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ALGEBRA OF HYPERCUMPLEX NUMPER SYSTEMS

Definltion I

5 complex number is an ordersd pair (x, y) of real
numbers, x being called the preal and y belng the imaginary component
of (x, y). Complex numbers are added and multiplied by the rules:

I':x+x',y+];':l

I

Lo {x, ¥} + (X, ¥)

2. (x, ¥) . (£, ¥) (xx - wy, xy +'Xy) (2, p. 101}

Complex numbors can be manipulated by the laws of the
algebre of real numbers by expressing the complex number (x, y)
in the form {(x 4+ iy) and using the male $°© = -1. The vules of
equality, =ddition ond multiplication may be written in the form,

r

(2.1 {x +iy) = (X +iy) 4ff x = ¥ anda y = ¥

1

(2.2) (x + 1y} * (" + 1¥) xtx)+3{yty

I

(2.3) (x + iy) . (X + iy) {(xx - yy) + 1 {2 + Ay)
{2, p. 101}

With the shove rules the set of complex numbers with the
cperations of sdditicn ond multiplication form a field. This can
b proved fore thé definition of equality, addition, multiplication
2nd the foct that the real number system iz 2 ficld.

The complex numb;r system 1s on extension of the real
numb>er system which Is ¢ complete ordered fleld.  In medern algebro
the complax number system 1s regaprded 28 2 two - dimensional vecter

space over a Field of rezl or ratiloncl pumbers with basis elements

Lend i. (&, p. 44).



Definition IX

The guasternicn number system is a four - Jimensional
veetor spoce with bosis elements 1, 1, J and k over ¢ fivld of real
cr eaomplex numbers, in which the rule for multiplication Is as
given Lelow. {&, p. L4).
x £ ogQuaternion can Qe wrltten @ = l.o + 1.0+ J.c + k.d
wherse e, b, ¢, 4 are real ur gamplex nuwsbors. Us4ing the rules
i = j® = K = -131) = k, dk = i, kK = §, Ji = -k
ki = -4, 1k = -j (1, p. 58) we cen define multiplication
for guaternions. The rules of egquelity, addition and multiplicstion
may now be written in the form, |

(2. L) 7y + dby 4 Je. 4y = &, + iby + o, + ki

L 2

al = 85 bl = bE‘ cl = c2 and dl = aE

iff
(2,5) (ay + iby + JE ¥ kdlj hd (ag + 1, + Jo, + kd,)

= Eal = ] 1 {b 2} + (c + CE} + k {dl + dE}
(2.6) {al +1b) + o + kdl} ; [aE + b, + Jo, ¥ kdej

= {ﬂ1ag - byby - e - dldg} + 14 {a b, + biayt ¢ d- dlcgj

+ fc + 8,8, + G by - b GE}+ {d ayt aydy+ Bie, - clbgj
feeording to the above rules, multipllcation in the

guaternion number system is assaciatlve b not ccmmutative.

For cxample,

ix = -

ki = J

therofope ik ¥ ki,
angd {1 k) X = (- j)_k = -1
i (k.k) = 1{-1) = -1

thoere fore (i k) % 1 (k . k).

1k



E.

Thi system of gquaterhions alsc has an identity for melti-

plicetion, and every non zZero quatemion hes multiplicative inverses.

The left and vight inverse of eeceh Quaternion is unigue by the

following preof.
Froof.

Let

f o)
1

qd =

a + 1ib + jo + kd

T’ r
a + 1+ 3¢ + kd,

¢
where @ 1is the right inversc of §

s

o
A+ ed)

then §& = 1.
QQF = l:aalr - bt - g - Cld:]
+ 4 {ba + at’ -
+ ) (ea +db +
+ k {da - cb +
Ther.fore a2 - bb - oc’-
bz + ab - iiﬂ'l +
ea + db + 2d -
da; - ¢b' 4 'Df‘.j +

a¢ - td)
. s

Do + B}

|
;

cil = U
F

bd =
A

arl = O

\ i I K !
We can sglve these four cquations for a, b, ¢, d .

a -b - -1
th a =g o
The determinant | = {2% + 1% + @ + a®V ... (1)
fc il a -b
‘e e b aé
13 not zero, sxcept when o2 = b = ¢ = ¢& = {. This shows
us that the sclutions a , b, ¢, d exist and are uniqus. This impleds
that & bhas a unigue right invoerse Q‘l , Auok tRat Qq'l = 1.
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&

Similzrly the right inverse of Q' , (Q‘l]‘l may be
fourd ondd it is found to be Q; Therefore Q'lQ = 1 and this
implies that the right‘inv&rse of @, a~! is also the left tnverse
of {.

Bezrause the gquatcernlon number systom is a foupr-dimensional
vector spece which ig also a ping contalning ot least cno element
distinet from zesre and in which the equeticons ax = o, yo = b,
when & # 0 eglways have sclutions x eand vy , the gquoternion
numbEr.system i colled a skow ficld or 2 division algobra. (5, p.36)
Note If sny two of the ccefficients of 1, ) or k ars mads zero
for cvery quaternion in 2 set, then the set of gquaternicons so formad
is isomorphic with o simllar set of complex numbers.

Definition TII

The Coylay numser system is a hyporechmplox system with
vight besis slemsnts 1, €y E Ej rrreseres By having multipli-
cation defincd se bolow.

Let o, 85 svvnenenns a? be a set of veal or rationzl

1
numbcrs, A Cayley number can be Written © = L. B, *ey8 toega, ¥
e ETHT . Tne multiplication rules for tho bagis e¢lements
are
ei = -1 (£ = 1, 2, coveevnanns T)

€ Uj = - Ejei (i = 1,2, cvivviinnes T)

El eE = 65 , Eleh = ti, c1c6 = eT = egei = Eieh

N €583 where the suffixes in esch

equation ¢an @ cyeclically permated.
From the above rules, we csn sec that maltiplicatdion in

thoe Ceyley number system 1s non~commutative and non-assoclative,



For exempls,

e?95 = - eE 2nd eﬁeT = EE
thurefors aTeﬁ ¢ ¥ofo
Alan
g, (GTuﬁ} = 8 (- EE) = - ee, - €
and {eheT} € = ef}e5 = %
therefore e {cT 5 y [eheT} e
Note
It ah = a5 = 86 = aT = 0 the zet of Cayley mambers

g0 formed is isomorphic with the zet of quatzrnions.

The Cayley numbers have zn identlty for multiplicatlcen and

gach Cayley number has o left and right inverse.

Let C hbe sny Cayley number

#
C  bec itz vight lnverse

Then C . C = 1
Let C = Tyt 8O Eplg + aeaieiiiii 787 and

CJ = a8, + BiA) b EaBy Foaieiaiieeie e TaT y then
.

cc = ﬁO + E]RI + EERE c}ﬁi + areacansanan TET = 1
AO = {BD%D- alﬁ;- 5232- aﬁaé— auaL— aﬁaﬁu aéa%r 2.2 }
ﬁl = {aléD+ 3,817 B505% 85057 aﬁah+ a 35~ a 36+ aEaT
hy = fagé;+ aial+ aﬂaé~ alaé+ EEEL a3 5— L 6+ aﬁaT}
Lﬁ - {Eiﬂﬂ_ a?al+ alaé+ L aTag 5 5+ a53é+ ahé%}
Ay = {ahao+ 5511- aee; aTa§+ aOaL alaﬁ+ agaé— 5337}
Lﬁ = {aﬁao— aha1+ aTa2+ aﬁd;+ alah+ agéf- aﬁd%- aeéT}
fo = (aéaa+ HTBlf ahagv aﬁagv aea;+ aja;+ aoaé# alﬁ?j

: ﬂ? = _{ aga 1 aaa}+ a5a4+ 8535+ @ 36+ 3 & )



Therefore

£, = 1

]

§ = A = £ = A = £ = A = ] = 0

‘1 2 3 b 5 3 ‘7
From these eight equations we wan find the solutions a}, dé, é% saan

F
= |
7

Congider the last seven equations, the trivial soluticns are

¥ k :‘f r 1{ Fa k

a, = ag, al = -kal, aE = - aE, a5 = - a},
. ke, of = ke, &, = lKe., & = -k
" c b B5 T THA5s B = mREg Bp o= kg
where k is arbitrary constant. From the first cguotion the value
of k 1s found to be ~£----5————5—-——} -------------- . C has a

A N s ra s as + a
as + al + 5 7
1 A

right inverse ¢ °, such that CC \ = 1.

Similarly the right lnverse of C-l, [C‘l]‘l, may ba found
snd it is found to be €. ‘Therefore E_lc = 1, and this implies
that the right inverse of C, (6”1}, is also the left inverse of C.
Therefore the algebra of Cayley numbers is a non-asscciative

division algobra.

The relation between a hypercomplex number amd 1ts conjugate

The product of 2 complex number and 1ts conjugate is & real
number which is zlways equal to the square of its modulus. Tts inverse
ig the product of the reciproeal of the square of 1ts modulus and its
con jugate,

Jimilar facts held for quaternions snd Cayley numberz as

the following work shows.

(2.7} Letz = x + iy be 2 complex number,
then z = x - Iy is its complex conjugate,
and Zz = 22 =fz}? = x® + y?, where {z] is the

modulus of =z.
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(2.8) Let Q@ = a+1b + je + ki be a guaternion,

then é = g -1ib - jc - kd 15 jits quasternion
conugate, |

and  GQ = Q& = [Q]Z - 6%+ b® + ¢ 4+ 2%, where Q]

is the modulus of 4.

{(2.9) Let € = D, + 843y + Ep85  cauiniss ¥ By
ke a Cayley number
then C = ao - elal i PRSP RE R . - ETBT
1s its Cayley conjugate,
cro= o6 - AN 2 = 2 2
and CC = CC = {0 NI O IRELETRE

where {C| s the modulus of C.

{e.13)  Let = be & right inverse of z

then zz_l =

ard & = = I

1
-1 1L %_ z
24 ZZ iz]E

(2.1} Let le be 2 right Inverse of g,

we have Qqu = 1, where
-1 = G
Q = l = —Q— = —'—gé ;
SR R Y
{2.12) and if C+1 1s & right inverse of C, we have
et - 1, where
- C -
C l - -]: = —_ - = __';__
c ols tef?
-1

-1 -1
Similarly if z , & , C are left inverse, we get the
seme expressions. fill these results ore smsily proved from the

definiticns.



Thecrem I

If Ql and QE are any quaternlcng, then QIQE = é

Proaf 1st Ql

%
g
then Ql
QE
We have Qf&g
where fi
o
ﬂl
il
2
then Qlﬁ?
but 1.Q
21
th f
grefore QIQE
Theorem II

For zny two Cayley numbers C

1

aE + 1b2 + ch + kdE

+ ibl + Jcl + kd ;

10

1

numbers.,

a_ - ib. - jo. - kd,

L 1 1 L Y are their qusterni
ag = ibE ~ Jey - kdE : condupates .
{al + ibl +je, + kdlﬁ(ag + 10, + Joy 4 kd

ﬂc + 1H1_+ jﬂE + Ki

[alae Z blbz
[blaE + alb
(cya, +dib,

5
= €% - dlﬁE)

-d.¢c. + cld

ieg 2.‘5

+d.b., + &6.C

A - 3A - A - ki
oF e 5

2

R I L

Q9

1

|||||||||||||||||||||||||||||

1 Bnd CE’ g = C

Eroof Similar to the proof of theorem 1

21

be the twe gueternion

G

o)

-bd ), 51 = {4 -
1% - ") 3 = {2,8,- e by bye

2

o
+ ﬂlug
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