CHAPTER TI

ROTATION TN TWD , THREE AND FOUR DIMENSTIONS

Let 0X , OY Ye axes in two dimensions. Let axes 0X ', oY’
rotats from axes OX , OY through an ‘angles , Then, the point
(x, ¥} 1= ﬁlsu repreﬁguted by {x’, 3J) acecording to the equaticn :=
x|

-

¥ ~5in cos O ¥

cos & - sin® _ I.

The matfix of tbe transformation is anuarthogcnal ma_trix.
That 14, rotation in two dimensions 18 an orthegonal tranafurma.tio:i.

Next, we 3hall show that rotaticon 4n three dimensions ia an
orthogonnl transfﬂrmafion. Let the axes'ox’ v D‘IJ ' DZ' rotate from
the axes OX, 0¥, OZ.- by the following steps : =

1} Rotate the XOY plane about the Z axis through an angle

Qu » The transformation is given by the equation i-

x cog 8.2 sin eu O X
¥ = | =sin 811 ¢os e’? 0 ¥
z’ 0 0 1 z

2) Rotate the YOZ plane about the X-axis through an angle

Ea a The matrix of the transformaticn js 1-

i3
1 o O
O ccaE%; EineE}.
0 -gin 823 cosBEj

| /
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3) Rotate the X0Z plane about the Y«axes through an angle

B,.

[}
gag 613 O = 5in G,E
Q 1 ]
sin 95 O cog |

W

The matrix of the tranasformaticon 1s

After the three rotations, the polnt {x, ¥, %) 15 represented

by {I’, 3: z ) according to the eguatlon =

-

Ty

0

O

1

-
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2

x aDEEI} ol -sinel 1 o 0 oneslz sinﬁl2
- - - : B
¥ O 1 Q O GQEEE} sin623 s1n612 cos 12
’ - - = 9]
Z ainel3 QO coael a] sinBE} cog E%‘ L O
= - = 2]
cos ljccsela coselﬁsinelz =in 15°°5
- i &
sinﬂl}ainﬁzisinﬁl2 +ain61351n62 zln 12
= - 5] = 2] o
cos 23311161E cos chas 17 sin 2%
ind LnS, = &
sin 13 coselg Einel} sinﬁlE cog 1}cas
bcn581351n62351n61} -coseliaineg3ccaelz
We can check that the product of the matrix of the trangfor=
maticn and its transpose is egual to the identity matrix.

rotatlon in three dlmensicns 1l an orthogonal transgformation.

That is,

Similarly, we shall show that the rotatlon in four dimensions

1z an orthogeonal transformation.

Let OW, OX, OY and 0Z be the four axes 1ln four dimensional

space., 0O 1s their common point, the origin, We define the positlve

rotations as 1n the diagram of filgure 4,
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Figure &4

Conalder the geometrical rotation by %he following steps -
RBotatlon 1 rotates the WOX  plans about the YOI plane through an
angle eu - The point (w , %, ¥, 2) is represented by (w, x, v, 2 )

according tc the equation i-

El [ " ‘l
® 5 1 [
cos 12 sin ElE 0 .D w
x =gin 612 Cog 912 o Q x
| {0 0 1 o g
z" 0 0 0 1 z
L By L] Fa L] I
or in bwrief , 1t is represented by P = RlP

Rotation 2 rotates the XOY plane about the W02 plane through an

angleEz} + The trangformation is given by the matrix:-
g b
1 0 0 0
R = 0 .. e
2 cos 825 sin 23 0
0 =-s5in EE} cos EE} 0
0 G O 1
L, /A
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Rotation 3 rotates the Y02 plane about the WOX plane through

an angle Eg# agccording to the matrix

1 O O ] 1
R3 = O 1 O O.
O O o8 B}h si§ B}h
L O o =8in E}ﬁ cos S}hr

Rotation 4 rotatel the WOY plane about the X0Z plane through an

anglc ) according to the matrix i=-

32 .
cos 813 o sln El} 9]
R, o 1 0 o
=5ln Gl} O coa 61} Q
0 0 0 1 J
o9
Rotation 5 rotatesthe XOZ plane about the WOY plane through an

angle Ei* according to the matrix

i Ny
i ] Q G
R O i
5 ™ cog aEh o 5in GEH
o ] 1 G
O =gin 524 Q cog 62#
N y .
Rotation & rotatesthe WOZ plane about the X0OY plane.through an
angle E_,+ acecrding to the matrix :I—
s -
cos 514 ] ] -sip ﬁlh
Rﬁ = O 1 0 o
o 8 1 O
sin 614 Q. O CO5 814
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After the six rotations, the matrix of the transformation
is the product of the six matrices. Each matrix is orthogonal, B89
their product is orthogomal (3, p.103) Hence rotation in four

dimensions is an orthogonal transformatlon.

It has been shown (2, p.l62) that the orthogonal matrix of
n{n=1)

2
in two dimensions must have

order n must have independent elements. Hence rotation

%;} = 1 specific parametera; in

2
3.2 = 3 specific parameters, and
2

in four dimenslons rotation must have E:Z = 6 speclfic parameters.
2

We have shown in chapter I that the guaternion equation (b)

three dimensions it must have

in ehapter I cannot represent a reotation in three dimenslons. We
ean see that 1t cannot represent rotation in four dimensions elither,
since P contmains,only four arbitrary constants a, b, ¢, 4 whercas
the general rotation in four dimensions contalns six arbitrary
constants as shown above, But the general rotation in four

dimenalons can be obtained by the guaternion equaticn

rl

q

i

FP= q_rrﬁ ----- T EEEER El)

where ﬁ

1)

ds at + F j o+ ¥k

is another constant gquaternion (1, p. 68).
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