
CHAPTER VI

DISCUSSIONS AND CONCLUSIONS

The problem  o f  Brownian m otion  was f i r s t  s o lv e d  by E in s t e in .  
The s u c c e s s  o f  h i s  th e o r y  d i s t r a c t e d  a t t e n t io n  from t h e  id e a l i z e d  
c h a r a c te r  and th e  rem o ten ess  o f  th e  m otion from N ew tonian m ech an ics. 
A lth ou gh , h i s  tr e a tm en t w hich  id e a l i z e d  th e  m otion a s  random f l i g h t s  
i s  v a l i d  o n ly  when th e  t im e  in t e r v a l  c o n s id e r e d  i s  much la r g e r  than  
th e  r e la x a t io n  t im e . The g e n e r a l iz a t io n  f o r  a l l  v a lu e s  o f  t im e  in t e r v a l  
we r e q u ir e  t o  d i s c u s s  on tw o e q u a t io n s , namely

( 1 ) L angevin  e q u a t io n , f i r s t  in tro d u ced  by L angevin  d e r iv e d  
from Newton’ s  law o f  m otio n , e x c e p t  t h a t ,  th e  f o r c e s  a c t in g  on th e  
p a r t i c l e  by th e  l iq u id  m o le c u le s  a re  d iv id e d  in t o  s y s te m a t ic  p a r t  - ^ ' น . 
and f lu c t u a t in g  p a r t A ( t ) .  The l a t t e r  p a r t h as s t a t i s t i c a l  c h a r a c te r .

( 2 ) F ok k er-P lan ck  e q u a t io n , th e  p a r t ia l  d i f f e r e n t i a l  e q u a tio n  
d e r iv e d  from th e  in t e g r a l  e q u a tio n  w hich r e l a t e s  th e  p r o b a b i l i t y  
d i s t r ib u t io n  a t  any g iv e n  t im e  t o  th e  d i s t r ib u t io n  a t  t h e  e a r l i e r  t im e ,  
where th e  m otion i s  id e a l i z e d  a s  M arkoff p r o c e s s .

W iener ( 5 ) proved  t h a t  th e  d isp la c e m e n ts  o f  t h i s  s t o c h a s t i c  
p r o c e s s  a r e  c o n t in u o u s . T h is  i s  th e  d e s ir a b le  r e s u l t  w hich  makes th e  
s t o c h a s t i c  p r o c e s s  a c c e p ta b le  a s  th e  m ath em atica l i d e a l i z a t i o n  o f  th e  
m otion. L angevin  e q u a tio n  was f i r s t  d e r iv e d  by O r n ste in  and U hlenbeck
( 4 ) .  However , m ath em atic ian  and p h y s i c i s t  w ere u n s a t i s f a c t o r y  w ith
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t h e  d e r iv a t io n  ( 9 ) ; m a th em a tic ia n , b eca u se  th e  s o lu t io n s  o b ta in e d  a re  
n o n - d i f f e r e n t ia l  ; p h y s i c i s t ,  b e c a u se  th e  fo r c e  e x e r te d  by th e  
su rro u n d in g  l iq u id  was s t i l l  p h e n o m e n o lo g ic a lly .

The m ath em atica l problem  was l a t e r  s o lv e d  by Doob ( 5 , 6 ) who 
showed t h a t  th e  in t e r p r e t a t io n  o f  L angevin  eq u a tio n  a s an in t e g r a l  
eq u a tio n  made p o s s ib l e  t h e  r ig o r o u s  and c o r r e c t  method. L angevin and 
F o k k er-P la ck  e q u a t io n s  b o th  g iv e  th e  p r o b a b i l i t y  d i s t r ib u t io n s  o f  th e  
c o o r d in a te  a n d /o r  v e l o c i t y  o f  Brownian p a r t i c l e  a t  any g iv e n  t im e .  
The d i s t r i b u t i o n s  from t h e  tw o e q u a tio n s  a re  id e n t ic a l  and th e  average  
d isp la c e m e n t a n d /o r  v e l o c i t y  o b ta in e d  from t h e s e  d i s t r ib u t io n s  can be  
found f o r  a l l  in t e r v a l s  o f  t im e . The a n a ly s i s  o f  L angevin  and 
F o k k er-P la n ck  e q u a t io n s  was c o l l e c t e d ,  d ev e lo p ed  and a p p lie d  t o  
A stro n o m ica l problem s by Chandrasekhar ( 6 ) .

At p r e s e n t ,  p h y s i c i s t ’ s  u n ea se  g o e s  d eep er , t h a t ,  i t  sh o u ld  be  
p o s s ib le  t o  s o lv e  th e  problem  from law s o f  dynam ics a lo n e . Ford, Kac 
and Mazur t r y  t o  do t h i s ,  b u t in  m odest manner( 9 ) ,  t h a t ,  th e y  s t i l l  
u se  e q u ilib r iu m  s t a t i s t i c a l  m ech a n ics . They showed t h a t  a  system  o f  
co u p le d  harm onic o s c i l l a t o r s  can b e  made model o f  a  h e a t b a th , where 
a Brownian p a r t i c l e ,  e x e r te d  by an e x te r n a l  f o r c e ,  o f  eq u a l mass t o  a 
b ath  p a r t i c l e  i s  co u p led  h a r m o n ic a lly  t o  th e  b a th  p a r t i c l e s ,  in  th e  
l im i t  t h a t ,  th e  in t e r a c t io n s  betw een  th e  p a r t i c l e  and b a th  p a r t i c l e s  
a re  a  lo n g  range ty p e  and t h e  fr e q u e n c ie s  o f  th e  b ath  p a r t i c l e s  a re  
w ith in  a  l i m i t .  R egard ing E in s t e in ’ s  th e o r y , Langevin and 
F o k k er-P la n ck  e q u a t io n s , S to k e s ’ law u sed  can ca u se  some l im i t a t io n s .
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S to k e s ’ law can be u sed  o n ly  f o r  th e  p a r t i c l e  m oving s lo w ly  and i s  
la r g e  compared t o  th e  s i z e  o f  l iq u id  m o le c u le s . T h is  model can , 
t h e r e f o r e ,  r e p r e s e n ts  Brownian m otion o f  a  p a r t i c l e  and makes us  
u n d ersta n d  th e  b e h a v io r  o f  Brownian p a r t i c l e  w hich h as th e  same s i z e  
a s  th e  b a th  p a r t i c l e .  One sh o u ld  ex ten d  th e  p r e s e n t  tr e a tm en t t o  th e  
c a s e  o f  th e  p a r t i c l e  o f  m ass n o t  eq u a l t o  th e  b a th  p a r t i c l e  and t o  u se  
dynam ical la w s ( 9 ) o n ly  in  o b ta in in g  th e  p h y s ic a l  p aram eters d e s c r ib in g  
th e  b e h a v io r  o f  Brownian p a r t i c l e .
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