
CHAPTER I I

SEMINEAR-FIELDS WITH A CATEGORY I I  SPECIAL ELEMENT

I n  t h i s  c h a p t e r  we s h a l l  s t u d y  s e m i n e a r - f i e l d s  w i th  a 
c a t e g o r y  I I  s p e c i a l  e l e m e n t .

We r e c a l l  t h e  d e f i n i t i o n  o f  a  s e m i n e a r - f i e l d  w i th  a 
c a t e g o r y  I I  s p e c i a l  e l e m e n t .

L e t  K b e  a  s e m i n e a r - f i e l d  a n d  l e t  a  b e  a  s p e c i a l  e le m e n t  
o f  K. K i s  s a i d  t o  b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a  c a t e g o r y  I I  
s p e c i a l  e le m e n t  i f f  a h a s  t h e  p r o p e r t y  t h a t  a x  = x a  = X f o r  a l l  
X e K.

E x am p le  2 . 1 . L e t  D b e  a  r a t i o  s e m i n e a r - r i n g  a n d  l e t  a  b e  a  sy m b o l 
n o t  r e p r e s e n t i n g  a n y  e le m e n t  o f  D. E x te n d  + a n d  • fro m  D t o  
D บ  {a} b y

( i )  a x  = x a  = X f o r  a l l  X £ D u  {a} ,
( i i )  a + x = e + x  a n d  X + a  = X + e f o r  a l l  X £ D and
( i i i )  a  + a  = e + e .

T h en  (D น { a } ,  + ,» )  i s  a  s e m i n e a r - f i e l d  w i th  a  a s  a  c a t e g o r y  I I  
s p e c i a l  e l e m e n t .

P r o p o s i t i o n  2 . 2 . L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a  c a t e g o r y  I I  
s p e c i a l  e l e m e n t .  I f  a  + X = X + a  ะ a  f o r  a l l  X £ K \{a}  o r  
a  + x  = x  + a  = x  f o r  a l l  X £ K \{a}  th e n  |K | = 2 .

P r o o f . By T h eo rem  1 .3 2 ,  ( K \ { a } ,+ ,* )  i s  a  r a t i o  s e m in e a r  r i n g .
L e t  e d e n o te  t h e  i d e n t i t y  o f  ( K \ { a } , ‘ ) .  Assum e t h a t  a  + X = X + a 
= a  f o r  a l l  X £ K \{ a } . M u l t i p l y  t h i s  e q u a t i o n  on t h e  r i g h t  b y
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e ,  we g e t  t h a t  x  + e = e +  x  = e f o r  a l l  X £ K \{a}  . By
C o r o l l a r y  ๆ .2 0 ,  |K \{ a } | = ๆ. H ence  | k | = 2 .

A ssum e t h a t  a + x = x + a = x  f o r  a l l  X e K \ { a ) . C la im  
t h a t  e + x  = x  + e = e f o r  a l l  X £ K \{ a } , L e t  X £ K \{ a } . T hen  
a  + x =  x /* + a  = x \ s o x  + e =  e +  x  = e .  By C o r o l l a r y  ๆ .2 0 ,
I K \{ a} I = ๆ. H en ce  I k | = 2 .

#
P r o p o s i t i o n  2 . 3 . I f  K i s  a  s e m i n e a r - f i e l d  w i th  a  c a t e g o r y  I I  
s p e c i a l  e le m e n t  o f  o r d e r  g r e a t e r  th a n  2 t h e n  K c o n t a i n s  no 
a d d i t i v e  z e r o .

P r o o f . L e t  a  b e  a  c a t e g o r y  I I  s p e c i a l  e le m e n t  o f  K. By T h eo rem  
ๆ .3 2 ,  (K \{ a }  , + , • )  i s  a  r a t i o  s e m i n e a r - r i n g  o f  o r d e r  g r e a t e r  th a n  
ๆ . By P r o p o s i t i o n  ๆ .ๆ 9 , K \ ( a )  c o n t a i n s  no  a d d i t i v e  z e r o .

I f  a  i s  a n  a d d i t i v e  zero of K th e re b y  P r o p o s i t i o n  2 . 2 ,  I k [ = 2 ,  
a  c o n t r a d i c t i o n .

#

P r o p o s i t i o n  2 .* f . I f  K i s  a  s e m i n e a r - f i e l d  w i th  a  c a t e g o r y  I I  
s p e c i a l  e le m e n t  o f  o r d e r  g r e a t e r  t h a n  2 t h e n  K c o n t a i n s  no 
a d d i t i v e  i d e n t i t y .

P r o o f . T h i s  p r o o f  i s  s i m i l a r  t o  t h e  p r o o f  o f  t h e  P r o p o s i t i o n  2 . 2 ,  
e x c e p t  t h a t  we u s e  P r o p o s i t i o n  ๆ .21 i n s t e a d  o f  P r o p o s i t i o n  ๆ .ๆ 9 .

#
T h e o re m  2 . 3 . L e t  K b e  a s e m i n e a r - f i e l d  w i th  a  a s  a  c a t e g o r y  I I  
s p e c i a l  e le m e n t  a n d  l e t  e be t h e  i d e n t i t y  o f  ( K \ { a } , « ) .  T h en

(ๆ ) j Kj = 2 i f  an d  o n ly  i f  e i s  a m u l t i p l i c a t i v e  z e r o  o f  K.
( 2 )  I k | > 2 i f  an d  o n ly  i f  K c o n t a i n s  no m u l t i p l i c a t i v e

z e r o .

P r o o f . To p r o v e  ( ๆ ) ,  a ssu m e  t h a t  IK[ = 2 .  T hen  K = ( e , a ) .  S in c e
a  i s  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t ,  a  i s  n o t  a m u l t i p l i c a t i v e  z e r o .
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Now e • e = e a n d  e • a  = a  • e = e ,  s o  e i s  a  m u l t i p l i c a t i v e  z e r o .

C o n v e r s e l y ,  a s su m e  t h a t  e i s  a  m u l t i p l i c a t i v e  z e r o .
T h en  e » x  = x » e  = e f o r  a l l  X £ K. To show  t h a t  I K| = 2 .  L e t  
y  £ K \{ a}  .  T h en  y = e • y  = e .  T h e r e f o r e  I k | = 2 .

To p r o v e  ( 2 ) ,  i t  i s  c l e a r  t h a t  i f  K c o n t a i n s  no  m u l t i p l i c a t i v e  
z e r o  t h e n  I k | > 2 .  C o n v e r s e l y ,  s u p p o s e  t h a t  t h e r e  e x i s t s  a 
m u l t i p l i c a t i v e  z e r o  y 0 i n  K. T hen  x y Q = y QX = y  0 f o r  a l l  X e K.
T h u s  y^  = y  0 a n d  s o  y  0 = e o r  y 0 = a .

I f  y  = a  t h e n  e = e • a  = e •. y  = y  = a ,  a  c o n t r a d i c t i o n .
H e n c e  y o = e s o  b y  ( 1 ) ,  I k | = 2 .  T h e r e f o r e  i f  I k | > 2 s o  K
c o n t a i n s  no  m u l t i p l i c a t i v e  z e r o .

T h e o re m  2 . 6 . L e t  K b e  a  s e m i n e a r - f i e l d  a n d  l e t  a  b e  a c a t e g o r y  I I  
s p e c i a l  e le m e n t  o f  K. T h en  t h e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ

( 1 )  I f  K i s  L .A .C . t h e n  X + y = y f o r  a l l  x , y  £ K \{ a } .
( 2 ) I f  K i s  R .A .C . t h e n  X + y = X f o r  a l l  x , y  £ K\{ }ๆ .

( 3 ) I f  a  + a  = a  t h e n  t h e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ
( 3 • 1 )  K i s  L .A .C . i f  a n d  o n ly  i f  X + y = y  f o r  a l l

x , y  £ K.
( 3 . 2 ) K i s  R .A .C . i f  a n d  o n ly  i f  X + y = X f o r  a l l

x , y  £ K.
( 3 . 3 ) K c o n n o t  b e  A .c .

P r o o f .  L e t  e b e  t h e  i d e n t i t y  o f  ( K \ { a } , ‘ ) .
( 1 )  A ssum e t h a t  K i s  L .A .C . C la im  t h a t  z + a  = a  f o r  

a l l  z £ K \{a} .  L e t  z £ K \{ a } . I f  z + a  /  a  t h e n  b y  T h eo rem  1 . 3 3  

z + a  = z + e a n d  s o  a  = e ,  a  c o n t r a d i c t i o n .  H en ce  z + a  = a  
f o r  a l l  z £ K \{a}  . L e t  x , y  £ K \{a} • T hen  x y  ^+ a  = a ,  s o  
y  ะ: a y  = ( x y  ^+ a ) y  = X + a y  = X + y .  H en ce  X + y  = y  f o r  a l l
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T he p r o o f  o f  ( 2 )  i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 1 ) .
( 3 )  A ssum e t h a t  a  + a  = a .

( 3 . ๆ) A ssum e t h a t  K i s  L .A .C . L e t  x , y  £ K.

C a s e  1 . X = y  = a .  T hen  x + y = a + a = a = y .
C a s e  2 . X ^  a ,  y  = a .  I n  t h e  p r o o f  o f  ( 1 ) ,  we show ed  t h a t  
z + a  = a  f o r  a l l  z  £ K \{ a } . T h u s x + y = x + a = a = y .
C a s e  3 » X = a ,  y  /  a .  By ( 1 ) ,  we g e t  t h a t  e  + y  = y .  I f  
a  + y  = a  t h e n  a  + y  = a  + a .  T h u s y  = a ,  a  c o n t r a d i c t i o n .  H en ce  
a + y = e + y = y .  T h e r e f o r e  x + y = a + y = e + y = y .
C a s e  j f .  X ^  a ,  y  /  a .  By ( ๆ ) ,  X + y  = y .

H en ce  X + y  = y  f o r  a i l  x , y  £ K.
T he c o n v e r s e  i s  o b v i o u s .

The p r o o f  o f  ( 3 . 2 )  i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 3 . ๆ ) .
( 3 * 3 )  S u p p o s e  t h a t  K i s  A .c .  I n  t h e  p r o o f  o f  ( ๆ ) ,  

we sh o w ed  t h a t  z + a  = a  f o r  a l l  z £  K \{ a } . Now e + a  = a .  
a + a = a = e + a .  S in c e  K i s  R .A .C . ,  a  = e ,  a  c o n t r a d i c t i o n .  
H en ce  K i s  n o t  A .c .

T h e o re m  2 . 7 . L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a  c a t e g o r y  I I  
s p e c i a l  e le m e n t  a n d  l e t  e b e  t h e  i d e n t i t y  o f  (K \{ a}  , • ) .  T hen  K 
i s  A .C . i f  a n d  o n ly  i f  K = ( a , e )  w i t h  s t r u c t u r e

P r o o f .  A ssum e t h a t  K i s  A .c .  C la im  t h a t  a + x = x + a = a  f o r  a l l  
X £ K \{ a } .  L e t  X £  K \{ a } .  I f x  + a  = x  + e t h e n  a  = e ,  a 
c o n t r a d i c t i o n .  H e n c e  x + a = a .  I f a + X = e + X  t h e n  a  = e ,
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a  c o n t r a d i c t i o n .  H ence  a  + X = a .  T h e r e f o r e  a + x  = x  + a  = a

f o r  a l l  X £ K \{ a } . By P r o p o s i t i o n  2 . 2 ,  IK| = 2 .  By T heorem  2 .6
( 3 . 3 ) *  we g e t  t h a t  a + a = e + e = e  s i n c e  ( K \ ( a } , + , * )  i s  3 
f i n i t e  r a t i o  s e m i n e a r - r i n g .  T h e r e f o r e  we h a v e  t h e  a b o v e  s t r u c t u r e .

C o n v e rs e ly , o n e  c a n  e a s i l y  c h e c k  t h a t  t h e  s e m i n e a r - f i e l d  
g i v e n  a b o v e  i s  A .c .

#

D e f i n i t i o n  2 . 8 . L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a s p e c i a l  
e l e m e n t .  L e t  D = K \(a )  . T h en  {x £ D lx  + a  = a ) ( { x £  D l a + X  = a } )  
i s  c a l l e d  t h e  l e f t  ( r i g h t )  f u n d a m e n ta l  s e t  o f  a i n  K. T he s e t  
{ x  £ k | x + a = a + x = a }  i s  c a l l e d  t h e  f u n d a m e n ta l  s e t  o f  a  i n  K.
I f  a  i s  a  c a t e g o r y  I I  s p e c i a l  e le m e n t  o f  K t h e n  we s h a l l  d e n o te  
t h e  l e f t  ( r i g h t )  f u n d a m e n ta l  s e t  o f  a  i n  K b y  ร ^  (ร■ ชุ) an d  d e n o te  
t h e  f u n d a m e n ta l  s e t  o f  a  i n  K b y  ร .

R em ark  2 . 9 . L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a a s  a  c a t e g o r y  I I  
s p e c i a l  e le m e n t  a n d  l e t  D = K \{ a } .

( 1 )  I f  y  £ ซ \ร ^  t h e n  y  i s  n o t  L .A .C .
( 2 ) I f  y £ D \S R t h e n  y i s  n o t  R .A .C .

( T h e r e f o r e  i f  y £ D \s  t h e n  y i s  n o t  A .c . )

P r o o f . ( 1 ) I f  y  £ D \s ^  t h e n  y + a  = y  + e w h e re  e i s  t h e  
i d e n t i t y  o f  ( D ,« ) .  S in c e  a  /  e ,  y i s  n o t  L .A .C .

T he p r o o f  o f  ( 2 ) i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 1 ) .
#

P r o p o s i t i o n  2 . 1 0 . L e t  K b e  a  s e m i n e a r - f i e l d  w i th  a  a s  a 
c a t e g o r y  I I  s p e c i a l  e l e m e n t ,  D = K \{a} a n d  e t h e  i d e n t i t y  o f  ( D ,* ) .  
T h en  t h e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ

( 1 )  s  c  L I ( e )  a n d  s  ç  RI ( e ) .  ( T h e r e f o r e  ร £  1 ซ( e ) )
( 2 ) ร ^  = 0  o r  ร i s  a  f i l t e r  i n  ( D ,+ ) .  (H e n c e  DNS^ = 0
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o r  D \ร ^  i s  a  c o m p l e t e l y  p r im e  i d e a l  o f  ( D ,+ ) . )
( 3 ) = 0  o r  Sp i s  a f i l t e r  i n  ( D ,+ ) .  (H e n c e  D \S p  = 0

o r  D \S p  i s  a  c o m p l e t e l y  p r im e  i d e a l  o f  ( D ,+ ) . )
(* 0  ร = 0  o r  ร i s  a  f i l t e r  i n  (D , + ) .  (H e n c e  DNS = 0  o r  

D \S  i s  a  c o m p l e t e l y  p r im e  i d e a l  o f  ( D ,+ ) . )
( 5 )  I f  e e ร1 t h e n  ร = L I ( e ) .
( 6 )  I f  e £ รR t h e n  ร = RI ( e ) .

( T h e r e f o r e  i f  e £ ร t h e n  ร = I p ( e ) . )

P r o o f . ( 1 ) To show  t h a t  ร ^  Çz L l p ( e )  7 l e t  X £ ร ^ .  T hen  X + a ะะ a ,
s o  e = a e  = ( x + a ) e  ะ X + a e  ะ X + e .  T h u s X £ L I ( e ) .  H ence
ร ^  Ç  L l p ( e ) .  S i m i l a r l y ,  we c a n  show  t h a t  Sp £  R l p ( e ) .

( 2 ) S u p p o s e  t h a t  ร ^  0  0 .  L e t  x , y £  D . Assum e t h a t  
x , y  £ ร ^ .  T h en  x + a = a = y + a ,  s o  (x + y )  + a  = X + ( y + a )  =
X + a  = a .  T h u s  X + y  £ ร L*

C o n v e r s e l y ,  a ssu m e  t h a t  X + y  £ ร .  T h en  (x + y )  + a  = a .
I f  y + a  0  a  t h e n  X + (y + a )  £ D ( s i n c e  D i s  c l o s e d  w . r . t .  a d d i t i o n )  
s o  we g e t  a  c o n t r a d i c t i o n .  T h u s y  + a  = a  an d  s o  X + a  = a .  H en ce  
x , y  £ รL .

The p r o o f s  o f  ( 3 ) a n d  ( 4 )  a r e  s i m i l a r  t o  t h e  p r o o f  o f  ( 2 ) .
( 5 ) A ssum e t h a t  e £ ร .  T hen  e + a  = a .  By ( 1 ) ,  i t  

s u f f i c e s  t o  show  t h a t  L l p ( e )  £  ร ^ .  L e t  X £  L l p ( e ) .  T h en  X + e = e ,  
s o  X + a  = X + ( e + a )  = ( x + e )  + a  = e + a  = a .  H en ce  x £  ร ^ .  
T h e r e f o r e  L l j j ( e )  ร  ร ^ .

The p r o o f  o f  ( 6 )  i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 5 ) .
#

We s h a l l  g i v e  a n  e x a m p le  o f  a  f i l t e r  F i n  L l p ( e )  w h e re  D
i s  a  r a t i o  s e m i n e a r - r i n g
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E x am p le  2 . 1 1 . R * [x ] = { 2 a.jX* เท £ a * ,  a_L £ R + บ {๐},

i  = 0 , 1 , 2 , .  .  . ,n  }.

L e t  R+ [x] d e n o te  t h e  s e t  (Rq[x] \ { o) . L e t  • h e  t h e  u s u a l  
m u l t i p l i c a t i o n  i n  tR+ [x] . D e f in e  ©  on [R+ lx ] by

C a s e  1 . d eg  f  = d e g  g = d e g  h .  T hen  d eg  (g + h )  = d e g  f  = d eg  h  = 
d e g  ( f + g ) .  f  ©  (g  ©  h )  = f  ©  (g + h )  = f  + (g + h )  = ( f + g )  + h  =
( f + g )  ©  h  = ( f  ©  g )  ©  h .
C a s e  2 . d eg  f  = d e g  g ,  d e g  g < d eg  h .  T h en  d e g  ( f + g )  =
d e g  g < d e g  h .  f  ©  (g  ©  h )  = f  ©  g = f  + g ,  ( f  ©  g )  ©  h =
( f + g )  ©  h  = f  + g .
C a s e  3 » d eg  f  = d e g  g ,  d e g  g >  d eg  h .  T h en  d e g  ( f + g )  =
d e g  g > d e g  h .  f © ( g © h )  = f  ©  h  = h ,  ( f  ©  g )  ©  h  = ( f + g )  ©  h
C a s e  k .  d e g  f  = d e g  h ,  d eg  h  < d e g  g .  T hen
d e g  f  < d e g  ร .  f  ©  (g  ©  h )  = f  ©  h  = f  + h ,  ( f  ©  g )  ©  h = f © h
f  + h .
C a s e  5 » d eg  f  = d e g  h ,  d e g  h > d e g  g .  T hen
d e g  f  > d e g  g .  f  ©  (g  ©  h )  = f  ©  g = g ,  ( f  ©  g )  ©  h  = g ©  h  = g .
C a s e  6 . d e g  f ,  d e g  g ,  d e g  h a r e  a i l  d i s t i n c t s .

L e t  k  = m in  (d e g  f ,  d eg  g ,  d e g  h } .
ç  f  i f  k  ะ d e g  f  7

f  ©  (g  ©  h )  = ( f  ©  g )  ©  h  = < g i f  k  = d e g  g ,
(  h  i f  k  ะ d e g  h .

To show  t h a t  ©  i s  c o m m u ta t iv e ,  l e t  f , g , h  £ [R+ [x] .
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C a s e  1 . d eg  f  = d e g  g .

f © g  = f  + g = g + f  = g © f .
C a s e  2 . d e g  f  < d e g  g .  f © g  = f  = g © f .
C a se  3 . d e g  f  > d e g  g .  f  © g  = g  = g @ f .

H en ce  ©  i s  c o m m u ta t iv e .
To show  t h a t  £R+ [x] i s  d i s t r i b u t i v e ,  l e t  f , g , h  £ [R+ [x] *

C a se  1 . d e g  f  = d e g  g .  T h en  d eg  ( f h )  = d eg  ( g h ) .
( f  ©  g ) h  = ( f + g ) h  = f h  + gh  = f h  ©  g h .
C a se  2 . d eg  f  < d e g  g .  T h en  d eg  ( f h )  < d eg  ( g h ) .
( f  ©  g ) h  = f h  = f h  ©  g h .
C a se  3 » d e g  f  > d e g  g .  T h en  d eg  ( f h )  > d eg  ( g h ) .
( f  ©  g ) h  = g h  = f h  ©  g h .

H en ce  !R+ [x] i s  d i s t r i b u t i v e .
I t  i s  c l e a r  t h a t  f g  = fh  i m p l i e s  t h a t  g = h .
D e f in e  '■ ๖ o n  lR+ [x] X R+ [x] b y  ( f , g )  ^  ( f  ,g  ) i f f  f g  = g f  . 

T h en  i s  c l e a r l y  a n  e q u i v a l e n c e  r e l a t i o n .

L e t  E +(X ) = < K 1 .

D e f in e  © a n d  ©  o n  IR+ (X ) a s  f o l l o w s .  ะ g iv e n  [ ( f , g ^  1 
[ ( f  , g  ) ]  £ IR+ ( X ) , d e f i n e  [ ( f , g ) ]  0  [ ( f  1g )] = [ ( f f  1gg * a n d  

[ ( f » g ) ]  ©  [ ( f  1g )] = [ ( f g  ๏  g f  fg g  ) ]  •
U s in g  t h e  sam e p r o o f  a s  i n  T heorem  2 .1 1  i n  [ 3 ] p a g e  12 -  1 ^ ,

we o b t a i n  t h a t  1R+ (X ) i s  a r a t i o  s e m i n e a r - r i n g .
Now [ ( 1 , 1 ) ]  i s  t h e  i d e n t i t y  o f  (R +( X ) ,  © ) .
We s h a l l  c o m p u te  I  ( [ ( 1 ,1 ) 1  ) .

R+ (X> J

I E + (X )( [ ( 1 , 1 ) J  ) = { [ ( f , g ) J  £ tR+( x ) | [ ( f , g ) ]  ©  [ ( 1 , 1 ) ]  =
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= { [ ( f , g ) ]  E tR+(X)| [ ( f © g , g ) ]  = [ (1 , -1 ) ]}
= { [ ( f , g ) ]  £ 1R+(X)| ( f  © g , g ) o ,  ( 1 , 1 ) }
= { [ ( f , g ) ]  £ E + (X)| f  ©  g = g }
= { [ ( f , g ) ]  £ E +(X)| d e g  f  > d e g  g } .

F i x  ท £ z * ,  l e t  Fn  = { [ ( f , g ) J  £ lR+( x ) | d e g  f  > d e g  g + ท}.

L e t  [ ( f , g ) ]  £ Fn « T hen  d e g  f  > d e g  g + ท. To show t h a t
d e g  i s  w e l l - d e f i n e d ,  l e t  [ ( f  1g ) ]  £ IR+( x )  be  s u c h  t h a t
t ( f , g )  ]  = [ ( f  , g  ) ] • T hen  f g  = g f  1 s o  d e g  g + d e g  f  = d e g  ( g f  )
= d e g  ( f g  ) ะ: d e g  f  + d e g  g > ( d e g  g + ท) + d e g  g . T h u s
d e g  f  ;> d e g  g + ท.  H en ce  d e g  i s  w e l l - d e f i n e d .  C l e a r l y
F_ O '  I  ( [ ( 1 , 1 ) 1 ) .  To show t h a t  F_ i s  a  f i l t e r  i n  IR+( X ) ,  l e t

n  R+ (X) L n

[ ( f » g ) ] , [ ( f  1 g ) ]  £ R + ( X ) . S u p p o s e  t h a t  [ ( f , g ) ]  , [ ( f  , g  )] £ F .
T h e n  d e g  f  > d e g  g + ท a n d  d e g  f  > d eg  g + ท.  Now

[ ( f , g ) ]  ๏  [ ( f  , g  ) ]  = [ ( f g  ๏  g f  , g g  ) ] .

C a s e  1 . d e g  ( f g  ) > d eg  ( g f  ) .  Then  f g  (ฐ g f  = g f  .
d e g  ( f g  ©  g f  ) = d e g  ( g f  ) = d e g  g + d e g  f  > d e g  g + ( d e g  g + ท)
= d e g  ( g g  ) + ท.  H e n c e  [ ( f , g ) ]  ©  [ ( f  , g  )] E F11.
C a s e  2 . d e g  ( f g  ) = d e g  ( g f  ) .  Then f g  ©  g f  = f g  + g f  .
d e g  ( f g  ©  g f  ) = d e g  ( f g  + g f  ) = d e g  ( f g  ) = d e g  f  + d e g  g >
( d e g  g + ท) + d e g  g = d e g  ( g g  ) + ท. H ence  [ ( f , g ) J  ©  [ ( f  , g  )] £ Fn *
C a s e  3 . d e g  ( f g  ) < d eg  ( g f  ) .  Then f g  ©  g f  = f g  .
d e g  ( f g  © g f  ) = d e g  ( f g  ) = d e g  f  + d e g  g > ( d e g  g + ท) + d e g  g
ะ: d e g  ( g g  ) + ท.  H e n c e  j [ ( f , g ) J  ©  [ ( f  1g ) ]  e F11.

C o n v e r s e l y ,  s u p p o s e  t h a t  [ ( f , g ) ]  ©  [ ( f  , g )] £ Fn « T hen

[ ( f g  © g f  , g g  )] £ F 11, s o  d e g  ( f g  ©  g f  ) >  d e g  ( g g  ) + ท.

C a s e  1 . d e g  ( f g  ) > d e g  ( g f  ) .  Then  f g  ©  g f  = g f  , so
d e g  ( g f  ) > d e g  ( g g  ) + ท. T h u s  deg  g + d e g  f  > ( d e g  g + d e g  g ) + ท.
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H e n c e  d e g  f  > d e g  g + ท.  T h e r e f o r e  [ ( f ' , g ' ) J  e F . S i n c e  
d e g  ( f g  ) > d e g  ( g f  ) > d e g  ( g g  ) + ท, deg  f  > d e g  g + ท.  H en ce
C ( f , g ) ] e F n .
C a s e _ 2 . d e g  ( f g  ) = d e g  ( g f  ) .  T hen  f g '  © g f '  = f g '  + g f ' ,  s o  
d e g  ( f g  + g f  ) > d e g  ( g g  ) + ท. S i n c e  d eg  ( f g  ) = d e g  ( f g  + g f  ) 
> d e g  ( g g  ) + ท,  d e g  f  > d e g  g + ท an d  s i n c e  d e g  ( g f  ) = 
d e g  ( f g  + g f  ) > d e g  ( g g  ) + ท, d e g  f  > deg  g + ท. Hence  
[ ( f  ,g)]  , [ ( f  ' , g ' ) ]  £ Fn .
C a s e  3 . d e g  ( f g  ) < d eg  ( g f  ) .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  1 .

H e n c e  i s  a  f i l t e r  i n  !R+( X ) .

P r o p o s i t i o n  2 . 1 2 . L e t  K b e  a  s e m i n e a r - f i e l d  w i t h  a  a s  a c a t e g o r y  I I  
s p e c i a l  e l e m e n t ,  D = K\{a} a n d  l e t  e d e n o t e  t h e  i d e n t i t y  o f  ( D , * ) .

( 1 )  I f  ะ: 0  a n d  ร R 0  0  t h e n  e £ Sjj i f f  a  + a  :  a .
( 2 ) I f  ร R = 0  a n d  s ^  0  0  t h e n  e  £  ร ^  i f f  a  + a  = a .
( 3 ) I f  0  0  ร R ๘  D a n d  ร c  ร t h e n  e  e รR i f f  a  + a = a .
( b ) I f  0  0  ร 1. ๘. D a n d  ร n c รT t h e n  e £ ร L i f f  a  + a = a .'  '  ^  ^  L -------R L
( 5 )  I f  ร L <£. ร R a n d  รR ^  ร L t h e n a + a  = e + e .

P r o o f . ( า )  Assume t h a t  ร ^  = 0  a n d  ร 0  0 .  S u p p o s e  t h a t  e £  ร R. 
S i n c e  ร R ๘  R l p ( e ) , e = e + e .  S i n c e  ร ^  = 0 ,  e + a  = e +  e = e .
T h u s  a  + a  = ( a + e )  + a = a  + ( e + a )  = a+  e = a .

C o n v e r s e l y ,  a s s u m e  t h a t  a  + a  = a .  I f  s ะ: D t h e n  e อ ร R. 
S u p p o s e  t h a t  ร R ๘ D. To show t h a t  e £ รR, s u p p o s e  t h a t  e £  D"^SR .
T h e n  a  + e =  e  + e .  L e t  X £ ร .  Then  a  + X ะ: a  a n d  x + a  = x  + e .
T h u s  a  ะ: a  + a  = ( a + x )  + a  = a  + ( x + a )  ะ: a  + ( x + e )  ะ: ( a + x )  + e =
a + e = e + e ,  a  c o n t r a d i c t i o n .  H ence  e £ ร R.

The  p r o o f  o f  ( 2 ) i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 1 ) .
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( 3 )  Assume t h a t  0 4 รR c D an d  รL c  รR. S u p p o s e  t h n t  
e £ ร ^ .  T hen  a  + e = a .  L e t  X £ S j N S ^ .  ^ k e n  a  + X = a  and
X + a  = X + e .  T h u s  a  + a  = ( a + x )  + a  = a  + ( x + a )  = a  + ( x + e )  =
( a + x )  + e = a + e = a

Assume t h a t  e £ D \ S g .  T hen  a  + e = e +  e .  To show t h a t  
a  + a  4  a ,  l e t  y  £ ร ^ ร ^ .  Then  a  + y = a  a n d  y + a  = y + e .
T h u s  a  + a  ะ= ( a + y )  + a  = a  + ( y + a )  = a  + ( y + e )  = ( a + y )  + e = 
a  + e = e + e 0 a .

The  p r o o f  o f  (*0 i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 3 ) .
( 5 )  Assume t h a t  ร L ^  รR a n d  รR ร .  C l a i m  t h a t  

a  + e = e + e .  S i n c e  ร ^  ร ^ ,  t h e r e  i s  a n  e l e m e n t  X i n  S j \  ร
T h u s  X + a  = a  a n d  a  + X = e + X .  S i n c e  ร ^  Q  L l j j ( e ) ,  X + e = e .
T h u s  a  + e  = a  + ( x + e )  = ( a + x )  + e = ( e + x )  + e  = e  + ( x + e )  = e + e .

ร ^ .  T hen  a  + y = a  an d  
y + a  = y + e .  S i n c e  ร£ c  R I ^ ( e ) ,  e + y = e .  S o a + a =  ( a + y )  + a 
= a  + ( y + a )  = a  + ( y + e )  = ( a + y )  + e = a + e = e + e .

#

T h e o r e m  2 . 1 3 » L e t  D b e  a  r a t i o  s e m i n e a r - r i n g  a n d  l e t  a  be  a 
s y m b o l  n o t  r e p r e s e n t i n g  a n y  e l e m e n t  o f  D. L e t  F^  Q .  L l p ( e )  be
e i t h e r  0  o r  a  f i l t e r  i n  ( D , + )  a n d  l e t  Fp ç .  RI ( e )  be  e i t h e r  0  o r
a  f i l t e r  i n  ( D , + ) .  T hen  t h e  b i n a r y  o p e r a t i o n s  on D c a n  b e  
e x t e n d e d  t o  K = D น {a} i n  s u c h  a  way t h a t  t h e  f o l l o w i n g  p r o p e r t i e s  
h o l d  :

(ๆ )  K i s  a  s e m i n e a r - f i e l d  a n d  a  i s  a  c a t e g o r y  I I  s p e c i a l  
e l e m e n t  o f  K.

( 2 ) F ^  i s  t h e  l e f t  f u n d a m e n t a l  s e t  o f  a  i n  K a n d  Fg i s  
t h e  r i g h t  f u n d a m e n t a l  s e t  o f  a  i n  K.

( 3 ) I f  ( D , + )  i s  n o t  a  b a n d  t h e n  a  + a  = e + e .
(* 0  I f  ( D , + )  i s  a  b a n d  t h e n

S i n c e  ร T ร ^ ,  t h e r ' e  i s  a n  e l e m e n t  y  i n  Sg \
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<,a o r  e
a

a
e
a
a

o r e

i f  FL = FR = 0  ,

i f  FR = 0 ,  FR = D ( i n  t h i s  c a s e  (D ,  + ) i s  a r i g h t
z e r o  s e m i g r o u p . ) ,  

i f  F l  = 0 ,  0  0  Fr c  D, e £ FR ,
i f  F R = 0 ,  0  0  FR c  D, e £ D \FR ,
i f  FR = FR = D ( i n  t h i s  c a s e  D = Ce}) ,
i f  FR = D, FR = 0  ( i n  t h i s  c a s e  ( D , + )  i s  a l e f t

a  + a  =

V

z e r o  s e m i g r o u p . ) ,
a  i f  0  0  FL C  D, e £  FL , FR = 0  ,
e i f  0 0  FR C D ,  e £ D \F  , FR = 0  f
a  o r  e  i f  0  0  FL C  D, FR = FR ,

a  i f  0  0  FL C  D, 0  0  FR C  D, ( e i t h e r  FR c  FR , e £ Fj

FR c  FL ’ e  £ V  ’
e i f  0 0  F^  C D , 0 0  FR C D ,  ( e i t h e r  FR c  FR ,

e £ D \F  o r  F c  F , e £ D \F  ) ,

i f  FL 4  FR ’ FR ^ FL •
F u r t h e r m o r e  , a n y  e x t e n s i o n  o f  a d d i t i o n  o n  D t o  K s u c h  t h a t

( 1 )  a n d  ( 2 )  h o l d  m u s t  b e  a s  g i v e n  a b o v e .

P r o o f . S u p p o s e  t h a t  FR = Fp = 0 .  E x t e n d  + a n d  • f ro m  D t o  K by
( 1 )  a x  = x a  = X f o r  a l l  x £  K,
( 2 )  x + a = x + e ,  a + x = e + x  f o r  a l l  X  £ D an d

f  a  o r  e i f  ( D , + )  i s  a  b a n d  ,
( 3 )  a  + a  = <

V. e + e i f  (D ,  + ) i s  n o t  a  b a n d  .
C l e a r l y  ( K , * )  i s  a  s e m i g r o u p .  To show t h a t  K i s  a  

s e m i n e a r - f i e l d , we s h a l l  show t h a t  (b,j ) X + ( y + z )  = ( x + y )  + z 
f o r  a l l  x , y , z  £ K a n d  ( c ^ )  ( x + y ) z  = x z  + yz  f o r  a l l  x , y , z £  K.

To p r o v e  ( b ^ ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o i l w i n g  c a s e s
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C a s e  1 .  X = y  = Z = a .

S u b c a s e  1 . 1 . a  + a  = a .
X + ( y + z )  = a  + ( a + a )  = a  + a  = ( a + a )  + a  = ( x + y )  + z .

S u b c a s e  า . 2 .  a  + a  = e .
X + ( y + z )  = a  + ( a + a )  = a  + e = e

S u b c a s e  1 . 3 » a  + a  = e +
X + ( y + z )  = a  + ( a + a )  = a  + ( e + e )
= ( a + a )  + a  = ( x + y )  + z .
C a s e  2 t  x = y = a ,  z ^ a .

S u b c a s e  2 . 1 » a  + a  = a .
X + ( y + z )  = a  + ( a + z )  = a  + ( e + z )
= a  + z  = ( a + a )  + z = ( x + y )  + z .

S u b c a s e  2 . 2 . a  + a  = e .
X + ( y + z )  = a  + ( a + z )  = a  + ( e + z )
= ( a + a )  + z = ( x + y )  + z .

S u b c a s e  2 . 3 » a  + a  = e + 
X + ( y + z )  = a  + ( a + z )  = a  + ( e + z )  
= ( x + y )  + z .
C a s e  3 » X = z = a ,  y  /  a .
X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )
= ( a + y )  + a  = ( x + y )  + z .
C a s e  k .  X /  a ,  y  = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  2 .  
C a s e  5 » X /  a ,  y /  a ,  z = a .

X + ( y + z )  = X + ( y + a )  = X + ( y + e )  
C a s e  6 .  X /  a ,  y = a ,  z /  a .

+ e = e + a  = ( a + a )  + a  = ( x + y )  + z .  
e .
= e + ( e + e )  = ( e + e )  + e  = ( e + e )  + a

T hen  ( D , + )  i s  a  b a n d .
= e + ( e + z )  = ( e + e )  + z = e + z

Then ( D , + )  i s  a  b a n d .
= e + ( e + z )  = ( e + e )  + z = e + z

e .
= e + ( e + z )  = ( e + e )  + z = ( a + a )  + z 

= e + ( y + e )  = ( e + y )  + e  = ( e + y )  + a

= ( x + y )  + e = ( x + y )  + a  = ( x + y )  + z .

X + ( y + z )  = X + ( a + z )  = X + ( e + z )  = ( x + e )  + z = ( x + a )  + z  = ( x + y )  + z .
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C a s e  7 . X = a ,  y  /  a ,  z /  a .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  5»
C a s e  8 » X /  a ,  y /  a ,  z 0  a .
X + ( y + z )  = ( x + y )  + z .

To p r o v e  ( c ^ ) ,  l e t  x , y , z  E K.
C a s e  1 . z = a .
( x + y ) z  -  ( x + y ) a  = X + y = x a  + y a  = x z  + y z .
C a s e  2 « z /  a .

S u b c a s e  2 . 1 » X = y = a .
S u b c a s e  2 . 1 . 1 . a  + a  = a .  T hen  ( D , + )  i s  a  b a n d .  

( x + y ) z  = ( a + a ) z  = a z = z = z + z = a z + a z = x z +  y z .
S u b c a s e  2 * 1 . 2 . a  + a  = e .  T h e n  ( D , + )  i s  a  b a n d .  

( x + y ) z  = ( a + a ) z  = e z  = z + z = a z  + a z  = x z  + y z .
S u b c a s e  2 . 1 . 3 » a  + a  = e + e .

( x + y ) z  = ( a + a ) z  = ( e + e ) z  = z  + z = a z  + a z  ะ: x z  + y z .
S u b c a s e  2 . 2 . X = a ,  y  /  a .

( x + y ) z  = ( a + y ) z  = ( e + y ) z  ะ: z + yz  = a z  + yz  = x z  + y z .
S u b c a s e  2 . 3 » X 0  a ,  y = a .

T h i s  p r o o f  i s  s i m i l a r  t o  S u b c a s e  2 . 2 .
S u b c a s e  2 .* f . X 0  a ,  y 0  a .

( x + y ) z  ะ: xz  + y z .
H e n c e  K i s  a  s e m i n e a r - f i e l d  a n d  we o b t a i n  ( 1 )  -  ( * 0 .  
S u p p o s e  t h a t  F^  = 0  a n d  FR = จ .  S i n c e  e e Fg = R l p ( e ) ,  

e + e = e .  T h u s  ( จ , +) i s  a  b a n d .  E x t e n d  + a n d  • f r o m  จ t o  K b y
( 1 )  a x  = x a  = X f o r  a l l  X ธ K,
( 2 ) x + a = x + e  a n d  a  + X = a  f o r  a l l  X £ จ a n d

( 3 ) a  + a  = a .
To show t h a t  K i s  a  s e m i n e a r - f i e l d ,  we s h a l l  show t h a t  

( b ^ )  X + ( y + z )  = ( x + y )  + z f o r  a l l  x , y , z  z  K a n d  ( c ^ )  ( x + y ) z  
ะ: x z  + y z  f o r  a l l  x , y , z  £ K.
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To p r o v e  (๖ 2 ) ,  l e t  x , y , z  £ K. N o t e  t h a t  a  + t  = a  f o r  a l l
t  £ K.
C a s e  1 . X = a .
X + ( y + z )  = a  + ( y + z )  = a  
C a s e  2 . X ^  a .

S u b c a s e  2 . 1 . y = 
X + ( y + z )  = X + ( a + a )  = X 

( x + a )  + a  = ( x + y )  + z .
S u b c a s e  2 . 2 » y = 

X + ( y + z )  = X + ( a + z )  = X 

( x + a )  + z = ( x + y )  + z .
S u b c a s e  2 . 3 . y /  

X + ( y + z )  = X + ( y + a )  = X 

S u b c a s e  2.*+. y  /  
X + ( y + z )  = ( x + y )  + z .

= a  + z =

z = a .
+ a  = X +

a , z ^  a  • 
+ a  = X +

a ,  z  = a ,  
+ ( y + e )  = 
a ,  z  /  a .

( a + y )  + z  = ( x + y )  + z .

e = ( x + e )  + e = ( x + e )  + a  =

S i n c e  z e D = R l p ( e ) ,  e  = e + z .  
e = X + ( e + z )  = ( x + e )  + z  =

( x + y )  + e  = ( x + y )  + a  = ( x + y )  + z .

To p r o v e  ( c ^ ) ,  l e t  x , y , z  £ K.
C a s e  1 . z  = a .
( x + y ) z  = ( x + y ) a  = X + y = xa  + ya  = x z  + y z .  
C a s e  2 . z  ^  a .

S u b c a s e  2 . 1 .  X = y = a
( x + y ) z = ( a + a ) z = a z = z = z + z = a z  + a z  = x z  + y z .

S u b c a s e 2 . 2 . X = a ,  y / a .
( x + y ) z = ( a + y ) z = a z = z = e z = ( e + y ) z  = z  + y z  = a z  + yz  = x z  + y z .

S u b c a s e 2 . 3 . X /  a ,  y = a .
( x + y ) z  = ( x + a ) z  = ( x + e ) z  = x z  + z = x z  + a z  = x z  + y z .

S u b c a s e  2.**. X /  a ,  y /  a .
( x + y ) z  = x z  + y z .

H e n c e  K i s  a  s e m i n e a r - f i e l d  a n d  we o b t a i n  ( 1 ) , ( 2 )  a n d  ( 4 ) .
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( 1 )  a x  = x a  = X f o r  a l l  X £ K,
( 2 )  X + a  = X + e f o r  a l l  X £ D,

a  + X = a  f o r  a l l  X e F j ,  a + X = e + X f o r  a l l
X £ DNF a n à

S u p p o s e  t h a t  F ^  = 0  a n d  F g  i s  a  p r o p e r  f i l t e r  i n  ( D , + ) .

T h e n  D \ F ^  i s  a n  i d e a l  o f  ( D , + ) .  E x t e n d  + a n d  • f r o m  D t o  K b y

f  a  i f ( D ,+ ) i s a  b a n d ,  e £ Fp J

( 3 )  a  + a*i^ e i f ( D ,+ ) i s a  b a n d ,  e £ D^Fg
(•e + e i f ( D ,+ ) i s n o t  a  b a n d .

To sh o w  t h a t  K i s  a  s e m i n e a r - f i e l d , we s h a l l  show t h a t  ( ๖ )3
X + ( y + z )  = ( x + y )  + z f o r  a l l  x , y , z  £ K an d  ( c , )  ( x + y ) z  =3
x z  + y z  f o r  a l l  x , y , z  £ K.

To p r o v e  ( t o ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g3
c a s e s  ะ
C a s e  1 . X = y  = z  = a

S u b c a s e  1 . 1 . ( D , + )  i s  a  b a n d ,  e £ F g .  T h e n  a  + a  = a .
X + ( y + z )  = a  + ( a + a )  = a  + a  = ( a + a )  + a  = ( x + y )  + z .

S u b c a s e  1 . 2 . ( D , + )  i s  a  b a n d ,  e £ D \ F ^ .  T h e n  a  + a  = e .
X + ( y + z )  = a  + ( a + a )  = a  + e  = e + e = e + a  = ( a + a )  + a  =
( x + y )  + z .

S u b c a s e  ๆ«3» ( D , + )  i s  n o t  a  b a n d .  T h e n  a  + a  = e + e
a n d  e £ D \ F g .
X + ( y + z )  = a  + ( a + a )  = a  + ( e + e )  ะะ e + ( e + e )  = ( e + e )  + e = 
( e + e )  + a  ระ ( a + a )  + a  = ( x + y )  + z .
C a s e  2 . X = y = a ,  z  /  a .

S u b c a s e  2 . 1 . a  + a  = a .  Then ( D , + )  i s  a  b a n d  .
I f  z £ F^ t h e n  X + ( y + z )  = a  + ( a + z )  = a  + a  = a  = a  + z = 
( a + a )  + z = ( x + y )  + z .  I f  z £ DNF^ t h e n  e + z £ D \ F ^ .+ z Thus
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X + ( y + z )  = a  + ( a + z )  = a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z  =
e + z  = a  + z = ( a + a )  + z = ( x + y )  + z .

S u b c a s e  2 . 2 . a  + a  = e .  Then  (D,  + ) i s  a b a n d .
I f  z £ F R t h e n  e + z = e s i n c e  FR Ç z  R l p ( e ) .  T h u s  X + ( y + z )  = 
a  + ( a + z )  = a + a = e = e + z =  ( a + a )  + z = ( x + y )  + z ) .
I f  z  £ D \F R t h e n  e  + z  £ D \ F R . Thus  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = e + z = ( a + a )  + z = ( x + y )  + z .

S u b c a s e  2 . 3 » a  + a  = e + e .
I f  z  £ FR t h e n  e  + z  = e s i n c e  FR Ç. R l p ( e ) .  T h u s  X + ( y + z )  = 
a  + ( a + z )  = a  + a =  e + e = e + ( e + z )  = ( e + e )  + z = ( a + a )  + z =
( x + y )  + z .
I f  z £ D \ F R t h e n  e + z £ DNFR . Th u s  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = ( a + a )  + z  = ( x + y )  + z .
C a s e  3 » X = z  = a ,  y  /  a .

S u b c a s e  3 » 1 » ( D , + )  i s  a  b a n d ,  e £ FR . T h e n  a  + a  = a .
S u b c a s e  3 » 1 » 1 » y + e e FR . S i n c e  FR i s  a  f i l t e r  

i n  ( D , + ) , y  £ FR .
X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )  = a  = a  + a  = ( a + y )  + a  = ( x + y )  + z

S u b c a s e  3 « 1 » 2 . y +  e £  D^F . S i n c e  e £  F R ,  y £ DSFR
X + ( y + z )  = a + ( y + a )  = a  + ( y + e )  = e + ( y + e )  = ( e + y ) +  e = ( e + y )  + a
= ( a + y )  + a  = ( x + y )  + z .

S u b c a s e  3 » 2 » (E>, + ) i s  a  b a n d ,  e £ DVFR. T hen  a  + a  = e a n d
y + e £ D \F  .
I f  y  £ F r t h e n  e + y = e .  Thus  X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )
= e  + ( y + e )  = ( e + y )  + e = e + e = e ,  ( x + y )  + z = ( a + y )  + a  = a  + a  = 
I f  y  £ D \F R t h e n  X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )  = e  + ( y + e )  =
( e + y )  + e = ( e + y )  + a  = ( a + y )  + a  = ( x + y )  + z .

S u b c a s e  3 « 3 . (D ,  + ) i s  n o t  a  b a n d .  T h e n  a  + a  = e + e
a n d  e £ D \F R .



3 2

I f  y  £ FR t h e n  e + y = e .  Thus  X + ( y + z )  = a  + ( y + a )  = a + ( y + e )
= e + ( y + e )  = ( e + y )  + e = e + e = a + a =  ( a + y )  + a  = ( x + y )  + z .
I f  y  £ D''•Fp t h e n  X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )  = e + ( y + e )  =
( e + y )  + e = ( e + y )  + a  = ( a + y )  + a  = ( x + y )  + z .
C a s e  k .  X ^  a ,  y  = z = a .

S u b c a s e  * f , 1 . a  + a  = a .  T hen  (D ,  + ) i s  a  b a n d .
X + ( y + z )  = X + ( a + a )  = x + a = x + e ,  ( x + y )  + z  = ( x + a )  + a =
( x + e )  + a =  ( x + e )  + e =  x +  ( e + e )  = x +  e .

S u b c a s e  *+.2. a  + a  = e .  T hen  (D ,  + ) i s  a b a n d .
X + ( y + z )  = x + ( a + a ) = x + e ,  ( x + y )  + z = ( x + a )  + a = ( x + e )  + a  
( x + e )  + e = X + ( e + e )  = X + e .

S u b c a s e  k , 5 » a + a  = e + e .
X + ( y + z )  = X + ( a + a )  = x + ( e + e )  = ( x + e )  + e = ( x + e )  + a  = ( x + a )  + a 
= ( x + y )  + z .
C a s e  5 . X /  a ,  y  /  a ,  z = a .
X + ( y + z )  = X + ( y + a )  = X + ( y + e )  = ( x + y )  + e = ( x + y )  + a = ( x + y )  + z .  
C a s e  6 . X /  a ,  y  ะ a ,  z /  a .
I f  z £ F R t h e n  e + z  = e .  T h u s  X + ( y + z )  = X + ( ว +z)  = x + 3 = x + e  
= X + ( e + z )  = ( x + e )  + z = ( x + a )  + z = ( x + y )  + z .
I f  z £ D \F R t h e n  X + ( y + z )  = X + ( a + z )  = X + ( e + z )  = ( x + e )  + z =
( x + a )  + z = ( x + y )  + z .
C a s e  7 » X = a ,  y  /  a ,  z  /  a .

S u b c a s e  7 » T » y + z  £ F R. S i n c e  F R i s  a  f i l t e r  i n  (D ,  + ) ,
y » z  e f r .
X + ( y + z )  = a  + ( y + z )  = a  = 

S u b c a s e  7 « 2 . y + z  
I f  y  £ F R t h e n  z £ D \ F R a n d  

( y + z )  = ( e + y )

a  + z  = ( a + y )  + z  = ( x + y )  + z .

£ DVFr .
e  + y  = e .  T h u s  X + ( y + z )  = a  + ( y + z )  

= a  + z  = ( a + y )  + z  = ( x + y )  + z .e  + + z e  + z
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I f  y  £ D \F g  t h e n  X + ( y + z )  = a  + ( y + z )  = e + ( y + z )  = ( e + y )  + z 
= ( a + y )  + z  = ( x + y )  + z .
C a s e  8 . X /  a ,  y  /  a ,  z /  a .
X + ( y + z )  = ( x + y )  + z .

To p r o v e  ( c ^ ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s  
C a s e  'ใ. z = a .
( x + y ) z  = ( x + y ) a  = X + y = x a  + ya  = x z  + y z .
C a s e  2 . z  /  a .

S u b c a s e  2 . 1 . X = y = a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  S u b c a s e  2 . 1  i n  ( c ^ ) .

S u b c a s e  2 . 2 . X = a ,  y  /  a .
I f  y  £ F^  t h e n  e + y = e .  Th u s  ( x + y ) z  = ( a + y ) z  = a z  = z = e z  = 
( e + y ) z  = z  + y z  = a z  + yz  = x z  + y z .
I f  y  £ DNFp t h e n  ( x + y ) z  = ( a + y ) z  = ( e + y ) z  = z + yz  = a z  + yz  =
x z  + y z .

S u b c a s e  2 . 3 » X /  a ,  y  = a .
( x + y ) z  = ( x + a ) z  = ( x + e ) z  = x z  + z = x z  + a z  = x z  + y z .

S u b c a s e  2 . 4 . X /  a ,  y /  a .
( x + y ) z  = x z  + y z .

H e n c e  K i s  a  s e m i n e a r - f i e l d  a n d  we o b t a i n  ( 1 )  -  ( ^ ) .  
S u p p o s e  t h a t  F^ = F^  = D. Then  D = I p ( e )  =

{ X £ D | x  + e = e +  x  = e l . N o w e i s a n  a d d i t i v e  z e r o  o f  D. By 
C o r o l l o r y  1 . 2 0 ,  D = {e} .  T h u s  ( D ,+ )  i s  a  b a n d .  E x t e n d  + and  • 
f r o m  D t o  K b y  ( 1 )  e a  = a e  = e , a ^ = a ,  ( 2 ) e + a = a + e = a
a n d  ( 3 ) a  + a  = a  o r  e .  So K h a s  t h e  s t r u c t u r e

• e a  + e a
e e e a n d  e e a
a e a  a a a

o r



I t  i s  e a s y  t o  c h e c k  t h a t  K i s  a s e m i n e a r - f i e l d .  And we 
o b t a i n  ( 1 ) , ( 2 )  a n d  ( ^ ) .

The  p r o o f  o f  t h e  c a s e s  (F ^  = D a n d  F p  = 0 )  an d  ( F ^  i s  a 
p r o p e r  f i l t e r  i n  (D,  + ) a n d  F^ = 0 )  a r e  s i m i l a r  t o  t h e  p r o o f  o f  t h e  
c a s e s  ( F  = 0  a n d  F^  ะ: d ) a n d  ( F ^  ะะ 0  a n d  F^ i s  a p r o p e r  f i l t e r  i n  
( D , + ) ) ,  r e s p e c t i v e l y .

S u p p o s e  t h a t  F^  = D and Fp i s  a  p r o p e r  f i l t e r  i n  ( D , + ) .
Now we h a v e  t h a t  L l p ( e )  = D and F^ i s  a  f i l t e r  i n  ( D , + ) .  By 
P r o p o s i t i o n  1 . 2 5  ( ^ . 5 ) ,  F^  ะ: D = {e} , a  c o n t r a d i c t i o n .  Hence  t h i s  
c a s e  c a n n o t  o c c u r .

S i m i l a r l y ,  we c a n  show t h a t  t h e  c a s e  F ^  i s  a  p r o p e r  f i l t e r  
i n  ( D , + )  a n d  F ^  = D c a n n o t  o c c u r .

S u p p o s e  t h a t  F^  a n d  F^ a r e  p r o p e r  f i l t e r s  i n  ( D , + ) .  T h e n  
D \ F ^  a n d  D \F p  a r e  i d e a l s  o f  ( D , + ) .  C o n s i d e r  t h e  f o l l o w i n g  c a s e s  ะ

C a s e  I  F = F^
E x t e n d  + a n d  • f r o m  D t o  K by 
( า )  a x  ะ: x a  = X f o r  a l l  X £ K,
( 2 ) x  + a  = a  + x  = a  f o r  a l l  X £ F ,

X + a  = X + e a n d  a  + X = e + X f o r  a l l  X £ D \F ^  an d

( 3 ) a  + a
r  a  o 
V e +

a  o r  e i f  ( D ,+ )  i s  a  b a n d  ,
e i f  ( D , + )  i s  n o t  a  b a n d  .

To show t h a t  K i s  a  s e m i n e a r - f i e l d ,  we s h a l l  show t h a t  
( b ^ )  X + ( y + z )  = ( x + y )  + z  f o r  a l l  x , y , z  £ K an d  ( c ^ )  ( x+j^z  ะ: x z  + y z

f o r  a l l  x , y , z  £ K.
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To p r o v e  ( b ^ ) ,  l e t  x , y , z  E K. C o n s i d e r  t h e  f o l l o w i n g
c a s e s  ะ
C a s e  1 . X = y = z = a .

S u b c a s e  1 . 1 . a  + a  = a .
X + ( y + z )  = a  + ( a + a )  = a  + a  = ( a + a )  + a  = ( x + y )  + z .

S u b c a s e  1 , 2 » a + a = e .
I f  e e F ^  t h e n  X + ( y + z )  = a  + ( a + a )  = a  + e = e  + a  = ( a + a )  + a  
= ( x + y )  + z .
I f  e E D \F ^  t h e n  X + ( y + z )  = a  + ( a + a )  = a  + e  = e + e  = e + a  = 
( a + a )  + a  = ( x + y )  + z .

S u b c a s e  1 . 3 » a + a  = e + e .
I f  e £ F ^  t h e n  e + e £ F . Thus  X + ( y + z )  = a  + ( a + a )  = a  + ( e + e )  
= ( e + e )  + a  ระ ( a + a )  + a  = ( x + y )  + z«
I f  e £ D \F ^  t h e n  e  + e  £ D \ F ^ .  Thus  X + ( y + z )  = a  + ( a + a )  = 
a  + ( e + e )  = ( e + e )  + a  = ( a + a )  + a  = ( x + y )  + z .
C a s e  2 . X = y  = a ,  z /  a .

S u b c a s e  2 . 1 . a  + a  = a .  T hen  ( D ,+ )  i s  a  b a n d .
I f  z £ Fp t h e n  X + ( y + z )  = a + ( a + z )  = a + a = a = a + z =
( a + a )  + z = ( x + y )  + z .
I f  z £ D \F R t h e n  e + z £ D \F R . Thus  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = e + z = a + z =  ( a + a )  + z = 
( x + y )  + z .

S u b c a s e  2 . 2 . a  + a = e .  Then  ( D , + )  i s  a  b a n d .
I f  z £ Fg t h e n  e  + z = e .  Th u s  X + ( y + z )  = a  + ( a + z )  = a  + a  =
e = e + z  = ( a + a )  + z  = ( x + y )  + z .
I f  z  £ D \F ^  t h e n  e  + z  £ D \ F p .  Th u s  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = e  + z = ( a + a )  + z = ( x + y )  + z .

S u b c a s e  2 . 3 » a  + a  = e + e .
I f  z  £ F r t h e n  e  + z  = e .  T h u s  X + ( y + z )  = a  + ( a + z )  = a + a  =

i พ 0 2 7 Ô Q 1
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e + e = e + ( e + z )  = ( e + e )  + z = ( a + a )  + z  = ( x + y )  + z .
I f  z  £ D'vFp t h e n  e  + z £ D \F R. T h u s  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e  + ( e + z )  = ( e + e )  + z  = ( a + a )  + z = ( x + y )  + z .
C a s e  3 » X = z = a ,  y  /  a .
I f  y  £ F ^  t h e n  X + ( y + z )  = a  + ( y + a )  = a + a = ( a + y ) + 3 =
( x + y )  + z .
I f  y  £ D^F^ t h e n  y  + e ,  e + y e D \ F ^ .  T h u s  X + ( y + z )  = a  + ( y + a )
= a  + ( y + e )  = e + ( y + e )  = ( e + y )  + e = ( e + y )  + a  ะะ ( a + y )  + a  =
( x + y )  + z .
C a s e  k .  X /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  2 .
C a s e  5 . X /  a ,  y  /  a ,  z = a .

S u b c a s e  $ . 1 » X + y £ Fj^. S i n c e  F^  i s  a  f i l t e r  i n  ( D , + ) ,

x »y £ f l .
X + ( y + z )  = X + ( y + a )  = X + a  = a  = ( x + y )  + a  = ( x + y )  + z .

S u b c a s e  5 « 2 . X + y £ D\F^»
I f  y £ F ^  t h e n  X £ D \F ^  a n d  y + e  = e .  T h u s  X + ( y + z )  =ะ X + ( y + a )  
= x + a = x + e = x +  ( y + e )  = ( x + y )  + e = ( x + y )  + a  = ( x + y )  + z .
I f  y  £ D \ F ^  t h e n  X + ( y + z )  = X + ( y + a )  ะ: X + ( y + e )  = ( x + y )  + e =
( x + y )  + a  = ( x + y )  + z .
C a s e  6 .  X /  a ,  y  = a ,  z /  a .

S u b c a s e  6 . 1 . x , z  £ F ^ .
X + ( y + z )  ะะ X + ( a + z )  = x +  a  = a  = a  + z =  ( x + a )  + z = ( x + y )  + z .

S u b c a s e  6 . 2 . X £ F t z £ D \ F ^ .  S i n c e  F ^  £  L l p ( e ) ,  X + e = e .
X + ( y + z )  = X + ( a + z )  = X + ( e + z )  = ( x + e )  + z = e + z = a + z =
( x + a )  + z  ะะ ( x + y )  + z .

S u b c a s e  6 » 5 « X £ DXF^, z £ Fj^.
T h i s  p r o o f  i s  s i m i l a r  t o  S u b c a s e  6 . 2 .
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S u b c a s e  6 , k .  x , z  £ D \F ^ .
X + ( y + z )  = X + ( a + z )  = X + ( e + z )  = ( x + e )  + z = ( x + a )  + z  =
( x + y )  + z .
C a s e  7 » x = a ,  y / a ,  z / a  
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  5 .
C a s e  8 . x ^ a ,  y / a ,  z / a .
X + ( y + z )  = ( x + y )  + z .

To p r o v e  ( c ^ ) ,  l e t  x , y , z  £ . K .  C o n s i d e r  t h e  f o l l o w i n g  c a s e s  
C a s e  1 . z  = a .
I t  i s  c l e a r  t h a t  ( x + y ) z  = xz  + y z .
C a s e  2 . z  /  a .

S u b c a s e  2 » ๆ . X = y  = a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  S u b c a s e  2 . 1  i n  ( c ^ ) .

S u b c a s e  2 . 2 . X = a ,  y /  a .
I f  y £ FR t h e n  e + y = e .  Th u s  ( x + y ) z  = ( a + y ) z  = a z  = z = e z  = 
( e + y ) z  = z  + y z  = a z  + yz  = x z  + y z .
I f  y £ D \F R t h e n  ( x + y ) z  = ( a + y ) z  = ( e + y ) z  = z + yz  = a z  + yz  = 
x z  + y z .

S u b c a s e  2 . 3 . X /  a ,  y = a .
T h i s  p r o o f  i s  s i m i l a r  t o  S u b c a s e  2 . 2 .

S u b c a s e  2 .* f . X /  a ,  y /  3 .
( x + y ) z  = x z  + y z .

H e n c e  K i s  a  s e m i n e a r - f i e l d  a n d  we o b t a i n  ( 1 )  -  ( * 0 .
C a s e  I I . E i t h e r  F ^  c  FR o r  FR c  F ^ .  We may a s s u m e  t h a t  FL c  F R . 
E x t e n d  + a n d  . f r o m  D t o  K b y

( 1 )  a x  = x a  = X f o r  a l l  x £  K,
( 2 )  X + a  = a  f o r  a l l  x £ F T , x + a = x + e  f o r  a l l

X £ D \ F l ,
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a  + X = a  f o r  a l l  X e  F ^ ,  a  + X = e  + X f o r  a l l

X £ D \ F R a n d
a  i f  (D ,  + ) i s  a  b a n d ,  e £ F^ ,
e i f  ( D , + )  i s  a  b a n d ,  e £ D \F ^  1
e + e i f  ( D ,+ )  i s  n o t  a  b a n d .

We s h a l l  f i r s t  show t h a t  X + ( y + a )  = ( x + y )  + a f o r  a l l
x , y  £ D. L e t  x , y  £ D.
C a s e  i  X + y £ F ^ .  S i n c e  F^  i s  a  f i l t e r  i n  (D ,  + ) ,  x , y £  F ^ .
X + ( y + a )  = X + a  = a  = ( x + y )  + a .

C a s e  i i  X + y  £ D \ F ^ .
I f  y  £ Fj^ t h e n  X £ D \ F ^  a n d  y + e = e .  Th u s  X + ( y + a )  = X + a  =
X + e = X + ( y + e )  = ( x + y )  + e = ( x + y )  + a .
I f  y  £ D \ F l  t h e n  X + ( y + a )  = X + ( y + e )  = ( x + y )  + e = ( x + y )  + a .

C l a i m  t h a t  e £ D \ F ^ .  S i n c e  F^  c .  F g ,  t h e r e  i s  a n  e l e m e n t  
t  i n  F p \ F ^ .  T h u s  a  + t  = a ,  e + t  = e an d  t  + a = t  + e .  So 
e + a  = ( e + t )  + a  = e  + ( t + a )  = e + ( t + e )  = ( e + t )  + e = e + e ^ a .  
H e n c e  e £ D \ F ^ .

To show  t h a t  K i s  a  s e m i n e a r - f i e l d , we s h a l l  show t h a t  
(b (- )  X + ( y + z )  = ( x + y )  + z  f o r  a l l  x , y , z  £ K a n d  (c,_)  ( x + y ) z  = 
x z  + y z  f o r  a l l  x , y , z  £ K.

To p r o v e  ( b , - ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s  
C a s e  1 . X = y = z  = a .

S u b c a s e  1 .  ๆ. ( D , + )  i s  a b a n d ,  e £ F ^ .  T h e n  a  + a  = a .
I t  i s  c l e a r  t h a t  X + ( y + z )  = ( x + y )  + z .

S u b c a s e  ๆ. 2 . (D,  + ) i s  a  b a n d ,  e £ D \ F g .  T h e n  a  + a  = e

a n d  e £ ( จ \ F  ) ก  ( D \ F  ) .
X + ( y + z )  = a  + ( a + a )  = a + e = e + e = e + a =  ( a + a )  + a  =
( x + y )  + z .

( 3 ) a  + a  =
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S u b c a s e  1 « 3 « ( D , + )  i s  n o t  a  b a n d .  T hen  a  + a  = e + e
a n d  e  £ ( D \ F  ) ท  ( D \ F  ) .
X + ( y + z )  = a  + ( a + a )  = a + ( e + e )  = e + ( e + e )  = ( e + e )  + e  =
( e + e )  + a  = ( a + a )  + a  = ( x + y )  + z .
C a s e  2 . X = y = a ,  z ^  a .

S u b c a s e  2 . 1 . a  + a  = a .  T h e n  (D ,  + ) i s  a b a n d .
I f  z  £ F p  t h e n  X + ( y + z )  = a + ( a + z )  = a + a = a = a + z =  ( a + a )  + z 
= ( x + y )  + z .
I f  z £ D \F R t h e n  e + z £ D^Fp.  Th u s  X + ( y + z )  = a  + ( a + z )  = 
a +  ( e + z )  ะ: e + ( e + z )  = ( e + e )  + z = e + z = a + z = ( a + a )  + z =  
( x + y )  + z .

S u b c a s e  2 . 2 . a + a  = e .  T hen  ( D , + )  i s  a b a n d .
I f  z E F R t h e n  e = e + z s i n c e  FR Ç.  R l p ( e ) .  T h u s  X + ( y + z )  = 
a  + ( a + z )  = a + a = e = e + z =  ( a + a )  + z = ( x + y )  + z .
I f  z £ D \ F R t h e n  e + z £ DNFp. T h u s  X + ( y + z )  = a + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = e + z = ( a + a )  + z = ( x + y )  + z .

S u b c a s e  2 . 3 » a  + a  = e + e .
I f  z E F R t h e n  e  + z r = e .  Th u s  X + ( y + z )  = a  + ( a + z )  = a + a  
= e + e  = e  + ( e + z )  = ( e + e )  + z = ( a + a )  + z = ( x + y )  + z .
I f  z £ D \ F R t h e n  e + z £ D \ F R . T h u s  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = ( a + a )  + z = ( x + y )  + z .
C a s e  3 » X = z = a ,  y /  a .

S u b c a s e  3 . 1 . y  £ F ^ .  T hen  y £ FR , s o a + y = y + a = a .
X + ( y + z )  = a  + ( y + a )  = a  + ท = ( a + y )  + a  = ( x + y )  + z .

S u b c a s e  3 . 2 . y  £ F j ^ F ^ .  S i n c e  FR <1 F I p ( e )  1 e  + y  = e .
S u b c a s e  3 » 2 . 1 . ( D , + )  i s  a  b a n d ,  e £ FR . T hen

a  + a  = a  a n d  y + e £ F R.
X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )  = a  = a  + a = ( a + y )  + a =
( x + y )  + z
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S u b c a s e  3 » 2 . 2 . (D ,  + ) i s  a  b a n d ,  e  £ D \ F R. T hen
a  + a  = e a n d  y + e £ DNFR.
X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )  = e + ( y + e )  = ( e + y )  + e  = e + I
= e = a  + a  = ( a + y )  + a  = ( x + y )  + z .

S u b c a s e  3 » 2 » 3 « ( D , + )  i s  n o t  a b a n d .  Then  a  + a
e  + e  a n d  e £ D \ F R . T h u s  y  + e E D \F R 1 s o  X + ( y + z )  = a  + ( y + a )
a  + ( y + e )  = e + ( y + e )  = ( e + y )  + e = e + e = a + a =  ( a + y )  + a = 
( x + y )  + Z.

S u b c a s e  3 . 3 . y  e D \F R. S i n c e  D N FR c  , y  e D ' F L »
y + e  £ D^FR a n d  e + y £ D^F^.  So X + ( y + z )  = a  + ( y + a )  = 
a  + ( y + e )  = e + ( y + e )  = ( e + y )  + e = ( e + y )  + a = ( a + y )  + a = 
( x + y )  + Z .

C a s e  *f. X /  a ,  y  = Z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  2 .
C a s e  5 . X /  a ,  y  i  a ,  z = a .
We f i r s t  showed t h a t  X + ( y + a )  = ( x + y )  + a .
C a s e  6 . X /  a ,  y = a ,  z /  a .

S u b c a s e  6 . 1 . X £ FR , z £ FR .
X + ( y + z )  = X + ( a + z )  = x + a = a = a + z =  ( x + a )

S u b c a s e  6 . 2 . X £ -F^, z £ D \F R . S i n c e  FR
+ z = ( x + y )  + 
c  L I  ( e ) ,  X +

= e .
X + ( y + z )  = X + ( a + z )  = X + ( e + z )  
( x + a )  + z = ( x + y )  + z .

S u b c a s e  6 . 3 » X £ D \F R , z 
X + ( y + z )  = X + ( a + z )  = X + a  = X 

( x + a )  + z = ( x + y )  + z .
S u b c a s e  6 . k .  x £  D\F  , z 

X + ( y + z )  = X + ( a + z )  = X + ( e + z )  
( x + y )  + z .

= ( x + e )  + z = e + z = a +

£ F . S i n c e  F R Ç  R I R( e ) ,  
+ e = X + ( e + z )  = ( x + e )  +

£ DXFr .
= ( x + e )  + z = ( x + a )  + z =

z

e
z

+ 2

Thus



C a s e  7 » X = a ,  y  /  a ,  z /  a .
S u b c a s e  7 . 1 . y + Z £ F . S i n c e  FR i s  3 f i l t e r  i n  ( D , + ) ,

y . z  £ f r .
X + ( y + z )  = a  + ( y + z )  = a  = a  + z = ( a + y )  + z = ( x + y )  + z .

S u b c a s e  7 * 2 » y + z £ D \F R.
I f  y £ F r t h e n  z £ D^FR. S i n c e  FR ç  R I R( e ) ,  e + y  = e .  Th u s  
X + ( y + z )  ะ= a  + ( y + z )  = e + ( y + z )  = ( e + y )  + z = e + z = a  + z  = 
( a + y )  + z = ( x + y )  + z .
I f  y £ D \F R t h e n  X + ( y + z )  = a  + ( y + z )  = e + ( y + z )  = ( e + y )  + z = 
( a + y )  + z  = ( x + y )  + z .
C a s e  8 , X /  a ,  y  /  a ,  z /  a .
X + ( y + z )  = ( x + y )  + z .

To p r o v e  (C(_),  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s  
C a s e  1 . z  = a .
I t  i s  c l e a r  t h a t  ( x + y ) z  = x z  + y z .
C a s e  2 . z  £  a .

S u b c a s e  2 . ๆ. X = y = a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  S u b c a s e  2 . 1  i n  ( c ^ ) .

S u b c a s e  2 . 2 . X = a ,  y /  a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  S u b c a s e  2 . 2  i n  ( c ^ )

S u b c a s e  2 . 5 » X /  a ,  y  = a .
T h i s  p r o o f  i s  s i m i l a r  t o  t h e  p r o o f  o f  S u b c a s e  2 . 2  i n  ( c ^ ) .

S u b c a s e  2 . ^ . x / a f y / a .
( x + y ) z  = x z  + y z .

H e n c e  K i s  a  s e m i n e a r - f i e l d  a n d  we o b t a i n  ( 1 )  -  ( ^ ) .

£ ? l -
E x t e n d  + a n d  • f r o m  D t o  K b y
( 1 )  a x  = x a  = X f o r  a l l  X £ K,

C a s e  I I I  Fl FB o nd  FR
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( 2 ) X + a  = a  f o r  a l l  X £ F ^ ,  X + a  = X + e  f o r  a l l  

X £ DVF ,
a  + X ะ: a  f o r  a l l  x £ F R , a + x = e + x  f o r  a l l

X £ D \F R a n d

( 3 ) a  + a  = e + e .
We s h a l l  f i r s t  show t h a t  X + ( y + a )  = ( x + y )  + a f o r  a l l

x ,  y £ D. L e t  x , y  £ D.
C a s e  i  x + y  £ F ^ .  S i n c e  F^  i s  a  f i l t e r  i n  ( D , + ) ,  x , y  e F ^ .
X + ( y + a )  ะ: X + a  = a  = ( x + y )  + a .

C a s e  i i  X + y £ DSF ^ .
I f  y  £ F ^  t h e n  X £ D \F ^  a n d  y  + e = e .  Th u s  X + ( y + a )  ะ: X + a  =
X + e = X + ( y + e )  = ( x + y )  + e = ( x + y )  + a .

I f  y £ D \ F ^  t h e n  X + ( y + a )  ะะ X + ( y + e )  ะ: ( x + y )  + e ะะ ( x + y )  + a .

S i m i l a r l y ,  we c a n  show t h a t  a  + ( y + z )  ะ: ( a + y )  + z f o r  a l l
y ,  z  £ D.

C l a i m  t h a t  e  £ ( D \ F ^ )  ("ไ ( D \ F r ) .  S i n c e  F R F R a n d  F R ̂  F ^ ,
t h e r e  a r e  e l e m e n t s  XQ an d  y 0 i n  D s u c h  t h a t  XQ ร F j\ F r a n d
y  0 e  F j \ F ^ .  T h u s  XQ + a  = a ,  XQ + e = e ,  a + XQ = e  + XQ, a  + y o = a ,
e + y Q = e  a n d  y Q + a  = y Q + e .  So a  + e  ะ: a  + ( x Q+e)  = ( a + x Q) + e
ะ: ( e + X Q) + e = e + ( x ^ + e )  = e + e /  a .  H en ce  e £ D \F R . And
e + a  = ( e + y Q) + a  = e + ( y o + a )  = e + ( y Q+e)  = ( e + y Q) + e = e + e
j t  a .  H e n c e  e £ D \ F * .  T h e r e f o r e  e £ ( D \ F l ) n  (DNFr ) .

To show t h a t  K i s  a  s e m i n e a r - f i e l d ,  we s h a l l  show t h a t  
( b g )  X + ( y + z )  = ( x + y )  + z  f o r  a l l  x , y , z  £ K and  ( e g )  ( x + y ) z  = 
x z  + y z  f o r  a l l  x , y , z  £ K.

To p r o v e  ( b g ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s  ะ 
C a s e  ๆ .  X ะ: y  = z ะ: a .  S i n c e  e £  (D ^F ^)  n  (DVFr ) ,
e + e £ ( D \ F  ) ก  (D^F 11)
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X + ( y + z )  = a  + ( a + a )  = a  + ( e + e )  = e + ( e + e )  = ( e + e )  + e =
( e + e )  + a  = ( a + a )  + a  = ( x + y )  + z .
C a s e  2 . X = y  = a ,  z /  a .
I f  z  £ t h e n  e  + z = e .  T h u s  X + ( y + z )  = a  + ( a + z )  = a  + a  =
e + e  = e + ( e + z )  = ( e + e )  + z  = ( a + a )  + z = ( x + y )  + z .
I f  z  £ DnF jj t h e n  e + z £ D^Fjj . Thus  X + ( y + z )  = a  + ( a + z )  = 
a  + ( e + z )  = e + ( e + z )  = ( e + e )  + z = ( a + a )  + z  = ( x + y )  + z .
C a s e  3 . X = z  = a ,  y /  a .

S u b c a s e  3 » 1 « FR ท  F R = 0.
S u b c a s e  3 « 1 » 1 « y £  FR . T h e n  y £ D \ F R, e  + y £ D \F R

a n d  y + e = e .
X + ( y + z )  = a  + ( y + a )  = a + a = e + e = e +  ( y + e )  = ( e + y )  + e  =
( e + y )  + a  = ( a + y )  + a  = ( x + y )  + z .

S u b c a s e  3 » ไ » 2 . y  £ D \F R . T h e n  y  + e £ D^Fjj an d
e + y £ D \F R.
I f  y  £ FR t h e n  e  + y = e .  Th u s  X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )
= e + ( y + e )  = ( e + y )  + e = e + e = a + a =  ( a + y )  + a  = ( x + y )  + z .
I f  y  £ D \F R t h e n  X + ( y + z )  = a  + ( y + a )  ระ a  + ( y + e )  = e + ( y + e )  = 
( e + y )  + e  = ( e + y )  + a  = ( a + y )  + a  = ( x + y )  + z .

S u b c a s e  3 . 2 . FR ท  FR 0 0.
S u b c a s e  3 » 2 .  ๆ. y £ F R ท  F JJ.

X + ( y + z )  ระ a  + ( y + a )  = a  + a  ร: ( a + y )  + a  = ( x + y )  + z .
S u b c a s e  3 * 2 . 2 . y  £ F ^  O (DNFjj)

T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  S u b c a s e  . ๆ .
S u b c a s e  3 - 2 . 3 . y  £ (D^F ) ท F R. Then  y + e £ DYFR , 

e + y £ D \F R a n d  e + y = e .
X + ( y + z )  ร: a  + ( y + a )  ะ: a  + ( y + e )  = e + ( y + e )  = ( e + y )  + e = e + e = 
a  + a  = ( a + y )  + a  ะ: ( x + y )  + z .
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S u b c a s e  3 . 2 A .  y  £ (DNFjJ n  (D>.F ) .  Then 
y + e £ D^FR a n d  e + y £ D \F  .
X + ( y + z )  = a  + ( y + a )  = a  + ( y + e )  = e + ( y + e )  = ( e + y )  + e =
( e + y )  + a  = ( a + y )  + a  = ( x + y )  + z .
C a s e  4 . X /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  2 .
C a s e  3 » X /  a ,  y /  a ,  z = a .
By t h e  f i r s t  p r o o f ,  we showed  t h a t  X + ( y + a )  = ( x + y )  + a .
C a s e  6 . X /  a ,  y = a ,  z /  a .
T h i s  p r o o f  i s  t h e  same a s  C a s e  6 i n  ( b j - ) .
C a s e  7 » X = a ,  y  ^  a ,  z /  a .
v/e s h o w e d  t h a t  a  + ( y + z )  = ( a + y )  + z .
C a s e  8 . X /  a ,  y  /  a ,  z /  a .
X + ( y + z )  = ( x + y )  + z .

The p r o o f  o f  (Cg)  i s  t h e  same a s  t h e  p r o o f  o f  (c,_)
H e n c e  K i s  a  s e m i n e a r - f i e l d  an d  we o b t a i n  ( 1 ) -  (.k).
By T h e o re m  1 .3 3  a n d  P r o p o s i t i o n  2 . 1 2 ,  i f  e x t e n s i o n s  e x i s t  

w i t h  ( 1 ) a n d  ( 2 ) h o l d i n g  t h e n  t h e s e  a r e  t h e  o n l y  p o s s i b l e  e x t e n s i o n s  
o f  t h e  b i n a r y  o p e r a t i o n s  on D t o  K.

#
We s h a l l  g i v e  a n  e x a m p l e  w h e re  (D ,  + ) i s  a  b a n d  an d  Fjj c  F ^ .

E x a m p l e  2 . 1 ^ » w i t h  t h e  u s u a l  m u l t i p l i c a t i o n  i s  a g r o u p .  D e f i n e
+ on  ชุ+ b y  X + y ะ= min  { x , y  } f o r  a l l  x , y  £ rç+ . T h e n  (q>+ , + , * )  i s  
a  r a t i o  s e m i n e a r - r i n g  a n d  LI  ( l ) = { x e ^ + | x > 1 } = R l  ( l ) .

L e t  F l  = ( x  £ Q+ | X > 2 } a n d  F R = { X £ <$+ | X > k } .  C l e a r l y ,  
F ^  a n d  FR a r e  f i l t e r s  i n  ( Q , + ) .

L e t  a  b e  a  sy mbol  n o t  r e p r e s e n t i n g  a n y  e l e m e n t  o f  Q+. 
E x t e n d  + a n d  • f r o m  t o  <ç+ น  ( a )  b y



( 1 )  a x  = x a  = X f o r  a l l  X e Q+ บ { a } ,
( 2 ) X + a  ะ a  f o r  a l l  X £ F ^ ,  x + a  = X  + 1 f o r  a l l  

X £ ชุ4ร F l

a  + X = a  f o r  a l l  X e  F g ,  a  + X = 1 + X f o r  a l l
X £ ชุ4' ' Fg  a n ^

( 3 ) a  + a  = 1 .
By T h e o r e m  2 . 1 3 , (ช ุ4u { a } 1+ 1 • )  i s  a  s e m i n e a r - f i e l d  w i t h  a  a s  a 
c a t e g o r y  I I  s p e c i a l  e l e m e n t .

FL*

E x a m p l e  2 . 1 3 . (ช ุ4' , m i n , * )  a n d  (ช ุ4’, m a x , * )  a r e  r a t i o  s e m i n e a r - r i n g s
w h e r e  • i s  t h e  u s u a l  m u l t i p l i c a t i o n .

L e t  ชุ2  a n d  ชุ* d e n o t e  t h e  r a t i o  s e m i n e a r - r i n g s  (ช ุ+ , m i n , * )  
a n d  ( ช ุ * , m a x , - ) ,  r e s p e c t i v e l y .  Then  ชุ* X ชุ* i s  a  r a t i o  
s e m i n e a r - r i n g .  Now

L I  + + ( ๆ , ฯ )  = { ( x , y ) e ชุ*Xชุ*! X > 1 ,  y < 1} .
\ x %

= RI . ( 1 , 1 ) .
«

L e t  F L = { ( x , y )  £ ชุ4' X ชุ*! X >_ 1 , y  £  ^  } and

F r = { ( x , y )  £ ชุ* x ชุ*! X > 2 ,  y < 1 }.
T h e n  F ^  ^  F ^  a n d  F ^  <̂ . F ^ .  To show t h a t  F^  i s  a  f i l t e r  i n  
(ช ุ*  X ช ุ ^ , + ) .  I t  i s  c l e a r  t h a t  F^  i s  a  s u b s e m i g r o u p  o f  (ชุ* X ช ุ * , + ) .  

L e t  (x,j , y 1 ) , ( x 2 , y 2 ) £ ชุ4' * ชุ4’ be  s u c h  t h a t  ( x 1 , y 1 ) + ( X 2 ' Y 2 >) e  FL*
T h e n  X1 + x 2 ^  า a n d  y 1 + y ? < s o  X 1 ,'x 2 >. า a n d  y  1 , 3โ2 £  \ -

H e n c e  ( x 1 , y 1 ) ,  ( x 2 , y 2 ) £ FL « T h e r e f o r e  FL i s  f i l t e r  i n  ($raX®M’ *^* 

S i m i l a r l y ,  we c a n  show t h a t  F jj i s  a  f i l t e r  i n  (ชุ*:Xช ุ ^ , + ) .

L e t  a  b e  a  s y m b o l  n o t  r e p r e s e n t i n g  a n y  e l e m e n t  o f  ชุ4’ X ชุ4’. 
E x t e n d  + a n d  • f r o m  ชุ* X ชุ* t o  (ชุ*:><ชุ^ )  บ {a} b y

v/e s h a l l  now g i v e  a n  e x a m p l e  w h e r e  F 4  fr and fr 4
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( 1 )  a z  = z a  = z f o r  a l l  z  £ (ช ุ+x ชุ’,’) บ {a} ,
( 2 ) z + a = a f o r  a l l  z £ F ^ t  z + a = z  + ( 1 , 1 ) f o r  a l l  

z  £ (ชุ+ x Q+ )NFL ,
a  + z = a  f o r  a l l  z e F , a + z = ( 1 , l ) + z  f o r  a l l  

z  £ (ชุ '4’ * ช ุ ’,’) ,‘F R a n d
( 3 ) a  + a  = ( 1 , 1 )

By T h e o r e m  2 . 1 3 , (ช ุ^  X ชุ^) VJ {a} i s  a  s e m i n e a r - f i e l d  w i t h  a  a s  a 
c a t e g o r y  I I  s p e c i a l  e l e m e n t .

We s h a l l  g i v e  a n  e x a m p l e  w h e re  (D,  + ) i s  n o t  a h a n d .

E x a m p l e  2 . 1 6 . D e f i n e  ©  a n d  (•) on ชุ+ X 2 by
Ç ( x , ท) i f  ท < m,

( x , ท) © ( y , m )  = /  ( x + y , ท) i f  ท = m,
V ( y ,m )  i f  ท > m,

( x , ท) ©  ( y , m )  = ( x * y ,  n+m).
U s i n g  t h e  same p r o o f  a s  i n  Remark ^ . 1 3  i n  [2 ] p a g e  6L -  6 6 ,

we o b t a i n  t h a t  (ช ุ+ X z ,© ,© )  i s  a  r a t i o  s e m i n e a r - r i n g .
L I  (1 , 0 )  ะะ { ( x , ท) £ ชุ+x ar|n > 0  } = HI ( 1 , 0 ) .  L e t  

ชุ'4'xZ ชุ+x z
F^  = { ( x , ท) e ชุ+* z  [ท > 2 }  a n d  FR = { ( x , ท) e ชุ+x z |  ท > 3 ) .  We
m u s t  show t h a t  F ^  i s  a  f i l t e r  i n  (ชุ4’*  z , + ) .  I t  i s  c l e a r  t h a t  F^
i s  a  s u b s e m i g r o u p  o f  (ชุ","* z ,  + ) .  L e t  ( x , m ) , ( y , ท) £ ชุ+x 2 b e  s u c h
t h a t  ( x , m )  + ( y , ท) £ F ^ .  I f  m < ท t h e n  ( x ,m )  ©  ( y , ท) = ( x , m )  £ F ^ .
T h u s  ท > m > 2 .  H en ce  ( x , m ) , ( y , ท) £ F ^ .  I f  ra = ท t h e n
( x , m )  © ( y , ท) = ( x + y , m )  £ F . Thus  m = ท > 2 .  H en ce
( x , m ) , ( y , ท) £ F . I f  m > n t h e n  ( x , m )  © ( y , ท) = ( y , m )  £ F ^ .
T h u s  m >  ท > 2 .  H e n c e  ( x , m ) , ( y , ท) e F ^ .  T h e r e f o r e  F ^  i s  a f i l t e r
i n  (ช ุ4*  2 , + ) .

S i m i l a r l y ,  we c a n  show t h a t  Fp i s  a f i l t e r  i n  (ชุ '^ z , © ) .



L e t  a  b e  a s y m b o l  n o t  r e p r e s e n t i n g  a n y  e l e m e n t  o f  Q+ x z .
E x t e n d  ©  a n d  ©  f ro m  Q+ x z  t o  ((g+ x z )  บ {a} by

( 1 )  z 0  a  = a  0  z = z f o r  a l l  z £ (ซู+x z )  บ  { a } ,
( 2 )  z  © a  = a  f o r  a l l  z E F ^ ,  z @ a = z ©  ( 1 , 0 )  f o r  a l l

z  £ (cç+ x Z ) \ F l ,
a  ©  z  = a  f o r  a l l  z  e F ^ ,  a  @ z = ( 1 , 0 )  © z f o r  a l l  

z £ (Q+ x 2 ) \ F jj a n d
( 3 )  a  © a  = ( 1 , 0 )  ©  ( 1 , 0 ) .

By T h e o re m  2 . 1 3 ,  ( ( Q +x 2 )  บ  ( a } , + , ‘ ) i s  a  s e m i n e a r - f i e l d  w i t h  
a  a s  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t .

C o r o l l a r y  2 . 1 7 . I f  K i s  a  s e m i n e a r - f i e l d  w i t h  a c a t e g o r y  I I  
s p e c i a l  e l e m e n t  t h e n  ( ร ^  = 0  o r  ( ร ^ , * )  i s  a  s e m i g r o u p )  and ( ร ^  = 0  
o r  ( ร ^ , * )  i s  a  s e m i g r o u p ) .

P r o o f . L e t  a  b e  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t  o f  K. S u p p o s e  t h a t  
ร ^  0  0 .  To show t h a t  ( ร ^ , * )  i s  a  s e m i g r o u p ,  l e t  x , y  £ ร ^ .  Then  
y  + a  = a  a n d  X + e = e .  Th u s  x y  + a  = xy + ( y + a )  = ( x y + y )  + a  = 
( x + e ) y  + a = e y + a = y + a = a .  H ence  x y  £ ร ^ .  T h e r e f o r e  ( ร ^ , ' )  
i s  a  s e m i g r o u p .

S i m i l a r l y ,  we c a n  show t h a t  ร £ =  0  o r  ( S p , * )  i s  a  s e m i g r o u p .

C o r o l l a r y  2 . 1 8 . L e t  D b e  a  r a t i o  s e m i n e a r - r i n g  a n d  l e t  a b e  a  
s y m b o l  n o t  r e p r e s e n t i n g  a n y  e l e m e n t  o f  D. L e t  F^  a n d  h a v e  
t h e  p r o p e r t i e s  s t a t e d  i n  T h e o re m  2 . 1 3 »  Then K = D บ  ( a )  i s  a  

d i s t r i b u t i v e  s e m i n e a r - f i e l d  w i t h  a  a s  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t  
i f  a n d  o n l y  i f  D i s  a  d i s t r i b u t i v e  r a t i o  s e m i n e a r - r i n g .

P r o o f . By T h e o r e m  2 . 1 3 ,  we c a n  c o n s t r u c t  K s o  t h a t  K i s  a  
s e m i n e a r - f i e l d  w i t h  a  a s  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t ,  F^  i s  t h e  
l e f t  f u n d a m e n t a l  s e t  o f  a  i n  K a n d  Fp i s  t h e  r i g h t  f u n d a m e n t a l  s e t



o f  a  i n  K. I t  i s  c l e a r  t h a t  i f  K i s  a  d i s t r i b u t i v e  s e m i r e a r - f i e l d  
w i t h  a  a s  a  c a t e g o r y  I I  s p e c i a l  e l e m e n t  t h e n  D i s  a  l e f t  r a t i o  
s e m i n e a r - r i n g .

C o n v e r s e l y ,  a s s u m e  t h a t  D i s  a  d i s t r i b u t i v e  r a t i o  s e m i n e a r - r i n g .  
I t  i s  s u f f i c i e n t  t o  show t h a t  x ( y + z )  = xz  + y z  f o r  a l l  x , y , z  E K.
L e t  x , y , z  e K. By T h e o re m  1 . 3 3  ( 2 ) ,  a + a = a o r a + a = e + e .

C a s e  1 . X = a .
x ( y + z )  = a ( y + z )  = y + Z = a y  + a z  = x y  + x z .
C a s e  2 . X /  a .

S u b c a s e  2 . 1 . y  = z = a .
S u b c a s e  2 . 1 . 1 . a  + a  = a .  T h e n  ( D , + )  i s  ท b a n d .  

x ( y + z )  = x ( a + a )  = x a  = X = X + X = x a  + x a  = x y  + x z .
S u b c a s e  2 . 1 . 2 . a  + a  = e + e .  

x ( y + z )  = x ( a + a )  = x ( e + e )  = X + X = x a  + x a  = x y  + x z .
S u b c a s e  2 . 2 . y  = a ,  z /  a .

I f  z  £ Fjj t h e n  e + z = e .  Th u s  x ( y + z )  = x ( a + z )  = x a  = X = x e  = 
x ( e + z )  = X + x z  = x a  + x z  = x y  + x z .
I f  z £ D \F R t h e n  x ( y + z )  = x ( a + z )  = x ( e + z )  = X + x z  = x a  + x z  = 
xy  + x z .

S u b c a s e  2 . 3 » y /  a ,  z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  S u b c a s e  2 . 2 .

S u b c a s e  2 . 4 . y  /  a ,  z £  a .  
x ( y + z )  = x y  + x z .

H e n c e  K i s  a  d i s t r i b u t i v e  s e m i n e a r - f i e l d .
f

T h e o r e m  2 . 1 9 » L e t  K a n d  K b e  s e m i n e a r - f i e l d s  w i t h  a  a n d  a  a s  
c a t e g o r y  I I  s p e c i a l  e l e m e n t s ,  r e s p e c t i v e l y .  L e t  D ร K>{a} a n d  
D = K 'ร. {a } w i t h  e  a n d  e a s  t h e i r  m u l t i p l i c a t i v e  i d e n t i t i e s  
r e s p e c t i v e l y .  L e t  ร ^  a n d  ร £ b e  t h e  l e f t  a n d  r i g h t  f u n d a m e n t a l  s e t s
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f u n d a m e n t a l  s e t s  o f  a  i n  K, r e s p e c t i v e l y .  S u p p o s e  t h a t  t h e r e
e x i s t s  a n  i s o m o r p h i s m  ก. ะ K—»K . L e t  = ฦเ , Ip = n |  ,

SL DVSL
= p |  a n d  ^ =  ก I . T hen  t h e  f o l l o w i n g  s t a t e m e n t s  h o l d  ะ 

SR ~
( 1 )  ก( e ) = e a n d  h ( a )  = a  .
( 2 ) ร ^  = 0  i f  a n d  o n l y  i f  รR = 0  and

i f  ร R 0  0  t h e n  SR = ร R a s  a d d i t i v e  a n d  m u l t i p l i c a t i v e
s e m i g r o u p s .

( 3 ) DNF ^  = 0  i f  a n i  o n l y  i f  Dn F^  = 0  a n d
i f  DXFR 0  0  t h e n  DNF = D^F a s  a d d i t i v e  s e m i g r o u p s .

( 4 )  ร R = 0  i f  a n d  o n l y  i f  รR = 0  a n d
i f  Sjj /  0  t h e n  ร R = รR a s  a d d i t i v e  an d  m u l t i p l i c a t i v e

o f  a  i n  K r e s p e c t i v e l y .  L e t  ร R a n d  ร R b e  t h e  l e f t  a n d  r i g h t

s e m i g r o u p s .

( 5 ) DNSR = 0  i f  an d  o n l y  i f  
i f  DnSr 0  0  t h e n  D^SR =

( 6 ) I f a + a  = a  t h e n  a  + a

( 7 ) I f a + a  = e + e t h e n  a
( 8 ) I f X £ รL ท  ร t h e n  f ( x

( 9 ) I f X £ SR n  (D^Sr ) t h e n
( 1 0 ) I f X £ ( D ' S  ) ท  รR t h e n
( 1 1 ) I f X £ 0 > S L ) ท  ( D \ S R)
( 1 2 ) I f X £ ร an d  y £ Dnร ^  ■

( 1 3 ) I f X £ D \ ร^  an d  y £ ร ^
( 1 4 ) I f X £ ร ^ ,  y  £ a n d

( 1 5 ) I f X £ D ' S R , y  £ ร ^  and
( 1 6 ) I f X 1y £ DvS a n d  xy  e 1

( 1 7 ) I f X £ ร 11, y  £ D ' S l  and

R
'

L
5L
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( ๆ ร )  I f  X e  D Nร L > y  £  S L  a n à  x y  £  D ' S ^  t h e n  Ip(xy)  = ^ ( x ) v ( y ) .  
( 1 9 ) I f  x , y ,  x y  £ EnSl  t h e n  \ p ( x y )  = I p ( x ) i p ( y ) .

P r o o f . (1 ) S i n c e  [ท( a ) ]  2 ะ: ท ( a 2 ) = 1า ( a ) , ก (ท)  ะ: e o r  ฤ ( a )  = a  .
S u p p o s e  t h a t  n ( a )  ะ: e . S i n c e  J j i (e ) ]  2 ะ: r i ( e ) ,  ฤ ( e )  = a  . Th u s
a  = n ( e )  = ฦ ( e » a )  ะ: r i ( e )  • n ( a )  = a  • e = e  , a  c o n t r a d i c t i o n .

I I
H e n c e  ฦ(ท) ะ: a  . C o n s e q u e n t l y ,  ก(e ) = e .

( 2 ) Assume t h a t  ร^  = 0 .  S u p p o s e  t h a t  ร ^  0  0 . L e t  y £  ร ^ .  
S i n c e  ก i s  o n t o ,  t h e r e  e x i s t s  a n  e l e m e n t  X i n  D s u c h  t h a t  n ( x )  = y .
Now x  + a  = x  + e .  ท ะ: y  + a  = ฦ ( x )  + ก ( a )  = Tl (x+a)  ะ: ก( x + e )  ะ:
ท( x )  + p ( e )  = y  + e £ D , a  c o n t r a d i c t i o n .  H e n c e  ร ^  = 0.

Assume t h a t  ร ^  0  0 .  C l a i m  t h a t  If ะ S j—* s ^ »  L e t  X £ ร ^ .
T h e n  X + a  = a ,  s o  I f (x)  + a  = n ( x )  + ก ( a )  = n ( x + a )  = ก( a )  = a  .

T h u s  l f ( x )  £ ร ^ .  H e n c e  ร ^  /  0 .  I t  i s  c l e a r  t h a t  If i s  a  m onom orph i sm .  
To show i s  o n t o ,  l e t  y  £ ร ^ .  T hen  y + a  ะ: a  . S i n c e  ก i s  o n t o ,
t h e r e  e x i s t s  a n  e l e m e n t  X i n  K s u c h  t h a t  ก ( x )  ะ: y .  Now X 0  a  so
X £ D. C l a i m  t h a t  X £ ร . S u p p o s e  t h a t  X £  D ^ s ^ .  T hen  X + a  0  a ,  
s o  ท ( x + a )  £ D . a  ะ: y + a  = n ( x )  + r1( a )  ะ: ฦ ( x + a )  £ D 1 
a  c o n t r a d i c t i o n .  H e n c e  X £ ร ^ .  So we g e t  t h a t  Y ( x )  = ก ( x )  = y .
T h u s  f  i s  o n t o .  H e n c e  ร ^  = ร ^  a s  a d d i t i v e  a n d  m u l t i p l i c a t i v e  
s e m i g r o u p s .  T h e r e f o r e  we o b t a i n  ( 2 ) .

( 3 ) Assume t h a t  DN3 ^  = 0 -  T h e n  ร ^  ะะ D. To show t h a t
ร ^  ะ: D , l e t  y  £ D . S i n c e  ท  i s  o n t o ,  t h e r e  e x i s t s  a n  e l e m e n t  X 
i n  ร ^  s u c h  t h a t  r t ( x )  ะ: y .  Now x  + a  = a s o y  + a  ะ: n ( x )  + n ( a )  =
L^x+a)  = ฤ(ท) = a  . H en ce  y £ ร ^ «  T h e r e f o r e  D ^  ร ^  = 0 .

Assume t h a t  DnS jj /  0» C l a i m  t h a t  Jp : Ds ร — aD N ร ^ .
L e t  X £ DnS ^ .  T h e n  ^  ( x )  + a = ฦ ( x )  + ท ( a )  ะ: r ) (x+a)  = ฦ ( x + e )  =
ท( x )  + n ( e )  = ' p ( x )  + e s o  -J;(x) e D ^ S ^ .  T h u s  D ^ s ^  0  0 »  I t  i s  
c l e a r  t h a t  Tp i s  a  m o n o m o rp h i s m .  To show t h a t  ijj i s  o n t o ,  l e t
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y  E D \  รR . T h e n  y + a  = y + e .  S i n c e  ฦ i s  o n t o ,  t h e r e  e x i s t s  an 
a n  e l e m e n t  X  i n  K s u c h  t h a t  ฤ ( x )  = y .  Now X 0  ล .  I f  X £ ร R t h e n  
x  + a  = a .  S o y + e = y + a  ะ: H(x) + n ( a )  = n ( x + a )  ะ: ฦ(ท) = a  1 
a  c o n t r a d i c t i o n .  H e n c e  X £ DVSR. T h e r e f o r e  Ip i s  o n t o  and  s o  
DNSR = D ^ SR a s  a d d i t i v e  s e m i g r o u p s .  We o b t a i n  ( 3 ) .

The  p r o o f s  o f  ( 4 )  a n d  ( 5 ) a r e  s i m i l a r  t o  t h e  p r o o f s  o f  ( 2 ) 
a n d  ( 3 )» r e s p e c t i v e l y .

The  p r o o f s  o f  ( 6 )  -  ( 1 9 )  a r e  e a s i l y  s h o w n .
#

T h e o r e m  2 . 2 0 . L e t  D a n d  D b e  r a t i o  s e m i n e a r - r i n g s  w i t h  e a n d  e 
a s  t h e i r  m u l t i p l i c a t i v e  i d e n t i t i e s  r e s p e c t i v e l y .  L e t  ท and a  b e  
s y m b o l s  n o t  r e p r e s e n t i n g  a n y  e l e m e n t  o f  D o r  D . L e t  FR Ç.  L l p ( e )  
b e  e i t h e r  0  o r  a  f i l t e r  i n  ( D , + )  a n d  l e t  FR Ç R I R ( e )  b e  e i t h e r  0
o r  a  f i l t e r  i n  ( D , + ) .  L e t  F €  LI  1( e  ) b e  e i t h e r  0  c r  a  f i l t e r

' *  โ .  โ '  . • โ โ 1’ _ . โ โ ’ ;i n  (D 1+) a n d  l e t  F_ ç  RI 1( e  ) b e  e i t h e r  0  o r  a f i l t e r  i n  (D 1+ ) .
R D

S u p p o s e  t h a t  t h e r e  o r e  b i s e c t i o n s  If ะ F——?FR and  ^  ะ D^Fj-—+D^F^ 
s u c h  t h a t  l{ (x + y )  = I f (x )  + l f ( y )  f o r  a l l  x , y  £ FR 1 I f ( x y )  = f ( x ) < f ( y )  
f o r  a l l  x , y  £ FR 1 Ip ( x + y )  = Ip ( x )  + Ip ( y )  f o r  a l l  x , v £  D^Fjk and 
i j j(e) ะ: e i f  e £ D \F R . S u p p o s e  t h a t  t h e r e  a r e  b i s e c t i o n s  
V ะ F g—>Fr a n d  ]p : DvFp—>D\FR s u c h  t h a t  If ( x + y )  ะ: If ( x )  + If ( y )  

f o r  a l l  X , y  £ F R 1 <f'(xy) = Vf ( x )  I f ( y )  f o r  a l l  x , y  £ D \F R 1 ^  ( x + y )  = 
^  ( x )  + ^  ( y )  f o r  a l l  x , y  £ DnFr a n d  Ip ( e )  = e i f  e £ DNF R.

S u p p o s e  t h a t  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s f i e d  ะ
( 1 )  FL = 0  i f f  y ' l = 0 .
( 2 )  Fl  = D i f f  Fr = D*.
( 3 )  0  /  F L c  D i f f  0  0  FR c  d ' .
( k )  F R = 0  i f f  Fr = 0 .
( 5 )  FR = D i f f  Fr = D.
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( 6 )  ^  F B c  D i f f  f ) / F B C D .
( 7 ) I f  a  + a = a  t h e n  a + a  = 3 .
(8) I f a + a = e + e  then a + a = e + e .
(9) If X E Fl n Fr then if (x) = (x).

(10) If X £ Fj. (ไ (D̂ Fr) then ^(x) = Ip (x).
(11) If X  ธ (D\Fl ) n FR then i|;(x) = vp(x).
(12) If X £ (D'F ) ท (D'F ) then \ p ( x )  = I p ' ( x ) .

(1 3 ) If X £ Fr and y £ D'FR then \ p ( x + y )  ะะ y(x) + Ip (y).
(1*0 If X E D\Fr and y £ FR then ij>(x+y) = (̂x) + <p(y).
( 1 5 ) If X £ Fr , y ร DvF̂  and xy £ FL then <f (xy) = I f ( x ) \ p ( y ).
(1 6 ) If X £ D'-F̂  1 y £ Fr and xy £ FR then ’f(xy) = iKx)lf(y)*
( 1 7 ) If x,y £ D̂ F̂  and xy £ FR then<f(xy) = i|>(x)i{j (y).
(1 8 ) If X £ Fr , y £ D̂ F̂  and xy £ D̂ FR then I p ( x y )  = 'f(x)iKy)
( 1 9 ) If X e DVFR, y e FL and xy E DVF̂  then I p ( x y )  = Ip(x)<f(y)
( ?0 ไ Tf V . V  -VV p D\F then Ip ( x y )  = Ip (x)p (y).

i s  a n  i s o m o r p h i s m  b e t w e e n  K and  K w h e r e  K = D บ {a} and  
K = D บ  {a  } a r e  s e m i n e a r - f i e l d s  w i t h  a  a n d  a  a s  c a t e g o r y  I I  
s p e c i a l  e l e m e n t s ,  r e s p e c t i v e l y .

P r o o f . By T h e o r e m  2 . 1 3 »  we c a n  c o n s t r u c t  K a n d  K s o  t h a t  K and 
K a r e  s e m i n e a r - f i e l d s  a n d  a  a n d  a  a r e  c a t e g o r y  I I  s p e c i a l  
e l e m e n t s  o f  K a n d  K , r e s p e c t i v e l y .

C a s e  I  F ^  = 0 .  T h e n  ร = 0 .  D e f i n e  ฦ ะ K—>K by
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I t  i s  c l e a r  t h a t  1า i s  a  b i j e c t i o n .  We n e e d  o n l y  show 
t h a t  ( a ^ )  ท ( x y )  = n ( x ) n ( y )  f o r  a l l  x , y  £ K  a n d  ( ๖ 1 ) r | (x + y )  = 
r | ( x )  + n ( y )  f o r  a l l  x , y  £ K.

To p r o v e  ( a , j ) ,  l e t  x , y  E K.
C a s e  ๆ. X = y  = a .
n ( x y )  = n ( a 2 ) = ฦ( a )  = a  = a  = n ( a ) n ( a )  = ๆ ( x )  r ( y ) .
C a s e  2 . X = a ,  y /  a .
ก ( x y )  = ก( a y )  = ท( y )  = a ' n  ( y )  = n ( a ) n ( y )  = n ( x ) ๆ ( y ) .
C a s e  3 » X /  a ,  y  = a .
T h i s  p r o o f  i s  s i m i l a r  t o  C a s e  2 .
C a s e  b ,  X /  a ,  y /  a .  T h e n  xy  /  a .  By ( 2 0 ) ,  we o b t a i n  
ท  ( x y )  =  i|>( x y )  =  i | ( x ) ^ ( y )  =  t( x )  ท ( y ) .

To p r o v e  (๖ 1 ) ,  l e t  x , y  £ K.
C a s e  1 . X = y = a .

S u b c a s e  1 . 1 . a  + a  = a .  T h e n  a  + a  = a  .
ก ( x + y )  = ก( a + a )  = ก( a )  = a  = a  + a  = r ( a )  + ก ( a )  = n ( x )  + n ( y ) .

S u b c a s e  ๆ . 2 » a  + a  = e + e .  Then  a  + a  = e  + e a n d
e + e £ D.
n ( x + y )  = r ) ( a +a )  = r ](e+e) = $ e + e )  = Ip(e)  + iK e )  = e  + e = a  + a
= n ( a l  + ท( a )  = n(x)  + ท( y ) .
C a s e  2 . X = a ,  y jL a .
I f  y  £ F^  t h e n  y £ Fj^ n  ( D \ F ^ ) .  T h u s  Y ( y )  = * K y ) .  Now a  + y = a  
a  + Y ( y )  = a  .
n ( x + y )  =  ก ( a + y )  =  H a )  =  a  =  a  +  Y  ( y )  =  ก ( ร )  +  Ip ( y )  =  ท ( x )  +  ฦ  ( y )
I f  y e D \ F R t h e n  y £ (D^F ) โไ ( D ' F  ) .  T h u s  Ip(y) = Ip ( y ) .  Now
a  + y = e + y a n d  a  + \p ( y )  = e + Ip ( y ) .
ก( x + y )  = 1ๅ(a + y ) = H e + y )  = t p ( e + y )  = ’H e )  + iKy) = e + ^  ( y )  =
e + 'P ( y )  = a  + Ip ( y )  = n ( a )  + iKy)  = ก ( x )  + n ( y ) .
C a s e  3 « X /  a ,  y  = a .  T h e n  X + a  = X + e a n d  Ip ( x )  + a  = ifj(x) + e  .
n ( x + y )  = ก( x + a )  = ก ( x + e )  = M x + e )  = ( x )  + I p ( e )  = I p ( x )  + e = ̂ ( x )  + a
= Y\(x)  + V[(a) ระ v i ( x )  + y ] ( y ) .
C a s e  k ,  X /  a ,  y  £  a .  T h e n  X + y  £  D w h i c h  i s  a n  a d d i t i v e  s e m i g r o u p .



t h a t  (น2 ) n ( x y )  = r £ x ) n ( y )  f o r  a l l  x , y  E K a n d  (๖ 2 ) ฤ ( x + y )  = 
n ( x )  + โi y )  f o r  a l l  x , y  £ K.

The  p r o o f  o f  ( a 2 ) i s  t h e ร ame a s  t h e  p r o o f  o f  ( a ^ ) .
To p r o v e  (๖ 2 ) ,  l e t  x , y  e K.

C a s e  1 . X = y = a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  C a s e  1 i n  ( ๖ ^ ) .
C a s e  2 . X = a ,  y  /  a .
I f  y £ F r t h e n  y e  F^  n  F ^ .  T h u s  I f ( y ) =  4 > ( y ) , a  + y  = a  a n d  
a '  + M1' ( y )  = a ' .
ท( x + y )  = ท( a + y )  = ฦ ( a )  = a  = a  + ? ( y )  = ก ( a )  + <f(y)  = ก( x )  + r ( y ) .
I f  y  £ D^FR then y  £ F^ ท ( D \ F r ) .  Thus ' f ( y )  = i j ; ( y ) ,  a + y = e + y 
and a + Ip ( y )  = e + \p ( y ) .
ท( x + y )  = n ( a + y )  = 1า( e + y )  = ^ ( e + y )  = ' f ( e )  + <f(y)  = e  + ? ( y )  = e  + Ip ( y )  
a  + \p ( y )  = n ( a )  + ' f ( y )  = ก ( x )  + ก( y ) .
C a s e  3 » X 0  a ,  y  = a .  T hen  X + a  = a  an d  ^ f ( x )  + a  = a  .
!1(x+y)  = ท( x + a )  = n (a )  ะ: a  ะ: ' f ( x )  + a ' =  ฦ( x )  + n ( a )  ะ: n ( x )  + ฦ ( y ) .
C a s e  X /  a ,  y  0  a .  Then X + y £ D w h i c h  i s  a n  a d d i t i v e  s e m i g r o u p .
n ( x + y )  = ( x + y )  = I f ( x )  + y ( y )  = p ( x )  + ท ( y ) .

H en ce  ก i s  a n  i s o m o r p h i s m .
C a s e  I I I  0  0  FL c  D. T h e n  0  0  F ^ c  D. D e f i n e  ท : K—*k ' by

( a ^ )  l i x y )  ะ: n ( x )  n ( y )  f o r  a l l  x , y  £ K and  ( ๖ ^ )  ฦ ( x + y )  = n ( x )  + n ( y )  
f o r  a l l  x , y  £K .

I t  i s  c l e a r  t h a t  ฦ i s  a  b i s e c t i o n .  We n e e d  o n l y  show t h a t
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Case 1 . X = y = a .
T h i s  p r o o f  i s  th e  same as  th e  proo f  o f  Case 1 in  ( a ^ ) .
Case 2. a ,  y /  a.
T h i s  p r o o f  i s  th e  same as  th e  p roo f  o f  Case 2 i n  ( a ^ ) .
Case 3 » X  0 a ,  y = a .
T h i s  p r o o f  i s  s i m i l a r  to  Case 2 i n  (a ^ ) .
Case k .  X /  a ,  y /  a .  By ( 1 5 ) -  (20 )  and tf (xy) = Vf(x)(f>(y) 
f o r  a l l  x , y  £ K, we can show th a t  ri(xy) = T\(x) ท( y ) .

To p rove  ( b j ) ,  l e t  x , y  £ K. Note t h a t  a + a = a or  
a + a = e + e .
Case 1 . X = y = a

Subcase  1 . 1 . a + a ะ= a .  Then a + a = a .
T h i s  p r o o f  i s  th e  same as  th e  p ro o f  o f  Subcose 1 .1  in  ( a ^ ) .

Subcase  1 . 2 . a + a = e + e .  Then a + a = e + e .
I f  e £ F^ th e n  e + e £ F^. Thus ri (x+y) = n ( a + a )  = ท (e+ e )  = 
^ ( e + e )  = Ÿ ( e )  +vp(e)  = e + e = a  + a  = p ( a )  + ท( a )  = ก ( x )  +
I f  e e  DVF^ then  e + e £ F^. Thus ท (x+y) = nCa+a) = ท( e + e )  =
iMe+e)  = *Ke) + i|X]e) = e + e ะะ a  + a  = ฦ(ท) + ฦ ( a )  = p ( x )  +
Case 2 . X = a ,  y /  a .

Subcase  2 . 1 . F^ Pi F^ = 0 .
Subcase  2 . 1 . 1 . y £ F^. Then y £  D^F^, so

^ ( y )  = V ( y ) .
ท (x + y)  = n_(a+y) = ท(ท) = a = ท + If (y )  = n ( a )  + <Ky) = ก ( x )

Subcase  2 . 1 . 2 . y £DNFR, y £ F1/  Then Vf ( y )
I f  e £ Fl th en  e + y e F L* Thus ก (x+y) = ฦ (a+y) = ท( e + y ) =
Y (e + y )  ะะ <f(e)  + <f(y) = e ’ + ' / ( y )  = a '+  Tp * ( y )  = ก ( a )  +Vf(y )  =
N(x) + ท( y ) .
I f  e £ D'-F then  e + y  e  DnF1/  Thus ท.(x+y) = ก(a+y)  = ท (e+ y)

ก( y ) .

ก (y).

+ ท( y ) .
= 4> ( y )*
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ÿ ( e + y )  = iKe) + '-f c y ) = e + ^ (y )  = a + ^ (y )  = ท.( a )  + Ÿ (y )  =
ท ( x )  + ท.( y ) .

Subcase  2 . 1 . 3 » y £ D'FR, y 8 D'FL« Then
Ip(y) = ^ ( y ) .
I f  e £ F^ then  e + y £ E K F T h u s  ท(x+y) = ก(a+y) = ก (e+ y )  =

^ (e + y )  ๖^ ^ ( e )  + M y )  =  e +  l p ( y ) = 3  +  lp ( y )  = ท (ท) + i|/(y) =

n ( x )  + ท( y ) .
I f  e £ DnFl th en  e + y £ Thus f l (x+y) = ก(a+y) = ก(e+y )  = :
i > ( e +  y )  ะะ I p ( e )  +  Ip ( y )  = e + Ip ( y )  = a + \p (y )  = ฦ(ท)  + I p ( y )  ะะ 
ท-( x )  + ท( y ) .

Subcase  2 . 2 . F^ A FR /  0 .
Subcase  2 . 2 . 1 . y £ Fj. n  FR. Then <f(y) = f  (y )  

and a = a + 4>(y) = a + ^ ( y ) .
ท.(x+y)  = ท( a+ y ) = ท( a )  = a = a + ^f(y) = r£a) + ท( y )  = ท(x )  + ฦ ( y ) .

Subcase  2 . 2 . 2 . y £ F^ C \  (DNFg).
T h i s  p r o o f  i s  t h e  same as th e  proof  o f  Subcase  2 . 1 . 2 .

Subcase  2 . 2 . 5 . y 8 (DNF-jJn FR.
T h i s  p r o o f  i s  t h e  same a s  th e  proof  o f  Subcase 2 . 1 . 1 .

Subcase  2 . 2 . ^ . y £ (DNFj )̂ n  (DnFr ) .
T h i s  p r o o f  i s  t h e  same as  th e  proo f  o f  Subcase  2 . 1 . 3 .
Case 3 « X  /  a ,  y  =ะ a .

Subcase  3 . 1 .  X 8 F^. Then a = y ( x )  + a . 
n ( x + y )  = ท.(x+a)  = r](a) = a = i p ( x )  + a = ท(x )  + ท (a )  = ท-(x )  + ท ( y ) .  

Subcase  3 « 2 . X 8 D^F^. Then X + e 8 D''Fjjan(i  Ip ( x )  + a =

iJj( x ) + e .
I f  e 8 F^ then  ท (x+y)  = ท(x+a) = ท(x+e)  = Ip (x + e )  ^ Ip(x )  + 'P(e)
= ^ ( x )  + e = \p (x )  + a = ฦ (x )  + ท(ท) = ท (x )  + ท-( y ) .  I f  e £ DSF^ then
ท ( x + y )  = ท ( x + a )  = ฦ(x + e )  = i K x + e )  = M x )  + i j j ( e )  = M*) + e  = M x )  + a  
ะ: ท ( X ) + ท ( a )  ะ: ท( x )  + ท ( y ) .



Subcase . 1.  X  + y £ F̂ . Since F̂  is 3 filter in (D,+),
x , y  £ Fl .
n (x+y)  = ^ ( x + y )  = ¥ ( x )  + <f(y) = ท(x )  + n ( y ) .

S ubcase  k . 2 .  X + y £ D'F^.
Subcase  k . 2 . 1 . X £ F^. Then y £ D'F^. By ( 1 3 ) ,  

<Kx+y) = TCx) + 4* ( y ) .
Tl(x+y) = iKx+y) =ะ'f ( x )  + i Ky)  = n(x) + n ( y ) .

Subcase  *+.2.2 . X £ D^F^.
I f  y Ê Fj. th e n  Tl(x+y) = M x+y) b^ ^  iKx) + Y (y )  = ฦ (x )  + n ( y ) .
I f  y £ D\F^ th en  n ( x + y )  = ÿ (x+y) =ip (x )  + Ip ( y )  = n ( x )  +ฦ. ( y ) .

Hence ท i s  an i somorphism.
#

Remark. t l  • K— may be d e f in e d  by
บุ’, ( x )  i f  X e FR ,

\p ( x )  i f  X £ D\Fr , 
a i f  X = ท.

The p r o o f  i s  s t r a i g h t f o r w a r d  but v er y  l o n g .

We s h a l l  g i v e  an open problem f o r  f u t u r e  r e s e a r c h .
In  Theorem 2 . 2 0 ,  suppose  th a t  we drop c o n d i t i o n s  ( 9 ) -  ( 2 0 ) .

Q u e s t i o n  ะ I s  K i som o rp h ic  t o  K ?

Now we s h a l l  compute a l l  f i n i t e  s e m i n e a r - f i e l d  w i th  a 
c a t e g o r y  I I  s p e c i a l  e lem ent  up to  isomorphism.

I n  [ 1] , a l l  f i n i t e  s e m i n e a r - f i e l d  c o n t a i n i n g  a c a t e g o r y  I I  
s p e c i a l  e lem en t  o f  order  2 were computed ( s e e  page 5 5 ) .

We s h a l l  compute a f i n i t e  s e m i n e a r - f i e l d  o f  order  g r e a t e r
than 2 which contain a category II special element
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Theorem 2 « 2 1 . Let K be 3 f i n i t e  s e r a i n e a r - f i e ld  o f  o rd er  g r e a t e r  
than  2 c o n t a i n i n g  a c a t e g o r y  I I  s p e c i a l  e lement  a.  Let D = KN{a} 
and l e t  e be th e  i d e n t i t y  o f  ( D , * ) .  Then

( 1 )  x + a = x + e ,  a + x = e + x  f or  a l l  X e D and 
a + a = a or

( 2 ) x + a = x + e ,  a + x = e + x  f or  a l l  X £ D and 
a + a = e or

( 3 ) x + a = a ,  a + x = e + x  fo r  a l l  X £ D and a + a = a or
(^f) x + a = x + e ,  a + x  = a fo r  a l l  X £ D and a + a = a .

P r o o f . By Theorem 1 . 3 2 , D i s  a r a t i o  s e m i n e a r - r i n g .  By Theorem 1 .15»  
= {x e d |x + e = x }  and D 2 = { X £  d | X + e = e} are  th e  unique  

r a t i o  s u b s e m i n e a r - r i n g s  o f  D such th a t  ( l ) x + y = x  f o r  a l l  
x , y  £ , ( 2 ) X +  y = y f o r  a l l  x , y  £  อ2 , ( 3 )  (D, + )  = (ซๆ ,+ )  X  (ซ2 ,+ )
and ( k )  จ2 + D ะ: {e}  . By d e f i n i t i o n ,  D2 = L l p ( e ) .  Claim t h a t
D ะ: R l p ( e ) .  Let X £  .  Then x""”̂ £ ,  so  x - , , + e = X ๙' .  Thus
e = X ^x = ( x ” ”̂ +e)x = X 1X + X = e + X .  Hence X £ R l p ( e ) .  T h e r e fo re  
D ,1 Q  RIpCe).  Let y £ RIpCe).  Then e + y = e ,  so  y -1 = ey 1 ะ:
( e + y ) y  1 = y ใ + e .  Thus y  ̂ £ D . S in c e  (D , • )  i s  a group,  y £ L,]. 
Hence R l p ( e )  Q .  D . T h e r e fo r e  D1 = R l p ( e ) .

Let ร^ ะ: {x £ Dj X + a ะะ a} and Sp = { x  £ D] a + X ะ: a } .
By P r o p o s i t i o n  2 . 9  ( 1 )» — k l j j ( e )  and SR ç  R l p ( e ) .

Claim that (1 ) i f  SL is a filter in (D, + ) then SL = D2’
(2) i f  รR is a filter in (D,+) then SR = V

To prove claim ( 1 ), assume that ร̂  is a filter  in (D,+). 
To show that ร̂  ะ: D , it  is sufficient to show that D2 ÇI ร .̂ Let 
X £ D . Since ร̂  0 0, there exists an element y in ร .̂
Thus X + y = y £ ร . Since ร̂  is a filter in ( D ,  + ), X £

Then y £  I>2 *
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Hence Ç ร .̂ Therefore โ) 2 = ร .̂
The proof of claim (2 ) is similar to the proof of Claim (1 ) 
Consider and โ)2 .

Case ใ. 0 {el,  D„ 0 {e}. Claim that ร̂  = SR - * •
Suppose that ร̂  is  a filter in (D,+). Then, by Claim (1),

ร̂  = โ)2 . Let d̂  £ D  ̂(e}, d 2 £ D^te}. Then (v a2) + e =
d1+ d̂2+e  ̂ = d'| + e = d e * so ฟ้ๆ + d2 i  LID̂ e^ -  V Now
d + (d +d ) = (d_+d,1) + d_ = e + d_ = d- £ D_ = St • Since โ)2 = ร _2 1 2 -  2 1 2 2 2 2 L L
is a filter  in (D,+), d̂ + d 2 e D̂ , a contradiction. Hence ร̂ = 0.

S i m i l a r l y ,  i f  ร£ i s  a f i l t e r  i n  (D ,+)  then  we g e t  a 
c o n t r a d i c t i o n .  Hence ร£ = 0 .  T h ere fore  X + a = X + e and
a + X = e + X f o r  a l l  X £ D. By Theorem ใ . 3 3 ,  a + a = a or
a + a = e + e .  By Lemma ใ . 12,  (D ,+) i s  a band. Hence we o b t a i n  
( ใ )  and ( 2 ) .
Case 2 . D = {e} , โ)2  0  {e} . Claim th a t  ( 3 ) รR = 0 ,  (If) รL = 0  
or ร^ ะ D,

To p rove  Claim ( 3 )» suppose  t h a t  Sp i s  a f i l t e r  i n  ( D , + ) .
By Claim ( ใ ) ,  รR = โ) ^  = { e } .  Let d^ £ D^Me) . Then d^+ e = e £ Sp
S i n c e  ร2  i s  a f i l t e r  i n  ( D , + ) ,  d 2  = e ,  which i s  a c o n t r a d i c t i o n .
Hence Sp = 0 .

To p rove  Claim ( ^ ) ,  suppose  th a t  ร^ 0  0 .  Then ร^ i s  a 
f i l t e r  i n  (D, + ) .  We must show t h a t  ร^ = D. C l e a r l y  Sj^Q D.
Let d £ D. Since (D,+) = (D ,+) X  (ซ2 ,+), there exists an element 
d̂  in โ)2  such that d ะ e + dj. So d = e + d̂  = d^ £ D2 .  Let
y £ รL. Since รL Q. LIpte) = D̂ , y e  D . Thus d + y = y e ร .̂
S i n c e  ร^ i s  a f i l t e r  i n  ( D , + ) ,  d £ ร^.  Hence D = ร^. T h e r e fo r e  
ร^ = 0  or  ร^ = D. I f  รL = ร£ = 0  th en  we o b t a in  ( ใ )  or ( 2 ) .
I f  ร = D and ร = 0  then  X + a = a and 3 + X = e + X f o r  a l l  x e  D
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By P r o p o s i t i o n  2 .1 2  ( 2 ) ,  we g e t  th a t  3 + a = a .  Hence we o b t a in
( 3 ) .
Case 3 » /  {e} 1

U sin g  a p r o o f  s i m i l a r  p r o o f  to  th e  one i n  Case 2 ,  we can  
show t h a t  ร^ = 0  and (ร^ = 0  or Sg = D).  I f  ร^ = ร^ = 0  then  we 
o b t a i n  ( 1 ) or ( 2 ) .  I f  ร^ = 0  and ร£ = D th e n  X + a = X + e and 
a + X = a f o r  a l l  X ED. By P r o p o s i t i o n  2 .1 2  ( 1 ) ,  we g e t  t h a t  
a + a = a .  Hence we o b t a in  ( ^ ) .
Case k .  = { e) . S in c e  (D, + ) = (D^, + ) X ( ซ £ , + ) ,  D = { e} .
Hence | k | = 2  which i s  a c o n t r a d i c t i o n .  T h e r e fo re  t h i s  case
cannot  o c c u r . #
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