
CHAPTER II
AN ELEMENT OF THEORY OF FRÉCHET 

DIFFERENTIATION

In this chapter, we give a definitions of Fréchet derivative and present 
some basic theorems on Fréchet differentiable functions which are essential for 
our work. The proof of the theorems whose proof are omitted can be found 
in Flett [3] .

Throughout the chapter, X , Y, and z  will denote Banach spaces over 
either the real or the complex field, unless otherwise stated.

L et f  : A —> Y where A Œ X  a n d  a 0 an in terior p o in t o f  A. Then f  is 

sa id  to he F ré c h e t d iffe re n tia b le  a t a„ i f  there is a  continuous linear fu n c tio n  

L : X  —» Y  such that f o r  every positive  real num ber ร there is a  p ositive  

rea l num ber ร(ร) such that f o r  every vector X e  X  sa tisfy ing  II X - a„\\ < 5  (e) we 

have X e  A a n d

\\f(x ) - f(ao) - L (x-a0)  II < ร il X - a 0\\ . ............... ( 1 )

Remark ะ The condition  (1) in the above defin ition  can be expressed  by the 

equation

lim 11 f (x )  - f ( a 0)  - L (x-a0)
Il X - av I•V - : 0

0 ( 2 )



ร

If such a linear function L in (1) or (2) exists, then it is unique. The 

linear function L is called the Fréchet differential o f  f  at a„ or the Frécliet 

derivative o f  f  at a„ and will be denoted by df(a0).

Exam ple. Consider the space I2 , o f all sequences (x„) o f real numbers such that

Z x ;  < CO .

For X  -  (x„) and y  =  ( y n )  in / 2, the inner product of X and y is defined by

<Y, T> = Z x, y  1 . It is known that /2 with the inner product defined above is a
1

Hilbert space and it is a Banach space with the norm ||x|| = <x , x ) 2 .

Define / :  /2 -> R  by f ( x )  -  Il X ||2 for each r e  /2 .

Let On be any element in /2. We note that

! . / ( * ) o) - 2<a0, x - a 0> I = III X แ2 - II do ร!2 - 2<a„,x-tf0)|

= ! Il -Y II2 - I! rto II2 - 2<a„,.Y) + 2(a, 1,a,,> I
Y II2 + Il C l { )  แ2 - 2<«0, x)

=  l l x - f lü l l2,

and then lim
ll-v-cj,,j|—>0

X -  an
X -  a,.

lim I|y- «ทII
| jc- a o||->0

= 0.

Therefore f  is Fréchet differentiable at a{) and t / f la f  is the continuous linear

function d f l a f  : แ 2 <«0,//) , for each II G / 2 .
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F o r  n o r m e d  s p a c e s  X  a n d  Y ,  w e  d e n o t e  b y  J*(X,Y ) t h e  s p a c e  o f  a ll

c o n t i n u o u s  l in e a r  f u n c t i o n s  f r o m  X  t o  Y  It is  k n o w n  t h a t  Xl(X.Y ) is  a  n o r m e d

s p a c e  u n d e r  t h e  o p e r a t i o n s  o f  a d d i t i o n  o f  f u n c t i o n s  a n d  m u l t ip l i c a t io n  o f  

f u n c t i o n s  b y  s c a l a r s ,  w i t h  t h e  n o r m

Il r  II =  s u p  { Il Tx II I X e  X  , Il JC II <  1 }.

I t  is  w e l l  k n o w n  t h a t ,  i f  X  a n d  Y  a r e  B a n a c h  s p a c e s ,  t h e n  Jl{X ,Y  ) is  

a l s o  a  B a n a c h  s p a c e .  T h i s  f o l l o w s  f r o m  t h e  f o l lo w i n g  p r o p o s i t i o n .

Proposition. (|5|) I f  X  is a  norm ed  space a n d  Y is a  B anach  space then  

£ (X , Y )  is a  B anach  space.

L e t  E  b e  t h e  s e t  o f  i n t e r i o r  p o i n t s  X o f  A s u c h  t h a t  d f(x) e x i s t s .  T h e  

f u n c t i o n  f r o m  E  t o  d î(X ,Y )  w h ic h  a s s ig n s  f o r  e a c h  X in  E  t h e  l i n e a r  f u n c t i o n

d f(x) is  c a l l e d  t h e  Fréchet differential o f  f  a n d  d e n o t e d  b y  d f

I f  A  is  a n  o p e n  s e t  in  X , a  f u n c t i o n  w h ic h  is  F r é c h e t  d i f f e r e n t i a b l e  a t  

e a c h  p o i n t  o f  A  is  s a id  t o  b e  Fréchet differentiable on A

N o t e  t h a t  i f  f u n c t i o n  f  : A Ç: Rn —> R " ' , t h e n  t h e  F r ? é c h e t  d e r i v a t i v e  o f  

/  a t  a<) is  t h e  d e r i v a t i v e  o f  /  a t  ao.
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T h e  n e x t  t h e o r e m  is  im m e d ia t l y  o b t a i n e d  f r o m  t h e  d e f i n i t i o n  o f  F r é c h e t  

d i f f e r e n t ia b i l i t y  o f  a  p o in t  fl() in  A 0.

Theorem 2.1. Let A Œ X  , a n d  let f  : A —> Y be F réchet d ifferen tiab le  a t a  

p o in t a„ in A 0. Then fo r  each E > 0 there exists a  neighbourhood  บ  o f  a„ in 

X , con ta ined  in A , such that f o r  a ll X  e  บ ,

W fM -f(a 0)  II < (\\d f(a0) \\  + E ) \ \ x - a 0\\.

A s  it is  k n o w n  t h a t  a  l in e a r  f u n c t i o n  f r o m  a  n o r m e d  s p a c e  f  t o  a  

n o r m e d  s p a c e  Y is  c o n t i n u o u s  i f  a n d  o n ly  i f  it is  b o u n d e d .  H e n c e  i f  d f(a 0) is 

c o n t i n u o u s  t h e n  t h e r e  is  a  c o n s t a n t  r e a l  n u m b e r  K  s u c h  t h a t  II df(a„) Il <  K .

W e  n o t e  t h a t  t h e  i n e q u a l i ty  in  T h e o r e m  2 .1  y i e ld s  t h a t  t h e  F r é c h e t  

d i f f e r e n t ia b i l i t y  o f  a  f u n c t io n  /  a t  a  p o in t  im p l ie s  t h e  c o n t i n u i t y  o f  /  a t  t h a t  

p o in t .  S o  w e  h a v e  t h e  f o l lo w i n g  t h e o r e m .

Theorem 2.2. I f  f  is Fréchet d ifferen tiab le  a t a 0 , then f  is continuous a t a0 .

I f  a  f u n c t i o n  /  : X  —» Y  is  a  l i n e a r  f u n c t i o n  t h e n  t h e  f u n c t i o n  /  i t s e l f  

s a t i s f i e s  t h e  c o n d i t i o n  f o r  t h e  F r é c h e t  d i f f e r e n t ia l  o f  /  a t  a n y  p o in t  in  X. S in c e  

f o r  e a c h  a 0 e  X

f  ix) - f(a0) - f  ix - flo) = 0,



Theorem 2 .3 . (i) I f  f  : X  —> Y is a  linear fu n c tio n  then f  is bréchet 

d ifferen tiab le on X  a n d  d f  (x) = f  f o r  a ny  X in X.

(ii) I f  f  : X  —> Y is a  constant fu n c tio n  then f  is F réchet 

differen tiab le on  X  a n d  f o r  any X in X, d f  (x) is the zero fu n c tio n .

The next result gives some equivalent formulations of the differentiability.

Theorem 2 .4 . L et f  be a  fu n c tio n  fro m  a  set A Œ X  into Y , let a a be an  

interior p o in t o f  A , let T  be a  linear transform ation from  the sel X  into  Y , 

a n d  let

R (  h )  = f ( a 0 + h ) - f ( a „ ) -  T (  h )  (  a„ + h €  A )

Then the fo llo w in g  sta tem ents are equiva len t :

(i) f  is F réchet d ifferen tib le  a t a 0, w ith d f ( a a)  = T ,

(ii) f o r  each bounded  set E  (Z  X 1 R (  th )  / 1 —>  0  a s t —> 0  in  R ,  uniform ly  

f o r  h in E  ;

(Hi) f o r  each sequence ( t n)  in R \ { 0} converging  to 0 a n d  f o r  each bounded  

sequence ( h„ )  in X , R ( t „ h „ ) / l „ —> 0 a s ท —» CO.

for any X in a neighbourhood o f  ao, hence the left hand side o f  (1) is zero

and thus (1) holds.



Further 1 i f  X  is f in i te  - d im e n s io n a l, then each o f  (i) - (Hi) is equiva len t to 

(iv) f o r  each com pact se t E  çz X, R(th) / 1 —> 0 a s  t —» 0 in R, uniform ly f o r  

h in E.

Theorem 2.5. (i) I f  A ÇZ X , a n d  f  : A -> Y  is F réchet d ifferen tiab le  at a0 , 

then f o r  each sca lar a  the fu n c tio n  a f  is F réchet d ifferen tiab le  at a 0 a n d  แร 

d ifferen tia l a t a0 is a d f  (  a D).

(ii) I f  A , B  Œ X , a n d  f  : A  —> Y  a n d  g  : B  —» Y are Fréchet 

d ifferen tiab le  a t a„ then f  + g  is F réchet d ifferen tiab le a t a 0 a n d

d ( f + g ) ( a a)  = d f  (  aa)  + d g ( a „ ) .

These two results in theorem 2.5 assert that if ^7) is the set of all 

functions which are Fréchet differentiable at a point a 0 of A , then ^7) is a 

vector space under the operations of addition of functions and multiplication of 
functions by scalar. Moreover, the function /  h-> d f  (  a0 )  is a linear function

from f f )  into A {X , Y).

The next result is the chain rule, which asserts that the derivative of the 
composition of two Fréchet differentiable functions is the composition of their
derivatives.
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Theorem 2.6. ( The chain rule ).
L et A ç- X , B  CI Y , let f  : A —> Y be F réchet d ifferen tiab le  a t a„, 

a n d  let g  : H —> z  be Fréchet d ifferen tiab le a t the p o in t bo = f  (  aB). Then 

the function  g  o f  is F réchet differentiable a t a0, a n d

d  ( g  o f )  (a „ )  = d g  (b o )  o d f  ( a„).

Theorem 2.7 L et A  £  X , f  : A  -» R, g  : A  —> R. I f  f  a n d  g  are F réchet 

differen tiab le  a t c then the p ro d u ct fu n c tio n  f  • g  w hich assigns f o r  each X  in A 

the p rod u ct j%x)g(x) is  F réchet d ifferen tiab le a t c a n d  f o r  each น G X,

d ( f-g )(c ) : น 1 > g(c)d f(c)(ii) t f{c)dg{c)(u ). ...........................(3)

Proof. Let d  and g  be Fréchet differentiable at c. Then d f(c) and dg(c) are 
continuous linear fonctions and hence d ( f  g )(c) defined in (3) is a continuous 
linear function from X  into R. Since

i f  - g )(x ) - ( f  - g )(c) - [g(c)df{c)(x - c ) - f{ c )d g (c )(x  - c)]

= g (x)[f(x) - A c )  - df{c){x-c)] +1/ (c)[g(x) - g(c) - dg(c)(x  - c)] +(g(x)- g (c))[df{c)(x- c ) l  

then
!( / - g)(x) -  ( /  - g )(c )  -  [ g (c )d f(c ) (x  -  c) -  f  (c )d g (c )(x  -  c))\

\ \x - c \ \

rrf f  { x )~  f i e ) - d f  ( c ) ( x - c ) -f r g (x )  -  g (c )  -  d g (c ) (x  -  c)g \ x ) \\x -c \\ J \\x-c\\ J

+ I ^ )  - g(c)



„ 1 , M \ f i x ) - f i c ) - d f { c ) { x - c ) \  1 , 77, , \g{x)~ g(c)-dg(c)(x-c) \ ̂ I  gw  I - - - - - - - - - - - - - - - - - - - - -  +  I  Ax) - - - - - - - - - - - - - - - - - - - - - - -\\x — q| I I* -c||

+ I gix) - g(c) I II df{c) II . ................................................(4)
By the definition of df[c), we have II df[c) II is finite. Hence it is clear from (4)

that 1im ! ( /  - g)jx) -  i f  - g)(c) -  [gjc)df (c)(x -  c) -  f  (c)dg(c)(x -  c)] I = 0
x -* c  11JC — c||

That is, f -  g is Fréchet differentiable at c and for each U e X ,  
dif- g)(c)( น) = g(c)df(c)(u) +j[c)dg(c){u).

Theorem 2.8. Let A CI X, / :  A —» R  be such that f x )  ^  0 f o r  any x e  A. I f

1 1f  IS F réchet d ifferentiable a t c then the fu n c tio n  — ะ X K> '7.; - f o r  eachf  f i x )
r e  A is F réchet d ifferen tiab le a t c and

1
7d (- )(c )(u )  = - f  2 (x) df[c)(u) , f o r  a ll น e X •(5)

1Proof. Let /  be Fréchet differentiable at c. Then the function d (— ){c) is a 

continuous linear function from X  into R. Since

7TT - 77T +  ~  c)f i x )  f ( c )  f  (c)

f  f i x )  -  f i e )  -  d f  (c)(x -  c) ไ d f  (c)(x -  c)
f i x ) - f i c ) ' f f f r  + f r z d / i c K x - c ) ,  f i x ) f ( c )  f 2i c ) J K A

then น -  c - 7 7 7 7  + 7 7 7 ^  c /(c )(x -c ) ./(* )  /(c )  / ( c )

1 f  i x )  -  f  (c) -  d f  (c)(x -  c) (x  -  c) 1 1

f i x )  f i e ) ll*-c || ■ /(  / / น I f i x ) f ( c )  f \ c ) \
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We note that d f ( c ) ( *  -  c)
\ x - c \ < df[c) II implies

\x  -  c 7 7 T -  7 7 7  + ----- d f  (c )(x  -  c)L / พ  / (c) /  (c)

< l f ( x ) - f ( c ) - d f ( c ) ( x - c )
_ 1_  II ภภ II 1 1

1/ พ - / (c) 1 | |x -c || + II dj(c) II / พ / (c)~  f  2 (c)
Therefore

lim 1

< lim

|x - c | |

1

7 7 7  -  7 7 7  + 7 5 7 7  d f  (c)O -  c) L /W  / (c) / - ( c )

เ / พ / พ เ
1. 1/ พ -  / ( c ) -  d f  (c)(x-c)|lim ------------------------- 77------------ 7-------------- h II d j(c) Il limx - c f ( x ) f ( c ) ~  f  2 (c)

1
\ f \ c ) \

0.

•0 + 11 d ftc) Il - 0

1Hence — is Frchet differenteable at c and for each น G X

d (yr)(c)(u ) 1
f \ c ) df[c)(u).

Corollary 2.9. L et A Œ X , f  \ A  —> R , g  : A —> R be such that g(x) 5* 0 fo r

feach X  e  A. I f  f  a n d  g  are F réchet differentiable a t c then the quotient g
is F réchet d ifferen tiab le  at c and  fo r  each น e  X,

ร  g 2 (c)
.(6 )

i 1 9 2C G 53 7
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Proof. Let /  and g  be Fréchet differentiable at c. Then the function L/(—)(c)
8

defined in (6) is a continuous linear function from X  into R By applying 
theorem 2.7 and 2.8, we have

d { ~ )  (c)(u) = d( f  - ^)(c)(«)

= d flc ) (น) + f ( c ) ( - - ^ —  d g(c)(u ))

g ( c ) d f  (c )(u ) -  f  (c )dg (c)(u )  
g 2{c)

/ /Hence — is Fréchet differentiable at c with d (—)(c) is as defined in (6).

The next theorem is a mean value inequality for functions /  from a 
subset of a Banach space into a Banach space.

Theorem 2.10. L et a, b be d istinct p o in ts  o f  X , let ร  be the d o s e d  line 

segm ent in X  w ith  endpoin ts a  a n d  b, a n d  let f  be a  fu n c tio n  fr o m  a 

subset o f  X  con ta in ing  ร  into  Y which is continuous on ร  a n d  Fréchet 

differen tiab le  on ร. Then there exist a  p o in t c e  ร  such that

Il f (b )  - f (a )  Il < Il df(c)(b-a) II .

Recall that if /  is a function from a set d ç  I  into Y  and differentiable 
at every point in a subset E  of A , then the differential, d f \  of /  is a function 
from the set E  into the Banach space X (X , Y). That is d f  : E  —> d (X . Y). So



L et f  : A —» Y where A Ç  X  a n d  a Q an interior p o in t o f  A. Then f  is 

sa id  to he twice Fréchet differentiable at a 1, i f  d f  is d e fined  fo r  X in a 

neighbourhood  o f  a„ in X  a n d  there exists a  continuous linear fu n c tio n  

T : X  -> X ( X ,  Y) such  that

lim 11 df{x) - d f(a0) - T(x-a„) j  I = 0 .
X — ► «0 ! I X - a B  j !

We ca ll the continuous linear fu n c tio n  T, the second Fréchet 

differential o f  f  at ท,, a n d  denote by d 2f ( a Q).

G enerally , the k-th Fréchet differential d kf  o f  f  is d e fin ed  inductively  

by the fo rm u la e

d ' f  = d f 1 d kf  = d ( d k-‘f )  where ท = 2,3,4,...
I f  d kf  is d e fin ed  a t the p o in t a0 e  X, we say that f  is k-times Fréchet

differentiable at น,, 1 a n d  we ca ll the value d kf ( a 0) o f  d kf  there, the A th

Fréchet differential o f  f  at น,,.

Note that d f  : X  x l (X,Y)

d2f =  d{df) : ,v -> (X, X  { X X ) )  

d tf=  d ic ff)  : X -> (X, X  { X X  { X X ) )

e t'[f = d{ctf) : A" -> (X, X { X ,. . .X  {X ,Y)) .

we can define the Fréchet differential o f  d f  at a point do in E °. This is the

way the higher Fréchet differential defined.



W e  c a n  s im p l i f y  t h i s  n o t a t i o n  b y  u s i n g  t h e  i s o m e t r i c  b e t w e e n

A  (X, X. (X:\ JO) a n d  Y).

X  ( พ  X. (X X  (X, Y)) a n d  A { X x X x X  ,Y)

A  (X, XL (X,...,A (X, JO ) a n d

T h e  n e x t  t h e o r e m  c o m e  n a t u r a l l y  f r o m  t h e  a b o v e  d e f i n i t i o n  

c o n s e q u e n c e  o f  t h e  t h e o r e m  2 .5 .

T h e o r e m  2 .1 1 .

(i) I f  f :  A —> Y is  n -tim es F réch e t d iffe ren tia b le  a t a 0 , w here A Œ X , 

is  a  s c a la r ,  then  a f  is  n -tim es F réch e t d iffe ren tia b le  a t a 0 .

(ii) I f  f :  A —» Y a n d  g : A —> Y a re  n -tim es F réch e t d iffe ren tia b le  

w here A ç r  X , then f  +  g  is  n -tim es F réch e t d iffe ren tia b le  a t  a 0 .

Theorem 2.12. L et A Œ X  , B  Œ Y , le t f :  A - »  Y be n -tim es

d iffe ren tia b le  a t the p o in t a Q , a n d  le t g : B - >  z be n -tim es

d iffe ren tia b le  a t the p o in t bo = f { a 0). Then g  O f is n -tim es

as th e

a n d  a

a t a 0 1

F réch et

F réch et

F réch et

d iffe ren tia b le  a t a 0 .
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