
CHAPTER I I I

The Propagator

In  th is  chapter ve w i l l  evaluate the propagator fo r the problem 

of our in te re s t which contain an e lectron moving in  two dimensions 

under the. influence of a constant magnetic f ie ld  presented in  perpen­

d icu la r d ire c tio n  to the plane of e lec tron ic  motion and w ith  the 

presence of random p o te n tia l of tha t plane and also invo lv in g  the 

time varying externa l force f ie ld .  In th is  eva luation we use the con­

fig u ra tio n  soace representation ra ther than phase space representation. 

The random p o te n tia l ve use here is  the soluble model introduced by 

Sa-yakanit v in  h is  model of disordered system. I t  contains the

o s c il la to r  w ith  the memory term known as a nonlocal harmonic o s c il la to r .

I l l .1 Feynman1ร propagator.

Let us denote the plane of an e le c tron ic  no tion  by 5

the lagrangian of the e lectron subjects to  the p o te n tia ls  mentioned 

above w ith  the symmetric gauge of the magnetic f ie ld ,  the vector 

p o te n tia l A  -  c~xl •) *  6, 0^ 1 is  given by

X  ^ X iX  3 V->7 ร
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where .รไ'- = is  the cyc lo tron  frequency, ^  denotes the nonlocal
v^ct

o s c il la to r  frequency, { (  o  and fh ft}a re presented generally fo r the timex 1

varying external force f ie ld  in  X- and VJ - d ire c tio n  respective ly .

The required propagator can be w ritte n  down in the Teynman path in te g ra l 

form as

K (*■>̂  * >« 'ท ] ^  LyCO] e,>js  ̂ i  5 c X ,y]^ > (21.

where

^  X •1 y  1 vy . 2 ใ A  (JET . 'ร)
o

is  the action fun c tio n , c D L x f^ a n d  e2) CyfO] denote the path 

in te g ra t io n s  he carried  out w ith  the boundary conditions X fe) = ,

Ych = >b , y(°) = and yd) = yb . The propagator in  Eq. (.ไร-*1) 

can be w ritte n  as
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+  \  [  f y c o x m  - t  ■ f , m  ' / น }  J ckz
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* e* f  ^ ๆ ^  (  [ \ * m , f i ] " เ ^ r « ‘f * 1 )

(m -? )

The awkward parts of the path in te g ra ls  of Eq-On.?-) appear in  the

la s t exponential fu n c tio n a l which involve the square of the in te g ra tions  

and ^ re sp e c tive ly . These lead the action  func tion

o f such a system to be ra the r complicated and the path in te g ra tio n  

cannot be carried  out d ire c t ly .  However, the d i f f ic u l t y  can be over­

come as fo llow s

We generate these functions through averaging the lin e a r

exponential func tiona ls  invo lv ing  the a u x ilia ry  force and F in  
SohicK ^

two dimensions^independent o f the time z. We fo llow  Stratonovich ' ร

V70rk by using the id e n t ity

Applying Eq.QQA) in to  Eq . (.ร£ • ^') , we have
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where V ’ »  is  the e ffe c tiv e  propagator corresponds to  the system 

of the harm onically bounded charge under the magnetic f ie ld  and externa l 

time varying force f ie ld .  I t  is  given by

เ ^ ^ ^ ใ ^ ' )  «ะ £ h * c o ] \ fcl'fro]
O'

■ ï s z . C ' x y - y x )  -  ^  (  ŷ "3 + ^

+ j  ( Fx + { ( O ) x Â z

This transformed propagator contains only the lo ca l ac tion  func tion . 

Thus, fo llo w in g  from Feynman’ s formalism of the path in te g ra l theory 

the e ffe c tiv e  propagator can be expressed in  term of i t s  action function  

of an e le c tro n ic  motion bounded by the harmonic o s c il la to r  

p o te n tia l under the magnetic f ie ld  and the externa l time varying force 

fie ld .F rom  Eq . ( .^ - '^ ')  > we get

m  1»  C ' h  « I »  j  i  ร / ' , เ ) ]  G M )

where (.Oii’) is  ca lled  the pre-exponentia l - fa c to r fo r the

e ffe c tiv e  system which is  the function  of the time in te rv a l t  on ly.

I I I . 2 E ffe c tiv e  Propagator.

We s h a ll now concerned w ith  an e lectron moving in  a harmonic

o s c il la to r  bowel
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under the constant magnetic f ie ld  } the external time varying

force f ie ld s  ^  t^and and in  the random forces and Fy . From

Eq.OlF'^'') , the e ffe c tiv e  lagrangian is

£  c x , v/ไ  -  j  + 7 *  + ^  (  xv i  '  )

-  ^  (  * *  + v / ) j  + CFx -t f „ ( 0 ) x

+ ( F y  t  f y o )  7 ( 3 M O

Note tha t th is  lagrangian appears in  quadratic form, so tha t Van Vleck- 

P a u li 'ร re s u lt can be used. We w i l l  get the pre-exponentia l fa c to r in  

Eq. (0 .8 ) , F  ( 5 associated w ith  the e ffe c tiv e  action  function
c V-

น ิ

c A) b") ะะ \ J l  Cx-1'/) &z

o

(HE -11)

and which is  evaluated in  Eq. (TT-V3') by the formulî

i f f

v * ’ 0
Jut\ i  o  ^el1* o .f c )

J b

( J .  !A)

V7here we u se  th e  n o ta t io n  ^
น ิพ * )

by m e a n s  o f  t h e  2. X 1 m a t r i x  e l e m e n t s ,

2

Q ( 'น ')

]
9l C K **  า V*) ! 

9 0  c ^<' •1'ic. )

ท ,

( j i r . I1} )



24

'Je now wish to  eva lu a te  the e f f e c t iv e  c la s s ic a l , a ctio n  fu n c tio n ,  
ร 01 * corresponding to  ลท e f f e c t iv e  Lagrangian,

To s im p lify  th is  problem, we introduce the 2 x 2  faatrix , from 

Papadopoulos' ร work, such as

J  & o

1 0
I  - r 0  

0  i
( ร - ' 1* * )

which obey the re la t io n

J  ะะ - T (2เโ.1*1.)

That is  the m a trix  3  plays the ro le  of 2 X 2 imaginary m atrix . Let 

us also denote the 2 x 1  matrices fo r the axis components and fo r  the 

force f ie ld s ,  those are

*C7>

From these no ta tions , the e ffe d tive  Lagrangian becomes

X fo  ไ
and <= fcro + F =

O n  t  F* "

. 7 f ° J J 1, ~x \ \ j

Cm ■'£).

(' ^  )ไ^  = + T j ^  ~  + r r j -  S r.ifc )

/ \rwhere the no ta tion  (_—) means the m atrix transpos ition . Using H am ilton 'ร 

theory fo r  th is  Lagrangian,

cf ( V , * ) ‘ — < £ ^  CT.ro
- 9 Ÿ T ' ร ิ^

( IF . !</ a)

i t  leads to  the equation of motion,
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¥  t  Sï. J  - f  -+  v ' t  - ฐ  c?') ( m . t t  t )

Subject to the boundary cond itions,

?  COj ะ, ไ'' and Y ( i )  *. Y . . ( 2  l^d )

The algebra fo r  the so lu tion  of the equation of motion in  

Eq. (j5M9V)c&n be s ig n if ic a n t ly  evaluated by the method of Green’ ร 

function  and d e ta ils  of the evaluation are contained in  appendix D.

We confine ourselves to w rite  dovm the re su lts  of the c la ss ica l so lu tion

c l -  t  r ; ( 2  ■น^

where

and

1
‘ริ!'•ท c 0*

« + snn £do [t-r]

(HL .in  ไ

i -  ^  G 'ct, tS  ไ c?r

o

when = -0  + ^  and G c*ท )  is  the Green'ร fun c tio n . I t  can be

evaluated exactly  to  be

G 'c t,t j  ^ _____1
T - f U - O

0ะ> «ร-»'ท̂ c พ {)

> ‘ร ิเทท [  t -  ‘ร ิ'’'*  (trj C ■) H ( Z - t )

t  ç . ‘ • ก  (  C ri l  t - t ]  )  ( X O  H C r -  7 ) ไ  ( T H • ห À )
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when He • ■■ไ - being the Heaviside step function  obeying the re la tio n

H = , z 
z > E

c ffi - Mb)

The d e ta ils  of evaluation of the Green's function are contained in  

appendix E.

We now focus our a tten tio n  on the e ffe c tive  c lass ica l action

function

(ไร';r ไ น ^

et o
VH ) - V T T  t  Y

, า f tV3V -  y +  ̂ ' i y d â z  , (or. 1?-°)
0

I n t é g r a t i f  by part on the f i r s t  in te g ra tion ;

ไ !'.

«t

f jc o ^ c n ]  J

\  y  + À r ]  v el i z  + V T« f

(ธ โ -ผ * )
and using the equation of motion from Eq. (nr \ ^ y ) , we obtain

ร ^ fA,bไ = ^  ^ Ÿ jc o  ไ^นไ) j  + 1 ^  r „ c ï)c ^ c z )A z

E2
SL

- ค ู! ' £ ° ไ ^ |  t  ^  ^ C nyZ ïAz  n - _ L ^ ^ o  ( 3 c r , c S

( c -  ร น ')0
The complete so lu tion  fo r  an e ffe c tiv e  c lass ica l action function is

obtained to be
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ร ' 1 ( t. lT ) = พ ุc *  {  £ < tc « l ) [  V *  ■* ]  -  « J  *  '  f l

+ \  - f i r ,  y t 'ilS .z  + <ÿ o  G W S ^ V M t .

° ° 0 ( 1 โ .ฬ < 0
s ~  O*

For convenient, we denote fo r the classical action ไว~ such as

-- ร ว ไ  ร  ^  t-  ^  ^  "  ร  •

( m . 3ว b)

The pre- exponential factor associated with the effective propagator 

can be evaluated exactly by using Eqs. (jE .ir) and Cur 'เ^). I t  is  founded 

that

Tไ ft< v >  * <£fit i ว SI,
vD k ~9 ฬ9)fk

(ฝ ‘i M 9ช ุโ9*|,
'N

)
V'-'Cj

oT< £ <viry’ (C'M')
cur - 8?)

The details of the evaluation are put in  appendix F.

From Eqs. CGT'fc") , (nr .̂ ?) and (โแ.<^) 1we obtain the affective 

propagator such as

V) frU y  1
L ^ ijY fc ^ 'v .c w f)  J c  l ร .':น )
+ ^  ^  ^  ( ? C r ,c S y

or
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•^ ''พ ££̂  b

1

- 3 s 4
’ff j ' รเาา c £า> O  Z 

b

^  <jW«.->p ( - 3 -5 [ > * ' ) )

t  yJVv»CwC.t-ะ ] ^  ^ c t y k

(ะ!พา Co ร !,พ c«*>b

X เ ^ ) ‘ทา É f c j O s i V C w t t - t ] ' )  H ^ c - r )

t  ร»'”  ( f a z ' )  *=>1̂  Ceo [  b d  ■) H É z -z ) l a^C t/)A zé tz

( H - ^ )

n i . 3 Exact Propagator

Let us now go back to the o r ig in a l propagator in  Eq. Cnr*6) ,

we have

(พ.L)

By splitting. ^ c o  in to  the two parts

เไoFu

‘ ^ T̂ - ■ Ter) + F

*1 •พ/ __
l

p „  '
= 4-

. ฯ \ . ฯ

then th e  propagator in  E<\ . (ftT-Vf') becomes
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V * ’ 1 0
Wlw ไ <2>0) 1 [ ร ,?*,,, k)

<5/îcb>ç»v>ฟ )  J 

+ ( + f  (Z -) < S C t ) O f ( T - ) J r ^ t

X ty P . -ÿdT(OcÎT + -_ i\ ( f *CO Gc^c^cPr^c
ryr\

0 O

+  ÏFT \  l  (ว fT,c  ๆÆzXt F I • (ไ]โ • <^)
à’b'Vn 0 Jo

Then we perform the gaussian average of Eq. (nr • 6) 9 we w i l l  obtain 
extfkit-

the desiredvpropagator, in  the short form,

k  C & M  = F c V )  ^  I  ร>61 

=  F C b ,ô )a * j> ^  x j  s‘ o , t )  + ^  ç j r ï f c o i t

+  _ L _ V V  f rc n  Ç ) C c , e >  f c A c M t
3W I  l  J y

CÜT-fc)

where

-1" r b
ร ? 1 พ , แ  -  ร ?  พ , h  +  w , ^ ร ^ O b ____________________ u

■̂Cü [_ c -Coc, J Q O

VVXk
&ร«เ'y>c^l)

_J_ vu kJ

4  Si’m O b ')

c « O b [  v f t r ? }  -  AtO p C3 ? ^

ร  [ พ ( ' ! ) - < " « '- > <“ b ]  c • ^ + ‘O '1

-  j L  L ^ °  ^  (  ^ 0  -  •Ç - * 7 > ,'V1 6 w b )  J  ช ุ่^
60

1 (_CJ ‘ร,'-'”  c^b) 1 ^

+  CO* L c o h C - ^ O  -  c p s O ^ > 3 b  û

(ET. A**)
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r j (  7~) + A l ' v  Cte\)

t f t
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and

F แ ไ<0 = __________ jg Ü L _____________
ŷî('t. [_ fo ร c 'ÇO -fosdtAjb]

_____________Vint y__________________ _

ร * ' (fc ร ''"  (  t  + f  3 t / j )  ร ,'"  ( . L ^ - ç i t / ' O  ^  ^
The d e t a i l s  o f th e e v a lu a tio n  of the r e s u lt s  appear in  Eqs. Cur <30 ,
O M T ) , Cur ■^), (E -M ) andCflJ.ÿ)) are contained in  appendix G.
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