1 =1

— 1872 —21r 46 — 15(r-21)(r) —3(r—2)(r—1) = 3(r —1)(r) — 3(2r — 1)
- 12r2—15r+3—L2Um

9r2 — 157 + 6
-
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We have that

U “ag3v U Baciiuv U {D,-u.,-}u‘ U {F} v EWH)

i=1,3,..,.2r—3 i=3,5,...,.2r—3 i=2,4,...,2r—2 j=1,2,...2r—1
=130 F=2,4,.i—1 j=1.2,...4

forms a clique partition P of PG? such that

r—1 r—2 r—1
, i _ 9r2 — 151+ 6
|P| = ;z+2;z+§21+(2r—1)+f

-, | 9r2 — 15r + 6
I ke, 2)(T)+(r-—2)(r—1)+(r—1)(7‘)+(2r—1)+—r S
_ 14r% — 20r + 8
B 2
= Tr*—10r + 4.

Since r = 2, |P| = 2 _ 5n 44, Thus cp(PG2) < ™ — 5n + 4.

By Theorem 3.1.5, ce(PGZ) = =201 Hence, cp(PG2) > =21,

Therefore, %ﬁﬂ < ep(PG2%) < 7%2- — 5n+4. O

We have obtained the complete results of the values of the clique covering
numbers of the k-power of pyramids for all £ € IN. For the values of the clique
partition numbers of the k-power of pyramids, we get bounds of the clique par-
tition numbers of the square of pyramids. Open problems for future work are to
improve bounds of the clique partition numbers of the square of pyramids, and

find the values of the clique partition numbers of the k-power of pyramids where

k> 3.
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