
CHAPTER MI
ROLLE’S THEOREM IN BANACH SPACES

In  t h :s  c h a p t e r ,  w e  e s t a b l i s h  t h e o r e m s ,  a n a l o g o u s  w i t h  R o l l e ’s  t h e o r e m ,  

f o r  f u n c t i o n s  f r o m  a  s u b s e t  o f  R" i n to  a  r e a l  B a n a c h  s p a c e  B A n d  a s  a  

c o n s e q u e n c e  w e  o b t a i n e d  a  v e r s i o n  o f  m e a n  v a l u e d  t h e o r e m .

T h e o r e m  3 .1 . L et f  : D (x „ , r)  —» B be con tin u ou s on  D (x „ , r) a n d  Fl è ch e t 

d iffe ren tia b le  on  B (x „ , r ). If  th ere  is  a  con tin u ou s lin ea r  fu n c tio n ed  if) : B —» R, 

a n d  a p o in t Zo £  B (x0 , /•) su ch  th a t if) ( f ix )  -  J{z0) ) d o e s  n o t ch an g e sig n  on  

ร (x0 , /•), then  th ere  ex is ts  a  vec to r  c  £  B (x0 , r) such  th a t

if> (dfic)(u ) ) =  0 fo r  a l l  น e  R".

P r o o f . L e t  i f )  b e  a  c o n t i n u o u s  l in e a r  f u n c t io n a l  o n  B a n d  z c a  p o in t  in  B (x0 1 r) 

s u c h  t h a t  f) ( f{.x) -f{zo ) ) d o e s  n o t  c h a n g e  s ig n  o n  .ร'(X o , r) .L e t  g  : D (x p, /•) - >  R  

b e  d e f i n e d  b y  g (x )  =  iffffx)) f o r  e a c h  X e  D (x a, r). T h e n  g  is  c o n t i n u o u s  o n  

D (x 0, /•) a n d  d i f f e r e n t i a b l e  o n  B(Xo 1 / ') . A s s u m e  t h a t  ( f f  f ix )  - f i z o)) <  0  f o r  a ll 

X e  ร ( x 0 1 r) . T h e n  f o r  a n y  X in  ร (Xo 1 /•), g ( x )  <  g (z 0). S i n c e  g  is  c o n t i n u o u s  o n  

t h e  c o m p a c t  s e t  D (x 0 , r ) ,  t h e n  g  a t t a i n s  i t s  m a x im u m  o n  D (x 0 1 /-). T h a t  is , t h e r e  

is  a  p o in t  c  G B ( x 0 , r)  s u c h  t h a t  g (c )  =  m a x  { ^ ( x )  I X G D (X o, r) }. T h u s  

d g (c )  =  0 , a n d  h e n c e  (f) (d fic ))(u ) = d((f) o f)(c ){u )  = d g (c )(u )  = 0  f o r  a ll // G R " 

T h e  p r o o f  foI t h e  c a s e  iffl{x) -  f i z 0)) > 0  f o r  a ll X in  S(Xo, / ') ,  is  s im i la r
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I f  th e  a ssu m p tio n  in th eo rem  3.1 is s l ig h t ly  w e a k e n  b y  re p la c in g  th e  

c o n d it io n  th at th ere  is  z 0 e  B (x0 1 r ) su c h  that (f) ( J \x ) - f [ z 0) ) d o e s  n o t c h a n g e  

s ig n  o n  S(x0 , r)  w ith  th e  c o n d it io n  thatI
(/> ( f [x )  )  =  k  , for e a c h  X  in  ร (x 0 , r ) ,  w h e r e  k  is  a c o n sta n t  

th en  th e  c o n c lu s io n  is  s t i ll  th e  sa m e.

Theorem 3.2. L e t f  :  D (x 0 , / • ) —> B b e  con tin u ou s on D (x0 , r) a n d  F réch e t 

d iffe ren tia b le  on B (x0 ,r). I f  <f> : B - >  R is  a con tin u ou s lin e a r  fu n c tio n a l such  

th a t <p (f[x)) is  co n sta n t on ร (x0 ,r)  then th ere  is a  vec to r  c  in B (x0 , r)  such  

th a t r

<fi ( df(c )(u )  ) =  0  f o r  a ll น e R".

Proof. L et <fi : B —> R b e  a c o n tin u o u s  lin ea r  fu n c tio n a l su ch  th at

<p ( f { x )) =  k  fo r  a ll X  e  ร (x 0 , r), w h e r e  A: is  a co n sta n t  

T h e n  (j) { f ix )  -  f [ x  o)) =  <f> ( f ix ) )  -  (เ) ( / (x0)) =  k -(f>  i f x o )  for a ll X e  ร (x 0 , r). 

T h e r e fo r e  th e  m a p :  X < / > ( f [ x ) - f [ x  o)) is  a c o n sta n t m ap  o n  ร  (x 0 , r). B y  

th e o r e m  3 . 1 ,  th ere  e x is t s  a p o in t c e  B (x0 , r)  su ch  that

(เ) ( df[c){u )  ) =  0  for a ll «  e  R " .

T h e o r e m  3 . 1 .  and  th eo rem  3 . 2 .  are n o t n e c e s s a r ily  true w h e n  th e  sp a c e  

R" is  r e p la c e d  b y  an in fin ite  d im e n s io n a l B a n a ch  sp a c e , as illu str a ted  b y  th e

following example.
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Example. ([2]) L e t  L a n d  R d e n o t e  t h e  c o n t i n u o u s  l in e a r  o p e r a t o r s  in / 2 given 

b y

L(x) = ( x 2 , X;,, . . . ) ,

R(x) =  (0 . Xi, x2, x3, . . . ) ,  f o r  X =  (X i, x 2 , x 3 , . . . )  G / 2  .

L e t  T b e  t h e  m a p  T : l2 —> h  d e f i n e d  a s

7 ’( x )  =  ( ( 1 / 2 )  - Il X jI* )  ๙! + R(x ) , w h e r e  ๙! =  (1,0,0,...), f o r  X G  h

D e f i n e  t h e  f u n c t i o n  f  : 12  —> R  b y

Ax) - l-llxll
II*- ฑ » แ

, f o r  X G / 2.

S in c e  t h e  m a p  T h a s  n o  f ix e d  p o i n t ,  Il X -  T(x) II ^  0  f o r  a n y  X  G l2 a n d  /  is  

w e l l  d e f in e d .  T h e n  /  is  c o n t i n u o u s  in  /2 a n d  f ix )  =  0  f o r  e v e r y  X  G S (0 ,\) .  A s  

s h o w n  in  t h e  e x a m p l e  in  c h a p t e r  II, t h e  F r é c h e t  d e r i v a t i v e  o f  g  w h e r e  g (x )  =  | |x ||2 

a t  X G  / 2 is  t h e  c o n t i n u o u s  l in e a r  f u n c t i o n  d g (x ) : II h-> 2 ( x ,น). S o , T is  F r é c h e t  

d i f f e r e n t i a b l e  a t  X a n d ,  f o r  e a c h  lie h  ,

dT(x)(u) =  - 2  ( x ,  น) e\ +  R(n).

H e n c e  t h e  F r é c h e t  d e r i v a t i v e  o f  h w h e r e  h(x) =  Il X - 7 '(x )  | |2 a t  XG / 2  is t h e  

c o n t i n u o u s  l in e a r  f u n c t i o n  dT(x) : น I—> 2 ( x -  T(x), น -  d  T(x)(u))  f o r  e a c h  II G / 2 . 

T h e n  b y  t h e  c o r o l l a r y  2. 9,  f  is  F r é c h e t  d i f f e r e n t i a b l e  a t  e v e r y  X G / 7 a n d ,  

f o r  e a c h  น G / 2 ,

d f { x ) u  = | | x _  x  [-211 x-T(x)\Ÿ (x,น) - 2( 1 - | | x | | 2) ( x - T ( x ) , n - d T ( x ) n ) ]

S in c e  < 7 '( x ) ,๙ 1)  =  - - X II2 a n d  (x j i l i )  =  (Lx, น), 7_,(7’( x ) )  =  X , it f o l lo w  th a t
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t x - T ( x ) , u - d T ( x ) u > = <(l + 2 x ,+ 2 ||x ||2 )x - :r (x ) -I (x ) ,M > .
Therefore,

พ "  =  II Ml-*

X < II x-7(x)||2 + (i-iw i2) (1 + 2x, +  2||x||2 ) x  -(1-IWI2)( L  (x) + T(x), พ).

For each X  in 12, let

^ พ  =  i | x - r ( x ) l l 4 x [  11 x ' T { x ) l ] 2  + ( H W | 2 ) ( 1  +  2 x '  +  211x1,2  ) x - ( 1 - I M I 2 ) (  L{x) +  r ( x ) ) ] ■
T h e n  dj{x)(u) =  ( F ( x ) ,  พ) f o r  a l l  น e 12,

W e  n o t e  t h a t  i f  df (x ) (u )  =  0  f o r  a l l  พ e  / 2 , t h e n  F ( x )  =  0  f o r  a l l  น e  12. 

N e x t ,  w e  s h o w  t h a t  t h e r e  e x i s t s  n o  X in  B ( 0 ,1 )  s u c h  t h a t  d j {x )  =  0 .

S u p p o s e  t h a t  df(x) = 0 , f o r  s o m e  x e  5 ( 0 , 1 ) .  S i n c e  --------- - ■ , *  0 ,  t h e n
l | x - r ( x ) ! i 4

[ II X -F (x )||2 + ( l - | | x | | 2) (1 +  2 x ,  +  2 | | x | | 2 ) x - ( H M | 2) (  L(x) + T(x)  ) ]  =  0 .

T h a t  i s ,  +  1 +  2 x , +  2 | |x | |2 )  X =  L(x)  +  T(x ) .

| | x - 7 \ x ) | | 2
L e t  5 =  ~_ x  +  1 +  2 x ,  +  2 | |x | |  . ( 1 )

T h e n  L(x) +  T(x) =  .S’X a n d  L2(x) - sL(x) +  x  =  0 . S o ,  f o r  e a c h  ท >  1 ,

x  ท+ 2  =  sx n+1 ■ x ท •

T h a t  i s ,  X e  K e r ( F 2 - sL +  /  )  i s  a  r e c u r r e n t  s e q u e n c e  o f  o r d e r  t w o  in  /2. T h e  

a s s o c i a t e d  c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h i s  t y p e  o f  s e q u e n c e  is
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t2 - St +  1 =  0. (2)

T h is  eq u a tio n  g iv e s  US th ree  d iffe ren t a ltern a tiv es  a c c o r d in g  to  th e  s ig n  o f  its

S in c e  ( x n ) e  12 , lim x n = 0 , so w e  h a v e  that A = B = 0 , i .e , * = 0.

S in c e  F (0 ) =  1 6 g |, th en  df{0 )(u ) =  น) =  ( l 6 e , , น) =  1 6 m, for a ll น e 12, 

and th is  is  a c o n tr a d ic tio n . r

C a se  2 . I 5 I <  2 .

T h en  th e ch a r a c ter is tic  eq u a tio n  h a s tw o  c o m p le x  ro o ts  g iv e n  b y  

a  =  c o s d  +  i s in O , p  =  cosO  - i s in 9 ,  s in d  Ï  0.

T h e n , for e a ch  ท >  1 ,

x n =  A (co sO  +  i s in 0 )n +  B (c o sO - i s in 9 )n .

-  (A + B )cos ท0  +  (A -B )i sin  ท 9 .

S o  x n =  c co s  n d  + D s m n d  w h e r e  C  =  A + B ,  D  =  ( A - B ) i .

S in c e  ร พ 9  *  0 , th en  i f  c  or D  is n o n z e r o , th en  th e  s e q u e n c e  (xn ) h as n o  

lim it. B u t lim  ,v(1=  0 , then  c =  D  = 0 .  T h at is , X =  0 . A s  in  th e  c a s e  I ร I =  2 ,

d iscr im in a n t. T h at is , I 5 I =  2 , 1 ร I < 2  and I 5 I >  2.

C a se  1. I ร I =  2.

F o r  e a c h  ท >  1,

th is  is  a c o n tra d ic tio n .

C a se  3 . I ร I >  2 . W e  h a v e  tw o  real ro o ts



W e note that one o f  these roo ts has absolute value g reater than one

a n d  t h e  o t h e r  l e s s  t h a n  o n e .  A s s u m e  t h a t  \a I >  1 a n d  \p I <  1. A g a in ,  

h a v e  a  s o l u t i o n  o f  ( 2 )  is

xn = Act? + B p " ,  f o r  e a c h  ห > 1.

S in c e  l im  x n -  0  , w e  h a v e  A -  0 . .  T h e n  x„ = B p nA , f o r  e a c h  //  >  1.
/ไ—>00

S o  X =  (x 1 7 X \P 7 X \ P z , . . . ) , ||x||2 =  X i2 ■ ไ
น - , 0  2 J

a n d

I k - พ  =  I I f  f \ x] '
* 1  - \ 2 ~ \ - p  2J ,  X j f i - X ^ X 1p  2 -X,/?,.

~ , x i (p  - l ) , * 1/?  ( p  - ใ ) , ...
r 1 +  1 - p  2 ~ 2

X, + X,2 _ 0 \
1 - p 2 V

x 2 ( i - / 7 )
\ + p

S in c e  p 2 - s p +  1 =  0 ,  t h e n  ร = ( p  +  — )

F r o m  .SX =  7 ( x )  +  L(x) , w e  h a v e  XX1 = [ —] - ||x || +  X\P.ท

T h e r e f o r e

•vr + ■  2 (l - A )  = 0 (3:

S in c e  ( 3 )  im p l ie s

( 1 - n  = f \ - p 2 '
p

Xi 5 t h e n

w e



| x - / ( x ) | |
Xp \ - p 2) + x 2 - X- { \ - p 2)

^ p 2
+ x ; ( \ - P Ÿ

1 - J 3 2

x t0 ~ p 2) + (1z A  :_) 
p

1 - p
+ * r ( i - / ? ) 2

\ - p 2

f  v V  ..2£ lX1
V p j

+ x 2( \ - p y  
l - / ? 2

r  o 2 l-y g  
l J p )  r { \ + p )

=  X, ' y g - l V  f l - / ^
v ^ r j  + u  + /?y

= x; 0 - / 8  ) 2 ( l  +  /g  )  +  / ? 2( 1 - j g  ) ' 
/8 -(! + /? )

*เ2 ( 1 - / 7  )  โ/'1 0  2 ไ ท  2 ไ

* 2Q - / ?  )
P 2( \ + P  )■
2 ( \ - P 2'Xp  - 2 x , )  1 2 x ,2

F r o m  ( 3 ) ,  w e  h a v e  X, =  - -----------— -------------  a n d  -------72P \ - P  -
P  -  2 x ,
" T "

H e n c e ,  b y  s u b s t i t u t i n g  in  ( 1 ) ,  w e  h a v e

1  = * , M )  l - / ? 2
p  p 2( \ + p )  I - / ? 2- * ,2

2*r
I - p -  ■

+ 1 + 2xi +
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SO

v r ( i - / ?  )2
p  0 - p  - * , )  

* f ( l - P  Ÿ

^ 3 - 3  +  p  +  2 x ^  +  ( ^ - 2 x >) -  P ‘

2 .  +  0 5 - 2 x 0 ( 1  - / ? )  +  /?P  (1 - p  - * , )

( 1 - / ?  2 ) ( / ? - 2 x  ) ( ! - / ?  ) 2 
2 / ?  2 ( 1 - /?  2 - x , 2 )

+  0 9 - 2 x 0 ( 1  - / ? )  +  P

n ( \ - p  2\ p - 2 x x) { \ - p  Ÿ  
1 - p  = — „  0  2 '1— ท 2— 3 ; —  +  ( P - 2 x , X  1 - P )

2 p  \ \ - P  2 - X  )

1 = 0 0 - 2 x 0  +
( 1 - / ?  2 X I - 2 X ,  ) ( ] - / ?  ) 

2 / ?  2 ( 1 - / ?  2 - x , 2 )

1 =  0 5 - 2 X , )  1 +
( 1 - / ?  2) ( 1 - / 0

2 P  2 (1 - P  2 - x f J
( 4 )

F r o m  ( 3 ) ,  w e  c o n s i d e r  t w o  s u b c a s e s  :

- 1  + p  ! 3 - / »  !S u b c a s e Xi = 2/?

S in c e  ||x || <  1,  1 -  p 2 > X2. i .e ,  X2 + p 2 <

F r o m  ( 4 ) ,  w e  h a v e  t h a t  0 < / ? - 2 x i < l .  T h e n

p -  2 x  1 =  p  -  2
- 1  +  /?  2 - V l - y g  4 I =  1 + V l - y g  4

2  p p

s o  0  <  1 +  Â ^  <  1. T h u s  3  >  1 +  V l - / ?  4 >

A  c o n t r a d i c t i o n ,  s in c e  \ p  I <  1.
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S u b c a s e  3 .2 .  X| = \+P z+j\~p~ 
2 p

N o t e  t h a t  I - x~ - p2 = 1 - 1 + /3 2 + \/l -  (3 4 
2(3 (3-

( ^ ) < 1 - > ร2)
1-  (3 2 + 1+ P 2 - 2 ^ \~ p

2 (3

2(3 (1 - / ? 2) P +
2 ( - 1 +(3 2 + ^ J  

2(3

2(3 (1 - / ? :)00 + 2X,).

F r o m  ( 4 ) ,  w e  h a v e  t h a t

1 /------ T  2(3 2 - p  + J l -(31 = i  ( 1-  4 ' ~ p  2 ) y — ~(3 2(3 2 - ]  + ^ \ - ( 3  -

P(2p2- 1 + ^  (3 4 ) = ( I - 4 ' - P 4 )(2 /?2 -/? + 4]~p 4 )

2 /? 3 = (1 - 7 l  -P  4 )(2 /? 2 - /?  + V l - y f f  T ) +P(l- j \-P  4 )

2P 3 = (1 - V i - £  4 )(2/?2 + V i - Æ  4 )

2/?3(l+ 4l -p  4 ) = /?4 (2/?2 +

2 (1  +  4\~p 4 ) =  P (2p  + 4\-p  4 )

2 + 2 4 ^ p  4 = 2 /T  + p 4'\~P 4

2 ( 1  - y?3) = { P - 2 ) 4 \ - P  1 .
T h is  is  a l s o  a  c o n t r a d i c t i o n ,  s in c e  2 (1  - / ? ' )  >  0  b u t  ( /?  - 2 ) ^ / l  -  p



W ith  (f) =  th e  id en tity  fu n ctio n  o n  R, and z 0 b e  any  p o in t in B ( 0 , 1), w e  

h ave fo r  ea ch  X in ร (0,1), (j) (j{x)) =  f i x )  =  0  and (เ) ( / (x ) - / ( z 0)) = f i x )  - / ( z „ )  =  

- f {z0) in ร (0 ,1 )  but th ere  is no  p o in t X in B ( 0 , 1 ) su ch  that L/ /(x )  =  0  on  /2

T h e  fo l lo w in g  resu lts  are d irec tly  o b ta in ed  w h e n  rep la ce  D (x 0 , r )  by th e  

c lo su r e  o f  any o p e n  b o u n d ed  se t o f  R" in T h eo rem  3.1 and T h e o r e m  3 .2 .

F or a su b se t A o f  R " , let A and ÔA d e n o te  th e  c lo su r e  o f  A and th e  

b ou n d ary  o f  A, re sp ec tiv e ly . W e  h ave  th e  fo l lo w in g  th eo rem .

Theorem 3.3. L et A be a n y  o p en  a n d  b o u n d ed  su b se t o f  R", f :  A —> H be

con tin u ou s on A a n d  F réch e t d iffe ren tia b le  on  A. L e t (j) : B —> R be a  

con tin u ou s lin ear fu n c tio n a l a n d  le t Zo be an  e lem en t in A su ch  that 

<p{f{x) -  f (z0)) d o e s  n o t ch an ge sig n  f o r  a l l  X €  dA. Then th ere  ex is ts  c  e  A 

such  that

(เ) (d f{c ){u )) =  0  f o r  a l l  น e  R".

Proof. S in c e  A is a co m p a ct, th en  th e  p r o o f  is sim ilar to  th at o f  th eo rem  3.1  

w ith  D(Xo, /•) is rep la ced  by  A .  ■

A n d  a lso  w e  h ave  th e fo l lo w in g  coro llary .



C o r o lla r y  3 .4 .  L et f :  A —> B  be con tin u on s on  A a n d  F réch e t d iffe ren tia b le  

on A. A ssu m e th a t th ere  ex ists  a  con tin u ou s lin ea r  fu n c tio n a l (f> : B  —> R  such  

th a t (f>i f ( x )  ) is  con stan t f o r  a l l  X e  âA. Then there ex is ts  c  e  A su ch  that

(f> (d f{c ){u )) =  0  f o r  a l l  น e  R".

R o l l e ’ s  t h e o r e m  c a n  b e  p r o v e d  b y  u s in g  c o r o l l a r y  3 .4 .

C o r o lla r y  3 .5 .  ( R o l l e ’ s  T h e o r e m  )

L et f  : [a , b] - >  R  be con tin u ou s on  [a, b] a n d  d iffe ren tia b le  on  (a , b). 

I f  f { a )  = f (b )  then there is a  p o in t c  e  {a, b) su ch  th a t d f(c )  =  0.

P r o o f . A s s u m e  t h a t  f ( a )  =  J[b ). L e t  (j) R  —» R b y  (jfx) =  X. T h e n  (f> is  a  

c o n t i n u o u s  l in e a r  f u n c t io n a l  s u c h  t h a t  <p (f(ci)) =  f{a)  =  f (b)  = (fff{b)).  B y  

c o r o l l a r y  3 .4 ,  t h e r e  is  c  G (a ,b)  s u c h  t h a t  (ffdf(c){u) )  =  0  f o r  a ll น G R  T h e n  

<1lfd f ( c) (u ) )  =  df(c) (n)  =  0  f o r  a ll  น G R , s o  d f(c )  =  0  . ^

In  1 9 9 6 ,  Y a m s a k u l n a  [7 ]  p r o v e d  R o l l e ’s  T h e o r e m  in  H i lb e r t  s p a c e .  T h e  

c o r o l l a r y  3 .7  is  Y a m s a k u l n a ’s R o l l e ’s  T h e o r e m .  It c a n  b e  o b t a i n e d  im m e d ia t l y

f r o m  t h e o r e m  3 .2  a s  s h o w n  b e l o w .
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Corollary 3.6. Let H be a H ilbert space. Let f  : D(x0 , /•) —> H be continuons 

on D{x0 , /•) and differentiable on B(x 0 , r). Assume that there exists a vector 

V £  I I  such that < v , / ( x )>  is constant on ร (x0, /•). Then there exists a vector 

c £ B(x0 , r) such that (v ,d f (c )(ti)) = 0 fo r a ll u £ R".

Proof. L e t  V £  H b e  s u c h  t h a t  g  ( x )  =  < v , / ( x ) >  is  c o n s t a n t  o n  ร (x0 . r). 

L e t  (f) \ H —» R  b y  (f) (x) = ( v , x ) . T h e n  (j) is  c o n t i n u o u s  l i n e a r  f u n c t io n a l  a n d  

( f )  { f { x ) )  -  ( v , f ( x ) )  is  c o n s t a n t  in  ร(x0 , r). B y  t h e o r e m  3 .2 ,  t h e r e  e x i s t s  

C £  B ( x „ , r)  s u c h  t h a t  <f) (df(c)(u)) =  0  f o r  a ll น G R "  T h u s

(v ,d f(c )(u )) = (f>{dj{c)(ii)) = 0 f o r  a ll น G R "  u

T h e  n e x t  c o r o l l a r y  is  t h e  R o l l e ’ร t h e o r e m  o f  F u r i  a n d  M a r te l l i  [ 4 ] ,  

m e n t i o n e d  in  t h e  c h a p t e r  1

Corollary 3.7. Let f  : D(x0 1 r) -O’ R /J be continuous on D(xr> . r) and 

differentiable on B {x „ , r). Assume that there exists a vector V’ t  IC  such 

that V  ■ f ix )  is constant on S{x0,r ) .  Thus there exists a vector c £ B(x0 ,/■) 

such that

V - dj{c){u) = 0 f o r  every น £  R"

A s  a  c o n s e q u e n c e  o f  t h e o r e m  3 .2  w e  h a v e  a  t h e o r e m  a n a l o g o u s  to

S a n d e r s o n ’s  M e a n  V a l u e  T h e o r e m .



T h e o r e m  3.8. L et a  <  b a n d  f  : [a, b] B be k tim es  Id é c h e t  d ifferen tia b le . 

A ssum e th a t there ex is ts  a  con tin u ou s lin ea r  fu n c tio n a l </> : B —» R such  that 

( < fo f)(a ) =  if) o f ) (b )  =  0  a n d  the f i r s t  k - 1 d e r iv a tiv e s  o f  f  a t a  a n d  

( j)o d k'\ f {a )  a re  0. Then f o r  som e c  G (a, b ), (f)o d k f ( c )  =  0.

Proof. B y  th eo rem  3 .2 , th ere  e x is ts  Cl G (a, b)  su ch  that (f) o d f  (Cl) =  0. T h e  

th eo rem  3 .2  can  b e  ap p lied  to  d f  in th e  in terval [a , C|], so  th ere  e x ists  

c 2 G (a, Cl) su ch  th at <f) o d(df)(c2) =  0. i.e . < fo d 2f (c f )  =  0. A g a in , w e  app ly  th e  

th eo rem  3 .2  to  d 2f  in th e  in terva l [cr, c 2], so  th ere  e x is ts  c 3 G (cr, Cl) su ch  

that </) o d 2f {c i) =  0 . T h is p r o c ed u re  can  b e  rep ea ted  k-1 t im e s  to  ob ta in  

c  = c* G (a, Ck. i) ÇZ (a ,b )  su ch  that (f) O d k f  ( c )  = 0 . m

T h e  n ext th e o r e m  is th e  M e a n  V a lu e  T h eo rem  o f  S a n d er so n  [6 ] W e  

s h o w  h ere th at th e  th eo rem  can  b e  ea s ily  p r o v ed  by  u s in g  th e  th eo rem  3 .8 .

T h e o r e m  3.9. ( S a n d e r so n ’s M ea n  V a lu e  th eo rem  )

S u ppo se  f  : [a , /)] —> R" is  a  k tim es d iffe ren tia b le  n -d im ensioncil 

v e c to r -v a lu e d  fu n c tion  a n d  f {a ) } f { b ) a n d  the f i r s t  k-1 d e r iv a tiv e s  o f  f  a t a  

a re  o r th o g o n a l to  a  n on -zero  ve c to r  Vo . Then f o r  so m e c  b e tw een  a  a n d  b,

Vo is  o r th o g o n a l to  d  kf fc ) .



Proof. L et (j) : R" —> R by <fi (x) =  X ■ Vo for ea ch  X G R' 

c o n tin u o u s  linear fu n ctio n a l and (f>(j(ci) ) f(ci) ■ Vo = 0  =  / ( b )  - 

B y  th e o r e m  3 .8 .,  th ere  e x ists  c  e  (a, b)  su ch  that (f> o d kf ( c )  c 
d k f (c ) (u )  ■ V0 = (<j) o d kf ( c ) ) (n )  =  0 , fo r  all II e  R"

</>(/(/>)). 

. T h u s

Then (j) is

S o  Vo is o r th o g o n a l to  d kf (c ) .
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