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HYPERCOMFLLEX NUMBER SYSTEMS

Tne rcal number system that incluodes the rotionsl and
~rraticnol numbers 1s adequate for many problems in algebra and
aleulus. But in other problems an extension of the system is
ﬁecussary. In 1545, Cardan used himeginarg numhirsn to solve
the cuble cduation. (4, p. 201-206). In 1748, BEuler sc¢t up the
relavion Eix = cos ¥ + 1 sin x. (3, p. 55-56).

For the first threc undrzd yesrs that imaglnary numbers
were used, their nature was not clearly onderstood. Mathematicians
used the relation 1® = -1 even though the squares of 211 known
numbers were posltive. Finally in the nineteenith century, complex
numbers in the form x + iy, where x and y are real numbers
and 1 1s the imaginary unit, were used as generzlized forms whigh
included both real snd imaginary rumbers. Today in the rigorous
treatment of complex numbers, one defines them a2s ordered pairs
{x, ¥) of real numbeérs x znd ¥y with specdal definlticons for
ejuelity, addition and multiplication. ({2, p. 101; S5, p. 675}

The complex numbers ape found to have the same algebraje
field propertices a5 real numbers. The system of complex numbers
;s ecomplete in that converpent sequences of complex numbers elways
have a limit in the system.

Mathemeticlans did not stop ;t complex numbers. Thay
tried to sct up other nigher complex number systems. Finzlily in
1540, H. Grassmon in | Stéttin and W.R. Hamjilton in Dublin inde-

pendently of cach other discovered the guaternlon number system
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The guaternions are combinations aof four resl numbsrs
with three differcnt imaginary units. If i, §, k are threc differcnt

Imag

ingry units and Xyr Xps xﬁ, e are four real nurbers, o
quaternion is written, § = X, * ix, + jx5 + kxh (1, p. 568-59)}.
This extension of the complex number system falls to be o field
because the commitaztive law for multiplication does not held, as
we shall see later.

The most advanced system of numbers similar to those
above is  the system of Cayley Mumbers . (10, p. 15}, They are

elght - term hypercomplex numbers with one resl unit and seven

Imozinary units. & Cayley numboer may be written,

L2 X, F 81X # 83X F ieriraianaiiiiiaraaee, + BoXe where
Cay €57 teercans Pedarany e? are the seven imzginary units and
Kot Kpr Xgr eeeieans Ve xT are the zight real numbers, The Cayley

number systom is an extension of the guaternicn munber system.
The operations snd the properties zre similar oot the meltiplicaticn
of Cayley numbers fzils to be azssoeiztive.

In this thesis I have discusged the propertles of these
hypereomplex number systems, the relations between them and some

2pplications of them.
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