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A ppendix A:
Feynm an’s Average

5 2

The mean value of the functional £jj[x] = Jo d t'Q ç î[ x ( t ') ] , where 0 S2[x(f )] = 1 
for a  <  X  <  b  and 0 otherwise, is given by

r D =  ( * 1 \ 4 \ จ 1) ( 1 )

_  f  d x 2 f  d x x ' t / ' f f a )  J  D [ x { t ) ] t£ [ x } e x p [is[®(t)]] ^ i ( x i )
I  d x 2 f  d x l ^*f ( x 2 ) f  £>[x(i)]exp [^5[x(f)]] จ i { x i )

In particular case, the final state ÿ f  is obtained from Tj by the evolution:

T2 A2 ) = J d x \ (x2I U(£. 0) |x j)(xiI Tj )
= J d x  1 J D [ x { t) \ exp j^ s[x (£ )]j ^ ( x i , t i  = 0 ).

so that we have

J dx2 I dx I^*f { x 2) J D[x(f)]exp ŝ[x{t)]
We have assumed that the initial state is normalized. 

Now we consider

จ t { x 1) =  |T , |2 =  1.

( 2)

(3)

j  D [ x { t ) \ t \{exp ^5[x(t)] = d t '  J  D[x(f)]0ü [x(f')]exp | ร พ 0 ]
=  J d t '  J  d x K ( x 2 , x : t 1t ' ) K ( x , xpf'.O).

where K ( x . x  1: f'.O) is the propagator for the particle moving from X] at t  =  0 to 
x2 at t'and I \ ( x 2 - X : t , t ' )  is the propagator for the particle moving from X at t ' to 
X 2 at t. Thus Eq.(l) can be written as

TO = (5 )

= I  d t! j  d x  J dx-ity*f (x2)/\ (x2. x; f. t ' )  X J d x  i ( x  1 ) K  ( x . X 1: t ! . 0 ) 1  .
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By using the relation

J  dx2^)(x2)K{x2, x\ tA' )  = j  cte2('I/i|Ut(t,0)|:r2)(:r2|U(M')l;r) (6)

=  ( จ  1\ u ^ t ' . 0 ) \ x )

=  พ )

and
d , ( . T . f ' )  =  J d x i ' t > i ( x i ) K ( x , X i ; t \ 0 ) ,  

we obtain the Feynman average of the functional £{ j [re] in the form

T°  =  L  dt’ Jil d x \^ (x - ^ )|2 - ( 8 )
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A ppendix  B:
A T heorem  of D ifferential Calculus

u(A)A theorem of differential calculus is used. Let <1>(A) == /  d x f ( x 1 A) where
ไ. ,น(A) and น(A) are differentiable functions in a closed interval [A0, Ax]; / (x, A) and 

f '{x,  A) are continuous in the region A0 <  A < Aj, then

a x 'm  =  ร -  a \ f(x +1/  (1)
We prove the above theorem of differential calculus by considering the integral

4>(A) =  $ (น(A). น(A), A) =  y dxf(x .  A) =  F(x, A ) |“S ;  =  F ( น(A ) , A) -  F(v(A ). A).
t'(A)

(2)
The partial differentives of F (น, V, A) with respect to น and V are

น, น, A) ะ::ะ: 0 ^ F { น(A), A) =  / (x, A)u=x, (3)

^ $ ( น ,  น, A) =  ■ -̂F{V(A), A) ะ= / (x, A)„=1. (4)
We consider the partial differential (A) :

เ ^ (A) =  ^ F (u (A ) , A) -  ^ F ( น(A), A) +  ^  (F (น(A), A) -  F (น(A). A))u (5)

^ F ( u ( X ) ,X )  =  F (น(A), A). (6)

J w (u (A ).A ) =  ^ | - F ( » ( A ) , A ) .  (7)
We substitute Eq.(6) and Eq.(7) into Eq.(5) to obtain

เ ^ (A) =  ^ / (X , A)น=2; -  ^ y  / (X . A),,=1 +  ^  (F (น(A). A) -  F (น(A). A))u.1..
(8 )
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By using the relation

—  (F(u(X),X) -  F(v(X),X))uv =  ^ $  (îi, V ,  A) =  J  d x - ^ f ( x ,  A), (9)
v ( \ )

Eq.(8) becomes
d_

d x $(A) = (x ' ~  ~ d x ^ ^ x ' X v̂=x +  /  dxd X ^ X' A)' (10)t>(A)
This is the theorem of differential calculus.

For an example, we want to use the theorem of differential calculus to find 
the partial derivative of a function <L(A), which is defined ลร

A2
T(A) =  J d x ( a x  + A). (11)

A

Let us consider the function <I>(A).

$ (A) =  J dx (ax +  A) =  (2  (^2) +  A ( a2) )  ~  (2  +  A ' (12)
or

*(A) =  รุ) A4 +  A3 -  (ร ุ) -  1)A2.
By straightforward substitution, we find the partial differential ^ <L(A) and we 
can obtain

d \ 4>(A) =  2flA3 +  3A2 -  (a -  2)A. (13)
By using the theorem of differential calculus, we have

0 ^ (A ]) =  7^  (A2) {ax + X)x=X2 -  —  (A) (ax +  A)x=a +  J  dx—  (a t  +  A)

= 2A(«A2 +  A) -  (oA +  A) + I  dx

= 2aX:i + 3A2 — (a — 2)A. (14)

The result in Eq.(14) is equal to Eq. (13) which uses directly the partial differen­
tiation of T(A) with respect to A.



The Continuous Condition
A ppendix C:

56

In quantum mechanics, the wave function 4>(x,t) means the probability am­
plitude of a particle located at X  at time t. To interpret Ip(x, t |r) as the probability 
amplitude for the particle at X  to spend in f1 =  [a, b] prior to time t, a net time T. 

we must require that tp(x. t |r) is square integrable both the X  and T,

The traversal wave function i]}(x,t\T) means the probability amplitude of the 
particle located at X  of having been in the region Q =  [a, 5] with net duration 
T. prior to time t. We are to interpret \i})(x,t\T)\2 as a probability density for 
position measurement. So it implies strong constraints on ไเ)(x, t |r) :

1) \ij)(xA |r) I must tend to zero sufficiently and rapidly as X  —► ±oc. so that 
the integral of \il>(x, t |r) |2 converges.

2) For a probability interpretation to be valid, we must also require that 
น’(x.t  |r) is continuous in X  and t, as a discontinuity of ใเ)(x, t \r)  would lead to 
ambiguous predictions for probabilities near the discontinuity.

3) {/.’(x\£|r) is a differentiable function in X  and t .  il’( x . t \ T )  satisfies the 
clocked SE

4) 111 the time-independent potential case, we may assume that t\r)
is continuous everywhere. If the potential energy is a smooth function . we may 
assume that j^w{x.t\r) is continuous everywhere.

( 1 )
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A ppendix D: 
E lim inating

th e  A ppara tus Degree of Freedom
We define the SE for an observed particle, which contains the effects of the 

measurement, by eliminating the apparatus system using the identity

271:h
/• , ( 0 ( p ) ^ l  H total -  | f r ( < ) )

J p ( < K p M M p ) - 0
=  0. '11

We substitute the total state in Eq.(4.19) into Eq.(l)

27xh
7 , (^ (p)Al H tota; - i h § :  { จ ( t ) )

J  p  {4>{p), t \4>(p), t )

9 โ , f  1 ;M p )> * lH o + j^ + g (f)P (0 ab[x] -  A (t)) -  ih§-t \</>{p'),t) ® 1 t/y ,r ,Q  
2^ h J CpJ p (<!>{p),t\<t>{p).t)

(2)

where Iijjpi. T .  t) is given by
. -  ( f t )  f(H0+gp'&atlx])dt' ,

j p p ' . r j )  =  e * 9 p T e  « |V>o) =  e » 9 p T \ % ' , t )  (3)

and the variable T is defined as

T = j  A(t')dt'. (4)0
We multiply e*gp T with the time evolution of the observed system, so the state of 
the apparatus in time is of the form

พ ) .  t)  = 6 - ^ ๆ ; / )  <7/ !  0 0 ) .  (5 )
Bv differentiating on t.

| 0 , ฝ ( )) =  |  F { t  1 1 , 1 1(G)



an d

w e o b ta in
! = a <(>

5 8

(7 )

- i . h ~  I 0 (p 'M )  0  \ipp',T,t) พ ) '  0  ®  h v , T' t )  -  |0 ( p 'M )  8) ih-—  I v y . T. t)

2 M  พ ) - 1) 0 |0y,T,t)
+ < 7 p ' A ( t )  | 0 ( p ' M )  0  l'i/’p ' ,  T ,  f )  -  | 0 ( p ' ) , t )  0 ^ ( ^ | 0 Paf

S o  E q .(2 )  b e c o m e s

5 r  ( ฬ  ฬ  [ H o + V ( 0 a f e M ) - i / î ( f  ) T] | V y , r , t )
2 .๘  p (001 00 ) =  0

2าrh I  dp d
n 0+gp'®ab[x] -  (i h g t )r I 0 p ', . ,o

H o  -  ih-j^-Qab[x] -  {ih-Q-^T } 10 , *1 t ) =  0 .

( 8)

(9 )

- ( ^ ) / (Ho+gPe o6[x])dt'where |y% f I r) =  2̂ - /  <ipe«apTe » |0 o) and the effective wave fu n c­
t io n  ca n  b e  w r itte n  as

2./?.

5

ir’( : r , f |r )  =  ^  J  dp{x\ipprT,t)
f  - ( i ) /  (Ho+9p0a6ix])d<'

27T/Ï J dp ^  e " 9PTe 0 I0 o )  -

1/. r . t ) ) T.

( 1 0 )



To Reduce th e  Total P ropagato r
A ppendix  E:

5 9

The effective propagator which uses the relation

I<ef f { x , x 0,t) = J d y J d y p K  to ta l K a  
f d y f d y o K a K * ( 1 )

where K a( y , y 0 : t )  =  ( y \ exp{ — T f  \y0) is the propagator of the pointer0
particle, in the form of a free particle propagator, K totai ( x , x o \ y , y o ; t )  =  (y\  & 

(x| บ ( t . t o  =  0) |yo) ® ko) is the propagator of the whole system. Straightforward 
substitution of the total propagator of Eq.(4.29) into Eq.(4.30) leads to

X ( y o \ e

ร ํ/  (Ho+H/,+ sP(©at|x]-A(t')))rft']

|y) ® ko)

K e f f ( x , x 0 t )  =  [  d y  J  d y 0 (y\  ®  {x\  e  \y0)

f  H Adt'
0

J  d y  J  dyo (y | e x p { J  H A d t ' }  |y0) (yo|exp{^ J  H A d t ' }  Iy)
0 0

( 2)

Using the completeness relation I  = f  d y 0 \yo) (yol, Eq.(4.32) becomes

r  [ - ^ / (Ho+ffP(0afc|x]-A(t')))dt'] r r
K e f f { x . x 0.t) =  J  d y ( y \ ® ( x \ e  ° | y ) < 8 > k o ) x  J d y ( y \ y )

-1

(3)
and inserting the completeness relation I  — f  d p  |p) (p\ between (y| and Iy) . leads 
to

K
r r  [ - f j ( H , 1 +  ,,P ( 0 a 6 [x)-A(/ ' )))rfC]

1. f  f i x .  X ç ) t )  = J  d y  J  d p  ( y \ p )  (p\ X) ( x \ e  ° |y) X ko)
J  d y  j  d p ( y  |p) (p\ y )



6 0

r  [ 1 , .  (“ ft / (H0+ g p (e „fc[x]-A(t')))<it']J dy J  dp(p\® (x\e ° <8> |x0)
X J  dy J  dp
/  g \ f  (“ fi / (H o + S P (0 „ 6 [x ]-A (t')))d t ']
{ p h ) j dp{xle ° *J D \ i \ U t  -  (â|x])eiS|*<‘)l/'7'5(0),

2 i r h
-1dp
(4)

where (5(0) =  (^ท ิ) J dp is the normalization.
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