3.1The Quaternion Equation q = PagsP , where |p] =1, representa

an Orthogonal Transformation in three dimensions.

The eguations (@) in chapter I which come from the quaternion

equation, tan be written in the matrix fForm

| [ a2 022 0 2(ab - ca) 2{ac + ba) x
¥ | = {2(ba + ed) 4% b2 a®- g2 2{bec = aa) ¥,
= 2(ae -~ bﬂ} 2{bec + ad} d2+ cam aE- bE z
or in brief , 1t is represented by X = AX .
We consjder the ease where medulus of p, l p. is equal to 1, or
1?. = J 2%+ 2%+ b2 cé‘ = 1.

We will show that the matrix of the transformation is the genersl
orthogonal matrix. 1f it is the general orthopgonal matrix, we
can expresa 1t in the form

J (T = 8}(1 + 8)~% cerercesunnry (1)
where 5 1s a skew gymmetric matrix, J is the matrix having + 1
in each diagonal place and zero GlsEHhEPEf, and T is the 1dentity

matrix, (2, p.lEh)

Let .
-1 Q o
Jl = O -1 o
o O 1




and let
Ay = J)A
=1 ¢ 0O d2+a2-b3-c2 2{ab ~ cd) 2(ac + bd)
= 0o 21 o0 2(ba + cd) a%+b%—a%-c® 2(be - ad)
P o o 1] 2(ac = bd) 2(bc + ad) d%+cZen-b
-(d2+aa-b2-c2) w2(ab « ed) —-2{ac + bd)
= | =2(ha + ¢d)} -Ed2+b2-aa-cz) =2{bc = ad)}
2lae - bd} 2ihe + ad} d2+c2—az-bE
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Then, Tinrding the inverse of the matrix (I + All y we obtaln :-

=
1 c c
“1 1 3 4 b
- 2 -0 1
L c c
J
Letk
-1
S = (I - ﬁl}{I + Al] .
1+(2%+a%-b%-¢%} 2(ab - cd) 2(ac + bd}
= 12(ab + ed) 1+{&E+b2~az-c2) 2ibe = ad} L.
2
mw2{ae - bd) w2{be + ad} 1—{d2+ca-aa—b2}
O - a
1
= z a o b
- -b o

Fy

We can see that § 1s o skew symmetric matrix as required . Then,

finding the inverse of the matrix (I + S), we obtaln

ol

el ¢ §s T

Glg O1fF

H
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b+ ¢ -~{ab = cd) ={aec + bd)
(1 + E]_l = ={ ab+od) a’+ e° ad - be 3
ac + bd ‘ ad + be cE+ dE
L
1 d - 2
c c
also (I ~ 3) = - ¢ 1 -2 .
c o
B, b
s 5 1
. &
Then we have
¢ + .,
1 g- -% blee? -{ab=gd} ={a¢+bd}
(I-s}(1+5}"1 = -% 1 _E =(ab+ad) alec? ad«he
a b 2 2
h : 3 1( | ac+bd ad+be T+ d J
2 2.2 2 7
(3 48 wb"=c"} =2(ab-ad) =2(ac+bd}
= | -2(ab+ed) ~(2%4b%~a"=c?)  -2(bemad) | = A
L 2{ac = bd) 2{bc + ad) a%402andp
therefore T4 = A = {I - 8)}{1 + 5]‘1 }
and A = (I =8I+ ),
where J = J;l .

Thus we can expresas the matrix of the transformaticn in the
form (1), and sc the matrix of the transforﬁation 1s the general
erthogonal matrix. Tt follews that the guaternion egquation (5) in
chapter (I) represents the general orthogonal transformation in three

dimenaions.
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Z.2 The Quaternion Equation § = p.g.l , where !'ﬁ i: lp ' =1,

represents an Orthogonal Transformation in four dimensions,

The guaternion eguation {1} in chapter II is written in

expanded form f-

(w+ x4+ ¥y 3§+ £ K={d+at+bisrek) (wixityjrak)( a4+ ol i+ ? i+ ¥ k)

= l(dw-ax-by-cz}+(aw+dx+bz-c3}i+(bw+&3+cx—az)j

+{ow+de+ay-bxlk 1 - ( é +old+ P;|+ f k)

After vperforming the multiplicatlon and comparing =ach

compenent we find

.

W '{éd—da-Pb-Hc]w + {-C‘Ja-ﬁd-Pc+‘Jb}x

+ (=G heoa pa=%a) y + (« de— o b+ Fa-"ﬂfd} Z
x = (ode dar¥b= Pod w + (~was SdsFes gb) x
+(-Xb-de+r¥a-Pa) y + (=Aerdb- ¥a-Ba) z,
¥ = (Pd+scrdb-ga) w s (=fa=bs de-3ga) x
+{= Po+ Ha+ dds ¥e)y + (~PosrXd- Sa- ¥b) 2,
2’ = {Ed+c§c+Pa-a£b) w o+ {-‘Ja-éb+pd-dc} x

+(=% b+ da- Fc-dd}y + (-l‘{c+<{d+?h+ﬁca'] zZ .

We can write it in matrix form thus
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w: f dd-ﬁi‘.a -C;a-ﬂid -0 belt g - écmaﬂb [ W
|~fo-8c  -gorsd -pa-sa  +Pa-ya

x’ qd+5a ~dasrdd —db—éc ~dc+ db x
+Eh-?g +"ﬁc.+'F.b +Ed-_Fa -?Sa.—:P‘d

Y| ] Parde  sfamad «pbida - porwa y
+ db-Ya +de-%a +éd+ﬁg -da= ¥b

|
Z | | ya+de -¥a-db s ypeda  -¥oedd| | 2
'1 ’: 1:*?&.-0:1} ‘F‘Fdﬂdﬂ -.PG.-P‘-!_! +Pb:i"'-"f-!fl..__J i ;

¢r in brisf, it is represented by

Fd

Q - B g . vesrerpencersrtrprane (3)

When ‘he mudu;us)I pl of the gquaternicp p,. and the

mﬂdulua}i g of the quaternion g are both egual tol, or

i]:'f 5 Jd2+ a2.+_ bE.+ 5:2 5 1

ITI,‘L .= J'BE_'_ ME‘} PE+ ‘g,_ﬁ 1,

we can show that the matrix [ can be expressed in the form (1),
by the same method as that in section 3.1. The calculation is very
long. Then B is the goneral orthogonal transformation ; and the
gquaternion e¢quation (1} in chapter II, represents the general

orthogonal transformation in four dimensiens when ‘ pl and| ﬂl

gre. both equal to 1,
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