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CHAPTER |
INTRODUCTION

1.1 General

Pre-existing flaws and load-induced damages present within engineering and
industrial designed components and parts have been found the major cause of
failures and loss of their original functions. Initial small defects and damages can act
as both a localized stress riser and a global strength reducer; in particular, high stress
concentration can be observed near the location of defects and damages and this is
also prone to the localized failure and damage accumulation. For components
subjected to cyclic excitations such as machine parts and bridges, pre-existing cracks
or load-induced cracks under a large number of load cycles can also lead to fatigue
failure at a relatively low stress level. As a result, it necessitates the comprehensive
damage/fracture evaluation and failure analysis in the design procedure of those
involved components to ensure their safety and integrity during the entire designed
lifespan. For various classes of materials found in practices (e.g., glass, composites,
concrete, rock, cast iron, etc.), the fracture-induced failure mechanism assumes in a
brittle fashion and any irrecoverable deformation is merely contained in a small,
localized region surrounding the cracks. An existing, well-established, mathematical
model based upon the theory of linear elasticity has been found well-suited and
commonly used to perform a stress analysis of bodies containing defects to provide

essential information in the damage/fatigue assessments.

Conventional approaches in linear elastic fracture mechanics are based
fundamentally on the dominant stress field in the vicinity of the crack front - a
singular term in the Williams asymptotic expansion that involves the stress intensity
factors (SIFs) and commonly termed the K-field. An obvious application of the stress
intensity factors, besides the use in the prediction of crack initiation and propagation
direction of crack advances, is the estimation of plastic-zone size and shape of a
local region surrounding the crack front (e.g., Anderson, 2005). The plastic-zone size
plays an important role in the classification of the fracture problems into either
small-scale or large-scale yielding. However, there were pointed out by various
investigators that the first non-singular term in the asymptotic expansion of the stress
field (e.g., Williams, 1957), termed the T-stress, significantly influences both the size

and shape of the plastic zone. This, therefore, necessitates the integration of the T-



stress information in the calculation of the plastic-zone size. In addition, the T-stress
has also been found influencing the fracture initiation angle, the tri-axiality of the
near-tip stress field, and the stability of crack propagation. Studies by Rice (1974), Du
and Hancock (1991), and Sedighiani et al. (2011) revealed that the positive T-stress
decreases the plastic-zone size and rotates its shape forward while increasing the
initiation angle of crack advances and strengthening the crack-tip tri-axiality. On the
contrary, presence of the negative T-stress at the crack-front renders the reverse
effects. As becomes evident, the T-stress is one of essential fracture data that must

be determined to accurately describe the near-tip behavior.

1.2  Background and Review

Studies towards the development of techniques for calculating the T-stress and
investigation of its influence on the fracture responses and behavior using both two-
and three-dimensional crack models have received significant attention from various
researchers in the past several decades. Some of existing relevant investigations are
briefly summarized below to shed some light on the historical background and
current advances in the area, and finally indicate the existing gap of knowledge and

the novel aspect of the present study.

Within the context of two-dimensional boundary value problems, Rice (1974)
originally investigated the influence of the T-stress on the estimation of the plastic
zone size and shape using Barrenblatt-Dugdale yielding model and conformed in this
study that the T-stress significantly affects both the size and shape of the plastic
zone surrounding the crack tip. Du and Hancock (1991) investigated the influence of
the T-stress on the plastic zone size and shape for a plane strain crack using Von-
Mises yielding criterion and they concluded that the plastic zone is enlarged and
rotated forward for the negative T-stress and is reduced and rotated backward for
the positive T-stress. Fett (1997) determined the T-stress in an edge cracked,
rectangular, finite plate made of an isotropic, linear elastic material by first using a
boundary collocation technique to construct Green’s functions for a pair of normal
point forces and then applied them to obtain a solution for the prescribed arbitrary
normal traction. Later, Fett (1998) employed the same technique to calculate
numerical results of T-stress in isotropic, linear elastic rectangular plates and circular
disks containing an edged crack and a center crack subjected to both tensile and
bending loads. Wang (2002) used the weight-function technique and finite element
method to determine the T-stress for various test specimens including a single edge
cracked plate (SECP), a double edge cracked plate (DECP) and a center cracked plate



(CCP) under uniform, linear, parabolic and cubic normal traction acting to the crack
surfaces. All specimens considered in his numerical study were assumed isotropic,
linear elastic. Fett and Rizzi (2006) also applied the weight-function technique and
finite element method to study the T-stress of a compact tension crack (CT), a
double cantilever crack (DCC), and an edge cracked bar (ECB) loaded by near-tip,
arbitrarily distributed, normal traction. Fett et al. (2006) studied the T-stress for
kinked and forked cracks in a two-dimensional isotropic plate subjected to arbitrary
normal and in-plane shear traction on the crack surface by using a technique of
Green’s function. Zhou et al. (2013) employed a symplectric expansion method to
determine the T-stress for an edged crack in an isotropic, linearly elastic plate
bonded by two different materials. This symplectic expansion method was found to
be capable of treating either mixed or complex boundary conditions. It should be
remarked that while two-dimensional problems associated with cracks and bodies of
various geometries and general loading conditions have been solved, the material

anisotropy has not been taken into account in those previous studies.

Due to the loss of various crucial three-dimensional aspects (e.g., variation of fracture
data along the crack front, full mode-mixity, stress tri-axiality ahead of the crack
front, non-planarity and distortion of the crack surface, etc.) resulting from the use of
two-dimensional models in the simulations, solution packages capable of fully three-
dimensional stress analysis have been continuously proposed and widely employed
in the fracture modeling. For T-stress calculations, several investigations have been
well recognized and can be summarized below. Wang (2003) determined the T-stress
for a semi-elliptical, surface-breaking crack in an isotropic, linear elastic finite thick
plate subjected to tensile and bending loads at both ends. In this work, the finite
element method was utilized to determine field quantities and the interaction
integral formula was adopted to extract the T-stress along the crack front. In the
following year, Wang and Bell (2004) extended the work of Wang (2003) to be
capable of modeling more general end loading conditions such as uniform, linear,
parabolic, and cubic loads. Later, Wang (2004) presented an analytical solution for
the T-stress of a penny-shaped crack embedded in an isotropic linear elastic infinite
body under the action of remote tension and bending loading conditions. To derive
the complete elastic field, the potential-theory-based method and the Hankel
integral transformation were employed. Qu and Wang (2006) investigated a corner
quarter-elliptical crack in an isotropic, linear elastic thick plate under the tensile and
bending loads at both ends. In their numerical study, the finite element method was

utilized to perform the stress analysis whereas the interaction integral formula is



adopted to determine the T-stress along the crack front. Later, Kirilyuk and Levchuk
(2007) generalized the work of Wang (2004) to obtain the elastic T-stress of a flat-
elliptical crack in an isotropic, linearly elastic, infinite body under remote tension and
bending by using the method of potential theory and a special collection of
harmonic functions. Schutte and Molla-Abbasi (2007) and Molla-Abbasi and Schutte
(2008) applied the potential-theory-based method, technique of Green’s function,
Hankel’s transformation and a finite element method to calculate the T-stress of
both penny-shaped and flat-elliptical cracks embedded in a three-dimensional
isotropic infinite domain under remote mixed-mode tractions. The influence of the T-
stress on estimation of the plastic zone size using the Von-Mises yielding criterion
was also investigated and its significant contribution was confirmed. Lewis and Wang
(2008) employed the finite element technique to compute the elastic T-stress for a
circumferential crack in an isotropic finite cylinder subjected to either tensile and
bending loads at its ends or uniform, linear, parabolic and cubic normal tractions on
the crack surface. Recently, Meshii et al. (2010) also used the finite element method
to determine the elastic T-stress of a semi-elliptical crack embedded in a three-
dimensional isotropic finite cylinder under uniform, linear, parabolic and cubic

normal tractions on the crack surface.

On the basis of an extensive literature survey, most of existing studies were restricted
mainly to cracked bodies made of isotropic, linear elastic materials. Use of this
idealized constitutive model in the fracture analysis can significantly simplify the
solution methodology and computational effort but, at the same time, limits the
capability to treat various modern construction materials such as smart materials and
composites whose properties and behavior are generally anisotropic in nature. The
influence of material anisotropy on both the values and distribution along the crack
front has not been well-recognized and still requires further investigations. This

existing gap of knowledge encourages the present investigation.

1.3  Research Objectives

The key objectives of the proposed research are (i) to construct an analytical
solution of the T-stress for cracks in anisotropic elastic media and (i) to investigate
the influence of material properties and loading conditions on both values and

distribution of the T-stress along the crack front.



1.4  Research Scope

The proposed investigation is conducted within the following contexts: (i) the body is

infinite, three-dimensional, free of body force and remote loading, and made of

homogeneous, transversely isotropic, linearly elastic materials with fully prescribed

material constants; (ii) the crack is penny-shaped and oriented perpendicular to the

axis of material symmetry; and (iii) the crack is subjected only to self-equilibrated

normal and shear traction.

1.5  Research Methodology

Methodology, procedures, and fundamental theories involved in this research can be

briefly summarized as follows:

1.5.1

1.5.2

153

1.5.4

1.5.5

1.5.6

1.5.7

basic field equations governing all field quantities follow a theory of

linear elasticity;

two special boundary value problems associated with a penny-shaped
crack subjected to a pair of concentrated normal forces and a pair of
concentrated tangential forces are formulated using selected basic

field equations;

the same potential-theory-based technique as employed by Fabrikant
(1989) is adopted to obtain closed-form solutions for the stress field of

two fundamental boundary value problems;

appropriate derivative and limit process is applied along with the

obtained stress field to derive the T-stress Green’s function;

a method of superposition is utilized to form a general integral
expression for calculating the T-stress of a penny-shaped crack

subjected to arbitrary applied traction;

a selected numerical quadrature is adopted to efficiently and

accurately evaluate involved strongly singular integrals; and

the influence of material properties and loading conditions on the
values and distribution of the T-stress along the crack front is fully

investigated.

1.6  Research Significance

The significant contribution of the proposed research is to provide an analytical

solution of T-stress for a penny-shaped crack in transversely isotropic linearly elastic



infinite medium under arbitrary prescribed point-wise self-equilibrate normal and
shear tractions. These results can be used not only to perform parametric study to
understand the influence of material properties and loading conditions on values
and distribution of the T-stress along the crack front but also to generate benchmark
or reference solutions for comparison purposes in the development of numerical

techniques for determining the T-stress for general cases.



CHAPTER Il
THEORETICAL CONSIDERATIONS

This chapter summarizes the clear description of the boundary value problems
considered in the present investigation, basic governing field equations, and a closed
form solution of the stress field for fundamental problems essential for the

development of the T-stress Green’s function.

2.1 Problem Description

Consider a penny-shaped crack of a radius a embedded in a three-dimensional
infinite medium as shown schematically in Figure 2.1. The body is made of a
homogeneous, transversely isotropic, linear elastic material with the elastic moduli
fully prescribed. The axis of material symmetry is assumed perpendicular to the
crack surface. The body is free of the body force and remote loading whereas the
crack is subjected to arbitrarily distributed, self-equilibrated traction t° (i.e., the sum

of the traction on the crack surface identically vanishes).

(e

\ J

Figure 2.1: Schematic of penny-shaped crack of radius a embedded in a

transversely isotropic medium and subjected to arbitrarily distributed traction

For convenience in the development presented further below, a reference
Cartesian coordinate system {0; X, Y, z} and the corresponding cylindrical coordinate
system {0; p, @, 2} are chosen such that the origin 0 is located at the center of the
penny-shaped crack, the z-axis directs normal to the crack surface, and X- and Y -

axes follow the right hand rule.



2.2  Basic Field Equations

The fundamental theory of linear elasticity is utilized to formulate the basic
equations governing all involved field quantities. Equilibrium equations, in the
absence of the body force, can be given explicitly in terms of components of the

stress tensor o in the reference Cartesian coordinate system as

oo
aGxx + Xy + aO-XZ =0 (Zla)
OX oy oz
oo oo oo
R A L) (2.1b)
OX oy oz
o 0
T | Iy + 0, =0 (2.10)
OX oy 0z

The strain tensor ¢ and the displacement vector U are related by the following

infinitesimal (or linearized) kinematics:

£, = u, (2.2a)
OX
ou

£, = —L (2.2b)
oy

g, = ou, (2.20)
0z
1 ou

£, = —(%+ Y j (2.2d)
2oy ox
1(ou, o

g, = —( : +ij (2.2¢)
A

g, = l(aiJraij (2.2)
2\ oz OX

For a transversely isotropic linear elastic material, the relationship between the stress

and strain are given by
O-xx = Allgxx +(Al - 2A¥36)gyy + A3€zz (23a)

O-W = (Ail - 2A¥36)gxx + Ailgyy + A13gzz (23b)

0, = Aisgxx + A3gyy + %3822 (23C)



Oy =2P558y (2.3d)
Oy =28y, (2.3¢)
0 =2M,8, (2.3f)

where A,, A;, As, A, and A, are known non-zero elastic constants. By

combining field equations (2.1)-(2.3), it leads to three equilibrium equations in terms

of the displacement (i.e., Navier’s equations)

o2 o2 82ux 2

A11 Aae 8y 522 +(A“_A56)8x8y (Al A44)6X8Z (2.43)
azuy azuy 82 o%u ou,

A S A A (A A S (A A T 240
o, | o, 61 o, Oy |

A‘M{GXZ + PY ]"Am o7 +(A1 A44)|:8X62 8y82:|_0 (2.4¢)

A system of partial differential equations (2.4) along with the prescribed information
of the applied traction on the crack surfaces t° forms a complete boundary value

problem associated with that described in section 2.1.

2.3 Stress Field of Two Fundamental Problems

Instead of directly determining the complete elastic field and the corresponding T-
stress along the crack front of the penny-shaped crack under arbitrarily distributed
applied traction, it is appealing to invoke the linearity of the problem and also
employ the method of superposition. Following this strategy, two fundamental
problems associated with the penny-shaped crack subjected to a pair of self-
equilibrated, unit concentrated forces normal and tangent to the crack surfaces must
be solved analytically. The T-stresses for these two special cases, termed the T-stress
Green’s function, are then extracted in a closed form from the known stress field.
The final expression of the T-stresses for the original problem with the general
applied traction can subsequently be established in terms of a single surface integral

(see details in Chapter ).
2.3.1 A pair of self-equilibrated unit point forces normal to crack surface

Consider a penny-shaped crack subjected to a pair of self-equilibrated unit normal

point forces at a point on the upper crack surface, denoted by cylindrical
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coordinates (p0,¢0,0+), and a point on the lower crack surface, denoted by

cylindrical coordinates (po,¢o,0’), as shown in Figure 2.2.

z
A
\Tl\
a )y
¢ Po

Figure 2.2: Penny-shaped crack subjected to a pair of self-equilibrated unit

concentrated forces normal to the crack surface

To determine the complete elastic field of this fundamental boundary value
problem, several analytical techniques can be employed. A special potential-theory-
based technique proposed by Fabrikant (1989) has been found efficient and can
yield the closed form solution of this particular problem involving only elementary

functions. The final explicit solution for the stress at any point (p,¢, Z), z>0 derived

by Fabrikant (1989) is given by

n 2 7/1 1
,0,2) = -—|f
o, (r Z) 72_2 (yl_yz){((ml_'_l)]/; 71J 3(21)

(2.5a)

(s
o, (r,6, Z):%HAS{(ni/l—l) f“(zl)+(mi/2—1) f4(22)J (2.5b)
ol(r,0,2) = ﬂz(yl—yz)(ylfs(zl)_yz f;(z,)) (2.5¢)
2'(r,0,2) = 772(71—72)(f5(zl)_ f,(z,)) (2.5d)

where z, =z/y, for 1=1,2; the superscript “n” is used to emphasize that the given

functions are associated with a pair of unit normal concentrate forces; material-

dependent parameters are defined by
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Vs = ALl A (2.6a)

- (7/1+72)AL12 (2.6b)
27(A A — As)

A117k2 = A, +m (A;+A,) for k=12 (2.60)

mm, =1; (2.6d)

n n n H
and o, o, and 7, are given by

o) =0y +o, =0, +0y (2.7a)
0y, =0, —0y +2io, =(0,, —0, + 2i0';¢)82i¢ (2.7b)
7, =0y, +ioy, (2.70)

Explicit expressions of functions f,, f, and f;, appearing in (2.5) in terms of

elementary functions are given by

z, 4 h h p =1z 77
f,(z2)={-=tan'| — LAY 2.8
+(7) { R an £R0j+z(R§+h2){I§—If R? (282)

nurifﬁﬁ(%ﬂz}mla_z__

S

7(3R2 — 72 a?— p? b 12 _ g2 % gith
+—( — )tan-l[Lj_( __/ZO)Z (2 _i()¢_¢0'[))° (2.8b)
a’R; R, q52[ 17 - ppe |
L q pe??
R R () ()
i idy ig i idy
f(z)=- PE—PE ;O‘)e tan™ h + 2h : ,20e 2+pe foe (2.80)
Ro Ro Ro +h Iz _Il R0
where f denotes the complex conjugate of f and
1 2 2
I:—{ +a) +2° —y/(p—a +zz} (2.9a)
=5 pra) +2 - |(o-2)

|2=%{\/(p+a)2+22+\/(p—a)2+22} (2.9b)
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aZ —12.[a2 — 2
h= \/ 1 ;/ Po (2.90)
— oalb _ o aith
4=pe" =P (2.9d)
S oait_ ) aith
=P "1 (2.9€)
S = \/a2 —ppoefi(qu%) (2.9)
R, :\/p2+p§—2pp0 cos(¢—d, )+ 2 (2.99)

2.3.2 A pair of self-equilibrated unit point forces tangent to crack surface

o N
¢o Py

X% 1

y

Figure 2.3: Penny-shaped crack subjected to a pair of self-equilibrated unit

point forces tangential to the crack surface

Consider, next, a penny-shaped crack subjected to a pair of self-equilibrated unit
tangential point forces at a point on the upper crack surface, denoted by cylindrical

coordinates (p0,¢0,0*), and a point on the lower crack-surface, denoted by
cylindrical coordinates (p0,¢0,0’), as shown in Figure 2.3. Components of the unit
point force in the x- and Yy -directions are denoted by T, and T, respectively.

Similar to the previous case, the complete elastic field within the medium for this
particular case can be obtained by applying the potential-theory-based technique to
solve the governing equations (2.4) analytically. The explicit results for the stress field
obtained by Fabrikant (1989) are given, here, by

e SN P
7 (1n=72) 7s (M +1) 7

L)

Jlt(r,é’, 7)= Re{
(2.10a)

oo I
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k=1 (mk _1)

2 2 1 G —
G;(r'elz):__'%eH%?/zz {[fs(zk)-{-—zfm(zk)JT
P G,

2
ol (r,6,2) = Re{L Z(_l)m(f—s (zk)+i fo (2, )JT} (2.100)

772(71_72) k=1

2 _1)k G —
rh(r,0,2) =~ : (f 2)+—2F,(z jT
2z (7/1_72)kz—1: Y 3( k) Gl 14( k)

where the superscript “t” is used to emphasize that the quantities are associated

with a pair of unit tangential concentrated forces; Re{f} denotes the real part of
the functon f; T=T +iT, T=T,-iT, G=p+nrH, G,=p-nrH,
B =y127A,; and the functions f,, f,, f,, f,, f,, and f; are defined by

hpe" (317 —a’t)
fo(z)=— =
o) ey

1 3R4+6R222_24 -1 h 2 2 % Z 8
fll(z)za{ : R3—02 tan (R_oj_(a _po) s\ g2

idh 2 2idy = i ig
—4636_ +3p0_3 tan™ > & 2i+§
Sq S I —a? pLpP Q

_3(5_1)% [tanl _1 —tan az__llzj (2.11b)
(

(2.11a)

=2

q

ha%e"’
+ — — —+
pS s p 0

= g @ (]2 = p2 2 _
h {qpe N (1 P)_ZQHEMH

Ry +h*| I -1 pPT RO

{Zpoe% ¥ 2 [poe% _EJ




+ S + % ==
(17 -a't) (iz-a%t) | (I

az )}/2

;ﬁﬂgaﬁf}

fl4(z):(

a’(1-t)

PP ) (207 +171-3p°)

az—pé)%{ a(l; -

(12 -17)(12 — e

2,.2ip

pe

o™

]
(1-t

—tan™
)y {

1-t

U[q@-ﬁq

a(

(1

<a ps>%<l aZV(sI: pre )

fs(z)=

with t = ppo

ot

) /a? and £ pe

- 0P,

/po

)

2
2

1—0%

_az)}/z

E
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(2.11¢)

(2.11d)

(2.11e)

(2.11f)



CHAPTER IlI
DETERMINATION OF T-STRESS

In this chapter, the asymptotic expansion of the stress field in the vicinity of the
crack front, the derivation of the T-stress Green’s function for two fundamental
problems indicated in Chapter I, the integral formula of the T-stress for a penny-
shaped crack under self-equilibrated, arbitrarily distributed traction, and the

numerical treatment of involved strongly singular integrals are presented.

3.1 Asymptotic Expansion of Near-tip Field

By performing the near-tip asymptotic analysis similar to the original work of Williams
(1957), the stress field in the vicinity of a point X, on the crack front admits the
following representation (with respect to the local reference coordinate system
{X.; %X, %,, X;} with the origin at X, and orthonormal base vectors {e,,e,,e,} being
defined such that the X, —X, plane is normal to the crack front at point X, and the

X, —X; plane is tangent to the crack surface at point X_; also see Figure 3.1):

1 «

ol

o (X;r.0) = (xc;e)+a§(xc;6')+irm’zai?(xc;9) (3.1)

crack front

Figure 3.1: Schematic of crack front and local coordinate system {X_; X, X,, X}
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where (r,0) denotes standard polar coordinates of a point on the X —X, plane;
Gij(XC;r,Q) denotes the stress at the point (r,8) referring to the local coordinate

K

system {X.;X, X, Xs}; and oy,

O'i} and o are functions independent of the radial

distance from the crack front r. It should be apparent from the expansion (3.1) that
the first term indicates that the stress predicted by linear elasticity theory is singular
at the crack front of order 1/\/F; the second term is independent of the coordinate

I; and the remaining higher order terms vanish at the crack front. It is worth noting
K

that while the angular variation of the functions oy,

T .
o; and o can be obtained

from the asymptotic analysis, their dependence on material properties, geometries of
cracks and bodies, and boundary and loading conditions still requires the full analysis

of the associated boundary value problem. Once the complete stress field is
K

determined, the unknown information of the functions Oy

T m .
o; and oy can readily

be obtained via a standard series expansion procedure.

3.2 Definition of T-stress

Let Tij(xc) be a symmetric, second order tensor defined, with respect to the local

coordinate system{X.; X, X,, X;}, by
T,(x) =0} (x:0=0) (3.2)

It is evident from (3.1) that the tensor T;(X,) represents the finite part of the stress
0;(X;;r=0,0=0) at the point X, on the crack front. Due to the continuity
condition of the finite part of the stress O'ij(XC; r,0) at point along the crack front, it
can be verified that the components T,(X.), T,,(X.) and T,(X.) are known a priori
and equal to the prescribed traction on the crack surface at the point X_.. The
remaining components, T,(X.), Tu(X.) and T,(X.), are unknown a priori and
defined as the T-stress components. Once the T-stress components, T,,(X.), Ty (X,)
and T,(X.), are solved, the first non-singular term O'J(XC;G) in the representation
(3.1) is completely known.

From the definition (3.2) and the expansion (3.1), the T-stress components
T, (%), Ta(X,) and Tj5(X,) can be obtained from the stress field o (X,;r,6) in

the vicinity of the crack front through the following relations:

Tll(xc)=2Iirrg«/F§«ﬁo-ll(xc;rﬂ:O) (3.3)
r—l r



Ta(x,) = 2|in3\/F§r\/F033(XC; r,0=0)

Ta(x) = 2Iing«ﬁ§«/?o-13(xc; r,0=0)
r— r
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(3.4)

(3.5)

The formula (3.3)-(3.5) allow the T-stress to be computed from the known or solved

stress field of a cracked bodly.

3.3  T-stress Green’s function for a pair of unit normal point forces

Since the complete stress field for an infinite medium containing a penny-shaped

crack subjected to a pair of self-equilibrated, normal concentrated forces is available

as indicated in section 2.3.1, the T-stress Green’s function can then be obtained

using the formula (3.3)-(3.5). In the derivation, following intermediate results have

been derived and employed:

250 7 2 pz _ a2

_ 7h 2\/,02_8_2 \/az ,05
lim

70 | -p o,

The functions f,, f, and f; evaluated at z=0 are then given by

[h2 _ 2
fs(zzo)zﬁ

pt-a (R)

2 2 ity
f(z=0)=Y2 (poez ZJtan
qs 5 2_g?

PP - a - pl e 2'“’\/ P

as*(p*-poe ™) (R) o

f.(z=0)=0

where the function RY is defined by

Rg =R,(z=0) =\/,02 +,D§ —2pp, cos(¢—¢,)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

By applying the results (3.8)-(3.10) to (2.5), it yields the stress at any point along the

plane z=0



2 2

a —p
p*—a? (RY)

oQ(z:O):F{“az_pg [p‘)ez 2jtan (

o/ (z=0)=0

qs 5

il

P -a @’ -plpet e a’- }
q5° (0" - P ™) (R )\/T

'az_ 2
0;(Z=0)=i—'00

e pz—az (Rg)z

7,(z=0)=0

where @ and I' are material-dependent parameters defined by

ool 2]
(n-7) (M +Dys  (m+D)y; ) (1 7,

1"=4HA36{ N " Vo }

7z |m-1 m,-1

By defining f = p—a, it can readily be verified for p, #a that

limr — «/_{\/72}=0

p’-a’

“m\/— \/—{ \/Pz—az\/az—./’g }20

>0 . or gs? (p2 _ppoe—l(¢—¢o))

SR o

R 2

4q0 0 2q0 SO
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(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Finally, the following information for computing the T-stress components can be

obtained:

|imJFﬁJFal(z=0)=o
r—0 or

(3.21)
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. d 0,8 1

limvr =+ro,(z=0)=Tz\a® - p? | L=— - (3.22)
T g VT =0) P lag, s 20,

By employing the formula (3.3)-(3.5), the T-stress components at any point (a,¢,0)

along the crack front of a penny-shaped crack subjected to a pair of unit normal

concentrated forces acting at (p0,¢0,0i) can be related to the stress components in

the cylindrical coordinate system {0; p, ¢, z} defined in section 2.1 by

n : 0 n

T4 (#; 20, ) =2[ILT(]«/F§«/FG,,,,(Z =0) (3.23)
n H a n

T33(¢;po’¢o):2[mﬁaﬁ0'¢¢(z:0) (3.24)
n : 0 n

T13(¢;po'¢o):2|r|_r;g\/F§\/FUp¢(Z =0) (3.25)

From the relations (2.7a) and (2.7b) and the results (3.21) and (3.22), the T-stress

Green’s function becomes

a2 0,6
T1 (4 Por ) =Req . . 2 - 32
2\/a 2a(a—p0e"‘¢°’“’))(a—poe"(¢’¢°)) (5.26)
_ 1
. 2 i(g- 12
(a—poe"%“”’) (a—poe (¢ %))
. R rﬂ_ /az_pg poei(%—af)
33(¢’ p0’¢0)_ € 2\/7 ~i(dy—0) —i(¢—dy) 812
a | 2a(a—pe'™ )(a—poe ) (3.27)
B 1
. 2 il 4 1/2
(a—poe"%"”)) (a—poe (¢ %))
N N o e
T5(8 o, 45) =M T 2\/_ itd—4) i(g-ay) )2
2 | 2a(a-pe @) a-pe ) (3.28)

1
(a_poe—i(tﬁo—¢) )2 (a_poefi(af*a‘o))

12
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where Im{f} denotes the imaginary part of the complex function f . It is obvious

that the derived Green’s function for the T-stress components is singular when
¢, =¢ and p,=4a. To investigate the order of the present singularity, following
variable transformation are introduced:

0, SiN(, — @) =T'sind (3.29)
0, COS(¢h, —p) +T cosd =a (3.30)
where the new variables T and @ have the physical interpretation as illustrated in

Figure 3.2. Upon the transformations (3.29) and (3.30), the Green’s function for the T-
stress becomes

[, = Tf1 T 0 30| 1
T1 (4 Py, T, (47,0 rZ |2c0s0——1| =——— |cos Z —cos 22\ = 331
1(9: o, ) = 11(¢ )= 5 a{(z 2a] > > }TZ (3.31)

T (S o, ) =T (#,F,0) = F% Zcose_—z{[%—ijcosg—cos’s—e} (3.32)

2
T3(6: o, ) = T13(¢,r,6?)=1“% 2(:039_—%{(%+Ljsin%+sin36’}%2 (3.33)

Figure 3.2: Schematic indicating the physical interpretation of variables I and

0
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It is evident from (3.31)-(3.33) that the T-stress Green’s functions are dependent on
material properties only through the constant I" and singular only at T =0 of order
O(1/T?). For the special case of isotropic materials, it can be shown using the

appropriate limit process via L’Hopital rule that

(3.34)

3.4  T-stress Green’s function for a pair of unit tangential point

forces

By applying the same procedure as that utilized in section 3.3, the T-stress Green’s
function for a penny-shaped crack subjected to a pair of self-equilibrated, unit
tangential concentrated forces applied anti-symmetrically to the crack surface can be
obtained from the formula (3.3)«(3.5) and the available stress field (2.10). The final

results indicate that all components of the T-stress Green’s function vanishes, i.e.

T1t1(¢; P #,)=0 (3.35)
T3t3(¢; Por %) =0 (3.36)
T1;(¢; P #,)=0 (3.37)

It is important to remark that the final trivial results for the T-stress Green’s function
(3.35)-(3.37) for this particular fundamental loading condition stem directly from the
anti-symmetrical feature of the problem. Clearly, the displacement u, and u, and
the normal stress component o,, identically vanishes on the plane z=0 and this,

as a consequence, implies that the normal and shear stresses o

oo Oy and O also

vanish on the plane z=0.

3.5 Integral formula for T-stress for arbitrarily applied traction

Finally, let us now consider a penny-shaped crack subjected to arbitrarily distributed,

self-equilibrated traction t° :to(p0,¢0) as described in Section 2.1. Components of
t® in the X-, Y-, and z-directions are denoted by t° =t’(p,,4,), t;) ztg(po,%),
and tf=tf(p0,¢o), respectively. By using the linearity of the boundary value

problem, the T-stresses for this general loading condition can readily be obtained

from the method of superposition along with the results of T-stress Green’s functions
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(3.31)-(3.33) and (3.35)-(3.37). Final results are expressed in terms of integrals over the

crack surface by

T11(¢;t0) = I J.Tlr11 (¢ P, P, (09, ) Pod o P (3.38)
Ty (¢;t0) = _[ J.Tag (¢ P, P, (09, ) Pod 0o P (3.39)
T13(¢;t0) = I J-Tlg (¢ P, P, (00, &) Pod 0, d P (3.40)

By using the transformations (3.29) and (3.30), the integral relations (3.38)~(3.40)

becomes

Tu(git") = j J TL(AT. O, (o (F,0), 6, (T, 0))Fdrdo (3.41)
-zl2 0
72 2acosd

To@t) = [ [ Ta(@ir.0),(o(T.0),4,(,0))rdrda (3.42)

Tu(git") = J f T T )t (o (T, 0), 6, (T, 0))Fdrdo (3.43)
-zl2 0

It should be remarked that the integral formula (3.41)(3.43) involve only the normal
component of the applied traction and the integrand is singular at T =0 of order
O(/T). The strong singularity of the integrand requires the integrals to be
interpreted in the Cauchy principal sense. It is also important to emphasize that the
integral formula (3.41)<(3.43) are applicable only to the traction with its normal
component to the crack surface vanish identically along the crack front. This

limitation results directly from the development of the T-stress Green’s function.

3.6  Numerical evaluation of strongly singular integral

To compute the T-stress of a penny-shaped crack under arbitrarily distributed, self-
equilibrated normal traction, it still requires the numerical evaluation of the singular
integrals (3.41)-(3.43). It is evident from the T-stress Green’s function (3.31)-(3.33) that

all involved integrals is of the form

0)

=l

drdo (3.44)

=l

7[2R(§)f
=] (r.
/12 0

-
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where R(8)=2acos® and f(F,0) is a regular function depending on the applied
normal traction and information of the T-stress Green’s function. By invoking the
condition t,(p,(F =0,8),¢,(F =0,0)) =0, it is apparent that the function f satisfies

the condition

7l2
j f(0,6)dd =0 (3.45)

-zl2

From extensive numerical experiments, the numerical integration of the
strongly singular integral of the type (3.44) using standard Gaussian quadrature always
yields diverged results. To overcome this difficulty, the technique proposed by
Cimoroni (1997) is adopted and briefly summarized below. First, the integral (3.44) is

decomposed into two parts given by

J/‘ ]? f(O 0) drdé + ”J/.Z Rf) 1(0.9) drdé (3.46)
—xl2 0 —zl2 0 r

The second integral can be integrated analytically using the Cauchy principal sense

along with the condition (3.45) as follows:

712 R(0) oy 7l2 R(O)
j j f((fe)drdézlim f(o,e‘)jédrdé
—xi2 0 r 20 e T

72

= lim j £(0,6)(INR(@)-Ine)dd

N, » (3.47)
= | f(o,é)lnR(é)dé—(lirglng)j £(0,0)d0
—l2 & —-rl2

T f(0,0)InR(0)do

—l2

Now, the integral | becomes

7/2 R(@) /2
[ ] rr 9) @, e)d—dmj £(0,8)INR(9)dd (3.48)

-zl2 0 -zl2

Since the function f(F,8) is regular, it can be concluded from the Taylor series
expansion that f(F,8)—f(0,0)=0(F). In addition, the function INR(8) is only
weakly singular when R(@)=0. As a result, the integral (3.48) can be interpreted in



24

the sense of Riemann and accurately and efficiently integrated by the standard

Gaussian quadrature.



CHAPTER IV
NUMERICAL RESULTS

An extensive numerical study has been conducted for various scenarios and a
selected set of results is reported in this chapter to demonstrate both the
convergence of the implemented numerical quadrature and the validity of the
derived T-stress Green’s function and the T-stress integral formula for a penny-
shaped crack under general applied tractions by comparing with available benchmark
solutions. After the proposed solution and technique are fully tested, the influence
of loading regions, load distribution, and material properties on the value and

distribution of the T-stress along the crack front is fully investigated.

In the analysis, both isotropic and transversely isotropic material models are
considered. For the isotropic case, the Young’s modulus E and Poisson’s ratio v are
chosen to completely describe its behavior whereas, for the transversely isotropic
case, five standard independent material constants utilized are associated with the

following constitutive relations (e.g., Staab, 1999 and Singh, 2007)

1% 1%
£, =i0'xx——p0' —ﬁazz (a.1)
Ep Ep ” E,
1% 1 1%
&, =——0, +—0l. o (4.2)
yy Ep XX Ep Yy EZ 2z
v, Vv, 1
£, =——=>0,——0,+—0, (4.3)
Ep Ep E,
21+v,)
W == Oy (a.q9)
Ep
1
gyz :G—Zpo-yz (45)
1
&y =<0y (46)
G

where E  and v, represents the Young’s modulus and Poisson’s ratio in the

isotropic plane, respectively; E,, G,, and v, denote the out-of-plane Young’s

zp

modulus, shear modulus and Poisson’s ratio, respectively; and Vy S dependent on
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v,, Via the relation v, /E, =v,, /E . While the key results obtained in the present
study are derived in terms of different material constants A, A;, Ay, Ay, and A,

these two different sets of material parameters are equivalent and can be related by
using the constitutive relations (2.3) and (4.1)-(4.6).

4.1 Verification

As an example for testing the numerical quadrature and verifying the derived results,
let us consider a penny-shaped crack subjected to two load cases: (i) a uniformly

distributed normal traction o, acting to the crack over a circular region of radius
a,, 8, <a and centered at the origin as shown in Figure 4.1(a) and (ii) a linearly
distributed normal traction o,(1+x/@a,)/2 acting to the crack over a circular region
of radius a,, 8, <a and centered at the origin as shown in Figure 4.1(b). These two

scenarios are chosen as a representative of axisymmetric and non-axisymmetric

loads, respectively. In the analysis, the loading region a, =0.5a, the Poisson’s ratio
v=0.3 and Young’s modulus E =1MPa for the isotropic case, and A, =126GPa,
A, =53GPa, A, =117GPa, A, =35.3GPa and A, =35.5GPa for the transversely

isotropic case are utilized.

a z \ e z \
% o, (L+ x/ay)/ 2 y
Oy
a Y | A 4 y X
d,y 2

\ )\ J

(@) (b)

Figure 4.1 (a) Penny-shaped crack subjected to uniformly distributed normal

traction o, over a circular region of radius a,, a8, <a and centered at the origin

and (b) Penny-shaped crack subjected to linearly distributed normal traction

o,(1+x/a,)/2 over a circular region of radius a,, a,<a and centered at the

origin
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To evaluate the integral of the type (3.48) numerically, the ranges of the
integration in the T - and @ -directions are subdivided into N, and N, intervals and,
for each interval, the number of integration points employed is denoted by N,. The
accuracy of the numerical integration can be controlled by N., N,, and N;.
Numerical results obtained for various values of N, N,, and N, are compared with
the benchmark solution (obtained by setting N, =N,=20 and N,;=50) and
reported in Table 4.1 for the first loading case and in Tables 4.2 and 4.3 for the
second loading case. It is remarked that the benchmark solution used in the
comparison is generated by using sufficiently large N, N,, and N, to ensure that it
represents the converged value of the integral. Note in addition that for the non-
axisymmetric case, results shown in the table are associated with the maximum T-
stress. It is obviously seen that convergence of the calculated T-stress depends
significantly on the number of integration points, number of sub-intervals, and
loading conditions but clearly independent of the material properties. The latter
observation results directly from the fact that the material properties affect only the
constant I'. As anticipated, as N,, N,, and N, increase, the computed results

converge nicely to the reference solution.

Table 4.1: Percent error of T-stress compared with reference solution for penny-

shaped crack subjected uniformly distributed normal traction with a, =0.5a

| (T~ ) /T [x100 or |(Ts —To' )/ Tyg' %100

N; N., N, Isotropic case Transversely isotropic case
1 0.2098 0.2098
3 0.0418 0.0418
s 0.0196 0.0196
10 0.0069 0.0069
20 0.0025 0.0025
50 0.0006 0.0006
1 0.0309 0.0309
3 0.0060 0.0060
0.0028 0.0028
10 10 0.0010 0.0010
20 0.0003 0.0003
50 0.0001 0.0001
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Table 4.2: Percent error of maximum T-stress T, orT,, compared with reference

solution for penny-shaped crack under linear normal traction with a, =0.5a

| (it = Ti )/ Ta 1100 OF | (Tag e = Teg e ) Tas e X100

N; N., N, Isotropic case Transversely isotropic case

1 0.2575 0.2575

3 0.0506 0.0506

5 0.0236 0.0236
° 10 0.0083 0.0083

20 0.0029 0.0029

50 0.0007 0.0007

1 0.0374 0.0374

3 0.0072 0.0072

5 0.0033 0.0033
0 10 0.0012 0.0012

20 0.0004 0.0004

50 0.0001 0.0001

Table 4.3: Percent error of maximum T-stress T, compared with reference

solution for penny-shaped crack under linear normal traction with a, =0.5a

| (s max ~ Tosman) / Tomax | X100
N, N., N, Isotropic case Transversely isotropic case
1 1.2436 1.2436
3 0.2252 0.2252
c 5 0.1033 0.1033
10 0.0361 0.0361
20 0.0127 0.0127
50 0.0032 0.0032
0.1648 0.1648
0.0311 0.0311
5 0.0144 0.0144
10 10 0.0050 0.0050
20 0.0017 0.0017
50 0.0004 0.0004
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For all results presented further below, N, =N, =5 and N, =5 are chosen in the

analysis. The discrepancy between the computed T-stresses and the converged

solution is expected to be less than 0.10%.

To verify the derived T-stress Green function and the implementation to treat
arbitrarily applied normal traction, the proposed solutions for both loading cases
shown in Figure 4.1 are compared with the benchmark results generated by a
numerical technique introduced by Subsathaphol et al. (2014). For a penny-shaped
crack subjected to a uniformly distributed normal traction, the normalized non-zero
T-stress components for both isotropic and transversely isotropic cases are reported
in Table 4.3. It can be seen from this set of results that the T-stress components
generated by the proposed integral formula show excellent agreement with the
benchmark solution with the discrepancy less than 1% for both material models. For
the second loading case, all T-stress components exist and they vary along the crack
front. The computed T-stresses normalized by o, are reported, as a function of the
angular position @ measured from the X-axis, in Figure 4.2 for the isotropic case and
in Figure 4.3 for the transversely isotropic case. Again, it can be concluded for this
particular loading condition that the analytical solution obtained in the present study
is nearly identical to that obtained from the numerical technique for isotropic and
transversely isotropic cases. Unlike the axisymmetric load considered in the previous
case, the T-stress component T,; does not vanish along the crack front but its
magnitude is less than that of T, and T, . In addition, the values of the T-stress

shown are nearly identical for both material models.

Table 4.4: Normalized non-zero T-stress of penny-shaped crack subjected to
uniformly distributed normal traction with a, =0.5a. Results are compared with
benchmark solution generated by technique proposed by Subsathaphol et al.
(2014).

Isotropic case Transversely isotropic case
T-stress | Current | Ref. sol. % diff Current | Ref. sol. % diff
sol. sol.
Ty /oy 0.0500 0.0505 0.99% 0.0509 0.0513 0.79
Tas 1 0 -0.0500 -0.0499 0.20% -0.0509 -0.0507 0.39
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Figure 4.2 Normalized T-stress components for penny-shaped crack subjected
to linearly distributed normal traction with a, =0.5a. Results are reported for

isotropic case.
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Figure 4.3 Normalized T-stress components for penny-shaped crack subjected
to linearly distributed normal traction with a, =0.5a. Results are reported for

transversely isotropic case
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4.2 Behavior of T-stress Green’s function

In this particular section, the behavior of the derived T-stress Green’s function
including the dependence on material properties, dependence on the applied load

location, and the variation along the crack front are briefly explored.

It should be evident from the explicit formula (3.31)-(3.33) and (3.17) that the
T-stress Green’s function T,7, T, and T3 are dependent on the material properties
only through the constant parameter I'". Since all T-stress components are linear
with respect to I', the influence of the material properties on their values and
distribution along the crack front can be completely described by the material-
dependent characteristic of I'. For the special case of isotropy, the constant I
depends linearly on the Poisson’s ratio but independent of the Young’s modulus via
the relation (3.34). The plot of I' for the whole applicable range of v is shown in
Figure 4.4. It can be seen that as the Poisson’s ratio increases, the magnitude of I’
decreases and, as a result, the T-stress Green’s function also decreases in magnitude.
In addition, I" and the T-stress Green’s function vanish for the incompressible
material with v =0.5. For transversely isotropic case, I" is found to depend only on

the ratio of the material constants and, in the present study, the dependence on v,
v E,/E,, and G, /E, are investigated. To obtain the variation of I' with respect

to each parameter, a following strategy is employed: (i) the elastic constants of a
particular material (chosen to be the same as those used in section 4.1) are
E,/E,, and

converted to vy, V Ep, E, and Gzp, (i) one of the ratios V,, V

pz > pz >

G, /E, is selected and varied while other parameters remains fixed, (iii) a new set of
vy, Vs By B, and G, is converted to A, A;, Ay, A, and A, and (iv) the

p
value of T' is computed. The variation of ' with respect to v, v,,, E,/E,, and

pz >

GZp/EZ are reported in Figures 4.5, 4.6, 4.7, and 4.8, respectively. It should be evident

that T" depends almost linearly on both v and v, depends nonlinearly on the

pz >

ratio E_/E,, and is independent of the ratio G, /E,. In particular, as both the
Poisson ratios v, and v, increase, the magnitude of the parameter I' decreases.

The material-dependence characteristics of I should provide the sufficient
information of the influence of material properties on the T-stress Green’s function
and also the T-stress for a penny-shaped crack subjected to arbitrarily applied
traction. For a parametric study carried out further, two representative material

models shown in Section 4.1 are used throughout.
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Figure 4.4 Dependence of material parameter I" on Poisson’s ratio v for

isotropic case
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Figure 4.8 Dependence of material parameter I' on G, /E, for transversely

isotropic case

The T-stress Green’s functions along the crack front for different applied load
locations are reported in Figures 4.9 and 4.10 for the isotropic case and Figures 4.11
and 4.12 for the transversely isotropic case. It can be seen that the variation of the T-
stress Green’s function depend strongly on the location of the applied unit
concentrated force; in particular, as the location of the applied force approaches the
crack front p, — @, the value of T} =—T; and T3 become infinite at g —¢, =0. In
addition, the distribution of T, =-T,; and T3 possesses a symmetric and anti-
symmetric feature with respect to the axis ¢ —¢, =0, respectively. Results for both

representative material models considered are nearly identical since the value of T’
for the isotropic case with v =0.3 and the transversely isotropic case with elastic
constants and A, =126GPa, A,=53GPa, A,=117GPa, A, =35.3GPa and

A, =35.5GPa are very close (i.e., I'=-0.04053 and I' =-0.04125, respectively).

43  Influence of Loading Condition

In this section, the influence of the loading region and the distribution of the applied
normal traction on the crack surface for both axisymmetric and non-axisymmetric

cases on the value and variation of the T-stress along the crack front is investigated.
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Figure 4.9 Normalized T-stress Green’s function T,] =—T,; along the crack front

for isotropic case
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Figure 4.10 Normalized T-stress Green’s function T3 along the crack front for

isotropic case
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Figure 4.11 Normalized T-stress Green’s function T,] =—T,; along the crack front

for transversely isotropic case
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Figure 4.12 Normalized T-stress Green’s function T3 along the crack front for

transversely isotropic case
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To represent a variety of loading conditions, following six cases of applied
normal tractions are investigated: (i) a uniformly distributed normal traction o, over
a circular region of radius a, with a,<a as shown in Figure 4.1(a), (i) a linearly
distributed normal traction o,(1—p/a,) over a circular region of radius @, as shown
in Figure 4.13(a), (i) a parabolic normal traction o,(1-(p/a,)*) over a circular
region of radius @, as shown in Figure 4.13(b); (iv) a linearly distributed normal
traction o,(1+x/a,)/2 over a circular region of radius a, with a, <a as shown in
Figure 4.1(b), (v) a parabolic normal traction o, (L+(x/a,)*)/2 over a circular region
of radius a, with a, <a as shown in Figure 4.14(a), and (vi) a cubic normal traction
o,(L+(x/a,)*)/2 over a circular region of radius @, with a, <a as shown in Figure

4.14(b). The first three cases are chosen to represent the axisymmetric loading
condition whereas the last three correspond to the non-axisymmetric loading
condition.

First, the size of the loading region a, is investigated. Since the influence of
material properties on the T-stress is lumped to the parameter I', it is sufficient to
perform the parametric study for one selected material model and, here, the

transversely isotropic material with elastic constants given in section 4.1 is employed.

s Z \ = Z \
o,(1-play,) oo (p/a,)°")
a ’_V\‘V y a V:V y
KD 8
X X
(a) (b)

Figure 4.13 (a) Penny-shaped crack subjected to linearly distributed normal
traction o,(1—p/a,) over a circular region of radius &, and (b) Penny-shaped

crack subjected to parabolic normal traction o,(1-(p/a,)?) over a circular

region of radius a,
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Figure 4.14 (a) Penny-shaped crack subjected to parabolic normal traction
o,(1+(x/a,)*)/ 2 over a circular region of radius a, with a,<a and (b) penny-
shaped crack subjected to cubic normal traction o,(1+(x/a,)?)/2 over a

circular region of radius a, with a; <a

To allow the comparison for all loading cases, the resultants of all applied tractions
are controlled to be the same and denoted by P. For the axisymmetric loading
conditions, only T, and T,; are non-zero and they are constant along the crack
front. The computed non-zero T-stresses for the load case (i), (i) and (i) are
normalized by P/a® and then reported in Table 4.4 for various values of the
normalized loading region a,/a. It is can be concluded from this set of results that,
for the axisymmetric case, once the T-stresses are properly normalized by the
resultant force P, they are independent of both the normalized loading region
a,/a and the load distribution.

For the non-axisymmetric loading conditions, T,;, T;; and T, are non-zero
and they vary along the crack front. The computed T-stresses normalized by P/a?
are reported in Figures 4.15 and 4.16 for the load case (iv), Figures 4.17 and 4.18 for
the load case (v), and Figures 4.19 and 4.20 for the load case (vi). Results are shown

for various values of the normalized loading region a,/a ranging from 0.1 to 0.9. It
can be seen that the T-stress components T, and T,; exhibit only slight variation

along the crack front for a small loading region a,/a and, as a,/a, the variation is



39

more evident with significant discrepancy between its maximum and minimum

values. In addition, the value of T, and —T,, remains positive for the entire crack

front but the shape of the variation curve depends strongly on the distribution of the

applied normal traction. For the T-stress component T, its value nearly vanishes
along the crack front when the size of the loading region a,/a is relatively small.

This is due to the fact that the applied normal traction is close to the concentrated

force P applied to the center of the crack (a,/a=0) and, as a result, the detail of

the load variation on that small region is insignificant. As the size of the loading

region @,/a increases, the value of T, becomes significant and is the same order of
that of T; and —T,,. Similar to T,; and —T;, the variation of T,; along the crack
front are more apparent for a larger a,/a and the shape of such variation curve
depends primarily on the load distribution. In contrast to the case of T, and —T,;,
the T-stress component T,; can take either positive or negative value along the crack

front.

Table 4.5: Normalized T-stress T, =-T,; of penny-shaped crack subjected to

load cases (i), (ii) and (iii). Results are reported for transversely isotropic

material used in Section 4.1

T,a*/P or -T,a’/P

a,/a Load case (i) | Load case (ii) | Load case (iii)
0.1 0.0648 0.0648 0.0648
0.2 0.0648 0.0648 0.0648
0.3 0.0648 0.0648 0.0648
0.4 0.0648 0.0648 0.0648
0.5 0.0648 0.0648 0.0648
0.6 0.0648 0.0648 0.0648
0.7 0.0648 0.0648 0.0648
0.8 0.0648 0.0648 0.0648
0.9 0.0648 0.0648 0.0648
1 - 0.0648 0.0648
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Figure 4.15 Normalized T-stress T, (or—T,;) along the crack front of penny-

shaped crack subjected to load case (iv). Results are reported for transversely

isotropic material indicated in Section 4.1.
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Figure 4.16 Normalized T-stress T, along the crack front of penny-shaped crack

subjected to load case (iv). Results are reported for transversely isotropic
material indicated in Section 4.1.
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Figure 4.17 Normalized T-stress T, (or—T,;) along the crack front of penny-

shaped crack subjected to load case (v). Results are reported for transversely
isotropic material indicated in Section 4.1.
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Figure 4.18 Normalized T-stress T, along the crack front of penny-shaped crack

subjected to load case (v). Results are reported for transversely isotropic
material indicated in Section 4.1.
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Figure 4.19 Normalized T-stress T, (or—T,;) along the crack front of penny-

shaped crack subjected to load case (vi). Results are reported for transversely
isotropic material indicated in Section 4.1.
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Figure 4.20 Normalized T-stress T, along the crack front of penny-shaped crack

subjected to load case (vi). Results are reported for transversely isotropic
material indicated in Section 4.1.



CHAPTER V
CONCLUSIONS AND REMARKS

A closed form solution for the T-stress Green function of a penny-shaped crack
embedded in a homogeneous, three-dimensional, transversely isotropic, linearly
elastic medium subjected to a pair of self-equilibrated unit normal and unit
tangential concentrated forces acting to any location on the crack surface has been
established. The existing complete stress fields for both fundamental loading
conditions derived by a potential-theory-based technique have been used along with
the asymptotic representation of the near-tip stress and the proper limiting process
to construct the T-stress Green’s function. It has been found from the anti-symmetric
condition that the T-stress Green’s function for the case of applied unit tangential
concentrated forces identically vanishes along the crack front and this implies that
the component of the applied traction tangent to the plane of the crack plays no

role on the value of the T-stress along the crack front.

The method of superposition has been utilized along with the derived T-
stress Green’s function to establish the integral formula for computing the T-stress of
a penny-shaped crack subjected to self-equilibrated, arbitrarily distributed traction.
The resulting formula involves strongly singular integral that must be properly
interpreted in the Cauchy principal sense. A selected numerical quadrature has been
implemented to accurately and efficiently evaluate the Cauchy singular integral. An
extensive numerical study has been conducted and confirmed the performance of
the implemented numerical integration scheme. A series of numerical results has
been generated and compared with available benchmark solutions. It has been
found from such numerical experiments that the derived solutions show good
agreement with the reference solutions and this should confirm both the derivation
of the T-stress Green’s function and the implementation of the proposed integral

formula.

It has been pointed out that the dependence on the material properties of
the derived T-stress Green’s function is completely described by a linearly
dependent constant parameter T". For the special case of an isotropic medium, such
parameter has been found independent of the Young’s modulus and linear
dependent on the Poisson’s ratio. As a result, the T-stress Green’s function and also
the T-stress for any applied traction depend linearly on the Poisson’s ratio. In

addition, as the value of Poisson’s ratio increases to 0.5, the magnitude of the T-
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stress decreases to zero. For the transversely isotropic case, an extensive
investigation of the material-dependent behavior of the parameter I'" has indicated

that it is strongly dependent on the parameters v, v, and E_ /E, but independent

pz

of the modulus ratio G, /E,. Similar to the isotropic case, the dependence on the
two Poisson ratios v and v, has been found almost linear and the magnitude of

[ (or T-stress) reduces as v, and v,, increases.

From the in-depth investigation of the influence of loading region and loading

distribution, it has been found that only the T-stress components T,; and T,, are

constant along the crack front and independent of the size of the loading region and
the loading distribution for the axisymmetric normal traction applied over a
concentric circular region provided that the resultants of the applied traction are the
same. For non-axisymmetric loads applied over a concentric circular region, the value
of the T-stress and its variation along the crack front has been found strongly
dependent on both the size of the loading region and the loading distribution. For a

small loading region, the T-stresses T,; and T,; are nearly constant and T, is nearly

zero and almost independent of the load distribution since the applied normal
traction is approximately close to the normal concentrated force applied at the
center of the crack which is asymmetric. For a large loading region, the variation of

T, Ty and T, is evident and the shape of the variation curve depends strongly on

the load distribution.

As a final remark, the T-stress Green’s function developed in the present
study has been limited to that the location of the applied concentrated force must
not be along the crack front. As a result, the developed integral formula can be
applied only to the traction that vanishes identically along the crack front. In
addition, the T-stress Green’s function has been developed only for a pair of self-
equilibrated unit normal and tangential concentrated forces. This also limits the
application of the integral formula to treat a penny-shaped crack under non-self-
equilibrated tractions. Alleviation of the current limitations is potentially useful and

can broaden the capability of the integral formula to treat more practical cases.
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