21
211
( Euler-Bemoulli )
+pA &Y, =
El % PA 57 0
E ('Young’s modulus)
(moment of inertia of the cross
section )
El (flexural rigidity of beam )
A (area of the cross-section )
p ( density of the material )
y = y{xt) ( displacement function)
(Bellezza et
al.) 4
2.1.2
(Rayleigh)

(Rotary inertia)

Q .
dxd  oxalt PA%IZ Y



2.13

2.14

« né 1
‘miM fiif* - Tiinau

100 (Timoshenko)
(transverse shear)
E @ 1PAad |
dt kG dxdt2 kG afd

(modulus of the material )

E G

(Timoshenko’s coefficient)

(Qi and Chen) [5]

(Cannon and Schmitz ) [1]
[1970]



(Hamilton’s principle)

). 1988

(Bayo) 3]

(finite element method )

. 1990
transform technique) I

( pinned-free beam )
(mathematical solutions)

.. 1992 (Jiang) [§]
.. 1993 (Lao)
theory) -
operators )
and Wang) [6]
free beam )
.. 199

( Lagrangian dynamics)

22

( Bhat, Tanaka and Miu)
( Laplace

(new
( A-dlependent differential
( Kubica
(clamp-

(Lin and Lawis ) [4]

(Zeinoun and Khorrami )



221

2.2.2

2211

2221

(external damping)
(air damping)

(viscous air damping)
yyt(x.t)

ytx.t) = !

(internal damping )

( Kelvin-Voigt damping)
(strain-rate damping)



23

231 (Euler’s beam equation)
(Euler’s theory) (Euler)
Y
X
21 (uniform beam)
/
X
dx 22
A ACOR A dy A
V
A/\ V'l' dX_dX
1
) v
o M+—d'\){|—dx
22

V (shear force)



M (bending moment)

f{x,t) (external
force per unit length of the beam)

22 dx 2
1 (internal shear force)
2 ( moment )
[ = (deflection)
21 (homogenous)
(uniform  cross-section)
(curve of deflection) (elastic
curve)
X
(bending moment) M(X) X
1V(X)
dm  _
ar - W
k
M{x) = Ek
k y

i+ (12



10

V' o~ 0
k * v
M

(moment)

dx2 - " dx4

- (slope)

El gx% %I\){l V (shear)

Elgy g\){ (x) (load

intensity )
2.2

M(x, ) (bending moment)
V(X,t) (shear force)
f(x1) (external

force per unit length of the beam)



PAdxd"dtykA
P
A (beam)
Y
2
Yiy = ma
VR = P A 2
dx (2-1)
V- (v+dvy+f(x,t)dx = PA(X)dx 27 @1
dx
{M+dM)~(y +dv)dx + f{x Lt]dx*~-M = 0 (2:2)
dv = gxidx
2 M= My
(2-1)

V- Ve dhax «Hx e = PAdesz{th’t)



0/
X

V- V-

dx

(23)

\N +%|\Xﬂdx\

_ d (x,1)
dx+f(x,t) dx = p Adx 4o

Woritxt) = paddXY

Xt
dt’

(i/+%if *dx+f{x, Dax - M =

M+~ dx- Vdx-  dxdx +f(x, t)dx~~M =

0y
ax

0

f(x,1)
Hx,t) = 0

dx

(2-3)

V
?CI\{'(-I'M) = 0
0
! - OX

(2-4)
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6m -4 (xt)

dx2 = PRt (9
(bending of heam)
(bending moment) (deflection)
M(x,t) = £70- ()
£ (Young’s modulus)
I (moment of inertia of cross
Section)
El
(2-6) (2-5)

(lateral vibration of nonuniform beam )

a2y (x,t
2>é)(( ) .pAsppt) )

El DA )

(free vibration ) f(x,t) = 0

(fourth order derivative)
(second order derivative)



14

(2-9) (two initial conditions)
(four boundary conditions)

y,(x,t) = Yjn(x)Qn{t) (210)

&(t+pAd2th 0

PA
ay Lloy(xt
FgA d>¥4 Zé(z )
El
a2 DA
32 M+d\Apt)
Ox 6t 2
(2-11) (Euler’s beam equation)
(2-11) (Separation of variables method)
(2-11)
yn(x,t) = <) (2-11A)
(x) *
q() t



(2-12)

(2-13)

a2z RX)<7(0]+ o - M 2 (0]

a) d<p) | @<7$0
aX

*) = <0 dr2
2 O 1 a%o
0(*) a*4 = <0 X
d?g) = ~cozft)
D oy = 0
*2 d'rtx
(X) 0xd
9> (*)
d
~T = A
d\é)((;) *V(*) = 0

0

2

15

(2-12)

(2-13)

(2-14)
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2+q@ = 0
N2 = (o
(2-13)
qft) = Aeid+Bg-1

A( coscot+/smoat )+B'( cosat-ism cot )

Ne)
—
—
~
1

q{t) = Acoswt+iA sincot +B'coscot - iB's\n oot
q(t) = (/N"+B")coscot+/( A - B )sinarf
A B
A = (A+B)
B = I(E-%)
(2-13)
qft) = Acoscat+ Bs\cicot (2-15)

(214)  (fx) = e™ [

Ir- k\r+k\r2+k2) = 0
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(34) = tik

DY) = C*+EN +8 *+£ * o1

9K = C(cosh"Y +sinhAx ) +DE cosh Ay - sinh )
+E( coskx +/sinkx ) + F(coskx - /sin A*)

¢ = Ccoshkx +c sinhkx +D cosh'Y - Dsinh"Y

+E coskx +IE sinkx +F coskx - iF sinkx
$K = (c+D)coshEv +(C - D)sinhkx

+(E +F)coskx +i{E - F)sinkx

€1,C2C3C4 1

C+D = €1

C-D = €2

E+F = €3

E-F =C4

90 = €Llcoshkx +€2sinhkx +€3coskx +€4sinkx (217
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y(xrt) [€1cosh kX + ¢ LsinhAbr + C3cos KX + { 4sin kx]aft)
2-18)

© (2-19)

(2-18) 4 4

(pinned-pinned beam)

Y
4 | A
IV N\
2.3 (pinned-pinned beam)

23 X 7



"3

0 Y x = 0
X 0 X = | 4
. y(0,0 0
00
3 y(hY) 0

4 O
s X = e’”ze‘x ) wsho = 1
s A = eX'ZeX 4 sitho = 0
— LI — -
T, CosH sinf x 6 g, sinf 00sh x

(2-18)
y(x) = [Oycoshiyr+c2sinh kx +C3cos/a 4 c4sinforj<7(0

1

m o {Cy+Cqft)

19



20

€1+€3 = 0 (2-20)

(2-19)

k[€1sinhkx + c2coshkx - €3 kx +¢, coskx]qft)

f

92 (%0 - k2Cacoshkx +c2sinhkx - Cacoskx - (asinA9<7(0

dzy
dx2(0 0

*200-C3 = 0
€1-€3 = 0 (2:21)
20) @2
C =0 €3 =10 (2-22)
3 (2-18) (2-22)

I(,o = (E2sihkl+Casnk/)q(t

€2sinh kI + Casinkl 0 (2-23)



A
4 / 0
4 (2-18) (2-22)
6x2(/’£) = 2sinhkl + ‘4sinkl
2sinh kl - ‘4sinfrl = 0 (2-24)
2 sinhkl = cdsinkl = 0
(2-23) + (2-24) 2 4
kI * 0
(2sinhkl = 0 sinhkl = 0 k - 0
2 =0 40
- snkl = 0
2sinhkl = 0 2 =0 snhkl = 0
sinhkl * 0
snkl = 0

K o= 1 = 123.



(2-19)

22 ¢

9 - akl - (2:25)
@ = 27
f' - nU 3 '- (2-26)
(1 = Cc2 = G 0 (2-17)
PN = cMs\\kx = Cdsin-y- = 123..
<%X) (natural mode shape function)
(x) (normalize)

Ht>{x)Ydx = 1
C;i\s\*Z-”—T/fX-dx =1

Cgoim oos MX{ax = 1
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23

P = vasinnr = 123, 2

(2-15) (2-27) (2-114)

yn(x,t) = v2sink - facost +Bsin (2:21A)
(A

(pinned-free beam)

N 1
24 - (pinned-free beam)
X 4
y (0 ,0 =0
d2y M _
o200 = 0



0-0 =0

(228 (229 0 G

y (1,0 = £20 sinhki- c28Nkfq(t)

24

(2:29)

(2-29)

(2:30)

(2-30)
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A= 0 E
3

0 2-18)
c2sinh k- cdsinkt = 0 (2-31)
4 (2-18)
(/,t) = [3JC2coshki- c4dcoskngct)
4
£ 2cosh ki - cdeoskr = 0 (2-32)
(2 (4 1
whane
C2 0
skl - SNk
coshki - COSk
cosh X/sinh X/ —sinh X/cos /il = 0

cosh/r/sinfrl = sinhkicoski

sinh k| sin X/
coshkl = COSkI

vy tanh ki tan ki



ki

kj = 39266

vy = 7.0685

*9 = 10.2101

= 133517

*§ = 164798

(2-25) O 5
154182 [ET

1 = r
19,9651 [ET

= 7
@ — 104.761 €T

A

N — 178.2797 ]%
W: 271.?38 [ET
5

(2-26)

2459 [T

L= fpA

oo 192 \ET
2 I~pA

. losot [ET

2 ipA

26

rad

rad

rad

rad

rad

Hz

Hz



X

yn(x,t)

283725 "

F 9 F
829 "
(2-31) 3 C, =1

c2cosh kl +coskl = 0

C _ coskl

cosh Kl
c2 = an
(2-17)

(x) = sinknx - ansinh knx

= |p\knx -a ns\v\knx][Az.oSGnt + Bs\ilcort]

27

(2-320)
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