
APPENDIX A
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The T ro tte r Product Formula

THEOREM: (T ro tte r  product formula) Let A and B be lin e a r operators on 

a Banach space X such tha t / \  , B and /. + B are the in f in ite s im a l gener-
0 1 i  r j t

ators o f the con traction  semigroups ' 5 Q. ,and ร- respec tive ly . Then

fo r  a l l  Y  e X

tfy-Aw ( P</"a'/") 'Y  («.<)

In  th is  appendix we ■ define some of the terms used above, 

in d ica te  how a proof of the theorem goes, and examine some of i t s  

consequences.

A semigroup is  a set closed under a binary , associative 

opera tion. Were inverses required to  be in  the set i t  would form a 

group. A semigroup may or maynot posses an id e n tity .

D e fin it io n  : A con traction  semigroup on Banach space X is  a fam ily  o f 

bounded everywhere defined lin e a r operators P , où. i ù  mapping X -3> X

such tha t
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The norm used above is defined as fo llow s:
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and II แ is  the norm in  X  . The terra "con trac tion " coraes from the fa c t 

th a t Il p  11 ^  1 , since vectors do not grow as they evolve under V  .

The in f in ite s im a l /4 of p  is  defined by

■ f l y  ~ i  (  p * y - y )  (fi t )

on the domain โ)(X) of a l l  'า^6X for which the lim it exists.

Remarks on the Proof o f the Theorem. Let i l  be a p o s itiv e  re a l number 

and le t  P  , G- , โl  be as defined in  the statement o f the theorem. By 

the d e f in it io n  o f genenrators we have

(  p W -  i ) y  -  (  p ‘- f )  y  +  P *(■ &*-') y -  h  ( A i  B )  J - f o c  h )

( . A  ■ จ-').

where o c p à e notes vectors X such that JjrwI II X || [ y  -  0  • Then since
น -^)o

-  h  ( Â  i  P )  J  ฯ- o C h )  ( A * )

i t  fo llow s tha t

(  p w  -  )  ๆ -  = O cA) ( / ) 4 )

Row we must es tab lish  the un ifon r.ity  o f the bound O(p). By using prop­

e r t ie s  necessarily  possesed by in f in ite s im a l generators we show tha t 

fo r  ว  ̂ in  some compact subset of DCX-tB) > h  * II(p <5. -  ^ ) ' ^ \\ is  un i­

form ly bounded. For some 'ใ  ̂£ £>04 t 0 ) ,  £ » 0^  s< 0  is  compact and in

โ) (4 ip )>  hence [i Cf5 (2 0 (h ) un ifrom ly in  ร .

Let • Then we wish to show tha t
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Il I ( P Q Ÿ  - P ] |̂| —> fert 'า -̂ ๐0 0-V)

To this end we examine
/  i- i" ^  'ร  ^  rrA ^  /  A  -6  ( ^ ‘ O -A ,  -A -เา ~f\ A  ( 4 - A )
( P a )  - R  1  ( p a - R ) £  + p ( p c r - r : >£ ;

+ c p & v ~ ’ c  pV - R * )  Om )

Next . apply th is  to “Y J end use the fa c t th a t U P I ^ 1 . This . 

im p lies

i - u p V y - £ t’’ i 'H   ̂ II (?V --R * ) R '
0 4 . พ

where the l im i t  is  uniform .

For the physica l app lica tion  o f th is  formula we le t

A  - 6  à   ̂ B  -  -  t V  

-  ( A - t e )  = U - A + V ' )  -  ■■»// £ 4 -0 )

Thus i t  is  necessary to know w h e t h e r , B , and /4 i  B generate contrac­
ts

t iv e  semigroups. B as ica lly  wliat is  evolved is^examining Jl < || where d

is  the proposed in f in ite s im a l generator. Recall tha t

11 a 11. .  ร * * .

For y  there is  no problem; y  is  a m u lt ip lic a t io n  operator and

รฯ
'ฯ'
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f V  =  ๙

im plies II .£ || = ̂  fo r  a l l  ■f.

- c ’ | / f * >
r ^ * )  i  J e £ x j  ^ { x ) j  5 =  แ ^ .

(̂ . 15)

To show tha t the Laplacian ^ generates a con tractive  semi­

group we review some elementary facts' and in tu it io n s  about the norm. 

Generally speaking the norm looks fo r  the la rgest eigenvalue. I f  X 

is  f in i t e  dimensional we have ( 3 ^  4 = 1, - - - -J พ . Then the

worst case is  the biggest I <£. .| , c a l l  i t  I and i t s  eigenvector Of, 

fo r  then |l 0,1 = 11 11 ̂  llQ 'i+Vll^lU l£ |  . Say G l=£ . I t s  eigenvalues

are a 1 where d- are the eigenvalues of d . Then II ร. 11 = พ' ' \ t  เ | =
R«d;

vVxxy. X. . Thus

i d  t y * C i
Il e II ร 'พ '**. Jt ( A ' lO

so tha t the cond ition  fo r  c! to  be the generator o f a con trac tive  semi­

group is  tha t fe d t< 0 fo r  a l l  i  .

On H'lbexst space , the th ing tha t would be the eigenvector is  

not always in  the space and the d e f in it io n  o f the norm as the l im i t  

("sup") must be invoked. For example, l e t fA be the m u lt ip lic a t io n  

operator by the func tion  exp(-x ) .  Thus

M y c > )  = ;  'ๅf*X) . : -C A M }

C learly  แ M ̂ (x1) Il 4  |l^ l| so tha t |l to IK  1 • Let

V  -  * * ( ^ - 1 * 0 0 4 - 1 0



then

II ' ฬ B *  £  = ^  <1 00
^ N

(.A 'พ )

Tor a l l  f in i t e  (v 

- X 3 A
« ร » ,

=  ^  v ' 7 *1 £ *  A *>  ร ' ร ! - X J > ฟ ้ *  ,» 1 - - L ,

ร , , , ,  * uพ 1 5  ร  '  ร , ร

But fo r  large enough N th is  gets a r b i t r a r i ly  close to  1, hence II M 1| = 1. 

However, there is  no <1̂ in  the Hilbert space such th a t (A'llf = 'Ij'. Thus 1 is  

not an eigenvalue of M , but i t  does have some specia l properties w ith  

respect to  M ะ i t  is  the spectrum. The spectrum is  defined as the comple­

ment o f the reso lven t set where the reso lvent set o f an operator A is  

the set o f 9\ fo r  which c ^ - /4") * e x is ts .

Above we have a cond ition  on the eigenvalues of a f in i t e

dimensional m a trix  c so tha t i t  generated a con trac tive  semigroup . In

a H ilb e r t space i t  is  most convenient to  s ta te  the condition in  terms

of the spectrum. The cond ition  on an operator c is  tha t Re^^o fo r 'A

in  the spectrum. I f  c = iK , in  terms o f the eigenvalues ( or spectrum ) 
. . . * r tc?

ร  of K th is  means Im ■ร✓ 0 fo r  a l l  i  . I f  e. is  also to be a contrac­

t iv e  semigroup-evolution in  both d irections-w e must have

Ivn  ร  == 0 C4 • )

That is  , K has only re a l spectrum, a cond ition  guaranteed by the usual 

requirement tha t the Hamiltonian be s e lf -a d jo in t .  Thus 11 é  ̂ Il = 1 

which is  the statement th a t the free  p a r t ic le  propagation is  norm 

preserving. To determine whether A -1B generates a contractive semigroup



we examine whether -£>-*v is  s e lf-a d jo in t ( so tha t i t s  spectrum would 

be re a l ) . This question is  what mathematicians c a ll  perturbation theory 

( and p h ys ic is ts  never bother to  ask ) .  I f  i t  is  s e lf-a d jo in t, then 

the conditions fo r  the T ro tte r formula are s a tis fie d .



APPENDIX B

Gaussian In tegra tion

Functional gaussian in teg ra tions  w i l l  be understood to be the 

product of many regular gaussian in te g ra ls . The simplest is

oo

G  (๙) _ ^  «L>̂

- t*>
(e.1)

which, using Poisson*ร t r ic k  o f taking the square and of expressing 

the integrand in  po lar coordinates, is  seen to be

G  (O.') p £
= J  *

( 6  ■ท

We can generalize i t  to  N degrees of freedom. Let

G («) *  ^  e > ^ - x . * 4.. (&■>)

—Oo

where A is  the re a l symmetric • N X N m atrix v:ith elements . We
- ฯ

w rite

X- A . . X .  -  XT/IX  พ IK A 1 - AL i 3 3 ce .A).

A can be diagonalized by means of a ro ta tio n

A  *  RTT>R , Rr a - 1 * re .p )

v;ith  p  a diagonal m a trix  w ith  entries , 5 N . Then

^  exp ( - * Tf<TD f<x) o

5 0
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X ( - 7 ' V ï ) i e . < n

V7ith 7 = . The jacobi3n is  one. In the 7 v a r ia b le s . CV/A") is

separable in  the N - fo ld  product of

O / P  .  (ร '๙ , 1 G ( J , )  . . . ๘ c <<^ ( e . s )

ร''" ,,1 c ■ น A ' )  ^

( B A )

(e>do)

provided th a t a l l  the eigenvalues of A  are p o s itiv e . In  a s im ila r 

way ve can prove tha t i f  ?• are K complex variab les

๙ ) 1 0 2 "w)

where c is  an herm itian 11 X « m atrix w ith  p o s itiv e  eigenvalues. 

Form ally, one then defines gaussian path in teg ra ls  by tak ing  the l im i t  

N -=>00

These formulae are v a lid  when the determinant does not vanish.

I f  i t  does, i t  means tha t some is  equal to zero, leading to an in f in i t y  

from . in te g ra tin g  over an in f in i t e  in te rv a l. -Ideally we would

l ik e  to  devide out the c u lp r i t  in f in i t e  in te g ra l. Suppose the symmetric 

H X 11 m a tric  A  has Vi zero eigenvalues. In  the y va riab les  define 

the re s tr ic te d  gaussian in te g ra l

๘  1
•mt V J 7 m xrcy) A (B.ia)
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where we in teg ra te  only over the variab les corresponding to a non zero 

eigenvalue of A . This representation of c? ( 'O  is  awkward since 

i t  depends on the r ig h t system o f coordinates " y " . To make up of 

th is ,  invent new variab les Y , , Y aaa rew rite  Eq. ( B . l^  as

G1 (A) -  \ 1” - h  Ay 1- - ' A) S(Y y - S c y O t  ฑJ M น 'n-" 'N-M/M 'n 'n- k+i '  'w
( B . l? )

Now change va riab les  from y to X , using the Jacobi formula

‘V v  ^Yrv (B .IM

to obtain the f in a l  expression

d  น ' )  =
พ cf et f i Y l

<4y ไโ 0 - 1 5  ไ

This in te g ra l is  p e rfe c tly  w e ll defined. The Y^ are some a rb ita ry

functions o f xC , and the extra fac to rs  I j TT ร 1 in  the measure

e ffe c t iv e ly  r e s t r ic t  the in te g ra tio n  from an K-dimensional space to

an N -  n dimensional one. As the construction has shown, ( j  (A") does
î<">|

not depend on the s p e c ific  form o f y N-h . I t  goes w ithout

saying tha t the y^(x-) should be c le ve rly  chosen so. as to do the job , 

i . e . ,  r e s t r ic t  the in te g ra tio n  region ; i f  they do no t, the Jacobian 

Î 3.x] * s seen 1-๐ be s ing u la r.

F in a lly  we prove one more expression . Consider now

โ N -XTA^ -t- cJx

* \ ]T e*X- £
J t

(0.IMF (A> เพ')
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We re w rite  the exponent by completing the squares

~ 0ะ> X -  ^  *  -  1,4* Vo y  / \  ( x  -  A Co) ■ '^ ' A

c  ^ )

provided tha t /4  ̂ e x is ts . Le tting

*  = A  -  XA CO (£>.18)

so tha t , we fin d

— L do 4  พ / '  N — X  ̂ A V. ;
f=พ,», -

N/J - 4 » v «  , 1 " «
.  I f  *  [  c le f  / ]  ® . M )

Again the path • in te g ra l re s u lt is  fo rm a lly  obtained in  the l im i t

I'd -p  0°



APPENDIX c

General Quadratic Lagrangian

c . l .  D eriva tion  of the propagator by polygonal paths approach.

In  th is  appendix we apply the polygonal paths approach to  the 

path in te g ra l one-dimensional quadratic action  characterized' by the 

Lagrangian

( 5 )

d  =  ^ A d )  x e  -  b t b x ' ^  +  c < b x  c < d l )

where , bob and c’cb are well-behaved functions of tim e.

According to  the coventional polygonal approach the propagator 

is  to be evaluated as ะ

c  b, ๙) (d-P)
(V) -T>0O

where is  defined as

K  -  A » \  -‘ ' ’น  « ไ ’ [ t  s * ]  ^ )

Here / , the norm aliza tion fa c to r required to define the p a th -d if fe r ­

e n t ia l measure, is  given by

TT ( ^ /  j f i  h e ' ) ' *   ̂ .« ^ id (๙ -*0
if «I

and ร N , the d isc re tize d  form o f the action defined over the p a r t i t io n
, , , N

of the time in te rv a l [ b  in to^sub in te rva ls  each of lengh £ . With the 

n o ta tio n , , * 6 = x^ , XfJ« x t , and s im ila r ly  fo r the coef­

f ic ie n ts  A , b , d , v?e have

5  4
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S N ^  [  K  c Xk-^w-.y3 + d (ช . 5)

The expressions fo r  A f,1 and ร  are then inserted in  Eq. Cd-i) and the 

in te g ra tio n s  ->ver X ( -k = 1)2,-..,^-1 ) are performed to obta in  KN. In  

order to  ca rry  out th is  task i t  is  convenient to  introduce the column 

vectors X and y having £n-0 components:

x l f  V ,  ]

x z
' h

• 1  y «

^ N ' l V m - ,

(C .t)

where

\

. %

Vn-I

= - ๔ 1ร.,* + a , x e

-  - ๔b £ ( J  a  < Ni-Ji) ( ช '? )

and an (N -  1)-dimensional symmetric m atrix 1? w ith  the fo llow ing  

s tru c tu re

p &  + “ ■ น  £
น. It +1 น

b -M ik
«  - a . k„  , k - o f  ช 8)

We may then w rite

. > v ^  =  (  ๙ ) * 2



ะ>G

t  5£JdN * 1,] I \ & % ร*Ç 5 <o<['*T'P* - £ *Ty ] l  . fcM)

fc-1 T
w ith  the symbol ^  y  ะ: Il Jix . X  denoting the transpose of y  and ๐( =

^ * « * ^  i l j V q p #  -< S *Ty / ] T  = (  ; v Y 1 Y  ( - ' *  y V V )

(๘ - !» )
We obtain thereby

Km - (̂ Dn / i f f  a>j> (iX,) ('ะ,'1)

where

โ) NJ  ( i f ^  ( < * / ๙ จ  ) ^  f c u o

9Cn -  ‘* [ « 1*» + («.1-  C / lP Y ) ] .  (C D)

Thus to obta in  the propagator he we need to  evaluate the exponent 

and the norm aliza tion  fa c to r โ)N in  the l im i t  £-^0, N-^oowith [\)£ >=+ 

t  • We denote these l im its  by 9C and p  re xp e c tive ly .

C.2. Exponent

. We introduce a new vector d) such tha t

^ Y  (£-1*0

W ritten in  the component form Eq.^.lA^reads as
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- พ ,  + < x  + k| / > U U -  " 11, , V ,  -  , 1». 11. . ,N-,

(p -  13)

w ith  the end-point values defined as

น- t  >< . พ  t  X K10 ® 7 N N C o  I t )

A
Rearranging the terms in  Eq./d 15) and d iv id in g  throughout by £ we take 

l im i t  £-^0 to obtain the d if fe re n t ia l  equation

~  b c h l A t h  =  C i \ )  ( C ■ เ ^ )

along w ith  the end-point conditions

^ ๖  - * 0 = , พ ุ/ v >  -  * น = * ( C IS)

Note th a t Eq. (c%l7) is  ju s t  the c lass ica l equation of motion obtained

from the lagrangian in  Eq. (d .|0  • Now consider the exponent 'Tb of Eq. (<?, o )
๙ -

which may be re -w ritte n  as

K1-1

9CN « ( y *  k e )  ^ * 1* *  •+ ( * N -  ^ ' )  \  +  ^ £ ๙N*N - ^ L £ ๘ 1 น,. + ë e xน- it NM

Using the d e fin it io n s  of y^  in  Eq. £๘ '?-) and noting tha t ใ/0 “• * 0 and 

นNt X fJ > we may w rite

^ M 1= ( ' / ^ l  V *N  ( น n - < V , ) / £  -  + 2  นUu + £CnXn1

I t  is  thus c lea r tha t on tak ing  £-50 we have

l y

วL *  1-’~> ว ■= 0 / - aO )
e -?>C) c j  J

u (d « u y
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I t  is  in te re s tin g  to note here tha t the exponent is  determined 

e n tire ly  by the so lu tion  (A(l) of the c la ss ica l equation of motion in  

Eq• ( ช It ) • Further i t  is  easy to  v e r ify  tha t

%  ^  Sel A ,  (ช1. ^ )

where Se| is  the action   ̂ evaluated along the c la ss ica l path de te r­

mined from Eq.(ช ' it ) .

The expression in  Eq. ((ช. n) fo r %  may be easy in  the fona- 

tha t brings out the correct dependence of 9C on the end po ints and

Xfc. For th is  purpose we need a formal so lu tion  of the c la s s ic a l equation 

Eq. CC-1?)which depends on the end po in ts and xb according to  Eq.((c’ If) 

By means of a su b s titu tio n  » Eq. ชd ll)  may be cast in  the sim pler

form

X r +  s ié ) V- - ๘ /  >Ta

๙

w ith  the end-point conditions E q .(d lî )  as

ฟ,') =. /\X, 1 ฟเ') . /7t y 1,'. (<?.*! b)

and

_szcl) = i- (  Ck ~ /  ÔCK -  A A )  + b A .  (๘- pic?)

Consequently, i f  \5j and \^  be two independent so lu tions of the homo­

geneous equation

( c .&) a )

'ร* -f sjfchv- ๐ ( ๙.  พ *  )
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sa tis fy in g  the i n i t i a l  conditions

A } c \Aไ) -  ^ = °  ■> บ  b = ๐  C c - r . l )

we TQay introduce the Green's function of Eq.(d-Jl') G"c^j)such that
(y>) = g! Oy ร') = 0, .

(3 c l,  ร )  =.
(1 L ^ ' )  ^ ^ ] V a  

L v ^ ]  / a

X i t s  

ว t  >s

&  * ÛjCSไ ) ^ ^ ') -  Vj« ไ ^ c s )

(<?■” )

(๔ '? V)

Now Eq. £c,3| )im p lies  tha t 6 l is  independent of ร and hence we may set 

e ith e r Sat^ or ร z t^  obta in ing thereby

A  =  ' i ' t *  = 1£*. A  b (C -J5 )

Hence the formal so lu tion  o f Eq. ( ‘โ,-<5เ̂ ) s a tis fy in g  the conditions Eq. c c .,51 b}

is
๗

๗ 1  ฯ ^ 1 V  i " ü r
( ๔ ? 0

This so lu tion  and the re la t io n  'น-z V5j//̂  is  inserted in  Eq.c^-M) to 

a rr ive  at the fo llo w in g  form fo r  the exponent oc •

พ ํÎ  4 __ 3*A*U*1A9 ^  _ -_j_ 'n Ab ^ b  +  Â A a ? 4 j (  ^ t> 4 ^  y  A __
ฬ  (  ^  ^  ร ^ / .  ^  to A N

+  ๆ ^ ! L &  4 - ù ( l  1__________
J /« พ ิ เ^  เ^  r  y [7 m 7 7 h ]

r  * . (c .«ท)
where nd we have used the re la t io n  “  ๆb^i, •

ฯ A

d*(^ G(is) c (ร)
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In order to determine the norm alization fac to r โ ), i t  is  

necessary to obta in  an expression fo r d e tlp  . From the d e f in it io n  Eq.£o.£) 

o f the m a trix  Ip , i t  is  easy to  see tha t A^, the kt k minor o f det*p ' 

s a t is f ie s  the recursion re la t io n

A ~ (  A * û - b £ h A -  Ck à t ■> 1 (f 't t)k. k  * + t  k J fc -t k W-A •> '

w ith

4  ^  1 ) A  _ 1 -  o  .

, -C
I t  is  conveniant to  set

in  Eq. (d  ■ 3 if) so th a t i t  becomes

A  d l >  _  /  b  4  a . )  O h  t  Æ - t  \0  &  0 l>  * - 0

*  •ท * w +1 ^ u k -l /  ฯ*. น 'k - l  น- 'if.

( d  ■ พ * ')
w ith  the a u x ilia ry  cond itions

^  =  o  , (าเ, = & A  1 . i d  ■พ l )

Rearranging the terms in  Eq.(_c.')0̂ and d iv id in g  throughout by £- we 

a rr ive  the l im i t  £-ï>0 , the d if fe re n t ia l equation

J  ( a  T f)  -+ = o  ( p ‘ î \ 4 )

On the other hand, Eq. i c  im plies in  the l im i t  £ ^ 0  , the end-point 

conditions to be s a tis f ie d  by .v iz . ,

T|><v> . า 0 1 .  I / \  ( a - V i )

C .3 .  N o r m a l i z a t i o n  f a c t o r  J ) .
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E q . ( m * ) is  ju s t  the homogeneous d if fe re n t ia l equation corresponding to 

E q C o n - s e q u e n t l y , i t s  so lu tion  sa tis fy in g  the conditions Eq.£<"-^lt) 

may be w ritte n  immediately in  terms o f \9"j as

y h  -
vacb c e  V à )

F in a lly ,  since det ใ?i  Ù , we have
tj-1

P) =. IiVwO p  ะ= llAV)
a  -i?o £. -Vo

j  (  f  «*) - J Tl  V M 7 ad?

c a * v  I  f b)

า

( ช - ฬ

I t  is  easy to  check from . Eqs.£d.2?') and (ช.^)tha t

D  =
32 % = <s X [ \  1 ใ1'-, (d ■ท)

/  î u  9> *e X k ] J

Thus the propagator fo r  the quadratic action Eq.(Cl.O is  given by

k f v o  = ( โ ) ( c ' . ' i h )

where 9C and p a re  as in  Eqs. (c 1 1)?)and ( C V )  re sp e c tive ly . I t  is  c lea r

from Eqs.Cckjô) and Ce.'V}) th a t the propagator in  Eq. Cd’d'O is p rec ise ly
( 8 )  ( 9 )given by the Van V leck-P au li formula

This re s u lt is  genera lly  true  fo r  a quadratic action  and is  use fu l fo r

obta in ing propagators fo r  two- and three-dimensional quadratic actions
( 20)w ithout e x p l ic i t  path in te g ra tio n s .



APPENDIX D

Solution o f E q . ( I I I . 17 b)

From the homogeneous d if fe r e n t ia l  equation

■».*' CO  + + f  « t 'ü  = O ( tM )

or

( p *  + +  ช ุเ CO = ๐  (ร ).;, )

when T) *• g . The s o lu tio n  fo r  D  is

D = - §-J i  ( Co
ร- ร J

where (So =»- S ' t  lA . We w i l l  have

O o

f  r t o  - CO

or

^ ~̂ <nCQ _ (  -  J  J  ) ^ c (D-M
< 1CO ^  a

The so lu tion  is

t o -  «

- • ?  JC -H W C  - n . j C_ t  w t
/4 4- e B (D-t?)

w ith  the boundaries

tf(">  .  ร ุ ») „  31111 รุ,(t) *  n f l 1) .  I f , .Cl

A fte r using the boundary cond itions , we have

A  « n v  +
1

9 i SIAO{&0 V)
i  Tfu -  « \ ( a t )

and

6 2



'd _.»(iro)n.ç, J. V(l2-n «>1''ï 
4 •

' (2'ปี)

= («“a

2*ê-
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น-ตa 3-
}CX?>7T ^

1 (เ พ) น^ ไ ç
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a p p e n d ix  e

The Green'ร function  ) t ) o f  our probiora can be found

from the d i f fe r e n t ia l  equation

^  J ) "t +  V»' I  "3 7 ท ') =  $ & • -  G ) . O— 'O
/

We can w r ite  5)

E va lu a tio n  o f  G(zr, zr')

as

c5 ^  +  (3 jr ç ; C) C6 •<*)

where

(  DJ + X2. 3 D + ^ ! )  6'า̂ ร  =. ๐ , £.'> G , (£.^)

and

(  \ ) -E 3 b  + ^ x )   ̂ c B c  Ce.j*0

w ith  the boundary conditions

G 1, Co> ะ )

< V C > ะ ' )  =  ( 2 ,  d  )  ะ ' )

>

= o

and

9  C3L<โc ,c  i |  - ^ ?  G  ec Z ) 1
ว ิ ’ะ  a 3 £ 1 j c e c '

- I

r

The s o lu tio n  o f E q.(£J-) is
. / - Ç j c +  ccoc.

< V 'A )  -  •*
~ J£-< 'oC :

d + je J) ( E - เ )

and the s o lu tio n  of Eq. ( £ -2 ) is

6 ^



ÿ-JCl-CCOÇ

ะ ะ *  B + 5 F . Ce-?)

Using the boundary conditions in Eq. ( & - 5 )  ,we have
Æ ./

ช « _ ร ฬ ^  <d ~ o )  <7 ๘ f e .s )3l‘ CO l̂Aofco 1)

D - c ■ }-£)) £
<9เ‘£ว ^ จ-}-) (£•■ 0

B —
1 Z r J  Z*- Ceo f ‘ร»')vnfco 21 ) fl (fe '/e;ai-Go
1, -S jz : "ft 00 f‘vlAOjko 21 ) £and f ~  = — ( ''ะ - '')c5l 0ง SlVv̂ îO -|-)

From Eq. ( ร  .(ร)') we get

G’/G O  ---------- ---------  siV^ c4-s))sw>£o ร) f(~.u)
1 } - Cô <๙/*M >

From Eq. ( ( ะ , '! )  we get

G/gO = - —̂--— 1- Ce-»5)

Then we get the Green'ร func tion

- f  J  < * - ^

Q c z jz ! ')  =• — - 4£_> ร)''V>.£1พ-b
\ (^ :^ !^ * )Hft-.é) + H ft -T-

Ce* lVy
where H ■• • ") is  the Heaviside step function .



APPENDIX F

E v a l u a t i o n  o f  พ-) i n  Eq. (or. ^).

From Van VIeek-Pauii's result, we have

■ พ ิร °ไ = ) < M
ร ^ ’)

)& (F. 1)

We can see from Eqs. (jn.^Mynd({5pAi)that

o

พ '* '. 9 •»» *  A

P’PCo
•s>l'vo(co +)

จ  J+
(F -J )

Then Eq. (F .b e c o m e s

F«K ( ร ' )
— YTiio

. Ç-KV^ +)

จ ฟ  1 า  fc
ท

--- P^K) (F-9)

when

= 1 ( F - M

éé>



APPENDIX G

E v a lu a t i o n  o f  th e  E x a c t  P ro p a g a to r

From Eq. we heve the e ffe c tiv e  propagator

. พ - 1
<? \  ^ t cJcZ1 f  c-oSz + . -i- \ \  f  roGfr-, ofirôdi'Jçj

๏ 01โ  )  £ \  ร 6 ^  i > ! M

+ i  [  \ r «Ct̂ z + i > ^ j  G o & s ^ f c c f t jF j

From the notation, in  E q .d r .é )  ;

£ « | , เ 0  '  V ! * l f À พ ) >F

(<2.1)

(G- ร')

ve have

พ  -  « r â f i )  ^-
0  ^  ^V $C €>{(& èz { โ O (?<*>*>£ ๑  i t â  Z

^ F < ฯ 4  î w *  l 1  '  *  j F j

I a , r  f  ?  I f c ^

®  ^  i l  ^ ๗ ^ Jk  *  i i  ^ V f  < °  < s < v S M : ]  F

Using the property o f gaussian in te g ra tio n  , we get Ç G - ^ )
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เ ^ ' ' ' ) -  h i f c s lะ) t ) j  l  <5/r< h  ‘ài' êo -f-)3

W 1 *
Y  5 i ;  ' ะ ) / ' ' /  4 1 \  + p i ; „ ^ I f V M w é

~ -~if พ*I*a'̂ t+i. \ \ fcz-iGiteji'idiJ.ef)i * (  น f l »<3fc,«s « พ .* ,)

[  a t b 4 X ~ t \ \ W - > ^ ] ' '

^  \ 'ร'^(o f t  + 1  \ ^  ( ะ !น ,ะ )  { c t - ) J tW )T

( ๙ - 0

We can w rite  Eq. (é>. V) in  standard repfesentation as

KO,V> - FC+,.-) Cxp ( £ ร61 (*,!»') (G-S')
where

fT?) c / £ j Q f < è ) $ d  1

when (<3 ■ เ)
ร ,”  (โ ''แ )  »  ร ต ํ f ' ' 1̂  + )  TPyfO H ' j j r é ) J

-. T ^ rc o  +  -  f )  & ■ จ

$ C ' à  -  < ฐ 0 พ ่ +

^ f  *6 ô (G A)

ฬ 1:* (a»5 (ฐ f)-<พิ )̂-)) (๙. I<>)
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From appendix D, we have

A
z  =  ' -

•'ะ» I 'ๆ60 f )

Ç

r<- z r
\  £ - 1  ^  ^ ~ 1' )' ) า51 + Tf'k { et 5

/ •  <J

พ ^ : ° ^

From appendix E, we have
- f  - L  I CO

L «  rCo L -« 1 -  ^ } ]  J O K W  

t -esc' ^ ' ' °( ÿ ( / ,n  i - c -----l 3  ̂ -e 3 siVv̂ o c4'Z- *̂ ะ
i  <ÔVVV^0Ï)C t  t  1, .

+ < y ^ K - ï ) ) ^  < *  *■ '’ ^  * )

=  . 11 ■__  ร « .c^o j-)- O - O )
•1) J -=J1/V̂ >0 -t") _  S “j | -  „

Using Eq. [Q- ll") in  Eq.(£Î-lû) > we get

.-+■ £  0  รเ^า(coz-) ^  ^ ' , IA)

SVa,!o 3ะ ร ! 0)b t  - ^ -  \  C*Kf*W ^ tf)C 4 + M A
1 พ ๊* & »  f ) /

- J .  ^ ( f + l -  g K “ t ) ) * i >  V  f  ^ 7 ~ 7 ^ r ~ Ê ^ Cïï y^  ■
^  • . '  ^  C K #  f l-  <Kw t»

63.»)
Using Eqs. £(p-lf) and(£!< l«0 in  Eq. £(j* .^),we get

g f t >  -  V 0  +
1 c - T l  f h  ฬ .  T'

.ร -ว พิ ่̂ t £  » 4, C K 1? * )  - K «  m  b ‘

© ^ 'ว ิ,K f ) -  £ ^  £ ‘ K c  I ‘ ท )-*-* ^ ) ' ^ , t ) j7

Cc3.It)
Using Eq. ((3.เว่)in  Eq. ^ .% )  , we get
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0 ) ^ 2, )  =  G  > 3

41 /^0 f) -  e เ ^ ร ) ^ ^ - 0 ) +  Z «L.Vv£oz)J^

c  * •J t 'r . 1 t r
© ร  S IO ^ I)  -  £  1 c f —Ô ) - f < ej ' v^~2/y\ '

( ( 3 .1 5 )
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H .l;  L im iting  procedure o f Eq. ( IV .  là).

From Eq. ( 6 - i i ) ,  we have

ร ; ,  =  ร * '‘ * 1 h  + - ^ —  { (  v « ( f  f l -  c Tb + ^
f a r

i ,  ^  V J X i

• 4 1 -IP.)
ûô c fas(€|-f)- Cô+) ) b

where "^P M )

. . ร / * , เ * )  -  K m D  (ท ^ )  - f r j e ^ v ? .  ( M . J . )
e f)  c  J

Let the magnetic f ie ld  going to zero, we get

liorq ร ^ 'พ) \)

-O- -C?c>
^ £ * * 7

Y JcP'blV»(ง  f ) £

*  ( ร พ ิ;  ๘ ]

-  ร r œl< ï‘> k - . ] 1 CH ■■))

H .2; L im itin g  procedure of E q . ^ lV . l^

From Eq. (6-1*0 » we have

02e CO =̂  ^ O  + — V ( V ^ ) T -  ร ^ ti), 7.-)
๘ ^ . a j ] (  Cl ( Y o ^ l ^ / ) - r  ( l  -l|
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c r
where t  CZ)

ร  )

' ร  T  - -Çj H  ,
a  ) - » f V y £ * - t  ' îiv£»5j)7f£* . V. ( h .5 )

When the magnetic fie]<J going to zero,we get

llVwi . ’f^ C V ) -  ___I
S2-- -»>6 <ะ ะ ,](ง ุ}-) (

js i 'w y t)

s iV v ^ c V - o ’f r J  -+รพ ํ. 

c  ๕»'°'’• ^ '  ^ ''"6* f{-t ร)

[  ‘> * '๙ < H )>
ร พ ่(y-h

(_H • f  )

1.3; L im itin g  procedure of Eq. £|v< lV) *

From Eq.. (Gr-lç^we have

c C z j ^  ( 3 ( พ  ่ -t - J _______________
ร  G o it 'Y fa  f )  ( ro s (^ + )-  (โ© ^ +) )

 ̂ - jc' 1 -§b"l- :
'ร)!,'ท^ง'1 )- £ ( e Çi'o^0t.')j9

enwhen

1 . - f t f  c t - t . )

Cvi ^ V v ^ - fo  ( ^
( พ - * )

When the magnetic f ie ld  going to zero, we get
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