
CHAPTER I

PRELIMINARIES

I n  t h i s  c h a p t e r  we s h a l l  g iv e  some n o t a t i o n s ,  d e f i n i t i o n s  
a n d  th e o r e m s  u s e d  i n  t h i s  t h e s i s .  Our n o t a t i o n s  a r e  

z  i s  t h e  s e t  o f  a l l  i n t e g e r s ,
z + i s  t h e  s e t  o f  a l l  p o s i t i v e  i n t e g e r s ,
Q i s  t h e  s e t  o f  a l l  r a t i o n a l  n u m b e rs ,
Q+ i s  t h e  s e t  o f  a l l  p o s i t i v e  r a t i o n a l  n u m b e r s ,
R+ i s  t h e  s e t  o f  a l l  p o s i t i v e  r e a l  n u m b e rs ,
Zn , ท £ z + , i s  t h e  s e t  o f  c o n g r u e n c e  c l a s s e s  m o d u lo  ท i n  z ,

z+ = z + น  { 0} ,

Qq = <s+ บ  {0} .

D e f i n i t i o n  1 . 1 . A t r i p l e  ( ร , + ,* )  i s  s a i d  t o  b e  a  r i g h t  
s e m i n e a r - r i n g  i f f

( a )  ( ร , +) a n d  ( ร , * )  a r e  s e m ig r o u p s  a n d
( b )  ( x + y ) z  = x z  + y z  f o r  a l l  x , y , z  £  ร .  ( r i g h t  

d i s t r i b u t i v e  la w )
A l e f t  s e m i n e a r - r i n g  i s  d e f i n e d  s i m i l a r l y .  I f  ร i s  a  r i g h t  a n d  
l e f t  s e m i n e a r - r i n g  t h e n  we c a l l  ร a  d i s t r i b u t i v e  s e m i n e a r - r i n g .

T h ro u g h o u t  t h i s  t h e s i s  t h e  w ord " s e m i n e a r - r i n g "  w i l l  
m ean  a  r i g h t  s e m i n e a r - r i n g .  E ach  s t a t e m e n t s  f o r  r i g h t  s e m i n e a r - r i n g s  

h a s  a  d u a l  s t a t e m e n t  f o r  l e f t  s e m i n e a r - r i n g s .

E x am p le  1 . 2 .  ร , Z + ,Z q ,Q + a n d  IR+ w i th  t h e  u s u a l  a d d i t i o n  a n d
m u l t i p l i c a t i o n  a r e  s e m i n e a r - r i n g s
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E x a m p le  1 . 3 » L e t  s  b e  a  n o n em p ty  s e t .  D e f in e  + a n d  • on  ร b y  
X  + y  = X  a n d  X  • y  = y  f o r  a l l  x , y  £ ร .  T hen  ( ร , + 1*) i s  a  
s e m i n e a r - r i n g .

E x a m p le  1.*+. L e t  ( ร 1 + ) b e  & s e m ig r o u p .  L e t  
M (s )  = ( f  ะ ร1—* > s |f  i s  a  m a p ) . D e f in e  + and  • on  M (s)  by  
( f + g ) ( x )  =■ f ( x )  + g ( x )  a n d  ( f * g ) ( x )  =  f ( g ( x ) )  f o r  a l l  X £  ร .  T hen 
( M ( s ) 1+ ,* )  i s  a  s e m i n e a r - r i n g .

D e f i n i t i o n  1 . 5 » A s é m i n e a r - r i n g  ( D ,+ 1*) i s  s a i d  t o  b e  a  r a t i o  
s e m i n e a r - r i n g  i f f  ( D , • )  i s  a  g r o u p .  ( i n  J .  H a t t a k o s o l * ร t h e s i s
[ 1 ] ,  r a t i o  s e m i n e a r - r i n g s  a r e  c a l l e d  d i v i s i o n  s e m i n e a r - r i n g s )

E x am p le  1 . 6 . <§+ a n d  JR+ w i th  t h e  u s u a l  a d d i t i o n  a n d  m u l t i p l i c a t i o n
a r e  r a t i o  s e m i n e a r - r i n g s .  A lso  1 i f  we d e f i n e  x  + y  = m in {x ,y}  
f o r  a l l  x , y  Q+ o r  R+ a n d  u s e  t h e  u s u a l  m u l t i p l i c a t i o n  we s t i l l  
o b t a i n  a  r a t i o  s e m i n e a r - r i n g .

E x a m p le  ไ . 7 » L e t  ( D , • )  b e  a  g r o u p .  D e f in e  + o n D b y x + y = y  
f o r  a l l  x , y  £ D o r x + y = x  f o r  a l l  x , y £  D. T hen  ( D ,+ ,* )  i s  a  
r a t i o  s e m i n e a r - r i n g .

E x am p le  1 . 8 . L e t  D e <ç+ ,y  £ ช ุ} w i th  t h e  u s u a l

a d d i t i o n  a n d  m u l t i p l i c a t i o n .  T hen  ( D ,+ 1*) i s  a  r a t i o  
s e m i n e a r - r i n g .

E x a m p le  1 . 9 » L e t  D^ a n d  D^ b e  r a t i o  s e m i n e a r - r i n g s .  T h en  D ,1 X D^ 
w i t h  t h e  u s u a l  p r o d u c t  s t r u c t u r e  i s  a r a t i o  s e m i n e a r - r i n g .

D e f i n i t i o n  1 . 1 0 . L e t  ( ร , + 1*) b e  a  s e m i n e a r - r i n g  a n d  T a  n o n e m p ty  
s u b s e t  o f  ร .  T i s  s a i d  t o  b e  a  s u b s e m i n e a r - r i n g  o f  ร i f f  ( T ,+ , * )
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i s  a s e m i n e a r - r i n g .  A s u b s e m i n e a r - r i n g  i s  s a i d  t o  be  a  r a t i o  

s u b s e m i n e a r - r i n g  i f f  i t  i s  a  r a t i o  s e m i n e a r - r i n g .

D e f i n i t i o n  1 . 1 1 . L e t  ร be  a  s e m i g r o u p .  ร i s  s a i d  t o  be  a  band  

i f f  x^  = X f o r  a l l  X £ ร .  ร i s  s a i d  t o  be  a r e c t a n g u l a r  b a n d  i f f  

xyx  = X  f o r  a l l  x , y  e ร .

Lemma ๆ . 12 .  I f  ( D , + 1*) i s  a  f i n i t e  r a t i o  s e m i n e a r - r i n g  t h e n  

( D1+) i s  a  b a n d .

S ee  [1] 1 p ag e  17.

D e f i n i t i o n  ๆ . 1 3 » L e t  G be a  g ro u p  and  G,J, ร 2 s u b g r o u p s  o f  G.

Then G i s  s a i d  t o  be  a  Z ap p a -S z ep  p r o d u c t  o f  G^ and  G2 1 d e n o t e d  

by  G = G,| * G2 1 i f f  G = anc* G  ̂ o  G2 = {e} where  e i s  t h e

i d e n t i t y  o f  G.

Example  1 . 1 4 . L e t  ร3 b e  t h e  sy m m e tr ic  g ro u p  on t h r e e  l e t t e r s .

Thus  ร = { ( 1 ) ,  (12),  (13),  ( 2 3 ) ,  ( 1 2 3 ) ,  ( 1 3 2 ) } .  L e t  A = { ( 1 ) , ( 1 2 ) }  and  

A^ = {(1) , ( 1 2 3 ) ,  ( 1 3 2 ) } .  Then A and  A 3 a r e  s u b g r o u p s  o f  ร 3 . S i n c e  

( 1 3 )  = ( 1 3 2 ) 0 2 ) £ A3 A and  ( 2 3 ) = ( 1 2 3 ) 0 2 ) £ A? A2 , ร 3 = k^k.
Hence  ร 3 = A3 * A.

Theorem 1 . 1 3 » L e t  D b e  a  f i n i t e  r a t i o  s e m i n e a r - r i n g .  Then t h e r e  * 1 2 3 * 5 6

e x i s t  u n i q u e  r a t i o  s u b s e m i n e a r - r i n g s  D^, D2 ç  D s u c h  t h a t

( 1 )  X + y = X f o r  a l l  x , y  £ D11

( 2 ) X + y = y f o r  a l l  x , y  £ D2 ,

( 3 )  (D , • ) = (D^ 1*) * (D2 , 0  (= (D2 1*) * (D1 1- ) ) .  

F u r t h e r m o r e ,

O )  (D, + ) ร (D^ 1 + ) X (D2 , + ) ,

( 5 ) D2 + D = {e} (w he re  e i s  t h e  i d e n t i t y  o f  ( D , 0 ) ,

( 6 )  ( D 1 + ) i s  a  r e c t a n g u l a r  b a n d ,  D^ = { x e  D| X  + e = x}
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a n d  จ2  = {x £ d | X + e = e} .

S e e  [ๆ] 1 p ag e  1 7  -  19.

D e f i n i t i o n  ๆ . า 6 , L e t  ร be a s e m i n e a r - r i n g  and X £ ร .  X i s  s a i d  t o  

be  l e f t  a d d i t i v e l y  c a n c e l l a t i v e  ( L . A . C . )  i f f  f o r  a l l  y , z  e ร (x+y  = 

x+z i m p l i e s  y = z ) .  A r i g h t  a d d i t i v e l y  c a n c e l l a t i v e  (R .A .C .) e l e m e n t  

i s  d e f i n e d  s i m i l a r l y .  X i s  s a i d  t o  be a d d i t i v e l y  c a n c e l l a t i v e  (A.co  

i f f  i t  i s  b o t h  l e f t  and r i g h t  a d d i t i v e l y  c a n c e l l a t i v e .  ร i s  s a i d  t o  

b e  l e f t  a d d i t i v e l y  c a n c e l l a t i v e  ( L . A . C . )  i f f  y i s  L .A .C .  f o r  a l l  y £ ร .  

ร i s  s a i d  t o  be  r i g h t  a d d i t i v e l y  c a n c e l l a t i v e  (R.A.C.) i f f  y i s  R .A.C.  

f o r  a l l  y £ ร .  s  i s  s a i d  t o  be a d d i t i v e l y  c a n c e l l a t i v e  (A.co  i f f  ร i s  

b o t h  l e f t  and  r i g h t  a d d i t i v e l y  c a n c e l l a t i v e .

X i s  s a i d  t o  be a  l e f t  addi t ive  zero o f  ร i f f  X + y = X f o r  a l l  

y £ ร .  A r igh t  addi t ive zero o f  ร i s  d e f i n e d  s i m i l a r l y .  X i s  s a i d  t o  be  

an  ad d itiv e  zero dfs i f f  i t  i s  b o th  a  l e f t  and a  r i g h t  a d d i t i v e  z e r o .

X i s  s a i d  t o  be  a l e f t  additive i d e n t i t y  o f  ร i f f  X + y = y f o r  a l l  

y £ ร .  A rig h t additive id e n t i ty  o f  ร i s  d e f i n e d  s i m i l a r l y .  X i s  s a i d  

t o  b e  an  add itive id e n tity  o f  ร i f f  i t  i s  b o t h  a l e f t  and a  r i g h t  a d d i t i v e  

i d e n t i t y  o f  ร .

X i s  s a i d  t o  b e  a  le f t m ultiplicative zero o f  ร i f  xy = X f o r  a l l  

y ธ ร .  Ar i g h t  m u ltip lica tiv e  zero o f  ร i s  d e f i n e d  s i m i l a r l y .  X i s  s a i d  

t o  be  a  m u tip lica tiv e  zero o f  ร i f f  i t  i s  b o t h  a  l e f t  and a  r i g h t  

m u l t i p l i c a t i v e  z e r o  o f  ร .

L e t  d £ ร .  Then X i s  s a i d  t o  b e  a l e f t  a d d i t i v e  i d e n t i t y  o f  d 

i f f  X + d = d .  A r i g h t  a d d i t i v e  i d e n t i t y  o f  d i s  d e f i n e d  s i m i l a r l y .

X i s  s a i d  t o  b e  a n  a d d i t i v e  i d e n t i t y  o f  d i f f  i t  i s  b o t h  a  l e f t  a n d

a  r i g h t  a d d i t i v e  i d e n t i t y  o f  d .

The s e t  o f  a l l  l e f t  ( r i g h t )  a d d i t i v e  i d e n t i t i e s  o f  d i s  

d e n o t e d  b y  LI  ( d )  ( R l g ( d ) ) .  The s e t  o f  a l l  a d d i t i v e  i d e n t i t i e s  o f  d 

i s  d e n o t e d  by  I g ( d ) .
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E x a m p le  1 . 1 7 » z + , <ç+ a n d  IR+ w i th  t h e  u s u a l  a d d i t i o n  an d
m u l t i p l i c a t i o n  a r e  A .c .

P r o p o s i t i o n  1 . 1 8 . L e t  D b e  a  r a t i o  s e m i n e a r - r i n g .

(ๆ )  I f  o n e  e le m e n t  o f  D i s  a  l e f t  ( r i g h t )  a d d i t i v e  z e r o  
t h e n  e v e r y  e le m e n t  o f  D i s  a  l e f t  ( r i g h t )  a d d i t i v e  z e r o  s o  (D ,+ )  
i s  a  l e f t  ( r i g h t )  z e r o  s e m ig r o u p .

( 2 ) I f  o n e  e le m e n t  o f  D i s  a  l e f t  ( r i g h t )  a d d i t i v e  
i d e n t i t y  t h e n  e v e r y  e le m e n t  o f  D i s  a  l e f t  ( r i g h t )  a d d i t i v e  
i d e n t i t y  s o  ( D ,+ )  i s  a  r i g h t  ( l e f t )  z e r o  s e m ig r o u p .

P r o o f . To p r o v e  ( ๆ ) ,  l e t  d b e  a  l e f t  a d d i t i v e  z e r o  o f  D. T h en  
d + X = d f o r  a l l  X £ D. L e t  y £ D. We m u st show  t h a t  y  i s  
a  le f t  a d d itiv e  zero o f  D . y + z ( d  ^ y ) = d (d ~ " 'y )  + z ( d   ̂y ) =
( d + z ) ( d  ^ y )  = d ( d  "*y) = y  f o r  a l l  Z E D .  L e t  c = { zd  1 y | z  £ D} . 
S i n c e  ( D , 0  i s  a  g r o u p , c  = D. T h u s y + พ = y f o r  a l l  พ £ D.
H e n c e  y  i s  a  l e f t  additive zero o f  D . S in c e  y i s  a n  a r b i t a r y  e le m e n t  
i n  D, we o b t a i n  ( ๆ ) .

To p r o v e  ( 2 ) ,  l e t  d b e  a  l e f t  a d d i t i v e  i d e n t i t y  o f  D.
T h en  d + X = X f o r  a l l  X £ D. L e t  y  £ D. We m u st show  t h a t  y 
i s  a  l e f t  a d d it iv e  I d e n t i ty  o f  D . y  + zd  y  = d ( d  y ) + z ( d  y)  = 
( d + z ) d  ^y  = zd  **y f  o r  a l l  z£  D. L e t  c = { z d  V | z £ D} . S in c e  ( D ,* )  i s  
a  g r o u p ,  C = D. T h u s  y + พ = พ f o r  a l l  พ £ D. H ence  y  i s  a l e f t  

a d d i t i v e  i d e n t i t y  of S . S in c e  y i s  a n  a r b i t a r y  e le m e n t  i n  D , we o b t a i n  
( 2 ) .

P r o p o s i t i o n  ๆ .ๆ 9 » I f  D i s  a  r a t i o  s e m i n e a r - r i n g  o f  o r d e r  g r e a t e r
t h a n  1 t h e n  D c o n t a i n s  no  a d d i t i v e  z e r o .

S e e  [ 1 ] 1 p a g e  2 2 .
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C o r o l l a r y  1 . 2 0 » L e t  D b e  a  r a t i o  s e r a i n e a r - r i n g  a n d  e t h e  
i d e n t i t y  o f  ( D , 0 .  I f  e i s  an  a d d i t i v e  z e r o  o f  D t h e n  D = ' t e l .

P r o o f . I t  i m m e d ia t e ly  f o l l o w s  fro m  P r o p o s i t i o n  1 . 1 9 *
#

P r o p o s i t i o n  1 . 2 1 . I f  D i s  a  r a t i o  s e m i n e a r - r i n g  o f  o r d e r  g r e a t e r  
t h a n  1 t h e n  D c o n t a i n s  no  a d d i t i v e  i d e n t i t y .

S e e  [า ] , p a g e  2 2 .

D e f i n i t i o n  1 . 2 2 . An i d e a l  I  o f  a  s e m ig r o u p  ร i s  c a l l e d  
c o m p l e t e l y  p r im e  i f f  f o r  a n y  a , ๖ E S ,  a b  £ I  i m p l i e s  t h a t  a £ I  
o r  ๖ £ I .

D e f i n i t i o n  1 . 2 3 » L e t  ร b e  a s e m ig ro u p  a n d  F a n o n e m p ty  s u b s e t  
o f  ร .  F i s  s a i d  t o  b e  a f i l t e r  i n  ร i f f  f o r  a l l  x , y £  ร ( x , y  £ F 
i f f  x y  £ F ) .

I t  i s  w e l l -k n o w n  t h a t  F i s  a  f i l t e r  i n  ร i m p l i e s  t h a t  
S \F  = 0  o r  S \F  i s  a  c o m p l e t e l y  p r im e  i d e a l  i n  ร .

E x a m p le  ๆ .2^-. z + w i t h  t h e  u s u a l  m u l t i p l i c a t i o n  i s  a s e m ig r o u p .
L e t  F = { n  £ z + | ท i s  o d d } .  T h en  F i s  a f i l t e r  i n  z + , s o  Z+' F  
i s  a  c o m p l e t e l y  p r im e  i d e a l  i n  z + .

P r o p r o s i t i o n  1 . 2 3 . L e t  ร b e  a s e m i n e a r - r i n g  a n d  d £ ร .  T h en  t h e  * 1 2 3
f o l l o w i n g  s t a t e m e n t s  h o ld  ะ

( 1 )  L l g ( d )  = 0  o r  L lg ( d )  i s  a n  a d d i t i v e  s u b s e m ig r o u p  o f  ร .
( 2 ) R l g ( d )  = 0  o r  R lg ( d )  i s  a n  a d d i t i v e  s u b s e m ig r o u p  o f  ร .  

( T h e r e f o r e  I g ( d )  = 0  o r  I g ( d )  i s  an  a d d i t i v e  s u b s e m ig r o u p  o f  ร . )
( 3 ) I f  ร i s  a  s e m i n e a r - r i n g  w i th  i d e n t i t y  e t h e n  t h e  

f o l l o w i n g  s t a t e m e n t s  h o ld  ะ
( 3 . 1 )  L l g ( e )  = 0  o r  L l g ( e )  i s  ท s u b s e m i n e a r - r i n g
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o f  ร .

( 3 * 2 )  R l g ( e )  = 0  o r  R lg ( e )  i s  3 s u b s e m i n e a r - r i n g
o f  ร .
( T h e r e f o r e  I g ( e )  = 0  o r  I g ( e )  i s  a  s u b s e m i n e a r - r i n g  o f  ร . )

( 3 . 3 )  L I ( e )  * d £ L I g ( d ) ,  R l g ( e )  * d £  R lg ( d )  a n d  
I g ( e )  • d Ç  I g ( d ) .

( b )  I f  ร i s  a  r a t i o  s e m i n e a r - r i n g  th e n  t h e  f o l l o w i n g  
s t a t e m e n t s  h o ld  ะ

( b . า )  L l g ( d )  = L I ( e )  • d a n d  L l g ( e )  • L l g ( d )  c  L I (d )

( b . 2 ) RI (d )  = RI ( e )  * d a n d  R lg ( e )  • R l g ( d )  £  R l g ( d )

( i f . 3 )  I g ( d )  = I g ( e )  . d and  I g ( e )  • I g ( d )  Ç l g ( d ) .

( i f . i f )  I f  R lg ( d )  = ร a n d  F Q  L lg ( d )  i s  a  f i l t e r  i n
( ร , +) t h e n  F = ร = ( e ) .

( i f . 5 )  I f  L I ( d )  = s  a n d  F ร  R lg ( d )  i s  a  f i l t e r  i n  
( ร , +) t h e n  F = ร = { e } .

P r o o f . ( 1 )  S u p p o s e  t h a t  L I ( d )  /  0 .  L e t  x , y  E L l g ( d ) .  T hen  
x + d = y + d = d ,  s o  (x + y )  + d = X + (y + d )  = X + d = d .  H en ce  
X + y  £ L I ( d ) .

( 2 )  T he p r o o f  o f  ( 2 )  i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 1 ) .
( 3 )  A ssum e t h a t  ร i s  a  s e m i n e a r - r i n g  w i th  i d e n t i t y  e .

( 3 . 1 )  S u p p o se  t h a t  L l g ( e )  /  0 .  By ( 1 ) ,  L l g ( e )  i s
a n  a d d i t i v e  s u b s e m ig r o u p  o f  ร so  we n e e d  o n ly  show  t h a t  L l g ( e )  i s  
a  m u l t i p l i c a t i v e  s u b s e m ig r o u p  o f  ร . L e t  x , y  £ L l g ( e ) .  T hen  
x + e = y + e = e ,  s o x y + e = x y +  (y + e )  = (x y + y )  + e = ( x + e ) y  + e 
= e y + e = y + e = e .  H en ce  xy  £ L l g ( e ) .

( 3 * 2 )  T he p r o o f  o f  ( 3 . 2 )  i s  s i m i l a r  t o  t h e  p r o o f

( 3 . 3 )  L e t  X £ L I ( e )  • d .  T h en  X = yd  f o r  som e
o f  ( 3 . 1 )
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y £ L l g ( e ) .  So y  + e = e .  T h u s x + d = y d + d =  ( y + e ) d  = ฝ ะ  d .  
H e n c e  X £ L l g ( d ) .  T h e r e f o r e  L l g ( e )  • d Ç L I g ( d ) .

S i m i l a r l y ,  พe c a n  show  t h a t  R lg ( e )  • d Ç  R l g ( d ) .

S i n c e  I g ( e )  • d Ç  L I ( e )  • d Ç  LI ( d )  a n d  
I g ( e )  • d & R I g ( e )  • d e  R l g ( d ) ,  I g ( e )  • d ร  L lg ( d )  ก  R lg ( d )  = I  ( d ) .

(*f) A ssum e t h a t  ร i s  a r a t i o  s e m i n e a r - r i n g
( ^ . 1 )  By ( 3 . 3 ) ,  L l g ( e )  • d Ç  L lg ( d )  s o  we n e e d  o n ly  

show  t h a t  L l g ( d )  Ç: L l g ( e )  • d .  L e t  x e  L l g ( d ) .  T h en  X + d = d ,  
s o  e = d d ~ /' = ( x + d ) d   ̂ = xd  1 + e .  T hus xd  า e L l g ( e ) .  H en ce  
X = ( x d _ 1 )d  £ L I ( e )  • d .  T h e r e f o r e  L I ( d )  c  L l g ( e )  • d .

To show  t h a t  L l g ( e )  • L I ( d )  Q .  L l g ( d ) ,  n o t e  t h a t  L l g ( e )  
i s  a  m u l t i p l i c a t i v e  s u b s e m ig ro u p  o f  ร so  L l g ( e )  ♦ L l g ( d )  Ç  L l g ( e ) .  
T h u s  L l g ( e )  • L l g ( d )  = L l g ( e )  • ( L I g ( e ) * d )  = [ L l g ( e )  • L lg ( e ) ]  • d 
£ L I  ( e )  - d = L l g ( d ) .

T he p r o o f s  o f  ( 4 . 2 )  an d  ( 4 . 3 ) a r e  s i m i l a r  t o  t h e  p r o o f  o f

( ^ . ๆ ) .
( 4 . 4 )  A ssum e t h a t  R lg ( d )  = ร and  F. Q .  L lg ( d )  i s  a

f i l t e r  i n  ( ร , + ) .  T h en  d + X = d f o r  a l l  X £ ร .  T h u s d i s  a  l e f t
a d d i t i v e  z e r o  o f  ร a n d  ร i s  a r a t i o  s e m i n e a r - r i n g .  By P r o p o s i t i o n  
1 . 1 8 ,  ( ร , +) i s  a  l e f t  z e r o  s e m ig r o u p .  T hus L I ( d )  = { d } . S in c e  
F /  0 ,  F. = {d} . H en ce  {d} i s  a  f i l t e r  i n  ( ร , + ) .  C la im  t h a t  
s \ ( d )  = 0 .  S u p p o s e  t h a t  ร >‘{d} /  0 .  L e t y  e S M d} . S in c e  
R I ( d )  = ร ,  d + y  = d .  T h u s d + y £ {d} . S in c e  {d} i s  a  f i l t e r
i n  ( ร , + ) ,  y  = d ,  a  c o n t r a d i c t i o n .  H ence ร \{ d }  = 0 .  T h e r e f o r e
ร = {d} . S in c e  e e ร ,  d = e .  C o n s e q u e n t ly ,  ร = {e} = F .

The p r o o f  o f  ( 4 . 5 )  i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 4 . 4 ) .
#
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D e f i n i t i o n  1 . 2 6 » A s e m i n e a r - r i n g  ( K ,+ ,* )  i s  s a i d  t o  b e  a 
s e m i n e a r - f i e l d  i f f  t h e r e  e x i s t s  a n  e le m e n t  a  i n  K s u c h  t h s t  = a  
a n d  ( K \ { a } ,« )  i s  a  g r o u p .  S u ch  a n  e le m e n t  a  i s  c n l l e d  a  s p e c i a l  
e le m e n t  o f  K.

E x a m p le  1 . 2 7 . ( 1 ) a n d  [Rq w i th  u s u a l  t h e  a d d i t i o n  and
m u l t i p l i c a t i o n  a r e  s e m i n e a r - f i e l d s .

( 2 ) L e t  ( G ,* )  b e  a  g ro u p  w i t h  z e r o  e l e m e n t 00.
D e f in e  + on G b y

( i )  X + y = 0๐ f o r  a l l  x , y  e G o r
X i f  X = y

( i i )  X + y
c X i i
V. “  i j

f o r  a l l  x , y  e G.
-f  X /  y

T h en  (G , + , * )  i s  a  s e m i n e a r - f i e l d  w i th  00 a s  a s p e c i a l  e l e m e n t .

( 3 )  K = {
•X y
. 0 z.

x , z  £ rç+ , y  £ <ç} บ  {
0 0 

LO OJ
}

w i t h  t h e  u s u a l  a d d i t i o n  a n d  m u l t i p l i c a t i o n  i s  a  s e m i n e a r - f i e l d  
0 O'

w i t h
Lo 0.

a s  a  s p e c i a l  e l e m e n t .

( 4 )  L e t  ( G ,* )  b e  a  g ro u p  a n d  l e t  a  b e  a  sy m b o l 
n o t  r e p r e s e n t i n g  a n y  e le m e n t  o f  G. L e t K = G บ ( a )  . D e f in e  + 
on  K a n d  e x te n d  • t o  K by

( i ) a x  = x a  = a and X + y = X f o r a i l x »y e K,
( i i ) a x  = x a  = a an d X + y = y f o r a i l x , y E K,
( i i i ) a x  = x a  = X an d X + y = X f o r a i l x » y £ K o r
( i v ) a x  = x a  = X a n d X + y = y f o r a i l x »y £ K.

T h en  ( K ,+ ,* )  i s  a  s e m i n e a r - f i e l d  w i th  a  a s  a  s p e c i a l  e l e m e n t .

T h eo rem  1 . 2 8 . I f  K i s  a  s e m i n e a r - f i e l d  o f  o r d e r  g r e a t e r  t h a n  2 
t h e n  t h e r e  e x i s t s  a  u n iq u e  s p e c i a l  e le m e n t  o f  K.

See [ 1 ] , page 2 6 .
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T h eo rem  1 . 2 9 » L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a a s  a  s p e c i a l  
e l e m e n t .  T h en  ( a  • X = a  f o r  a l l  x E K o r a * x = x  f o r  a l l  XE  K) 
a n d  ( x  • a  = a  f o r  a l l  x e  K o r  X • a  = X f o r  a l l  x e  K ).

S e e  [ 1] , p a g e  2 8 .

From  T h e o re m  1 . 2 9  we g e t  t h a t  t h e r e  a r e  b  t y p e s  o f  s p e c i a l  
e l e m e n t s  a  i n  a  s e m i n e a r - f i e l d .  T hey  h a v e  e x a c t l y  o n e  o f  t h e  
f o l l o w i n g  p r o p e r t i e s .

( 1 ) a x  = x a  = a  f o r a l l  X e K,
( 2 ) a x  = x a  = X f o r a l l  X e K,

( 3 ) a x  = a  and  x a  = X f o r a l l  X e K and
i b ) a x  = X a n d  x a  = a  f o r a l l  X e K.

We c a l l  a  s p e c i a l  e le m e n t  a  s a t i s f y i n g  ( 1 ) , ( 2 ) , ( 3 )  o r  ( b )  a 
c a t e g o r y  I , I I , I I I  o r  IV s p e c i a l  e le m e n t  o f  K r e s p e c t i v e l y  ( I n  [ 1] 
a  s e m i n e a r - f i e l d  w i t h  a  c a t e g o r y  I , I I , I I I  o r  IV s p e c i a l  e le m e n t  
i s  c a l l e d  a  c a t e g o r y  I , I I , I I I  o r  IV s e m i n e a r - f i e l d ,  r e s p e c t i v e l y . ) .  
C l e a r l y  a  c a t e g o r y  I  s p e c i a l  e le m e n t  i s  u n iq u e  a n d  s o  i s  a  c a t e g o r y  
I I  s p e c i a l  e l e m e n t .

N o te  t h a t  E x am p le  1 . 2 7 ( 1 )» E x am p le  1 . 2 7 ( 2 ) ,  E xam ple  1 . 2 7 ( 3 ) 
a n d  E x am p le  1 , 2 7 ( M i )  ) » ( M i i ) )  a r e  s e m i n e a r - f i e l d s  w i th  a  c a t e g o r y  I  
s p e c i a l  e l e m e n t .  E x am p le  1 .2 7 (  M i i i )  ) , ( M i v ) )  a r e  s e m i n e a r - f i e l d s  
w i t h  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t .

A s e m i n e a r - f i e l d  w i th  a  c a t e g o r y  I I I  o r  IV s p e c i a l  e le m e n t  
i s  o f  o r d e r  2 ( s e e  [ 1 ] ,  p a g e  2 9 )*  F o r  a  c o m p le te  c l a s s i f i c a t i o n  
up  t o  is o m o rp h is m  s e e  [ 1] , p a g e  2 9  -  J> b .

T h eo rem  1 . 3 0 » L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a c a t e g o r y  I  
s p e c i a l  e l e m e n t .  T h en  ( e i t h e r  a + X = a  f o r  a l l  x e  K o r a + x = x  
f o r  a l l  X e K) a n d  ( e i t h e r  X + a  = a  f o r  a l l  x e K o r x + a = x
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f o r  a l l  X £ K ) .

S e e  [ 1 ] 1 p a g e  3 5 .

From  T h eo rem  1 .3 0  we s e e  t h a t  a c a t e g o r y  I  s p e c i a l  e le m e n t  
a  h a s  e x a c t l y  o n e  o f  t h e  f o l l o w i n g  p r o p e r t i e s .

( 1 )  a  + x  = x  + a  = x  f o r  a l l  X £ K. I n  t h i s  c a s e  we 
s a y  t h a t  a  i s  a  z e r o  s p e c i a l  e le m e n t  ( a  0 - s p e c i a l  e l e m e n t ) .

( 2 )  a  + x  = x + a  = a  f o r  a l l  X £ K. I n  t h i s  c a s e  we 
s a y  t h a t  a  i s  a n  i n f i n i t y  s p e c i a l  e le m e n t  ( a n  ° ° - s p e c i a l  e l e m e n t ) .

( 3 )  a  + X = a  a n d  X + a = X f o r  a l l  X £ K. T hen  f o r  
a l l  x , y  £ K, X + y  = (x + a )  + y = X + (a + y )  = X + a  = X. T hus 
(K t + ) i s  a  l e f t  z e r o  s e m ig r o u p .

( 4 )  a  + X = X a n d  X + a  = a  f o r  a l l  X £ K. T hen  f o r  
a l l  x , y  £ K, x + y = x +  ( a + y )  = (x + a )  + y = a + y = y .  T hus 
(K ,+ )  i s  a  r i g h t  z e r o  s e m ig r o u p .

D e f i n i t i o n  1 . 3 1 » L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a a s  a  c a t e g o r y  I  
s p e c i a l  e l e m e n t .  I f  K c o n t a i n s  a  0 - s p e c i a l  e le m e n t  t h e n  K i s  
c a l l e d  a  0 - s e m i n e a r - f i e l d . I f  K c o n t a i n s  on  “ - s p e c i a l  e le m e n t  
t h e n  K i s  c a l l e d  a  “ - s e m i n e a r - f i e l d . I f  K c o n t a i n s  a c a t e g o r y  I  
s p e c i a l  e le m e n t  a  s a t i s f y i n g  ( 3 ) th e n  K i s  c a l l e d  a n  a d d i t i v e  l e f t  
z e r o  s e m i n e a r - f i e l d  w i t h  a c a t e g o r y  I  s p e c i a l  e l e m e n t . I f  K 
c o n t a i n s  a  c a t e g o r y  I  s p e c i a l  e le m e n t  a s a t i s f y i n g  ( ^ )  t h e n  K i s  
c a l l e d  a n  a d d i t i v e  r i g h t  z e r o  s e m i n e a r - f i e l d  w i t h  a  c a t e g o r y  I  
s p e c i a l  e l e m e n t .

T h eo rem  1 . 3 2 . L e t  K b e  a  s e m i n e a r - f i e l d  w i t h  a  a s  a c a t e g o r y  I I  
s p e c i a l  e l e m e n t .  T h en  ( K \ { a } ,+ ,* )  i s  3 r a t i o  s e m i n e a r - r i n g .

S ee  [1 ] , p a g e  53 -  5 ^ .

น-



T h eo rem  1 . 3 2 » L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a c a t e g o r y  I I  
s p e c i a l  e l e m e n t .  T h en  ( K \ { a } ,+ ,* )  i s  a  r a t i o  s e m i n e a r - r i n g .

S e e  [1] , p a g e  53 -  5 b .

T h eo rem  1 . 3 3 » L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a  c a t e g o r y  I I
s p e c i a l  e le m e n t  a n d  l e t  e d e n o te  th e  i d e n t i t y  o f  ( K \ { a } t * ) .  Then
t h e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ

( 1 )  I f  a  + a  = a  t h e n  (K ,+ )  i s  a  b a n d .
( 2 )  I f  a  + a  /  a  t h e n  a  + a  -  e + e .
( 3 )  e + a = a o r e + a = e + e  .
( b ) a  + e = a o r a  + e = e + e .
( 5 )  F o r  a l l  x , y  £ K 'f a } ,  X + X = y + y i f f  X = y .
( 6 )  F o r  a l l  x / a , x + a = a o r x + a = x + e .
( 7 )  F o r  a l l  X /  a ,  a  + X = a  o r  a  + x = e  + x .

ไ b

See [1] , page 5> b
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