CHAPTER IV

THE APPLICATION OF WYPERCOMPLEX WUMBER SYSTEMS

Hypercomplex numbers may be used to prove the following

identities for resl numbers.

then their complex conjugatesare x = a - ial and ¥ = bD— ib
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Froof of 4.1 with the help of complex numbers. Let

Let x0 = a, + ial and ¥y = bo + ibl Be two complex numboérs,
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Since (ai + ai} (0F + bi = iXi% | ¥ EE
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Cther equivalent formulae mey also be obtained by changing
the sign of cne or mere of the numbers, a, &, !h,, b, .

For exsmple, if* L is replaced by {- bl} we otain

1
L2 2 b 2 / y E _ 2
{ho + al] {bD + bl} {1Gb0 + albl} + Ealbo aobl}
2, Proof of {4.2) with the help of quaternions.
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two quaternions, then their quaterniopn econjugates ore

x = a - 1a,- Je - ¥a. and y = b= ib. - jb.- kb
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Other equivalent formulae may also be abtained by £bigin,

the gslm of one or more of the numbers.

For ¢xemple, if by, b, b5 are replaccd by ~byr "By —b}:
we get
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3. Froof of (4.3} with the help of Cayley numbers.
1 T
let x = X Eiai and ¥y = E eibi be two Ceyley numbers, then
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The last two steps depend on the fact that XX 1s real and

that the asscciative and commitative laws hold for the multiplication

of XX a8 Cayley numbers.
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Left handside = Wipght handside
Rote An identity for {n2+ a2+ venass + a2 ){ 2+ h? + b
4] L n-1 o 1

similar o the identities (4«1} , {4.2} aud {4.3]

found for every n, but ormly for n=1;, 2, 4, 8 .

enrmot be

{13, p. 100-125),
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The Lorentz transformaticn of Special Relativity in Huaternion

Formy.

Let {x, ¥, 2, t) be the carteslan coordinates and the time

i r P
of an event P in the Galileap reference frame S, and let {x, ¥y, =z, t)

L
be the ecordinates in another reference frame 5, where the x, ¥y, and z

P ) ; /
axes of & colncdde with the %, ¥, and z axes of S ond t = t where
F
£t = O, and 3 15 moving with 2 veloclty v relative to S5 in the x
direction wilthout motations.
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The Galilean transformaticon is the mapping which maps & peint
. LS d
(%, v, z, t) in & ﬂntD-U'«.E pmmt {:-&,‘;,f,z,t} im 5 L«f‘fm

4

¥ = ¥
4

z = Fa
F)

% = t

This transfocrmstion i1s uged iIn Newtonilan mecheanics. fecording

to the relativity prineiple, the transformatlon equatlons ars

X = —eoioil 1 where C is the speed of light = 300,000 ]-u'l'lf:.aec.
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Thiz can be written
{ .
X % o o (vi !" X
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v ® 1 o 0 ¥ \....{l]
I
zr = £ < 1 ¥ z 1
- }
1 -8vi 0 4 T
F

The Lorentz transformaticn can be viewed ag 2 rotation in four dimensional
space from the point (x, ¥, z, ¢ ) to {x; ¥, z; =) {12, p.11,12} and
retations In fourdimensional space can be represented by a Lransformation of
guaternions of the foyrm ¢ = & Q B, (3, p. 68) where the point represented
by the components of @ is transformed inte the point represented by the
components of ¢. Therefore we shall try to find the guaternions f and B
that represent the Lorentz transformation (I).



Consider the transformation of quaternions

f

4] = LB where

= ] =

fi a + g + EEC + L}
B = + g + 2 r + & 5

P 1q 2 3
. = I+ e + ez + 2

Q lar 5 5
. i ’ i ’ £
= + @ + 82 + e T

Q X + ey 5 3

the transformation 1s
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XK+eytezs c}q“_ = fa + b + &,

+ & + 2. T + 28, (o3 4
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Whers El, EE’ ....... E16 areg elements in matrix of
transformation in (1I} which is similar to (I}. Then we have,
E = ap-1b-or-ds = o
EE = -bp - ag - dr + cs§ = o
Eﬁ = -e¢p +dg - ar - bs = U ]
Etl- = -dp - ©g + btr - ag -’ = ..rﬁ'.gf.".. »
E5 = bp + 8 - dr + cs = ] )
B, = @ -W+er+ds = 1
ET = -gp - rg - W + a5 = Q ,
EE. = cp - dg - ar - bs = G,
E9 = cp + dg + ar - bsg = 4] .
E = dp - ¢ - br - as = Q .

2 + eﬁd}{x tey t ez E;p}



n - ap + g - or + ds = 1L,
E12 = -~bp +aq - dr - c8 = O,
El} = dp ~ g + br + as = :-EE} ,
Elh = -op - dg + ar - bs = o,
E15 = bp - ag - dr - cs = o,
Elﬁ = ap + bg + ¢cr - ds = f-:

and 2 < B _.-El:ﬁ..- 4 Z_{.}_f_;ﬁ_.}_{.:
. Clt - B ‘I'j vi
Therefors A = (3 + eﬁ} 5 IT1
B = {(Bsels ... beavairans v
3
/

e sbove transformation © = AQB becomes

{

- a P
g = d {d + eﬁ}(x + £y +;?Ez + 95? } {s + eﬁjs
1] E,E.— _f-“E %
The rignt handside is sd {x {d s 1} i fd + S} } * |
‘ a p a P 2 B P _ 3y
€4y & - 24 1) +z (3 S} } + 8, f z {d cE )y (5 -3

@ a b e P _ L3
ey { x {d + S} + ¥ {d 5 1} } :

Comparing with {I} we have,

Sd {E = E - l] =3 m- = 5[1 {g..-é--}’

a 3 1 -3
sd {g nh I—?-} - - 6_.21 = E Ed EEE-..— '

¢ ¢ c(2 - B)
(2.8 41 = 1 = osd (~——5-0)

d 5 1 - %

1 - %
From the zbove thres equatlons we get 54 = D

Therefore we oan chnusc s ana 4 arbitraiéﬁy subject to this condition.
1f 5 is put equal t0 d, we have s = & = ﬁi‘éﬁ end the quaternion

& iz equal to the ﬁuaternimn B.



We con threrfore represent thelorentz transformation (1)

by the guaternion transformation

y .
Q = AQE
- yi¥ -7
Where B = B = --q==Zo-- st b g =T
C2 (1 -4} 63\/:
_ !
Hotes The tronsformation Q@ = AQ 1s not sufficient

te represcnt the general Leorentszs Tronsfornation
beeause theres are nol cnough. zaramcters in & to

specify a general rotation in 4 - dimensional spaced
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