CHAPTER 1|1
SEMINEAR-FIELDS WITH A CATEGORY |l SPECIAL ELEMENT

In this chapter we shall study seminear-fields with a
category Il special element.

We recall the definition of a seminear-field with a
category Il special element.

Let Kbe a seminear-field and let a be a special element
of K. Kis said to be a seminear-field with a as a category Il
special element iff a has the property that ax = xa = X for all
X e K

Example 2.1. Let D be a ratio seminear-ring and let a he a symbol
not representing any element of D. Extend + and « from D to
D {a} by
(i) ax =xa =X forall X£Du {a},
(i1)a+x=e+x and X+a=X+e for all X£ D and
(i) a+a=¢+e.
Then (D {a},+,») is a seminear-field with a as a category Il
special element.

Proposition 2.2. Let Kbe a seminear-field with a as a category Il
special element. If a + X=X+a a for all X £ K\{a} or
a tx =x+a=x forall X £K\{a} then K| = 2.

Proof. By Theorem 1.32, (K\{a},+,*) is a ratio seminear ring.
Let e denote the identity of (K\{a},'). Assume that a + X=X+ a
=a for all X £K\{a}. Multiply this equation on the right by
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e, we get that x + e =e+ x =e for all X£ K\{a} . By
Corollary .20, |K\{a}] = . Hence |k|] =2.

Assume that a + x =x +a=x for all Xe K\{a). Claim
that e+ x =x +e =¢ for all X £K\{a}, Let X £K\{a}. Then
a+x= xMF+ta=x\sox +e= e+ x==e. ByCorollary .20,

IK\{a}] = . Hence Ik|] =2.
#

Proposition 2.3, If Kis a seminear-field with a category Il
special element of order greater than 2 then K contains no
additive zero.

Proof. Let a be a category Il special element of K. By Theorem
32, (K\{a} ,+,+) is a ratio seminear-ring of order greater than
By Proposition . 9, K\(a) contains no additive zero.

If a is an additive zeroofKthereby Proposition 2.2, Ik[ = 2,

a contradiction.
#

Proposition 2.*f. If Kis a seminear-field with a category 1l
special element of order greater than 2 then K contains no
additive identity,

Proof. This proof is similar to the proof of the Proposition 2.2,
except that we use Proposition .21 instead of Proposition . 9,

Theorem 2.3. Let Kbhe a seminear-field with a as a category Il
special element and let e be the identity of (K\{a},«). Then
() JK =2 if and only if e is a multiplicative zero of K.
(2) Ik| > 2 if and only if Kcontains no multiplicative

ZEr0.

Proof. To prove ( ), assume that IK[ = 2. Then K= (e,a). Since
a is a category Il special element, a is not a multiplicative zero.
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Nowe «e=e¢and e +a=a-ee=¢e, s0eisamultiplicative zero.

Conversely, assume that e is a multiplicative zero,
Then e»x =x»e =e for all X£ K. To show that IK = 2. Let
y £ K\{a}. Theny =e oy ==e. Therefore Ikl = 2.

To prove (2), it is clear that if Kcontains no multiplicative
zero then Ik| > 2. Conversely, suppose that there exists a
multiplicative zero y0 in K. Then xyQ = yQX = y0 for all Xe K
Thus y» = y0 and so y0 = e or y0 = a.

If y =athen e =¢e +a = €« y =y=a, acontradiction.
Hence yo = e soby (1), Ik| =2. Therefore if Ikl > 250 K

contains no multiplicative zero.

Theorem 2.6. Let Khe a seminear-field and let a be a category Il
special element of K. Then the following statements hold
(1) If Kis L.AA.C. thenX +y =y forall x,y £K\{a}.
(2) If Kis RAC. thenX +y =X forallx,y £ K\{ 3 .
(3) If a +a =a then the following statements hold
(3¢1) Kis L.A.C. if and only if X+vy =y for all
x,y £K
(3.2) Kis R.A.C. if and only if X +y = X for all
x,y £K
(3.3) Kconnot he A.c.

Proof. Let e be the identity of (K\{a},).

(1) Assume that Kis L.A.C. Claim that z +a =a for
all z £ K\{a}. Let z £ K\{a}. If z +a/ a then by Theorem 1.33
zta=1z+eand so a=-¢e, acontradiction. Hence z +a = a
for all z £ K\{a} . Let x,y £ K\{a} « Then xy "+ a = a, 50
y cay = (xy M a)y = X+ay =X+y. Hence X+y =y for all



x,y € K\Ma}.

The proof of (2) is similar to the proof of (1).
(3) Assume that a +a = a.
(3. ) Assume that Kis L.A.C. Let x,y £ K

Case 1. =y=a Thenx+y=at+ta=za=y.
Case 2. »a, y =a. In the proof of (1), we showed that
z +a=aforall z£K\{a}, Thusx+y=x+t+a=a=y.
Case 3» X=1a, y/ a. By (L), weget that e +y=y. |If
a +y=athen a +y=a+a Thusy =a, acontradiction. Hence
aty=et+y=y. Therefore xt+y=aty=e+y=y,
Case jf. X™a, y/l a. By () X+y=y.

Hence X +y =y for ail x,y £ K

The converse is obvious.
The proof of (3.2) is similar to the proof of (3. ).
(3*3) Suppose that Kis A.c. In the proof of ( ),

we showed that z +a =a for all z ¢ K\{a}. Nowe +a = a.
ata=-a=et+a. Since Kis RA.C., a =, a contradiction.
Hence Kis not A.c.

Theorem 2.7. Let Khbe a seminear-field with a as a category Il
special element and let e be the identity of (K\{a} ,¢). Then K
is A.C. if and only if K= (a,e) with structure

e a + e a
e e e and e e a
a e a a a e

Proof. Assume that Kis A.c. Claim that a + x=x+a=a for all
XE K\{a}. Let X ¢ K\{a}. Ifx +a =x +ethen a =¢, a
contradiction. Hence x+a=a. I[fa+X=e+X then a = e,
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a contradiction. Hence a + x = a. Therefore a+x =x +a =a

for all x £ K\{a}. By Proposition 2.2, IK|] =2. By Theorem 2.6
(3.3)* we get that a+a=¢+e=-¢e¢ since (K\(a},+,*) is 3
finite ratio seminear-ring. Therefore we have the above structure.

Conversely, one can easily check that the seminear-field

given above is A.c.
#

Definition 2.8. Let Kbe a seminear-field with a as a special
element. Let D = K\(a). Then {x£ DIx +a =a)({xf DlatX = a})
is called the left (right) fundamental set of a in K. The set

{xf£ klx +a=a+x=a} is called the fundamental set of a in K
If a is a category Il special element of K then we shall denote

the left (right) fundamental set of a in Kby ~ (1 ) and denote
the fundamental set of a in Kby

Remark 2.9. Let Kbe a seminear-field with a as a category Il
special element and let D = K\{a}.
(L) If y£ \ " then y is not L.A.C.
(2) If y£D\SR then y is not R.A.C.
(Therefore if y £ D\s then y is not A.c.)

Proof. (1) If y £ D\s" then y +a =y + ¢ where e is the
identity of (D,«). Since a/ e, yis not L.AAC.

The proof of (2) is similar to the proof of (1).
4

Proposition 2.10. Let Kbe a seminear-field with a as a
category Il special element, D = K\{a} and e the identity of (D,*).
Then the following statements hold
(1) s ¢ LI (e)and s ¢ RI (e). (Therefore £1 (e))
(2) ™ =0or is a filter in (D,+). (Hence DNS* =0
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or D\ " is a completely prime ideal of (D,+).)

(3) =0 or Spis a filter in (D,+). (Hence D\Sp =0
or D\Sp is a completely prime ideal of (D,t).)
(*0 =0 or is a filter in (D,+). (Hence DNS =0 or

D\S is a completely prime ideal of (D,+).)
(5) If e e 1 then = LI (e).
(6) If e £ R then =Rl (e).
(Therefore if e£ then = 1lp(e).)

Proof. (1) Toshow that ~¢ Llp(e)7 let X £ A Then X+a a,
so e =ae = (xta)e X +ae X +e. Thus XE LI (e). Hence
AC Llp(e). Similarly, we can show that Sp£ Rlp(e).

(2) Suppose that "~ 0 0. Let x,y£ D. Assume that
x,y £ N Thenx+a=za=y+a, so (xty) +a =X+ (y+ta) =
X+a=a Thus X+y £ &

Conversely, assume that X +y £ . Then (x+ty) +a = a.
If y +a0 athen X+ (yta) £ D (since Dis closed w.r.t. addition)
so we get a contradiction. Thus y +a =a and so X +a =a. Hence
x,y £ L.

The proofsof (3) and (4) are similar to the proof of (2).

(5) Assume that e £ . Then e +a =a. By (1), it
suffices to show that Llp(e) £ *. Let X£ Llp(e). Then X + ¢ = e,
SO X +a =X+ (eta) = (xte) +a =e +a =a. Hence x£ "
Therefore Lljj(e) A,

The proof of (6) is similar to the proof of (5).
#

We shall give an example of a filter F in Llp(e) where D

Is a ratio seminear-ring
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Example 2.11. R*[x] ={ 2 ajXx* £ a* alLf R+ {1}
I =0,1,2,...n}

Let R+[x] denote the set (Fq[x]\{d Let ¢ he the usual
multiplication in tre[x]. Define © on [RtIx] hy

35 if deg £ < deg g
fog = f + g (usual addition) if deg f = deg g
g if deg f > deg g.

To show that (® is associative, let f,g,h € R* [X].

Case 1. deg f = deg g = deg h. Then deg (g+h) = deg f = deg h =
deg (f+g). TO (g ©h) =10 (g+th) =1 + (gth) = (f+g) +h =
(f+g) © h = (f © g) © h.
Case 2. deg f = deg g, degg <deg h.  Thendeg (f+g) =
deg g <deg h. fO(gO©h)= fOg=f +g,f0 g ©
(f+g) © h = f + g.
Case 3» deg f = deg g, degg> deg h. Then deg (f+g) =
deg g >deg h. fO(gOh) = fOh=h, (f©Og)Oh=(f+tg) © N
Case k. deg f =deg h, degh <degg.  Then
deg f < deg . fO(QOh)= fOh=f +h(fO g ©
f+h,
Case 5» deg f = deg h, degh > degg. Then
deg f > deg g. fO (gOh)= fOg=9, (fOgOh=g0Oh =g,
Case 6. deg f, deg g, deg h are ail distincts.
Let k = min (deg f, deg g, deg h}.
¢ fif k deg f7
fO(OhNh =(fOg) Oh =< gif k =deg g,
(hif k deg h.
To show that © is commutative, let f,g,h £ [R[x] .
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Case 1. deg f = deg g. ™ )
fOog =f+g=9g+f=9g0f. \\,\;-/ '
Case 2. deg f <degg. fOg =f=gOf.
Case 3. deg f >degg. fOQg =g=9@f.

Hence © is commutative.
To show that fR[x] is distributive, let f,g,h £ [R¥[x] *

Case 1. deg f = deg g. Then deg (fh) = deg (gh).
(f © g)h = (f+g)h = fh + gh = fh © gh.
Case 2. deg f < deg g. Then deg (fh) < deg (gh).
(f © g)h = fh = fh © gh.
Case 3» deg f > deg g. Then deg (fh) > deg (gh).
(f © g)h =gh = fh © gh.
Hence IRt[x] is distributive.
It is clear that fg = fh implies that g = h.
Define ¥ on IRt[x] X R+[x] by (f,g) ™ (f ,9 ) iff fg = gf .
Then s clearly an equivalence relation.

Let E+(X) = <K1.

Define © and © on IR#(X) as follows. given [(fg" 1
[(f 9 )] £Re(X), define [(f,g)] O [(f 19 )] = [(ff lgg * and
[(P>g)] © [(f 1g )] = [(fg  of fgg )] *
Using the same proof as in Theorem 2.11 in [3] page 12 - 1",
we obtain that Re(X) is a ratio seminear-ring.
Now [(1,1)] is the identity of (R+(X), ©).

We shall compute | 1,1)1 ).
pute 1 (LD

E+(X)([(1,1)) ) = {[(f.g)) £ Re(x)[[(F.9)] © [(1.1)] =
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)l ER(X)] [(fOg.9)] = [(1-1)]}
)] £ RX) (f ©9.9)0, (1.1)}
)] EE+(X) 1O g =9}
)] £ E+(X)| deg f > deg g}.
Fix £ z*, let Fn={[(f,g)) £IR+(x)|deg f >deg g + }.

(f
(f,
(f
(f

{[(f.g

{[(f.g

{[(f.g

{[(f.g
Let [(f,g)] £Fn« Then deg f > deg g + . Toshowthat

deg is well-defined, let [(f 1g )] £ IR#(x) be such that

t(f,g) ] = [(f ,0 )]* Then fg =gf 1so deg g +deg f = deg (gf )

=deg (fg ) :deg f +deg g >(deg g + ) +deg g . Thus

deg f > deg g + . Hence deg is well-defined. Clearly

F o IR+(X)(H_(1,1)1). To show that Fﬁ Is a filter in IRK(X), let

[(F»g)].[(f 19 )] £R+(X). Suppose that [(f.g)] .[(f .9 )] £ F.
Then deg f > deg g + and deg f > deg g + . Now
[(f.9)]  [(f .9 )] ={(fg af .99 )].
Case 1. deg (fg ) > deg (gf ). Then fg ( of =gf .
deg (fg ©gf ) = deg (gf ) = degg +degf >degg + (deg g  + )
= deg (g9 ) + . Hence [(f.g)] © [(f .g)] EFL
Case 2. deg (fg ) = deg (gf). Then fg © gf = fg + gf.
deg (fg © gf ) = deg (fg +gf ) =deg(fg ) =deg f +deg g >
(degg + ) +deg g =deg (g9 ) + . Hence [(f,g)) © [(f.g )£ Fn*
Case 3.deg (fg ) <deg (gf ). Thenfg © gf = fg .
deg (fg ©gf ) = deg (fg ) = degf +degg >(deg g +) +deg g
deg (g9 ) + . Hence j[(f,g)] O[(f 1g)] eFL

Conversely, suppose that [(f,g)] © [(f ,g )] £ Fn« Then
[(fgo ©gf ,99 )] £ FIL so deg (fg © gf )> deg (gg ) +

Case 1. deg (fg ) >deg (gf). Then fg © gf = gf , so
deg (gf) > deg (gg ) + . Thus deg g + deg f > (deg g +deg ¢ ) ¢
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Hence deg f > deg g + . Therefore [(f',g')] ¢ F . Since
deg (fg ) >deg (gf ) >deg (gg ) + , deg f >deg g + . Hence
C(f,g)]eFn.
Case 2. deg (fg ) = deg (gf ). Then fg' ©gf' = fg' + gf', so
deg (fg +gf ) >deg (g9 ) + . Since deg (fg ) = deg (fg + gf )
>deg (gg ) + , deg f >deg g + and since deg (gf ) =
deg (fg +gf ) >deg (gg ) + , deg f > deg g + . Hence
[(f.9)] . [(f".9°)] £ Fn.
Case 3. deg (fg )< deg (gf ).
This proof is similar to Case 1.

Hence is a filter in IRe(X).

Proposition 2.12. Let Kbe a seminear-field with a as a category Il
special element, D = K\{a} and let e denote the identity of (D,*).
(1) If c0and RO Othen e f §jjiff a +a . a
(2) If R=0and s*00 thene £ " iff a +a = a,

(3) If 00 R Dand ¢ then ee Riff a +a =a.
(by 1100 1 . Dand pQC]'_ then ef L iff a +a =a
(5)

5 If L<€ Rand R™ L then a +a =¢ +e.

Proof. () Assume that ~ =10 and 0 0. Suppose that ef R
Since R Rlp(e), e =e +e Since "=0, e+ta =¢e+ ¢ =ce,

Thus a +a = (ate) +a = a + (e+ta) = a+ e = a.

Conversely, assume that a +a =a. |If S .Dthen e R.
Suppose that R D. To show that e £ R, suppose that e£D"SR.
Then a +e= e +e. LetXEf . Then a+ X :aand x+a =x+e.
Thus a .a +a =(atx) +a = a + (x+a) .a + (x+e) : (a+x) + ¢ =
ate=e+e, acontradiction. Henceef R.

The proof of (2) is similar to the proof of (1).



25

(3) Assume that 04 R CD and Lc R. Suppose thnt
ef£ M Thena +e=a Let X £SNSA "ken a + X = a and
a + (xta) = a + (xte)=

X+ a = X +e Thus a +a = (atx) ta
(atx) +e=a+e=a

Assume that e £ D\Sg. Then a +e = e+ e. To show that
at a 4 a, let y£€ M A Thena+y=aandy+a=y+e
Thus a +a = (aty) +a =a + (y+a) = a + (y+e) = (aty) +e =
ate=¢e+ela.

The proof of (*0 is similar to the proof of (3).

(5) Assume that L* Rand R . Claim that
at e = e + e Since A there is an element X in Sj\
Thus X + a=aand a + X = ¢ + X. Since "q Lljj(e), X +e = e
Thus a + e=a + (x+e) = (a+tx) + e = (etx) +e =¢ + (xte) = e + ¢,
Since T A, ther'e is an element y in Sg\ ». Then a +y = a and
y +a=y+e Since £c¢ RI"e), ety=e. Soata= (aty) +a

=a + (yta) =a + (yte) = (aty) te=a+te=¢e+e.

#

Theorem 2.13» Let D be a ratio seminear-ring and let a be a
symbol notrepresenting any element of D. Let FMq Llp(e) he
either 0 or a filter in (D,+) and let Fp¢. Rl (e) be either Oor
a filter in (D,+). Then the binary operations on D can be
extended to K=D {a} in such a way that the following properties
hold

() Kis a seminear-field and a is a category Il special
element of K

(2) FMis the left fundamental set of a in Kand Fg is
the right fundamental set of a in K

(3) If (D,+) is not a band then a +a =¢ +e¢.

(*0 If (D,t) is a hand then
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11
-
20

11
o

aoreif FL

a if FR=10, FR=1D (in this case (D,+) is a right
Zero semigroup.),

a if F 0,0 0Frc D, e £FR,

e if FR =0,0 0FRc D, e £D\FR,

a or e if FR =FR= D(in this case D = Ce}),

a if FR =D,FR = 0(in this case (D,+) is a left
Zero semigroup.),

at+ta=- a if0 OFLC D,ef FL, FR=10 |,
e if00 FRCD, e£ D\F , FR=0f

a oreif 0 OFLC D,FR = FR,

a if0 OFLC D,0 0FRC D, (either FRc FR, e £ Fj
FR¢ FL* e £ V
e if 00 FACD,00 FRCD, (either FRc FR,

ef DIF orF ¢ F,ef DIF ),
V | A
if FL4 FR* FR " FL s
Furthermore , any extension of addition on D to K such that

(1) and (2) hold must be as given above.

Proof. Suppose that FR = Fp = 0. Extend + and « from D to K by
(1) ax =xa =X for all x£ K,
(2) x+a=x+e, atx=e+x forall x £ D and
_taoreif (D+) is a band |
_<Ve +e if (D, ) is not a band .

Clearly (K,*) is a semigroup. To show that Kis a

(3) a+a

seminear-field, we shall show that (b)) X + (y+z) = (xty) + z
for all x,y,z £ Kand (c") (x+y)z = xz +yz for all x,y,z£ K

To prove (b"), let x,y,z £ K. Consider the foilwing cases



Case 1. X=y =17=a.
Subcase 1.1. a +a =a.

X+ (ytz) =a +(ata)
Subcase .2, a +a =e¢.
K+ (y+2) = +(ara)

11
D

Subcase 1.3» a + a=¢ + ¢e.
X+ (y+tz) = a +(ata)

11
D

t(ete) = ¢ + (ete)
= (ata) +a = (x+y) + 7.

Case 2t x=y=a, z"a.

ata = (ata)+a = (x+y) + z.

te=e +e=¢+ac= (ata) ¢

(ete) +

Subcase 2.1» a + a=a. Then (D,*) is a band.

>

+ (y+z) = a +(atz) = a +(e+z) = e + (e+1)

a +1 = (ata)+ z = (xty) + .

(e+e) +

Subcase 2.2. a + a=¢e.  Then (D,+) is a band.

>

t (ytz) = a+t (atz) =a +(etz) =-e + (et+z)

(ata) + z =(xty) +1z.
Subcase 2.3» a +a =¢ +¢€

>

+ (y+tz) = a + (atz) = a + (e+2)
= (1) 4
Case 3» X=1z=a, y/ a

X+ (ytz) = a+ (y+a) = a +(y+e) = e + (yte)
= (aty) + a =(xty) +z.

Case k. X/ a, y=17-=a.

This proof is similar to Case 2.

Case 5» X/ a, y/ a, 7 = a.

X+ (ytz) = X+ (y+a) = X + (yte) = (xty) +¢e

Case 6. X/ a, y=a, z/ a.
X + (y+z) = X + (a+tz) = X + (e+tz) = (x+e) + z

(e+e) +

e t (e+tz) = (ete) +

(e+y) +

(xty) +

(xta) +

a

N

N
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(x+y)

(e+e)

e +12

e t1

(a+a)

(ety)

(x+y)

(x+y)

t 7.

ta

t 1

ta

t 7.



Case 7. X=1a, y/ a, z/ a.
This proof is similar to Case 5»
Case 8» X/ a, y/ a, z0 a
X+ (y+z) = (xty) +z.
To prove (c), let x,y,z EK
Case 1. 1 =a.

(xty)z - (xty)a = X +y
Case 2« 1z / a.

Xa +ya = Xz + YL

Subcase 2.1» X =y = a.

Subcase 2.1.1. a +a =a. Then (D,+) is a band,

(xty)z = (ata)z =az=z7=7+z7=azr+az=x1+ Yyi.

Subcase 2*1.2. a +a =e. Then (D,+) is a band

(xty)z = (ata)z = ez =z +7 =aL +az =Xx1 +YVyL
Subcase 2.1.3» a ta=¢e +e,
(xty)z = (a+a)z = (ete)z =z + 7z =az +az . xz +YyL
Subcase 2.2. X=a, y I/ a
(xty)z = (aty)z
Subcase 2.3» X0 a, y=a

(e+y)z .z +Yyz =az +Yyz =Xz +y1.

This proof is similar to Subcase 2.2.
Subcase 2.*f. Xx0a, y0a

(X+y)z . Xz +yz
Hence Kis a seminear-field and we obtain (1) - (*0.
Suppose that F* =0 and FR = . Since e e Fg = Rlp(e),

e te . Thus ( ,+) is a band. Extend + and « from to Kby

N

=g
(1) ax =xa =X for all X K
(2) x+a=x+¢ and a + X =a for all X£ and
(3) a+a-=a.

To show that Kis a seminear-field, we shall show that
(b™) X + (y+z) = (xty) +z for all x,y,z z Kand (c*) (xty)z

cxz +yz for all x,y,z £ K

28
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To prove ( 2), let x,y,z £ K. Note that a +t =a for al
t £ K
Case 1. X = a.

X+ (ytz) =a + (y+tz) =a=a +7 = (aty) + 11 = (xty) + 1z
Case 2. X a.

Subcase 2.1. y=1z=a
X+ (ytz) = X+ (a+a) =X +a =X +¢e = (x+e) + e = (x+e) +a =

(x+a) +a = (xty) + .
Subcase 2.2»
K+ yr2) =X+ (arg)

a, 2" a+ Since z e D =Rlp(e), e = ¢ +z

11 <<
> |

ta=X+e=X+(etz) = (xte) +z =

(x+a) +z = (xty) + .
Subcase 2.3. y /[ a, 7 =4,

X+ (ytz) = X + (y+a) = X + (yte) = (xty) +e = (xty) +a = (xty) +z.
Subcase 2*+. y/ a, 21/ a

X+ (ytz) = (xty) +z.

To prove (c), let x,y,z £K

Case 1. z =24
(xty)z = (x+y)a = X +y = xa +ya = Xz+ yi.
Case 2. 7~ 4

Subcase 2.1. X=y =a
(x+y)z = (ata)z =az =7 =17+1 =41 +az = XZ +Y1
Subcase 2.2. X=1a, y/ a
(x+y)z = (a+y)z = az =7 = ez = (ety)z =7 +yz = a1 +yI =XI + YL
Subcase 2.3, X/ a, y = a.
(xty)z = (x+a)z = (x+e)z =Xz +7 =Xz +az = X1 + V1,
Subcase 2.**. X/ a, y/ a
(xty)z = xz + yz.
Hence K is a seminear-field and we obtain (1),(2) and (4).



Suppose that FA = 0 and Fg is a proper filter in (D,+).

Then D\F™ is an ideal of (D,+). Extend +and from Dto K by

(1) ax =xa =X for all X K,
(2) X +a=X+e for all X£ D,
a +X=aforall XeFj, a+ X=e + Xforall

X £ DNF ana

fa if (D,+) is a band, e £ Fp J
(3) a +avir e if (D,+) is a band, ¢ £ D"Fg
(¢ + e if (D,¥) is not a band.

To show that Kis a seminear-field, we shall show that

X + (ytz) = (x+y) + z for all x,y,z £ K and (03) (xty)z =

xz +yz for all x,y,z £ K

cases
Case 1.

To prove (tQ, let x,y,z £ K Consider the following

Ty=1z1--a

Subcase 1.1. (D,*) is a band, ¢ £Fg. Then a +a = a.

X+ (y+z) = a + (ata) = a t+a = (a+ta) +a = (x+y) + Z.

Subcase 1.2. (D,*) is a band, ¢ £D\F*. Then a + a

X+ (y+tz) =a + (ata) =a +te=-e+e=¢+a=(ata) +a =

(xty) + 1z,

Subcase «3» (D,*) is not a band. Then a +a =¢ +e@

and e £ D\Fg.

X+ (y+z) = a + (ata) =

+ (ete) e + (ete) = (ete) +te =

a
(ete) +a (ata) +a = (xty) + 1z

Case 2.

X=y=a 2/ a.
Subcase 2.1. a +a =a. Then (D,+) is a band

If z £F" then X + (ytz) =a + (atz) =a +a=a=a+z=
(a+a) + 1z = (x+y) +z. If z £DNF then ¢ + z £ D\FA.  Thus

30
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X +(y+tz) =a +(atz) = a + (etz)=e + (etz) =(ete) +z =
e tz=a+7z=(ata) +1 = (xty)+ z
Subcase 2.2. a + a =-e. Then (D,+) is a hand.
If z £FR then e +z = e since FR¢z Rlp(e). Thus X + (ytz) =
at (atz) =at+ta=e=e+z= (ata) +z = (xty) + 2).
If z £D\FR then e + z £ D\FR. Thus X + (y+z) = a + (a+tz) =
a +(etz) =e +(etz) = (ete) +z=¢ +z = (ata) +1z =(xty) + 1
Subcase 2.3» a t a = e te,
If z £FR then e +z = e since FR¢ Rlp(e). Thus X + (y+z) =
a + (a+z) —a+ta= et+te=¢e+ (etz) = (ete) +1z = (ata) +z =
(x+y) +
If z £D\FR then e + z £ DNFR. Thus X + (y+z) = a + (atz)

a t+ (etz) = e t (etz) = (ete) +z = (ata) +z = (xty) t1z

Case 3» X=1z=a, y/ a.
Subcase 3»1» (D,*) is a band, e£ FR. Then a +a
Subcase 3»I»l» y +e e FR. Since FRis a filter
in (D,+), y £ FR.
yrD) ma o+ (yra)Eak (re) =a = vas (ary) +as (uy) ¢

d.

Subcase 3«1»2. y+e f D*. Sincee £ FR, y£DSFR
(ety) + a

+(ytz) =at(y+a) =a+ (y+e) =e+ (y+e) = (ety)+ e
= (aty) + a= (xty) +z.

Subcase 3»2» (B> +) is a band, e £ DVFR. Then a +a = e and

y +ef D .
If y £ Fr then e +y =e. Thus X + (y+z) = a + (yta) = a + (y+e)
= et (yte) = (ety) te=ete=¢e, (xty) t+z
If y £ D\FR then X + (y+z) = a + (y+a) = a + (y+e) = e + (yte) =
(ety) +e = (ety) +a = (aty) +a = (xty) + L.

Subcase 3«3. (D,+) is not a band. Then a +a =¢ +e
and e £ D\FR.

= (aty) +a=a +a-=

z
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If y£ FR then e +y =¢ Thus X + (y+z) = a + (y+a) = a + (yte)

= et (yte) = (ety) te=et+te=-ata
If y £ D'Fp then X + (y+z) = a + (y+a)
(ety) +e = (ety) +a

(aty) +a = (xty) +z.

a + (yte) = e + (yte) =

(aty) +a = (xty) +z.

Case k. X"Ma, y=17-=a,

Subcase *f,1. a +a =a. Then (D,+) is a band

X+ (y+tz) = X + (ata) =x+a=x+e, (xty) +z = (x+a) +a =
(x+e) +a= (xte) +e= x+ (ete) =x+ e,
=¢. Then (D,+) is a band.

X+ (y+z) =x+(a+ta)=x+e, (xty) +z = (x+ta) +a = (x+e) + a

Subcase *+.2. a + a

(x+e) +e =X + (ete) = X + e,

Subcase k.,5» a +a =¢e + e,

X + (y+z) = X + (ata) = xt(e+e) = (xte) + e = (xte) +a = (x+ta) +a

= (xty) + 1.

Case 5. X/ a, y/ a, z=a.

X+ (ytz) = X+ (yta) = X + (yte) = (xty) +e = (xty) +a = (xty) + .
Case 6. X/ a, y a, 7/ a

If z £ FRthen e +z =¢. Thus X + (y+z)
= X t (etz) = (x+e) +z = (x+ta) +z = (xty) +z

If z £ D\FR then X + (y+z) = X + (a+z) = X + (e+z) = (xte) + 1z =

X+ ( +2) t3=x+te

1
>

(x+a) +z = (xty) + .
Case 7» X=a, y/l a, z/ a
Subcase 7»T» y +z £ FR. Since FRis a filter in (D,+),
y»z e fr.
X+ (ytz) = a + (ytz) =a =a +1 = (aty) + 1 = (xty) + 1.
Subcase 7«2. y+z £ DVFr.
If y £ FR then z £ D\FRand e +y = e. Thus X + (y+z) = a + (y+z)

e + (y+z) = (e+y) +z e +z =a + 1z = (aty) +z = (x+y) + z.
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If y £D\Fg then X + (y+z)
= (aty) + 7= (xty) + 1z

a t(ytz) =e + (ytz) = (ety) + 2
Case 8. x/ a, y/l a, z/ a.
Xt (ytz) = (xty) + .

To prove (c*), let x,y,z £ K. Consider the following cases

Case Z =4
(xty)z = (xty)a = X +y = xa +ya =Xz +YVyz.
Case 2. z/ a

Subcase 2.1. X =y =a.
This proof is the same as the proof of Subcase 2.1 in (ch).
Subcase 2.2. X =a, y/ a.
If y£ F" then e +y =e Thus (x+y)z = (a+y)z = az =7 = ez =
(ety)z =z +yz = az +yz = X7 +y1.
If y £ DNFp then (x+y)z = (a+y)z = (ety)z =z +yz = az +yz =
Xz + Yz,
Subcase 2.3» X/ a vy =a

(xty)z = (x+a)z
Subcase 2.4. X/ a, y/ a

(xte)z =Xz +7 =xz +azr =Xz +y1.

(xty)z = xz +yz.
Hence K is a seminear-field and we obtain (1) - (*).
Suppose that FA» = FA = D. Then D = Ip(e) =
{Xf D|x +e =¢+ x =el.Noweisan additive zero of D. By
Corollory 1.20, D = {e}. Thus (D,t) is a band. Extend + and -
from Dto Kby (1) ea =ae = ¢ , a"=a, (2)e+ta=a+te=a
and (3) a +a =a or e. So Khas the structure

e € e and e e a or
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e a + e a U |
e e e and e e a
a e a a a e

It is easy to check that Kis a seminear-field. And we
obtain (1),(2) and (").

The proof of the cases (F* = Dand Fp = 0) and (F" is a
proper filter in (D,+) and F* =0) are similar to the proof of the
cases (F =0 and F* :d) and (F* 0 and F" is a proper filter in
(D,+)), respectively.

Suppose that FA =D and Fp is a proper filter in (D,+).
D and F* is a filter in (D,t). By

Proposition 1.25 (*.5), F* : D ={e}, a contradiction. Hence this

Now we have that Llp(e)

case cannot occur,

Similarly, we can show that the case F" is a proper filter
in (D,+) and F* = D cannot occur.

Suppose that F* and F" are proper filters in (D,+). Then
D\F* and D\Fp are ideals of (D,+). Consider the following cases

Case I F =F"
Extend + and « from D to Kby
() ax :xa=Xfor all X £ K,
(2) x +a=a+x =a forall X£ F,
X+a=X+eand a+Xx=¢e¢+ Xfor all x £D\F" and
raoreif (D+) is a band ,

(3) a+a . .
Ve +e if (D,+) is not a band .

To show that Kis a seminear-field, we shall show that
(b”) X + (y+z) = (x+y) + z for all x,y,z £ Kand (¢*) (x+j*z :xz + yz
for all x,y,z £ K
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To prove (b"), let x,y,z EK Consider the following
cases

Case 1. X=y=17=a1a
Subcase 1.1. a+a =a.

X + (y+z) = a t+(ata) =a+ a = (ata) +a = (x+y) * z.
Subcase 1,2» a+a =e.
If ee FM then X + (y+z) =a + (ata) =a +te=¢ +a = (ata) +a

= (xty) + 2.

If ¢ E D\F" then X + (y+z) = a + (ata) =a +e=¢e +e=¢ +a=
(ata) +a = (xty) + z.
Subcase 1.3» a +a=¢ +e
If e £F" then e +e £ F . Thus X + (y+z) = a + (ata) = a + (ete)
=(e+e) +a (ata) Ta =(y) T
If ¢ £ D\F" then e + e £ D\FA. Thus X + (y+z) = a + (ata) =
a + (ete) = (ete) +a = (ata) +a = (xty) + z.
Case 2. X=y=a, 2/ a
Subcase 2.1. a +a =a. Then (D,+) is a band.
If z £Fp then X + (y+z) =a + (atz) =a+ta=a=a+tz=
(ata) +z = (x+y) + L.
If z £ D\FR then e + z £ D\FR. Thus X + (y+z) = a + (atz) =

a + (etz) = e + (etz) = (ete) +z=e+z=a+z= (ata) +z =

(xty) + 1.
Subcase 2.2. a +a =e.Then (D,+) is a band.

If z £Fg then ¢ +z=¢. Thus X+ (y+z) =a + (atz) =a + a =

e = e +z=(ata) +z = (xty) +1z

|f z £ D\F" then ¢ + z £ D\Fp. Thus X + (y+z) = a + (a+z) =

a + (etz) = e + (etz) = (ete) + z=1¢ +z =(ata) +z =(xty) +z.
Subcase 2.3» a t+ta =e +e.

If z £ Fr then e +z=¢ Thus X+ (y+z) =a + (atz) =a + a =

i 027001
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e +e=c¢+ (etz) = (ete) +z = (ata) + 2z = (xty) + .
If z £ DvFp then e +z £D\FR. Thus X + (y+z) = a + (atz) =
a + (etz) = e + (etz) = (ete) +z = (ata) + 1z = (xty) + 1z
Case 3» X=17z=a, y/ a
If y £ FM then X + (ytz) =a + (yta) =a+ta=(a+y)+3=
(x+y) + z.
If y £ D*F* then y +¢e e+y e D\FA ThusX + (y+z) =a +(y+a)
=a  t(yte)= e+ (yre) =(ety) +e = (ety)«a (aty) t+ac
(xty) +z.
Case k. X/ a, y =1 =a.
This proof is similar to Case 2.
Case 5. X7/ a, y/l a, z-=a.
Subcase $.1» X +y £ F~ Since FM is a filter in (D,+),
x»y £ fl,
X+  (ytz) =X+ (y+a) = X+ta = a = (xty) + a = (xty) +z.
Subcase 5«2. X +y£ D\F"»
If y £ F" then X £ D\F" and y +e =¢e. Thus X + (y+z) = X + (y+a)
=xt+tazxte=x+ (yte) = (xty) +e = (xty) +a = (xty) +z
|f y £ D\F" then X + (ytz) = X + (y+a) : X + (yte) = (xty) +e =
(xty) +a = (xty) +z.
Case 6. X/ a, y=a, z/ a.
Subcase6.1. x,z £FN
X + (ytz) X +(atz)= x+ a =a= a t 1= (xta) +z = (xty) +1z.

Subcase6.2. X £ F tz£D\FA.  Since FM£ Llp(e), X +e = e.

X+ (y+z) = X +(a+z)= X +H(etz) H(x+e) +z=e+z2=a+7=
(xta) +2z  (xty) + z.

Subcase 6»5« X £ DXF, z £Fj\
This proof is similar to Subcase 6.2.
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Subcase 6. k. x,z £ D\FA
X + (ytz) = X + (atz) = X + (e+z) = (xte) +z = (x+ta) +1z =
(xty) + 7.
Case 7» x=a, yla, z/a
This proof is similar to Case 5.
Case 8. x"a, yla, z/a.
X+ (ytz) = (xty) +z.

To prove (c*), let x,y,z £.K. Consider the following cases
Case 1. z = a.
It is clear that (x+y)z = xz +yz
Case 2. 71/ a.
Subcase 2» . X =y = a.
This proof is the same as the proof of Subcase 2.1 in (c*).
Subcase 2.2. X =a, y/ a,
If y £ FR then e +y =e. Thus (x+y)z = (aty)z = az =z = ez =
(e+y)z =z +yz =az +yz =Xz +Yy1.
If y £ D\FR then (xty)z = (aty)z = (ety)z =z +yz = az +yz =
Xz +yz.
Subcase 2.3. X/ a, y =a.
This proof is similar to Subcase 2.2.
Subcase 2.*f. Xx/ a, y/ 3.
(xty)z = xz +yz.
Hence K is a seminear-field and we obtain (1) - (*0.
Case Il. Either FA¢ FR or FRc¢ F* We may assume that FL ¢ FR.
Extend + and . from D to Kby
(1) ax =xa = X for all x£ K,
(2) x+a=aforall xEFT, x+a=x+¢e for all
X £ D\FI,
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a + X =a for all Xe F* a + X =1¢ + X for all
X £ D\FR and
a if (D,+)is a band, ¢ £F,
(3) a+a= ¢ if (D,+)is a band, ¢ £D\F* 1
et e if (D,+)is not a band.
(

We shall firstshow that X + (y+a) = (xty) +a for all
x,y £ D. Let x,y £ D.
Case i X +y £ F* Since Frs a filter in (D, 1), x,y£ FM
X+ (yta) = X +a = a = (xty)+ a.
Case ii X +y £ D\FA
If y£ F"then X £ D\F* and y + e =e. ThusXx +(y+ta) =X +a =
Xte=X+ (yte) = (xty) +e= (xty) +a.
If y £ D\Fr then X + (y+a) = X + (yte) = (xty) + e = (xty) +

Claim that ¢ £D\FA. Since F"c¢. Fg, there is an element
tin Fp\FA, Thus a +t =a, e+t =eandt +a=1t +e So
e +a = (e+tt) +a =¢ + (t+a) = e + (t+e) = (ett) +e=e+tea.
Hence e £ D\FA,

To show that Kis a seminear-field, we shall show that
(b(-) x + (ytz) = (x+y) +z for all x,y,z £ Kand (c,) (xty)z =
xz +yz for all x,y,z £K

To prove (b,-), let x,y,z £ K. Consider the following cases
Case 1. X =y =1 =a.

Subcase 1. . (D,+) is a band, e£ FA Then a +a = a.
It is clear that X + (ytz) = (xty) +

Subcase .2. (D,+) is a band, ef£ D\Fg. Then a +a =¢
and ¢ £( \F ) (D\F ).

+ (y+z) =a + (ata) =a+te=e+te=eta= (ata) +a-=

(xty) +z.
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Subcase 1«3« (D,+) is not a band. Thena +a =-¢ +¢
and e £ (D\F ) (D\F ).
X+ (y+z) = a + (ata) = a + (ete) = e + (ete) = (ete) + ¢ =
(ete) +a = (ata) +a = (xty) +z
Case 2. X=y=4a, 7+ a.

Subcase 2.1. a +a =a. Then (D ,t) is a band.
If z £ Fp then X + (ytz) = at(a+z) =a+a=a=a+z= (ata) +z

= (x+y) + z.
If z £ D\FR then e +z £D"p. Thus X + (y+z) = a + (a+tz) =
at (etz) :e + (etz) = (ete) tz=etz=at+tz=(at+ta) +1=

(xty) +z.
Subcase 2.2. a +a =-e Then (D,+) is a band.

If z EFR then e = ¢ + z since FR¢ Rlp(e). Thus X + (y+z) =

a t+(atz) =ata=e=e+z= (ata) +1z = (xty) + ¢

If z £ D\FR then e + z £ DNFp. Thus X + (y+z) = a + (a+z) =

a t (etz) =e +(etz)=(ete) +z =¢ +z =(a+a) +2z = (x+y) + L.
Subcase 2.3»a +a = e +e,

If z E FR then e +zr=e. Thus X + (y+z) = a + (atz) = a + a

=g te=¢+ (etz) = (ete) +z = (ata) +1z = (x+ty) + .

If z £ D\FR then e + z £D\FR. Thus X + (y+z) = a + (atz) =

a t+ (etz) =e + (etz) = (ete) +z = (ata) +z = (xty) +

Case 3» X=17=4a, y/ a

Subcase 3.1.y £ F*  Theny £FR,soaty=yt+a=a.
X+ (ytz) =a +(yta)=a + = (aty) +a =(xty) + L.
Subcase 3.2.y £ Fj*F". Since FR<Flp(e)le +y = ¢

Subcase 3»2.1. (D,*) is a band, e £ FR. Then
ata=aandy +e £FR
X+ (y+z) =a + (y+a) =a + (y+e) =a =a +a = (a+y) +a =

(x+y) + 1
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Subcase 3»2.2. (D,+) is a band, e £ D\FR. Then
a t+a=eandy+ef DNFR
X+ (ytz) =a+t (yta) =a + (yte) =e +#(yte) = (ety)te=e +|
= e =a+ a=(aty) +a=(xty) +tz.

Subcase 3»2»3« (D,+)is not a band. Thena + a
e + eand ¢ £D\FR. Thusy +e E D\FRL so X+ (y+z)=a + (yta)

a + (yte) = e + (y+e) = (ety) +e=e+e=a+a= (aty) +a-=
(x+y) +Z
Subcase 3.3. y e D\FR. Since DN FR¢ , y e D'FL» Thus

y +e £DMRande +y £ DA So X + (y+z) = a + (y+a) =

a t(yte) = e+ (yte) = (ety) +e = (ety) +a = (aty) +a =

(xty) + 2

Case . X/ a, y =27Z=a.

This proof is similar to Case 2.

Case 5. X/ a, yi a, z = &

We first showed that X + (y+a) = (xty) + a.

Case 6. X/ a, y=a, z/ a
Subcase 6.1. X£ FR, z £ FR.

X+ (y+tz) = X+ (atz) =x+a=za=a+z= (xta) +2 = (xty) ¢
Subcase 6.2. X £ -F z £ D\FR. Since FRc LI (e), X +

= e,
X+ (ytz) = X + (a+z) = X + (e+z) = (x+e) +z=et+tz=a+ 1
(xta) + 1z = (xty) + z.

Subcase 6.3» X£ D\FR, z £ F . Since FRC RIR(e), ¢ + 2
X+ (y+tz) = X + (atz) =X +a =X +¢e =X+ (e+z) = (xte) + 12
(xta) +z = (xty) + z.

Subcase 6.k. x£ D\F , z £ DXFr.
(xte) +1z = (x+a) +1z =

X + (y+z) = X + (atz) = X + (e+z)

(xty) +z.
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Case 7» X=a, y/ a z/ a.
Subcase 7.1. y +Z£ F . Since FRis 3 filter in (D,+),
y.z £ fr.
X+ (ytz) =a + (ytz) =a =a +z = (aty) +2 = (xty) +z.
Subcase 7*2» y + 1z £ D\FR.
If y £ Fr then z £ D"FR. Since FR¢ RIR(e), e +y =e. Thus
X+ (ytz) =a + (y+z) =e + (ytz) = (ety) +z=e+z=a +7 =
(aty) +1z = (xty) +1z.
If y £ D\FR then X + (y+tz) =a + (y+tz) = e + (y+z) = (ety) +z =
(aty) +z = (xty) +z.
Case 8, X/ a, y/ a, z/ a.
X+ (ytz) = (xty) + .
To prove (C(), let x,y,z £ K. Consider the following cases
Case 1. z = a.
It is clear that (xty)z = xz +yz.
Case 2. 71t a.
Subcase 2. . X=y = a.
This proof is the same as the proof of Subcase 2.1 in (c*).
Subcase 2.2. X=1a, y/ a
This proof is the same as the proof of Subcase 2.2 in (c")
Subcase 2.5» X/ a, y = a.
This proof is similar to the proof of Subcase 2.2 in (c").
Subcase 2.M. x/afyla.
(xty)z = xz +yz.
Hence K is a seminear-field and we obtain (1) - (*).
Case 111 FL¢gond FRE 21
Extend + and « from D to K by
(1) ax =xa = X for all X£ K,
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(2) X +a=afor all X£ F* X +ta=X+¢e for all

X £ DVF ,
a +X :aforall xEFR, at+x=¢e+x for all

X£ D\FR and

(3) a+a=¢e+e,

We shall first show that X + (y+a) = (x+y) +a for all
x, y £D. Let x,y £D.
Case i x+y £FA Since FMis a filter in (D,+), x,y e FA
X+ (y+ta) X +a =a = (xty) + a.
Case il X +y £DSF™
If y £F" then X £ D\F* and y + e =¢e.Thus X + (y+a) : X +a =

X +e =X+ (yre) = (xty) +e = (xty) +a.
If y £ D\F" then X + (y+ta) X + (y+e) : (xty) +e  (xty) + a.
Similarly, we can show that a + (y+z) : (aty) + z for all
y, z £D.
Claim that e £ (D\F") (" (D\Fr). Since FR FR and FR*  F"
there are elements XQ and y0 in D such that XQ Fj\Fr and
y0 e Fj\FA. Thus XQ +a =a, XQ+e=¢, a t+XQ=1¢ +XQ, a + yo=a,
e +yQ=¢eand yQ+a =yQ+e Soa +te : a+t (xQte) = (atxQ) + e
(e+XQ) te =e + (xte) = e + e | a. Hence e £D\FR. And
e ta = (etyQ) ta=e+ (yota) = e+ (yQre) = (etyQ) + e = ete
jt a. Hence e £ D\F*. Therefore e £ (D\FI') n (DNFr).
To show that Kis a seminear-field, we shall show that
(bg) X + (y+z) = (xty) + z for all x,y,z £ K and (eg) (xty)z =
xz +yz for all x,y,z £ K

To prove (bg), let x,y,z £ K. Consider the following cases
Case . X :y =12 :a. Since ef (D) n (DVFr),
e +e £ (DVF) (DFLY
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X+ (y+tz) =a + (ata) = a + (ete) = e + (e+e) = (ete) + e =
(ete) +a = (ata) +a = (xty) +z
Case 2. X=y =4, 2/ a.

If z £ then ¢ +z = ¢ Thus X+ (ytz) = a + (a+z) =a +a =
e +e=¢+ (etz) = (ete) +z = (ata) +1z = (xty) +z

|f z £ DnFjj then e + z £D"Fjj. Thus X + (y+z) = a + (atz) =

a + (etz) = e + (etz) = (ete) +z = (ata) +z = (xt+y) + Z.

Case 3. X=17=4a, yI a
Subcase 3»1« FR FR = O

Subcase 3«I»l« y£ FR. Theny £ D\FR, e +y £ D\FR

and y +e =e.
t(ytz) =a + (yta) =a+ta=ze+te=e+ (yre) = (ety) te =
(ety) +a = (aty) +a = (xty) +z.
Subcase 3» »2. y £ D\FR. Then y + e £ D"Fjj and
e +y £ DIFR

If y £ FR then e +y =¢. Thus X + (ytz) = a + (y+ta) = a + (y+e)
= et (yte) = (ety) +e=ete=at+ta= (aty) +a = (xty) +
If y£DFR then X + (y42) Sa + (y+a) a + (y+e) = +(y+e) =

(ety) +e = (e+y) +a = a+y OO (x+y)
Subcase 3.2.

Subcase 3»2. . y £FR Fl
t(ytz) a + (yta) =a ta o (aty) ta = (xty) +z.
Subcase 3*2.2. y £F" O (DNFjj)
This proof is the same as the proof of Subcase
Subcase 3-2.3. y £(D" ) FR. Theny + e £ DYFR,
E+y£Lf DIFRand e +vy =e
X Tlyr1) o Tiyra) o Tiyre) Ze T(yre) Z(ery) Te Ze Te =

a +a = (aty) +a . (xty) +Z
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Subcase 3.2o .y £ (DNFjJ n (D>F ). Then
y +e £D"R and e +y £ D\F .
X+ (ytz) =a + (yta) =a + (yte) = e + (yte) = (ety) +e =
(xty) +12
Case 4. X/ a, y =1 =4

(ety) +a = (aty) + a

This proof is similar to Case 2.
Case 3» X/ a, y/ a, 7 =a.
By the first proof, we showed that X + (y+a) = (x+y) + a.
Case 6. X/ a, y=a, z/ a.
This proof is the same as Case 6 in (bj-).
z1 a.

vie showed that a + (yt+z) = (aty) + z.
Case 8. X/ a, y/ a, z \
X+ (ytz) = (x+y) +z.

The proof of (Cg) is the same as the proof of (c, )

Case 7» X=a, y " a,

[ a

Hence K is a seminear-field and we obtain (1) - (.K).
By Theorem 1.33 and Proposition 2.12, if extensions exist
with (1) and (2) holding then these are the only possible extensions

of the binary operations on D to K
4

We shall give an example where (D,+) is a band and Fjc F*.

Example 2.1%» with the usual multiplication is a group. Define
ton +by X+y =min {x,y }for all x,y £rct. Then (p+,+,*) is
a ratio seminear-ring and LI (l)={xe?+[x>1}=RI (I).

Let FI = (x £ Q+|X> 2}and FR ={X £ &|X> k}. Clearly,
FA and FR are filters in (Q,+).

Let a be a symbol not representing any element of Qt.
Extend + and « from to ¢t (a) by



(1) ax =xa = X for all Xe Q+ {a},

(2) X+a aforall X£ F* x+a =X +1 for all
Xt 4 Fl
a +X=aforall Xe Fg, a + X =1+ X for all
Xt 4"Fg an?
(3) a +a=1

By Theorem 2.13, ( 4u{a}l+le) is a seminear-field with a as a
category Il special element.
vie shall now give an example where F ¢ and fr. FL*

Example 2.13. ( 4,min,*) and ( 4,max,*) are ratio seminear-rings
where « is the usual multiplication.

Let 2 and * denote the ratio seminear-rings ( +,min,*)
and ( *,max,-), respectively. Then * X * is a ratio
seminear-ring.  Now

LI+ +(, )

{(x,y) e *X#*X>1 y< 1},

E e 4 lew10)8

«
Let FL ={(x,y) £ 4X *X>1,y £ " }and
Fr ={(x,y) £ *x ®X>2, y<1}

Then FA A FAand FA < FA To show that F* is a filter in
(* X A+4). It is clear that FM is a subsemigroup of ( * X *+).
Let(x,j,y1),(x2,y2) £ 4* & be suchthat (x1,yl) +(x2'v23y ¢ FL*
Then XL +x2 " and yl +y2 < so X1,x2> andyl,32£ -
Hence (x1,y1),(x2,y2) £ FL« Therefore FL is filter in ($raX@M * *

Similarly, we can show that Fjj is a filter in ( *X 7 +).

Let a be a symbol not representing any element of 4X 4.
Extend + and « from * X * to (*><") {a} by
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(1) az =za =1z forall z £( + V) {a},

(2) z+a=afor all z £FM z+a=12z+ (1,1) for all
2 L ( + XQ+)NFL,

at+tz=aforall zeF,a+z=(1,1)+z for all

z £ ('4* 7)'FR and

(3) a+a=(11)
By Theorem 2.13, ( "X ") M {a} is a seminear-field with a as a
category Il special element.

We shall give an example where (D,+) is not a hand.

Example 2.16. Define © and () on + X 2 hy

¢(x, ) 1f <m
(x, ) ©(ym) =1 (xty, ) if =m,
V(iym) if  >m,

(x, ) © (y,m) = (x*y, n+m).
Using the same proof as in Remark ~.13 in [2] page 6L - 66,
we obtain that ( +x z,0,0) is a ratio seminear-ring.

LI '4XZ(1’0) {(x, ) £ +xarjn>0}=HI . (1,0). Let

N=f(x,) e 1 [ >2} and FR= {(x, )e +x1I| > 3). W
must show that FA is a filter in ( 4% z,+#). It is clear that F*
Is a subsemigroup of ( "™ z,+). Let (x,m),(y, ) £ # 2 be such
that (x,m) + (y, )£ F* If m < then (x,m) © (y, ) = (x,m) £ F".
Thus > m >2. Hence (x,m),(y, ) £F* If a=then

(x,m) © (y, ) = (xty,m) £F . Thus m=  >2. Hence

(x,m),(y, ) £F . If m>n then (x,m) © (y, ) = (y,m) £ F~

Thus m>  >2. Hence (x,m),(y, ) eF* Therefore F* is a filter
in (4 2,+).

Similarly, we can show that Fp is a filter in (" z,0).



Leta be a symbol not representing any element of Qtx 1.
Extend © and © from Qtx z to ((gtxz)  {a} by

(1) z 0 a =a0z=7zforall z£( wz) {a},
(2) 7z © a =a for all z EF* z@a =2 © (1,0) forall
z £ (cctx Z)\FI,
a0z =aforall zeF" a@z=(10) ©z for all

z £ (Q+x 2)\Fjj and

(3) a®©a = (1,0) © (1,0).
By Theorem 2.13, ((Q+x 2)  (a},+,’) is a seminear-field with
a as a category Il special element.

Corollary 2.17. If Kis a seminear-field with a category Il
special element then (2 =0 or ( ~*) is a semigroup) and ( " =0
or (M%) is a semigroup).

Proof. Let a be a category Il special element of K. Suppose that
A0 0. To show that ( ~*) is a semigroup, let x,y £ A~ Then
yt+a=aand X +e=¢ Thus xy +a = xy + (y+ta) = (xyty) +a =
(xte)y +a=ey+a=y+a=a. Hencexyf£ 7~ Therefore ( ")
IS a semigroup.

Similarly, we can show that £= 0 or (Sp,*) is a semigroup.

Corollary 2.18. Let D be a ratio seminear-ring and let a be a
symbol not representing any element of D. Let F* and have

the properties stated in Theorem 2.13» Then K=D (a) is a
distributive seminear-field with a as a category Il special element
if and only if Dis adistributive ratio seminear-ring.

Proof. By Theorem 2.13, we can construct Kso that Kis a
seminear-field with a as a category Il special element, F* is the
left fundamental set of a in Kand Fp is the right fundamental set
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of a in K It is clear tnatwi;ikﬂs a distributive semirear-field
with a as a category Il special element then D is a left ratio
seminear-ring.

Conversely, assume that Dis a distributive ratio seminear-ring.
It is sufficient to show that x(y+z) = xz +yz for all x,y,z E K

Let x,y,z ¢ K. By Theorem 1.33 (2), a+a=aorata=et+e,

Case 1. X = a.
X(ytz) = a(y+tz) =y +Z=ay +azr =xy +xz.
Case 2. X/ a.

Subcase 2.1. y=17=a

Subcase 2.1.1. a +a =a. Then (D,+) is  band.

X(y+z) = x(ata) =xa = X=X+ X=xa +xa =Xy + Xz
Subcase 2.1.2. a +a=¢ +e
x(y+z) = x(ata) = x(ete) = X+ X =xa +xa =Xy + Xz

Subcase 2.2. y=1a, 7/ a
If z £ Fjj then e +z = ¢ Thus x(y+z) = x(atz) = xa = X = xe =
X(etz) = X + Xz = Xxa +XZ = Xy + Xz
If z £ D\FR then x(y+z) = x(at+z)

Xy + XZ.

x(etz) = X+ X2 = xa +Xxz =

Subcase 2.3» y/ a, z=a

o
o

This proof is similar to Subcase
Subcase 2.4. y /[ a, 7z¢ a
X(ytz) = xy + xz

Hence K is a distributive seminear-field.
f

Theorem 2.19» Let Kand K be seminear-fields with a and a as
category Il special elements, respectively. Let D K>{a} and

D =K'.{a} with e and ¢ as their multiplicative identities
respectively. Let " and £ be the left and right fundamental sets



of a in Krespectively. Let R and R be the left and right
fundamental sets of a in K, respectively. Suppose that there

exists an isomorphism . K—K . Let = o= ,
SL DVSL

=pl and "= | . Then the following statements hold
SR ~

(1) (e) =e and h(a) = a .
A=0 if and only if R =10 and
if RO O then SR= R as additive and multiplicative
semigroups.
(3) DNF» = if ani only if DnF* =0 and
if DXFR 0 0 then DNF = D*F as additive semigroups.
(4) R =0 if and only if R =10 and
if Sjj/ 0 then R = Ras additive and multiplicative
semigroups.
(5) DNSR =0 if and only if o
if DnSr 0 0 then DASR =

(6) If a +a=athen a +a
(7) If a +a=¢ +¢e then a
8) If X £ L then f(x
(9) If X £SRn (D"Sr) then

)

) a

) X

) 1 X

) 1f X£(D'S) R then

) If X £0>SL) (D\SR)

) If XE£ andy £Dn "

) If XEDVMandy £ *

) It X E M yE and L
) If X £D'SR, y £ " and "
) If Xly £DvS and xy e1

) If X£ 1,y £D'SI and
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() If Xe DNL>y £ SLand xy £ D'S* then Ip(xy) = *(x)v(y).
(19) If x,y, xy £ EnSI then \p(xy) = 1p(x)ip(y).

Proof. (1)Since [(a)]2 : (a2) =1(a), ():.e or (a) =a.
Suppose thatn(a) . e . Sincelji(e)] 2 : ri(e), (e) =2a. Thus
a =n(e) = (e»a) :ri(e) » n(a) =a +e =-¢e , acontradiction,
Hence () :a . Consequently, (e) = e .

(2) Assume that " =o. Suppose that "o o. Let yf M
Since is onto, there exists an element X in D such that n(x) =y.
Now x +a = X + e, Yy +ta = (x) + (a) =TI(x+ta) ;A (x+e)
(x) + p(e) =y +e £D, a contradiction. Hence " = O

Assume that ~ o 0. Claim that If Sj—s"» Let X£
Then X +a =4, so If(x) +a =n(x) + (a) =n(x+ta) = (a) = a .
Thus If(x) £ ~ Hence " /[ o. It is clear that If is a monomorphism.
To show isonto, let y £ " Theny +a :a . Since is onto,
there exists an element X in Ksuch that (x) :y. NowX 0o a so
X £ D. Claim that X £ . Suppose that Xf D”s". Then X +a 0 a,
n(x) +rlfa) . (x+ta) £D1
a contradiction. Hence X £ "~ So we get that Y(x) (x) =y,
Thus f is onto. Hence * = 7 as additive and multiplicative

so (xta) £D. a :yta

semigroups. Therefore we obtain (2).

(3) Assume that DN3" =o- Then ™~ D. To show that
ANoD o, lety £ DL Since is onto, there exists an element X
in A such that rt(x) :y. Nowx +a=asoy +a :n(x) tm(a) =
L"x+a) = () =a . Henceyf "« Therefore DM * =0,

Assume that DnSjj / 0» Claim that »:Ds —aD N A,
Let X£ DnSM  Then™(x) +a = (x) + (a) :r)(x+a) = (x+e) =
(X) +n(e) =p(x) +e so-J(x) eDASA  Thus DMs™ o o» It s

clear that mis a monomorphism. To show that ij is onto, let
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y ED\ R. Theny +a =y +e. Since is onto, there exists an
an element x in Ksuch that (x) =y. Now X0 . [If X £ R then
X +a=a Soy+e=y+a : Hx +n(a) =n(xta) : () =al
a contradiction. Hence X £ DVSR. Therefore Ipis onto and so

DNSR = D” SR as additive semigroups. We obtain (3).

The proofs of (4) and (5) are similar to the proofs of (2)
and (3)» respectively.
The proofs of (6) - (19) are easily shown.

Theorem 2.20. Let D and D be ratio seminear-rings with e and e
as their multiplicative identities respectively. Let and a be
symbols not representing any element of D or D . Let FR¢ Llip(e)
be either 0 or a filter in (D,t) and let FRC RIR(e) be either 0
or a filter in (D,+). Let F € LI 1(e ) be either 0 cr a filter
in (D'1+) and let F]'__{g RiDl(e°) beleither 6 or a filter in (6;1+).

Suppose that there ore bisections If F—?FR and »  D"Fj-—+D"F

such that [{(x+y) = If(x) + l(y) for all x,y £ FRLIf(xy) = f(x)<f(y)

for all x,y £ FRL p(x+y) = Ip(x) + p(y) for all x,vE D"Fk and

ijiie) - € if € £D\FR. Suppose that there are hisections

V. Fg—Fr and Jp : DvFp—D\FR such that [If(x+y) : If(x) + If(y)

for all X,y £ FRL <f'(xy) = V(x) If(y) for all x,y £ D\FRL1 " (xty) =

Ao(x) + M (y) for all x,y £ DnFr and Ip(e) =e if e £ DNFR.
Suppose that the following conditions are satisfied

1) FL=0iff yn=0,

2) F1 =Diff Fr=D*

3) 0/ FLc Diff 00 FRc d',

) FR=0iff Fr=0.

) FR=DIiff Fr=D.

k

(
(
(
(
(

5
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(6) » FBc Diff f)/FBCD.
(7) If a+a=athena+a =3,

8 Ifata=ete thena+a =e+e.

(9 If XEFin Frthenif(x) = (x).

(10) If XER ( (OF) then A(x) = n(X).

(1) Ifx (OH)n Rthen 1;X= vp(X)

(12 IfXEDF) (DF) then w =1px).

(13) If X £Fr ad y £ DR then \p(x+y) y(X) +1p (y)

(1*0 If X ED\Fr and y £ FRthen ippey) = Yx) +<ply).

(1) If XER, y D& and xy LA then 4(xy) = 11001p(y).
(16) If X EDFN yE B and xy £FRthen T(xy) = IK)K(y)*
(17) If xy £ DF adxy £ then<f(xy) = iXK (y).

(18) If X EF, y £DF and xy DR then 1p(ey) = "f(X)IKY)
(1) If x eDWR ye F and xy EDP then ipixy) = n(X)<f(y)
(0. Tf v, VD D\\FL then p(xy) = b(X)p (y)

1
Then n ¢ K—=K defined by

P(x) if x e F
n{x) = {l)}(x) if x € D Fy 4
HLALGNGIK a2,
is an isomorphism between K and K where K=D {a} and
K =D {a} are seminear-fields with a and a as category Il

special elements, respectively.

Proof. By Theorem 2.13» we can construct Kand K so that K and
K are seminear-fields and a and a are category Il special
elements of Kand K, respectively.

Case I FA=0. Then = 0. Define K=K by

¥(x) if x €D,
n(x) = { .

a £ % S Al



53

It is clear that 1is a bijection. We need only show
that (a") (xy) = n(x)n(y) for all x,y £K and ( 1) r|(x+y) =
rl(x) + n(y) for all x,y £K
To prove (a,j), let x,y EK
Case . X=y =a,
n(xy) =n(az) = (a) =a =a =n(a)n(a) = (x) r(y).
Case 2. X=4a, yI/ a
(xy) = (ay) = (y) =an(y) =n(a)n(y) =n{x) (y).
Case 3» X/ a, y = a.
This proof is similar to Case 2.
Case b, X/ a, y/ a. Then xy [ a. By (20), we obtain
(ey) = bxy) = )My) = dx ) (v
To prove (1), let x,y £K
Case 1. X =1y =4,
Subcase 1.1. a+a=a Thenata =a.
(xty) = f(ata)= (a) =a =a+4a = r(a) + (a) =n(x) +n(y).
Subcase .2» a+a =e+ e Thena+a =¢e+eand
e +e £D.
n(x+y) = r)(ata) = r](ete) = $ete) =lIp(e) + iKe) = e +e =a +a
=n(al + (a) = n(x) + (y).
Case 2. X=a, yia.
If y £F then y £F*n (D\F*). Thus Y(y) = *Ky). Nowa +y = a
at+t Y(y) =a.
ity = (aty)s He) =a =t V)= () () = (k) Y]
If y e D\FR then 'y £ (D" ) (D'F ). Thus Ip(y) = 1w (y). Now
aty=e+yanda+w(y) =e+lp(y)
(xty) = Llaty) = Hety) =tp(ety) =He) +iKy) = e +"(y) =
et p(y) =a+ w(y) =n(a) + iKy= (x)+ n(y)
Case 3« X/ a,y =a. Then X+a =X+ eand p(x) +a =fjx) + .
n(xty) = (xta) = (xte) = Mxte) = (x) tip(e) =1p(x) +e F(x) +a

=Y\(x) + V[(@) vi(x) +y](y).
Case k, X/ a, yt a Then X+y £ Dwhich is an additive semigroup.



n(x+y) = Wx+y) = WUx) + P(y) = n(x) +n(y).
Hence N is an isomorphism.

) ) '
Case II F, = D. Then F. = D . Define n: K—K by

L L
s ={\?(x) if x¢. D,
a 15 % = ae

It is clear that n is a bijection. We need only show
that ( 2) n(xy) = rEx)n(y) for all x,y E Kand ( 2) (xty) =
n(x) + iy) for all x,y £ K

The proof of (a2) is the ame as the proof of (a*).

To prove ( 2), let x,y e K
Case 1. X =y =a.

This proof is the same as the proof of Case 1 in ( %),
Case 2. X=1a, y I/ a
If y£ Fr then ye FAn FA  Thus If(y)= 4>(y),a +y = a and

a'+ M(y) = a'.
(xty) = (aty) = (a) =a=a + ?(y) = (a) +<f(Y) (x) + r(y).
|fy£DAFRtheny£FA (D\Fr ). Thus ' (y), @+y=€+y

anda+n) =€+
(xty) = n(a+y) L(ety) ="(ety) ="f(e) +<f(y) =e +2(y) =+ b(y)
a + w(y) =n(a) +'fly) = () + (y).
Case 3» X0 a,y =a. Then X+a =aand M(x) +a = a .
11(x+y) = (x+a)= n(a) :a :'f(x) +ta'= (x) +n(a) : n(x) + (y).
Case X/ a,y 0 a Then X +y £Dwhich is an additive semigroup.
n(x+y) = (xty)= 1)+ v = p(x) + (y).

Hence  is an isomorphism.

Case Il 0 0FLc D. Then0 0 rrc D. Define . K=" by
P(x) if x eFp,
n(x) ={ q(‘x) if x €DVFp,
a if x = a.

It is clear that is a bisection. We need only show that
(a) lixy) :n(x) n(y) for all x,y £ Kand ( ) (xty) =n(x) + n(y)
for all x,y £K.

To prove (a3), let x,y € K
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Case 1. X=y=a
This proof is the same as the proof of Case 1 in (a").
Case 2. a, y/ a
This proof is the same as the proof of Case 2 in (an).
Case 3» x 0 a, Yy =a.
This proof is similar to Case 2 in (ah).
Case . X/ a, y/ a By (15) - (20) and tf(xy) = VE(x)(>(y)
for all x,y £ K, we can show that ri(xy) =T\(x) (y).
To prove (bj), let x,y £ K Note that a +a =a or
ata=ete,
Case 1. X=y=a
Subcase 1.1. at+a=a Thena+a =a.
This proof is the same as the proof of Subcose 1.1 in (a%).
Subcase 1.2. a+a=et+e Thena+a =¢+e.
If ¢ £ F" then e + e £ FA  Thus n(x+y) =n(a+a) = (ete) =

Mete) =VY(e) +vple) = ete =a+a =p(a) + (&)= (X) *+ (y).
If e e DVF" then ¢ +e £F~. Thus (xty) = nCata) = (ete) =
iMe+e) = *Ke) + iXg=e+te a+a = ()+ (a3 =pKx + (y)

Case 2. X =a, yI a
Subcase 2.1. FMPi F* =0,
Subcase 2.1.1. y £ FA Then y£ D"F so

(X+y) - (a+y) () =a= +I(y) =n@) + <Ky = (x) + (¥)
Subcase 2.1.2. y £DNFR, y £ FU  Then Mf(y) = & (y)*

If e £ FI then e +y eFL* Thus (xty) = (aty) = (ety) =

Y(ery)  <fe) +<fy) = evily) =a+ W) = (a) +VH(y) =

N(x) + - (y).

If e £ D-F then e+y «DnFY Thus (xty) = (aty) = (ety)
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Jlety) = iKe) +40y) =e + M (y) =a+ " (y) = (a) + y) =
(x) + {y).

Subcase 2.1.3» y £ D'FR, y 8 D'FL« Then
In(y) = " (y).
If e £EF then e +y £EEKFThus (xty) = (aty) = (ety) =
Mety) MM (e) twy) =e s p=e v n(y) = () Hillly) =
n(x) + (y).

If e £DnFI then e +y £ Thus fl(x+y) = (aty) = (ety) =
>e+y)  tete) +w(y) = e+ p(y) =a+ ply) = () +
{x) + (y).

Subcase 2.2. FAA FR/ 0.
Subcase 2.2.1. y £ H.n FR. Then <f(y) = f(y)
and a =a +4>(y) = a +7(y).
(xty) = (aty) = (a) =a =a +"(y) = rfa) + (y) = (x) + (y).
Subcase 2.2.2. y £ FMci (DNFg).
This proof is the same as the proof of Subcase 2.1.2.
Subcase 2.2.5. y 8 (DNF-jJn FR.
This proof is the same as the proof of Subcase 2.1.1.
Subcase 2.2.~. 'y £ (DN§Y n (DnFr).
This proof is the same as the proof of Subcase 2.1.3.
Case 3« x/ a, y = a.
Subcase 3.1. x 8 FA Thena =y(x) +a.
n(xty) = (xta) = rl@@) =a =ip(x) +a = (x) + (a) = {x) + (y).
Subcase 3«2. x 8 DAFA Then x +e 8 D"Fjpn(inp (Xx) +a =

(x) +e .

If e 8F" then (x+y) = (x+a) = (x+e) =up (x+e) ~ip(X) + 'P(e)

=A(X) +eZp() ta = ()t ()= ()t A{y). If e L OGP then

(x+y) = (x+a) = (x+e) = iKx+e) =MX) +ijjie) = M*) +e = Mx) +a
(X) + (a) = (x) + (y).
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Case 4. x £ a, y # a. 7508 ¥

dudcase L« tYyi FLooInce IS S THIEr In (D)),
X,y £ Fl.
n(x+y) =7(xty) = ¥(x) +<fy) = (x) +n(y).
Subcase k.2. x +y£f D'FM
Subcase «.2.1. x £F* Theny £ D'FM. By (13),
<Kxty) = TCx) + &(y).
Tlixty) = iKxty) ="f(x) +1iKy) = n(x) +n(y).
Subcase *+.2.2. x £ D'FM
If y EF. then TI(x+y) = Mx+y) bA2 iKx) +Y(y) = (x) + n(y).
[Ty £ DIF® then n(x+y) = y(x+y) =ip (x) +p(y) =n(x) +.(y).

Hence s an isomorphism.
#

Remark. tl. K— may be defined by
(x) if Xe FR,
rx) ={\p (x) if x £ D\Fr,
a if X =
The proof is straightforward but very long.

We shall give an open problem for future research.
In Theorem 2.20, suppose that we drop conditions (o) - (20).

Question Is Kisomorphic to K ?

Now we shall compute all finite seminear-field with a
category Il special element up to isomorphism.

In [1] , all finite seminear-field containing a category Il
special element of order 2 were computed (see page 55).

We shall compute a finite seminear-field of order greater
than 2 which contain a category Il special element
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Theorem 2«21, Let Khbe 3 finite serainear-field of order greater
than 2 containing a category Il special element a. Let D= KN{a}
and let e be the identity of (D,*). Then

(1) x+a=x+e, a+tx=¢e+x forall xe Dand
a+ta=aor

(2) x+ta=x+te, atx=e+x forall x£ Dand

at+ta=eor
(s) xta=a, atx=e+x forall x £ Danda ta = a or
(Mx +a=x+e atx =a forall x £ Danda +a = a.

Proof. By Theorem 1.32, D is a ratio seminear-ring. By Theorem 1.15»
={xe djx +e=x}and D2 ={x £ d|x +e =¢} are the unique
ratio subseminear-rings of D such that (1) x+y=x for all
x,y £, (2) x+y=yforall x,yt 2, (3) DO,+) =( ,+) x ( 2,%)
and () 2+ D :{e} . By definition, D2= Llp(e).Claim that
D: Rip(e). Let x¢ s 5 -l e S0 X-,,t e = x'. Thus
e =x M= (x"™Me)x =X1IX+X=e+X. Hence X £ RIp(e). Therefore
Dlq RIpCe). Let y£ RIpCe). Thene +y =¢, soy-1 =ey 1 :
(ety)y 1=y +e Thusy ~£ D. Since (D ,*) is a group, y £ L]
Hence Rlp(e) o. D . Therefore D1 = Rlp(e).
Let » :{xf£Ox+a a and Sp ={x£f Da +x :a}.
By Proposition 2.9 (1)»  —kljj(e) and SR¢ Rlp(e).
Claim that (:) jf g is a filter in (D,4) then g =y’
(2) if Ris afilter in (D) then =,
To prove claim (1), asume that ~1is a filter in (D,+).
To show that ~ : D, it is sufficient to show that @2 Q ~ Let

x£ 0. Since A00, there exists an element y in A Thenys i+
Thus x +y=y £ . Since "is afilter in . 4), x ¢

1
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Hnee C A Therefore o = A
Tre proof of claim (2) 1s similar to the proof of Claim (1)
Consicder — and .
Case . 0 {el, 0,0 {e}. Clamthat "=qr. .o
Suppose that " 1Is a filter in (D,+). Then, by Clam (1),
A=y, Let £ DM(e}, o2 £ DMe}. Then (v ) te=
dit '+t =di+e=d e *so +@; LDer , N
(t (dyicp) = (dptof) +cp =€+ =L Dy =Spo Since 2 = |
Is a filter in (D,+), d* 2 ¢ D a contradiction. Hence " =0.

Similarly, if £ is a filter in (D,+) then we get a
contradiction. Hence £ =0. Therefore x +a =x+e and
atx=ce+xforall x£D By Theorem .33, a +a=a or
ata=e+e Bylemma .12, (D,+) is a band. Hence we obtain
() and (2).

Case 2. D ={e}, 5 0 {e}. Claim that (s) R=0, (Iff L=0
or * D

To prove Claim (s)» suppose that Sp is a filter in (D,+).
By Claim (), R=) ={e}. Letd* £D*Me). Then d™+ e =¢ £ Sp
Since 2 is a filter in (D,+), ¢2 = ¢, which is a contradiction.
Hence Sp = 0.

To prove Claim ("), suppose that ~ 0 0. Then " is a
filter in (D,+). We must show that ~ =D. Clearly Sj*Q D.

Let d£D Since (D) =0 1) x ( 2,%), there exists an element
d*in o suchthatd e+dj. Sod=e +d*=aeD Let

y£ L Since Lo Llpte) =D%ye D. Ths d+y=y e A
Since " is a filter in (D,+), d£ ~ Hence D= " Therefore
Az=Qor ~=D If L= £ =0thenwe obtain () or (2).

| f = D and =0 then X+ a=aand 3 +X=¢ + X for all xe D
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By Proposition 2.12 (2), we get that 3 +a =a. Hence we obtain
(3).
Case 3» [ {e}1

Using a proof similar proof to the one in Case 2, we can
show that ~=0and (~ =00or Sy =D). If ~= "~ =0 then we
obtain (1) or (2). If ~=0and £ =Dthen X+a =X+ e and
a + X=a for all X ED. By Proposition 2.12 (1), we get that
a +a=a. Hence we obtain (")
Case «. ={e). Since (D,+) = (DM +) X ( £,+), D= {e}.
Hence |k| =2 which is a contradiction. Therefore this case

cannot occur. #



	CHAPTER II SEMINEAR-FIELDS WITH A CATEGORY II SPECIAL ELEMENT

