
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ĒñŠîðŗéìĆïÿĈĀøĆïðŦâĀćêĆüĀîĂî×ĂÜúĊēĂ ēöđßĂøŤ

îć÷åĉêĉóÜýŤ Ûćøĕß÷

üĉì÷ćîĉóîíŤîĊĚđðŨîÿŠüîĀîċęÜ×ĂÜÖćøýċÖþćêćöĀúĆÖÿĎêøðøĉââćüĉì÷ćýćÿêøöĀćïĆèæĉê

ÿć×ćüĉßćÙèĉêýćÿêøŤ õćÙüĉßćÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ

Ùèąüĉì÷ćýćÿêøŤ ÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷

ðŘÖćøýċÖþć ����

úĉ×ÿĉìíĉĝ×ĂÜÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*Po1_a 6P_ G1P JPa1_Ƕa qP_J S_P"G1J

J`X h?BiBTQM; E�M+?�B

� h?2bBb am#KBii2/ BM S�`iB�H 6mH}HHK2Mi Q7 i?2 _2[mB`2K2Mib
7Q` i?2 .2;`22 Q7 J�bi2` Q7 a+B2M+2 S`Q;`�K BM J�i?2K�iB+b

.2T�`iK2Mi Q7 J�i?2K�iB+b �M/ *QKTmi2` a+B2M+2
6�+mHiv Q7 a+B2M+2

*?mH�HQM;FQ`M lMBp2`bBiv
�+�/2KB+ u2�` kyRN

*QTv`B;?i Q7 *?mH�HQM;FQ`M lMBp2`bBiv
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Bp

åĉêĉóÜýŤ Ûćøĕß÷ � ĒñŠîðŗéìĆïÿĈĀøĆïðŦâĀćêĆüĀîĂî×ĂÜúĊēĂ ēöđßĂøŤ� U*Po1_a
6P_ G1P JPa1_Ƕa qP_J S_P"G1JV Ă�ìĊęðøċÖþćüĉì÷ćîĉóîíŤĀúĆÖ � øĂÜ

ýćÿêøćÝćø÷Ť éø�üĆßøĉîìøŤ üĉßĉøöćúć
 �� Āîšć�

ĔîðŘ Ù�ý� ���� úĊēĂ ēöđßĂøŤ ĕéšêĆĚÜðŦâĀćìćÜđø×ćÙèĉêàċęÜöĊĔÝÙüćöüŠć ïøĉđüèìĊęöĊóČĚîìĊę

îšĂ÷ìĊęÿčéìĊęÿćöćøëðŗéìĆïđÿšîēÙšÜĀîċęÜĀîŠü÷Ĕé ė ĕéšÙČĂĂąĕø àċęÜđðŨîðŦâĀćìĊęÿćöćøëìĈÙüćö

đ×šćĔÝĕéšÜŠć÷ ĒêŠđðŨîĕðĕéš÷ćÖìĊęÝąĀćïøĉđüèìĊęđðŨîĒñŠîðŗéìĆïìĊęöĊóČĚîìĊęîšĂ÷ÿčé àċęÜĔîðŘ Ù�ý� ����

èĆåóú óúĂ÷öąÖúęĈĒúąüĆßøĉîìøŤ üĉßĉøöćúć ĕéšîĈđÿîĂĒñŠîðŗéìĆïìĊęöĊóČĚîìĊęîšĂ÷ìĊęÿčé è ðŦÝÝčïĆî

ēé÷ĒñŠîðŗéìĆïîĊĚĕéšöĊÖćøðøĆïðøčÜöćÝćÖĒñŠîðŗéìĆï×ĂÜîĂøŤüĎéĒúąóĎú ĔîÜćîüĉÝĆ÷îĊĚđøćĕéšöĊÖćø

ðøĆïðøčÜĒñŠîðŗéìĆï×ĂÜîĂøŤüĎúĒúąóĎú ĒúąĒñŠîðŗéìĆï×ĂÜóúĂ÷öąÖúęĈĒúąüĉßĉøöćúć ēé÷öĊ

ÖćøðøĆïđðúĊę÷î×Ăïïî×ĂÜĒñŠîðŗéìĆï đóČęĂ ĔĀš ĕéšïøĉđüèìĊę ÙćéüŠćÝąđðŨîĒñŠîðŗéìĆïĔĀöŠ ĒêŠ

ïøĉđüèéĆÜÖúŠćü÷ĆÜÙÜÿĂéÙúšĂÜÖĆïÿöïĆêĉïćÜðøąÖćøìĊęöĊ ĔîÜćî×ĂÜîĂøŤüĎéĒúąóĎú îĂÖÝćÖîĊĚ

đøćĕéšîĈđÿîĂÖćøóĉÿĎÝîŤÖćøđðŨîĒñŠîðŗéìĆï×ĂÜïøĉđüèìĊęöĊ×ĂïïîđðŨîđÿšîēÙšÜēÙĕàîŤ àċęÜöĊóČĚîìĊę

ðøąöćè ������� ÷ĉęÜĕðÖüŠćîĆĚîđøćĕéšìĈÖćøìéúĂÜÿøšćÜïøĉđüèìĊęÙćéüŠćđðŨîĒñŠîðŗéìĆïēé÷đøĉęö

ÝćÖÖćøÖĈĀîé×ĂïúŠćÜ Ă÷ŠćÜĕøÖĘêćöĒîüìćÜÖćøÿøšćÜïøĉđüèîĊĚ÷ĆÜĕöŠðøąÿïÙüćöÿĈđøĘÝđìŠćìĊę

Ùüø đîČęĂÜÝćÖÖćøÙĈîüèöĊÙüćöàĆïàšĂîöćÖ

õćÙüĉßć X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X XÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ úć÷öČĂßČęĂîĉÿĉêX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

ÿć×ćüĉßć X X X X X X X X X X X X X X X X X X X X X X X XÙèĉêýćÿêøŤ X X X X X X X X X X X úć÷öČĂßČęĂ Ă�ìĊęðøċÖþćĀúĆÖX X X X X X X X X X X X X X X X X X X X

ðŘÖćøýċÖþć X X X X X X X X X X X X X X X X X X����X X X X X X X X X X X X X X X X
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O O eydky983kj , J�CP_ J�h>1J�hA*a
E1uqP_.a , *Po1_AL: P6 lLAh �_*af qP_J S_P"G1Jf aJ�GG1ah
*Po1_

h>AhASPL: E�L*>�A , *Po1_a 6P_ G1P JPa1_Ƕa qP_J S_P"@
G1J

�.oAaP_ , �aaP*A�h1 S_P61aaP_ q�*>�_AL qA*>A_�J�G�- S?X.X

G2Q JQb2`Ƕb rQ`K T`Q#H2K r�b TQbi2/ BM RNee bi�iBM; i?�i ǳq?�i Bb i?2 `2;BQM
Q7 i?2 bK�HH2bi �`2� i?�i +�M +Qp2` 2p2`v mMBi �`+\ǴX AM kyR3- LX SHQvK�FH�K
�M/ qX qB+?B`�K�H� BHHmbi`�i2/ � M2r +Qp2`- r?B+? Bb +m``2MiHv bK�HH2biX h?2B`
+Qp2` r�b �/�Ti2/ 7`QK i?2 +Qp2` Q7 _X LQ`rQQ/ �M/ :X SQQH2X AM i?Bb rQ`F- r2
KQ/B7v i?2 `2;BQM 7`QK i?2 rQ`F Q7 _X LQ`rQQ/ �M/ :X SQQH2 �M/ i?2 rQ`F Q7
LX SHQvK�FH�K �M/ qX qB+?B`�K�H�X Pm` `2;BQMb �`2 KQ/B}2/ #v +?�M;BM; i?2B`
mTT2` #QmM/�`vX >Qr2p2`- i?2 `2;BQMb `2K�BM b�iBb7vBM; T`QT2`iB2b BM i?2 rQ`F
Q7 _X LQ`rQQ/ �M/ :X SQQH2X AM �//BiBQM- r2 +QMbi`m+i i?2 `2;BQM mbBM; +QbBM2
7mM+iBQM �b i?2 mTT2` #QmM/�`vX h?Bb `2;BQM +�M +Qp2` 2p2`v mMBi �`+ r?B+? ?�b �`2�
�TT`QtBK�i2Hv yXkeyyNX JQ`2Qp2`- r2 i`v iQ +QMbi`m+i i?2 `2;BQM bi�`iBM; 7`QK i?2
HQr2` #QmM/�`vX >Qr2p2`- r2 +QM7`QMi rBi? i?2 +QKTH2t MmK2`B+�H +QKTmi�iBQMX
h?mb- r2 +�MMQi +QMbi`m+i i?2 `2;BQM mbBM; i?Bb B/2�X

.2T�`iK2Mi, J�i?2K�iB+b �M/ *QKTmi2` a+B2M+2 aim/2MiǶb aB;M�im`2, XXXXXXXXXXXXXXXXXXXXXXXXXXX
6B2H/ Q7 aim/v, XXXXJ�i?2K�iB+bXXXXXX �/pBbQ`Ƕb aB;M�im`2, XXXXXXXXXXXXXXXXXXXXXXXXXXX
�+�/2KB+ u2�`, XXXXXXXXXXkyRNXXXXXXXXX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

pB

�*ELPqG1.:1J1Lha

6B`bi Q7 �HH- A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 �TT`2+B�iBQM iQ Kv i?2bBb �/pBbQ`-
�bbQ+B�i2 S`Q72bbQ` .`X q�+?�`BM qB+?B`�K�H�- 7Q` ?Bb bm;;2biBQM �M/ bmTTQ`i
i?`Qm;?Qmi i?2 iBK2 Q7 Kv i?2bBb `2b2�`+?X A �K i?�MF7mH iQ �bbQ+B�i2 S`Q72bbQ`
.`X L�i�T?�M EBiBbBM- �bbQ+B�i2 S`Q72bbQ` .`X amDBM E?QK`mi�B �M/ �bbBbi�Mi
S`Q72bbQ` .`X *?�+?�r�M S�M`�Fb�- Kv i?2bBb +QKKBii22- 7Q` i?2B` bm;;2biBQMb
�M/ +QKK2MibX JQ`2Qp2`- A �K �HbQ ;`�i27mH iQ �HH Q7 Kv i2�+?2`b r?Q ?�p2 ;Bp2M
K2 7Q` FMQrH2/;2X

A rQmH/ HBF2 iQ i?�MF i?2 K2K#2`b BM Kv `2b2�`+? ;`QmT 7Q` i?2B` bmTTQ`iBM;
K2 i?`Qm;?Qmi r`BiBM; i?Bb i?2bBbX

6BM�HHv- A rQmH/ HBF2 iQ i?�MF Kv T�`2Mib �M/ h?2 a+B2M+2 �+?B2p2K2Mi a+?QH@
�`b?BT Q7 h?�BH�M/ Ua�ahV 7Q` }M�M+B�H bmTTQ`i i?`Qm;?Qmi Kv ;`�/m�i2 bim/v
�M/ �HbQ Kv i2�+?2` �M/ Kv 7`B2M/b 7Q` bmTTQ`biBM; K2X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*PLh1Lha

T�;2
�"ah_�*h AL h>�A X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Bp
�"ah_�*h AL 1L:GAa> X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X p
�*ELPqG1.:1J1Lha X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X pB
*PLh1Lha X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X pBB
*>�Sh1_

A ALh_P.l*hAPL X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X �
AA S_1GAJAL�_A1a X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X�
AAA J�AL _1alGha X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X�
Ao h>1 S_P"G1J P6 h>1 �Gh1_L�hAo1 q�u hP *PLah_l*h

h>1 _1:APLa X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ��
o *PL*GlaAPLa �L. 6l_h>1_ _1a1�_*> X X X X X X X X X X X X X X X X X X X X X X ��

_161_1L*1a X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X��
oAh� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ��



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*>�Sh1_ A

ALh_P.l*hAPL

AM RNee- G2Q JQb2` Tm#HBb?2/ � MmK#2` Q7 T`Q#H2Kb- QM2 Q7 r?B+? Bb i?2 7QH@
HQrBM;, ǳq?�i Bb i?2 `2;BQM Q7 i?2 bK�HH2bi �`2� r?B+? rBHH �++QKKQ/�i2 2p2`v
mMBi �`+\ǴX h?Bb T`Q#H2K Bb �HbQ FMQrM �b ǳG2Q JQb2`Ƕb rQ`K T`Q#H2K ǴX �Hi?Qm;?
i?2`2 �`2 � HQi Q7 K�i?2K�iB+B�Mb r?Q ?�p2 BMp2biB;�i2/ i?Bb T`Q#H2K- i?2 T`Q#H2K
`2K�BMb mMbQHp2/ iQ i?Bb /�vX Ai Bb /B{+mHi iQ bQHp2 JQb2`Ƕb rQ`K T`Q#H2K rBi?Qmi
�Mv +QM/BiBQMb #2+�mb2 r2 /QMǶi FMQr i?2 T`QT2` bi`m+im`2 �M/ b?�T2 Q7 � `2;BQMX
6m`i?2`KQ`2- i?2 K2i?Q/b iQ T`Qp2 +�M #2 /B{+mHiX h?2`27Q`2- K�Mv `2b2�`+?2`b
7Q+mb QM +QM/BiBQMb BM r?B+? /BpB/2 i?2 T`Q#H2K BMiQ j +`Bi2`B� �b 7QHHQrb,

BX S�ii2`Mb Q7 i?2 +Qp2`X
lbBM; i?Bb +`Bi2`BQM- r2 +QMbB/2` i?2 `2;BQM �++Q`/BM; iQ Qm` BMi2`2biX 6Q`
BMbi�M+2-

Ĝ h?2 `2;BQM r?B+? +QMi�BMb mMBi �`+b Bb � i`B�M;H2X

Ĝ h?2 `2;BQM r?B+? +QMi�BMb mMBi �`+b Bb +QMp2tX

Ĝ h?2 `2;BQM r?B+? +QMi�BMb mMBi �`+b Bb rBi?Qmi +QM/BiBQMX

LQi2 i?�i � b2i B +�M #2 +Qp2`2/ #v b2i A B7 i?2`2 2tBbib �M BbQK2i`v f QM
R2 bm+? i?�i B ⊆ f(A)X

BBX h?2 r�vb iQ +Qp2`X
lM/2` i?Bb +`Bi2`BQM- r2 �`2 BMi2`2bi2/ BM i?2 r�vb iQ +Qp2`X 6Q` BMbi�M+2-

Ĝ �HHQr QMHv i`�MbH�iBQMX

Ĝ �HHQr i`�MbH�iBQM �M/ `Qi�iBQM #mi MQi ~BTTBM;X

Ĝ �HHQr i`�MbH�iBQM- `Qi�iBQM �M/ ~BTTBM;X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

k

BBBX S�ii2`Mb Q7 �`+ iQ #2 +Qp2`2/X
q2 +QMbB/2` �`+b �++Q`/BM; iQ Qm` BMi2`2biX 6Q` BMbi�M+2-

Ĝ *HQb2/ �`+bX

Ĝ *QMp2t �`+bX

Ĝ �`#Bi`�`v �`+bX

PM2 Q7 i?2 2�bB2bi �TT`Q�+?2b iQ }M/ i?2 bK�HH2` +Qp2`b Bb iQ mb2 i?2 KQbi
`2+2Mi `2;BQMb Q7 Qi?2` rQ`Fb i?�i �`2 r2HH@bmTTQ`i2/ #v H2KK�b �b `272`2M+2b iQ
BKT`Qp2 7m`i?2` �M/ }M/ i?2 bK�HH2` `2;BQMX

L2ti- r2 rBHH /2KQMbi`�i2 i?2 `2;BQMb r?B+? +�M +Qp2` 2p2`v mMBi �`+bX
AM RNdj- CX :2``B2ib �M/ :X SQQH2 (R) +`2�i2/ i?2 +QMp2t `2;BQM r?B+? Bb � `?QK@

#mb Ub22 6B;m`2 RXRVX h?Bb `2;BQM ?�b �`2� �TT`QtBK�i2Hv yXk3eRyX

6B;m`2 RXR, h?2 +QMp2t `2;BQM Q7 CX :2``B2ib �M/ :X SQQH2X

AM RNNk- _X LQ`rQQ/- :X SQQH2- �M/ JX G�B/�+F2` (k) +`2�i2/ i?2 +QMp2t `2;BQM
r?B+? r�b KQ/B}2/ 7`QK i?2 `?QK#mb Q7 CX :2``B2ib �M/ :X SQQH2 Ub22 6B;m`2 RXkVX
h?Bb `2;BQM ?�b �`2� �TT`QtBK�i2Hv yXkd8k9X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

j

6B;m`2 RXk, h?2 +QMp2t `2;BQM Q7 _X LQ`rQQ/- :X SQQH2- �M/ JX G�B/�+F2`X

AM kyyj- _X LQ`rQQ/ �M/ :X SQQH2 (j) +`2�i2/ i?2 +QMp2t `2;BQM �M/ i?2 MQM@
+QMp2t `2;BQMX h?2v +QMbi`m+i2/ i?2 +QMp2t `2;BQM 7`QK i?2 MQM@+QMp2t `2;BQMX
h?Bb MQM@+QMp2t `2;BQM +�M +Qp2` 2p2`v mMBi �`+b- r?Qb2 �`2� Bb �TT`QtBK�i2Hv
yXkey99 Ub22 6B;m`2 RXjVX 6Q` i?2 +QMp2t `2;BQM- i?Bb `2;BQM ?�b �`2� �TT`QtB@
K�i2Hv yXkdj3R Ub22 6B;m`2 RX9VX

6B;m`2 RXj, h?2 MQM@+QMp2t `2;BQM
Q7 _X LQ`rQQ/ �M/ :X SQQH2X

6B;m`2 RX9, h?2 +QMp2t `2;BQM Q7 _X LQ`@
rQQ/ �M/ :X SQQH2X

AM kyye- qX q�M; (d) +`2�i2/ i?2 +QMp2t `2;BQM Ub22 6B;m`2 RX8VX h?Bb `2;BQM
?�b �`2� �TT`QtBK�i2Hv yXkdyNRX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

9

6B;m`2 RX8, h?2 +QMp2t `2;BQM Q7 qX q�M;X

AM kyR3- LX SHQvK�FH�K �M/ qX qB+?B`�K�H� (e) +`2�i2/ i?2 MQM@+QMp2t `2@
;BQM- KQ/B}2/ 7`QK i?2 +Qp2` #v LQ`rQQ/ �M/ SQQH2 Ub22 6B;m`2 RXeVX h?Bb `2;BQM
Bb +m``2MiHv bK�HH2biX h?2 mTT2` #QmM/�`v Q7 i?Bb `2;BQM Bb �M 2HHBTiB+ �`+ BMbi2�/
Q7 � +B`+mH�` �`+X h?Bb `2;BQM ?�b �`2� �TT`QtBK�i2Hv yXkeyydX

6B;m`2 RXe, h?2 MQM@+QMp2t `2;BQM Q7 LX SHQvK�FH�K �M/ qX qB+?B`�K�H�X

AM kyRN- *X S�M`�Fb� �M/ qX qB+?B`�K�H� +`2�i2/ i?2 +QMp2t `2;BQM Ub22 6B;m`2
RXd VX h?Bb `2;BQM Bb � 30◦ +B`+mH�` b2+iQ` Q7 mMBi `�/BmbX h?Bb `2;BQM ?�b �`2�
�TT`QtBK�i2Hv yXkeR3yX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8

6B;m`2 RXd, h?2 +QMp2t `2;BQM Q7 *X S�M`�Fb� �M/ qX qB+?B`�K�H�X

AM i?Bb rQ`F- r2 �`2 BMi2`2bi2/ BM MQM@+QMp2t `2;BQMb QM R2X 6Q` i?2 T�ii2`Mb Q7
�`+b �M/ i?2 r�vb iQ +Qp2`- i?2v +�M #2 �Mvi?BM;X AM i?2 +�b2 Q7 +QMp2t +Qp2`b- i?2
"H�b+?F2 b2H2+iBQM i?2Q`2K ;m�`�Mi22b i?2 2tBbi2M+2 Q7 bm+? � bQHmiBQMX q2 KQ/B7v
i?2 +Qp2`b BM (j) �M/ (e) #v `2TH�+BM; i?2 mTT2` #QmM/�`v rBi? i?2 ;`�T?b Q7 +QMB+
b2+iBQMb �M/ +QbBM2X h?2 /2i�BHb Q7 i?2b2 ;`�T?b rBHH #2 /2b+`B#2/ BM *?�Ti2` AAAX
>Qr2p2`- Qm` rQ`F 7Q+mb2b QM +QMbi`m+iBM; M2r `2;BQMb rBi? M2r mTT2` #QmM/�`B2b
`�i?2` i?�M }M/BM; i?2 M2r bK�HH2bi �`2� Q7 i?2 `2;BQM +QKT�`2/ iQ i?2 +m``2Mi
#v i?2 bK�HH2bi QM2X h?mb- Qm` T`QTQb2/ `2;BQMb /Q MQi ;m�`�Mi22 i?�i i?2v �`2
i?2 bK�HH2bi �`2�X

AM *?�Ti2` AA- r2 `2+�HH bQK2 #�bB+ /2}MBiBQMb �M/ B/2�b Q7 i?2 +QMbi`m+iBQM BM
i?2 HBi2`�im`2X

AM *?�Ti2` AAA- r2 /2KQMbi`�i2 i?2 +QMbi`m+iBQM +QM+2Ti Q7 i?2 M2r `2;BQMb
bi�`iBM; 7`QK i?2 mTT2` #QmM/�`v �M/ +QMbi`m+i � M2r +Qp2`BM; b2i i?�i +QMi�BMb
� +QM;`m2Mi +QTv Q7 2p2`v mMBi �`+ QM i?2 TH�M2X

AM *?�Ti2` Ao- r2 b?Qr i?2 +QM+2Ti Q7 +QMbi`m+iBQM Q7 i?2 M2r `2;BQMb bi�`iBM;
7`QK i?2 HQr2` #QmM/�`v �M/ i?2 T`Q#H2Kb Q7 +QMbi`m+iBM; i?2 M2r `2;BQM 7`QK
i?2 HQr2` #QmM/�`vX

AM i?2 H�bi +?�Ti2`- r2 T`QpB/2 +QM+HmbBQMb �M/ 7m`i?2` `2b2�`+? �#Qmi i?Bb
rQ`FX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*>�Sh1_ AA

S_1GAJAL�_A1a

AM i?Bb +?�Ti2`- r2 `2+�HH bQK2 /2}MBiBQMb mb2/ BM i?Bb rQ`FX 6B`bi- r2 BMi`Q/m+2
/2}MBiBQMb �#Qmi +QMp2t b2ib �M/ �`+b `2H�i2/ iQ i?Bb rQ`FX

.2}MBiBQM kXRX � b2i A Bb b�B/ iQ #2 +QMp2t B7 7Q` 2p2`v TQBMib x �M/ y BM A- i?2
b2;K2Mi xy ⊆ AX

h?2 M2ti /2}MBiBQMb �`2 i?2 /2}MBiBQM �#Qmi �`+X

.2}MBiBQM kXkX .2}M2 i?2 +QMiBMmQmb 7mM+iBQM λ : [−1, 1] → R2 iQ #2 �M �`+ �M/
l(λ) iQ #2 i?2 H2M;i? Q7 �M �`+X A7 l(λ) = 1- λ Bb +�HH2/ � mMBi �`+X LQi2 i?�i �M
�`+ λ `272`b iQ i?2 b2i [0, 1]X

.2}MBiBQM kXjX A7 #Qi? 2M/ TQBMib Q7 �M �`+ λ �`2 i?2 b�K2 TQBMi- i?2M λ Bb +�HH2/
� +HQb2/ �`+X

.2}MBiBQM kX9X �M �`+ γ Bb +�HH2/ bBKTH2 B7 γ Bb MQi b2H7@BMi2`b2+iBM;X q?2`2�b �
bBKTH2 �`+ Bb +�HH2/ bBKTH2 +HQb2/ B7 Bib bi�`iBM; TQBMi �M/ 2M/ TQBMi �`2 �HBF2X

.2}MBiBQM kX8X G2i A,A′ �M/ B #2 b2ib BM R2X A′ Bb b�B/ iQ #2 � +QM;`m2Mi +QTv
Q7 A B7 i?2`2 2tBbib �M BbQK2i`v f QM R2 bm+? i?�i f(A) = A′X � b2i B +�M #2
+Qp2`2/ #v b2i A B7 i?2`2 2tBbib � +QM;`m2Mi +QTv B r?B+? Bb � bm#b2i Q7 AX

aQK2 B/2�b Q7 i?2 +QMbi`m+iBQM BM i?2 HBi2`�im`2
q2 rBHH b?Qr i?2 `2;BQM Q7 LQ`rQQ/- SQQH2- �M/ G�B/�+F2`X h?2 `2;BQM Q7

LQ`rQQ/- SQQH2- �M/ G�B/�+F2` r�b �/�Ti2/ 7`QK i?2 `2;BQM Q7 :2``B2ib �M/ SQQH2X
AM i?2 rQ`F Q7 :2``B2ib �M/ SQQH2- i?2 `2;BQM Bb i?2 `?QK#mb r?B+? r�b +QKTQb2/
Q7 irQ �/D�+2Mi 2[mBH�i2`�H i`B�M;H2b rBi? bB/2b Q7 H2M;i?

√
3

3
X h?Bb `?QK#mb ?�/

irQ 2M/ TQBMib
(
−1

2
, 0

)
�M/

(
1

2
, 0

)
X JQ`2Qp2`- Bi T�bb2/ i?`Qm;? TQBMib C ′ �M/

V r?B+? HB2 QM y@�tBb- �b b?QrM BM 6B;m`2 kXRX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d

LQ`rQQ/- SQQH2- �M/ G�B/�+F2` KQ/B}2/ i?2 `2;BQM Q7 :2``B2ib �M/ SQQH2 #v
bMBTTBM; Qz QM2 +Q`M2` Q7 i?2 `?QK#mbX h?mb- i?2 `2;BQM Q7 LQ`rQQ/- SQQH2- �M/
G�B/�+F2` +QMi�BMb � 60ê@b2+iQ` rBi? `�/Bmb yX8 U

!
DV BVX 6B;m`2 kXk /2KQMbi`�i2b

i?2 `2;BQM Q7 LQ`rQQ/- SQQH2- �M/ G�B/�+F2`X

6B;m`2 kXR, h?2 +QMp2t `2;BQM Q7
CX :2``B2ib �M/ :X SQQH2X

6B;m`2 kXk, h?2 `2;BQM Q7 LQ`rQQ/-
SQQH2- �M/ G�B/�+F2`X

q2 rBHH b?Qr i?2 `2;BQM Q7 LQ`rQQ/ �M/ SQQH2X h?2 `2;BQM Q7 LQ`rQQ/ �M/
SQQH2 +QMi�BM2/ irQ T�`ib r?B+? �`2 i?2 mTT2` �M/ i?2 HQr2` #QmM/�`B2bX h?2
mTT2` #QmM/�`v Bb i?2 +B`+mH�` �`+ Q7 i?2 2[m�iBQM x2 + (y − c)2 = r2 r?2`2
−1

2
≤ x ≤ 1

2
- T�bbBM; i?`Qm;? i?2 TQBMib

(
−1

2
, 0

)
,

(
1

2
, 0

)
�M/ (0, t)X h?2M Bi +�M

+QM+Hm/2 i?�i c = t2 − 1

4
�M/ r = t−

t2 − 1
4

2t
X 6Q` i?2 HQr2` #QmM/�`v- Bi +QMbBbi2/

Q7

RX i?2 mMBQM Q7 irQ T�`�#QHB+ �`+b r?B+? �`2

Ç i?2 `B;?i T�`�#QHB+ �`+ Bb i?2 ;`�T? y =
√
2wx+ w2 + c r?2`2 0 ≤ x ≤

0.37046 �M/ w = r − 1

2

Ç i?2 H27i T�`�#QHB+ �`+ Bb i?2 `2~2+iBQM Q7 i?2 i?2 `B;?i T�`�#QHB+ �`+
�+`Qbb i?2 y@�tBb

kX i?2 +B`+mH�` �`+ +�K2 7`QK i?2 `2~2+iBQM Q7 i?2 +B`+mH�` mTT2` #QmM/�`v Qp2`
i?2 x@�tBb r?2`2 x > 0.37046X

6B;m`2 kXj BHHmbi`�i2b i?2 `2;BQM i?�i +�M +QMi�BM 2p2`v mMBi �`+ T`QTQb2/ #v
LQ`rQQ/ �M/ SQQH2X Ai Bb Q#pBQmb i?�i i?2 mTT2` �M/ HQr2` #QmM/�`v Q7 i?2



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3

`2;BQM b?QrM BM 6B;m`2 kXj /2T2M/b QM p�`B�#H2 tX h?2 �TT`QtBK�i2/ p�Hm2 Q7 t Bb
yXR8kdN38 bm+? i?�i i?2 `2;BQM b�iBb}2b bQK2 T`QT2`iB2bX JQ`2Qp2`- i?Bb p�Hm2 Q7
t `2bmHib BM i?2 bK�HH2bi �`2� Q7 i?2 `2;BQMX h?2 B/2� Q7 i?Bb +QMbi`m+iBQM rBHH #2
/2b+`B#2/ KQ`2 BM *?�Ti2` jX

6B;m`2 kXj, h?2 `2;BQM Q7 LQ`rQQ/ �M/ SQQH2X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*>�Sh1_ AAA

J�AL _1alGha

AM i?2 rQ`Fb Q7 (j) �M/ (e)- i?2 �mi?Q`b +QMbi`m+i2/ MQM@+QMp2t `2;BQMb iQ +Qp2`
2p2`v mMBi �`+X h?2v bi�`i2/ #v +`2�iBM; i?2 mTT2` #QmM/�`v �M/ i?2M 7Q`K i?2
HQr2` #QmM/�`v r?B+? T`QpB/2b i?2 BKTQ`i�Mi T`QT2`iB2b 7Q` i?2 T`QQ7X h?2 mTT2`
#QmM/�`B2b BM i?2b2 irQ rQ`Fb �`2 /Bz2`2MiX AM (j)- i?2v T`QTQb2/ i?2 iQT #QmM/�`v
mbBM; i?2 �`+ Q7 � +B`+H2 rBi? i?2 2[m�iBQM x2+(y−c)2 = r2 r?2`2 −1

2
≤ x ≤ 1

2
�M/

T�bbBM; i?`Qm;? i?2 TQBMi
(
−1

2
, 0

)
�M/

(
1

2
, 0

)
- �b i?2 `B;?i ?�H7 Q7 i?2 #QiiQK

#QmM/�`v +QMbBbib Q7 � T�`�#QHB+ �`+ �M/ � +B`+mH�` �`+X q?BH2 (e) T`2b2Mi2/ i?2 iQT

#QmM/�`v mbBM; i?2 2HHBTiB+ �`+ rBi? i?2 2[m�iBQM
(x
a

)2
+

(
y − yc

b

)2

= 1 r?2`2

−1

2
≤ x ≤ 1

2
�M/ T�bbBM; i?`Qm;? i?2 TQBMi

(
−1

2
, 0

)
�M/

(
1

2
, 0

)
X h?2`27Q`2- r2

rQmH/ HBF2 iQ }M/ i?2 Qi?2` b?�T2b Q7 i?2 mTT2` #QmM/�`v r?B+? /Bz2` 7`QK (j)
�M/ (e)X L2ti b2+iBQM r2 b?Qr i?2 bi2Tb Q7 +QMbi`m+iBQM 7Q` Qm` T`QTQb2/ `2;BQMb
#�b2/ QM i?2 B/2�b 7`QK (j) �M/ (e)X

jXR *QMbi`m+iBQM Q7 C∗

q2 +QMbi`m+i i?2 M2r `2;BQM M�K2/ C∗ #�b2/ QM i?2 B/2� 7`QK (j)X hQ +QMbi`m+i
C∗- }`bi r2 +QMbB/2` i?2 7mM+iBQM Q7 i?2 mTT2` #QmM/�`v- b�vb f r?2`2 f +QMi�BMb
i?2 TQBMib

(
−1

2
, 0

)
�M/

(
1

2
, 0

)
X

6Q` i?2 +QMbi`m+iBQM Q7 i?2 HQr2` #QmM/�`v- r2 +QMbB/2` i?2 `B;?i ?�H7 Q7 i?2
HQr2` #QmM/�`vX h?2 Qi?2` ?�H7 Bb i?2 `2~2+iBQM Q7 i?2 `B;?i ?�H7 Q7 i?2 HQr2`
#QmM/�`v �#Qmi i?2 y@�tBbX q2 +QMbi`m+i i?2 `B;?i ?�H7 Q7 i?2 HQr2` #QmM/�`v
g BM Q`/2` iQ ?�p2 i?2 bT2+B}+ T`QT2`ivX h?�i Bb- MQ ?�H7 Q7 � mMBi �`+ bi�`iBM;
7`QK y@�tBb +�M iQm+? i?2 #QiiQK Q7 i?2 `2;BQM �M/ i?2M 2b+�T2 i?2 iQT Q7 i?2
`2;BQMX q2 /2}M2 i?2 HQ+mb Q7 TQBMib (x̄, ȳ) #v L- r?B+? i?2 bmK Q7 i?2 KBMBKmK



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ry

/Bbi�M+2 7`QK i?2 y@�tBb iQ L �M/ i?2 KBMBKmK /Bbi�M+2 7`QK (x̄, ȳ) iQ i?2 �`+
Q7 i?2 7mM+iBQM f Bb 1

2
X h?2`27Q`2- i?2 bi`�B;?i HBM2 T�bbBM; i?`Qm;? TQBMi (x, y)

�M/ (x̄, ȳ) Kmbi #2 T2M/2M/B+mH�` iQ i?2 mTT2` #QmM/�`v r?B+? ?�b � bHQT2 2[m�Hb
f ′(x)X 6Q`K i?Bb T`QT2`iv- r2 ?�p2 i?2 2[m�iBQM �b 7QHHQrb,

x̄+
√

(x− x̄)2 + (y − ȳ)2 =
1

2
�M/ y − ȳ

x− x̄
=

−1

f ′(x)
r?2`2 (x, y) ∈ f.

JQ`2Qp2`- i?2 /Bbi�M+2 Q7 �Mv �`+ 7`QK i?2 Q`B;BM iQ i?2 iQT Q7 i?2 `2;BQM �M/ i?2M
;Q2b #�+F iQ K22i i?2 #QiiQK Q7 i?2 `2;BQM Bb ;`2�i2` i?�M 1

2
Ub22 6B;m`2 jXRVX

6B;m`2 jXR, *QMbi`m+iBQM Q7 C∗X

G2i l(x) #2 i?2 7mM+iBQM Q7 ;`�T? L r?2`2 0 ≤ x ≤ 1

2
X h?2 HQr2` #QmM/�`v Q7

Qm` T`QTQb2/ `2;BQM Bb /2}M2/ #v g(x) = KBM (l(x),−f(x)) Ub22 6B;m`2 jXkVX

6B;m`2 jXk, h?2 HQr2` #QmM/�`vX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

RR

jXk S`QT2`iB2b Q7 i?2 +Qp2` C∗

G2i γ #2 � mMBi �`+ rBi? KB/TQBMi m QM i?2 y@�tBbX 6`QK i?2 +QMbi`m+iBQM rBi?
bT2+B}+ +QMbi�Mib- r2 ;2i i?2 `2H�iBQMb #2ir22M i?2 mTT2` #QmM/�`v �M/ i?2 HQr2`
#QmM/�`v Q7 C∗ �b 7QHHQrb,

Ç h?2 b?Q`i2bi /Bbi�M+2 7`QK i?2 y@�tBb iQ i?2 HQr2` #QmM/�`v �M/ i?2M K22ib
i?2 mTT2` #QmM/�`v Bb �i H2�bi 1

2
X h?mb- r2 ?�p2 i?2 7QHHQrBM; T`QT2`ivX

S`QT2`iv �, LQ ?�H7 Q7 γ +�M iQm+? i?2 #QiiQK Q7 C∗ �M/ i?2M 2b+�T2b i?2
iQT Q7 C∗ Ub22 6B;m`2 jXjVX

6B;m`2 jXj, S`QT2`iv �X

Ç h?2 b?Q`i2bi /Bbi�M+2 7`QK i?2 Q`B;BM iQ i?2 mTT2` #QmM/�`v �M/ i?2M K22ib
i?2 HQr2` #QmM/�`v Bb �i H2�bi 1

2
X h?mb- r2 ?�p2 i?2 7QHHQrBM; T`QT2`ivX

S`QT2`iv ", LQ ?�H7 Q7 γ r?Qb2 KB/TQBMi Bb #2HQr i?2 Q`B;BM +�M iQm+? i?2
iQT Q7 C∗ �M/ i?2M 2b+�T2b i?2 #QiiQK Q7 C∗ Ub22 6B;m`2 jX9VX

6B;m`2 jX9, S`QT2`iv "X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Rk

q2 +QMbi`m+i i?2 `2;BQM i?�i b�iBb}2b S`QT2`iv � �M/ S`QT2`iv "X >2M+2- r2
+�M �TTHv i?2 B/2� Q7 i?2 T`QQ7 Q7 LQ`rQQ/ �M/ SQQH2 BM (j) �M/ SHQvK�FH�K �M/
qB+?B`�K�H� BM (e) iQ b?Qr i?�i i?2 `2;BQM +�M +Qp2` 2p2`v mMBi �`+X A7 i?2 `2;BQM
/Q2b MQi b�iBb7v S`QT2`iv � �M/ S`QT2`iv "- r2 +�MMQi ;m�`�Mi22 i?�i i?2 `2;BQM
+�M +Qp2` 2p2`v mMBi �`+X h?2`27Q`2- Qm` T`QTQb2/ `2;BQMb M22/ iQ b�iBb7v S`QT2`iv
� �M/ S`QT2`iv "X

jXj h?2 `2;BQMb b�iBb7v S`QT2`iv �

L2ti- r2 T`2b2Mi i?2 `2;BQMb i?�i r2 BMp2biB;�i2/ BM i?Bb `2b2�`+?X LQi2 i?�i
�HH `2;BQMb b�iBb7v S`QT2`iv � �M/ r2 b?Qr QMHv i?2 `B;?i ?�H7 Q7 i?2 `2;BQMbX h?2
H27i ?�H7 Q7 i?2 `2;BQMb +QK2b 7`QK i?2 `2~2+iBQM Q7 i?2 `B;?i ?�H7 �#Qmi i?2 y@�tBbX

RX h?2 mTT2` #QmM/�`v Bb � +B`+mH�` �`+X
1[m�iBQM, (x− x0)

2 + (y − y0)
2 = r2 r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;? i?2

TQBMi
(
1

2
, 0

)
X h?2 HQr2` #QmM/�`v Bb /2b+`B#2/ BM �TT2M/Bt kXRX

6B;m`2 jX8 b?Qrb i?2 `2;BQM rBi? i?2 +B`+mH�` mTT2` #QmM/�`v r?2`2 x0 =

0, r = 0.89447, y0 = −0.5
√

−1 + 4r2 + 4x0 − 4x2
0X

6B;m`2 jX8, i?2 `2;BQM rBi? i?2 +B`+mH�` mTT2` #QmM/�`vX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Rj

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv
"X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2� �TT`QtB@
K�i2Hv yXkey9jdX

kX h?2 mTT2` #QmM/�`v Bb �M 2HHBTiB+ �`+X

1[m�iBQM,
(
x− x0

a

)2

+

(
y − y0

b

)2

= 1 r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;?

i?2 TQBMi
(
1

2
, 0

)
X h?2 HQr2` #QmM/�`v Bb /2b+`B#2/ BM �TT2M/Bt kXkX

6B;m`2 jXe b?Qrb i?2 `2;BQM rBi? i?2 2HHBTiB+ mTT2` #QmM/�`v r?2`2 a =

1.95272, b = 4.58588, x0 = 0, y0 = −
b
√

a2 − (0.5− x0)2

a
X

6B;m`2 jXe, h?2 `2;BQM rBi? �M 2HHBTiB+ mTT2` #QmM/�`vX

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv
"X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2� �TT`QtB@
K�i2Hv yXkeyydX

jX h?2 mTT2` #QmM/�`v Bb � T�`�#QHB+ �`+X
1[m�iBQM R, (x − x0)

2 = 4c(y − y0) r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;? i?2

TQBMi
(
1

2
, 0

)
X h?2 HQr2` #QmM/�`v Bb /2b+`B#2/ BM �TT2M/Bt kXjX

6B;m`2 jXd b?Qrb i?2 `2;BQM rBi? i?2 T�`�#QHB+ mTT2` #QmM/�`v r?2`2 x0 =

−0.4, c = −0.77, y0 = −(0.5− x0)2

4c
X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R9

6B;m`2 jXd, h?2 `2;BQM rBi? i?2 T�`�#QHB+ Q7 i?2 1[m�iBQM R mTT2` #QmM/�`vX

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv
"X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2� �TT`QtB@
K�i2Hv yXkdy8RRX AM �//BiBQM- r2 +�M ;2i � bK�HH2` `2;BQM +QKT�`2/ iQ 6B;m`2
jXd #v bMBTTBM; Qz QM2 Q7 i?2 +Q`M2`b Q7 i?2 `2;BQMX .2i�BHb Q7 bMBTTBM; Qz
rBHH #2 T`2b2Mi2/ BM i?2 M2ti b2+iBQMX

1[m�iBQM k, (y − y0)
2 = 4c(x − x0) r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;? i?2

TQBMi
(
1

2
, 0

)
X h?2 HQr2` #QmM/�`v Bb /2b+`B#2/ BM �TT2M/Bt kX9X

6B;m`2 jX3 b?Qrb i?2 `2;BQM rBi? i?2 T�`�#QHB+ mTT2` #QmM/�`v r?2`2 x0 =

1, c = −0.17, y0 = −
√
2c− 4cx0X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R8

6B;m`2 jX3, h?2 `2;BQM rBi? i?2 T�`�#QHB+ Q7 i?2 1[m�iBQM k mTT2` #QmM/�`vX

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv
"X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2� �TT`QtB@
K�i2Hv yXkdeNejX

9X h?2 mTT2` #QmM/�`v Bb � ?vT2`#QHB+ �`+

1[m�iBQM R,
(
y − y0

b

)2

−
(
x− x0

a

)2

= 1 �M/ T�bb i?`Qm;? i?2 TQBMi
(
1

2
, 0

)
X

h?2 HQr2` #QmM/�`v Bb /2b+`B#2/ BM �TT2M/Bt kX8X
6B;m`2 jXN b?Qrb i?2 `2;BQM rBi? i?2 T�`�#QHB+ mTT2` #QmM/�`v r?2`2 x0 =

0, a = 5.35, b = 35.4, y0 =
b
√

1 + 4a2 − 4x0 + 4x2
0

2a
X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Re

6B;m`2 jXN, h?2 `2;BQM rBi? i?2 ?vT2`#QHB+ Q7 i?2 1[m�iBQM R mTT2` #QmM/�`vX

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv
"X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2� �TT`QtB@
K�i2Hv yXkeykNNX

1[m�iBQM k,
(
x− x0

a

)2

−
(
y − y0

b

)2

= 1X
AM i?Bb +�b2- r2 +�M /2}M2 i?2 2[m�iBQM Q7 i?Bb mTT2` #QmM/�`v �b(

x− x0

a

)2

−
(
y − y0

b

)2

= 1 r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;? i?2 TQBMi

(
1

2
, 0

)
X 6Q` i?2 HQr2` #QmM/�`v- r2 mb2 J�i?2K�iB+� iQ }M/ i?2 HQr2`

#QmM/�`v i?�i b�iBb}2b S`QT2`iv �X �Hi?Qm;? r2 +�M }M/ i?2 ;2M2`�H 7Q`K
Q7 i?2 HQr2` #QmM/�`v- r2 ?�p2 � T`Q#H2K iQ }M/ i?2 +QMbi�Mib i?�i K�F2
i?2 `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv "X

8X h?2 mTT2` #QmM/�`v Bb � ;`�T? Q7 +QbBM2X
1[m�iBQM, y = a +Qb bx + k r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;? i?2 TQBMi

(
1

2
, 0

)
X h?2 HQr2` #QmM/�`v Bb /2b+`B#2/ BM �TT2M/Bt kX8X

6B;m`2 jXRy b?Qrb i?2 `2;BQM rBi? � ;`�T? Q7 +QbBM2 mTT2` #QmM/�`v r?2`2
a = 25, b = 0.22144, k = −a +Qb b

2
X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Rd

6B;m`2 jXRy, h?2 `2;BQM rBi? � ;`�T? Q7 +QbBM2 mTT2` #QmM/�`vX

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv
"X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2� �TT`QtB@
K�i2Hv yXkeyyNX

1�+? `2;BQM Bb +QMbi`m+i2/ #�b2/ QM i?2 �#Qp2 B/2�X q2 2tT2`BK2Mi QM b2p2`�H
7mM+iBQMb 7Q` i?2 mTT2` #QmM/�`vX 1�+? Q7 i?2b2 7mM+iBQMb T`QpB/2b � `2;BQM rBi?
i?2 HQr2` #QmM/�`v 2[m�iBQM BM r?B+? b�iBb}2b bQK2 +2`i�BM T`QT2`iB2bX h?2`27Q`2-
r2 rQmH/ HBF2 iQ }M/ i?2 p�Hm2b Q7 i?2 �#Qp2 7mM+iBQMb BM Q`/2` iQ ;Bp2 i?2 bK�HH2bi
�`2� Q7 i?2 `2;BQMX

jX9 h?2 bMBTTBM; Qz Q7 i?2 mTT2` #QmM/�`v

q2 b?Qr i?2 �/�Ti�iBQM Q7 Qm` T`QTQb2/ `2;BQMb BM Q`/2` iQ ;2i i?2 bK�HH2`
`2;BQMbX h?2 B/2� Q7 �/�Ti�iBQM Bb #v bMBTTBM; Qz i?2 T2�F Q7 i?2 `2;BQMbX q2
�TTHv i?Bb B/2� 7`QK LQ`rQQ/- SQQH2 �M/ G�B/�+F2` (k)X AM �//BiBQM- i?2 �/�Ti2/
`2;BQMb biBHH b�iBb7v S`QT2`iv � �M/ S`QT2`iv " �7i2` KQ/B}+�iBQMX hQ bMBT i?2
T2�F Qz- r2 mb2 � +B`+mH�` �`+ rBi? i?2 +2Mi2` �i i?2 p2`i2t Q7 i?2 HQr2` #QmM/�`v
�M/ `�/Bmb 1

2
�b i?2 rQ`F Q7 LQ`rQQ/- SQQH2 �M/ G�B/�+F2`X h?2 `2�bQM i?�i r2 mb2

i?Bb �`+ Bb i?�i r2 r�Mi i?2 KQ/B}2/ `2;BQMb biBHH b�iBb7vBM; S`QT2`iv �X >Qr2p2`-



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R3

�7i2` i?2 KQ/B}+�iBQM- r2 ?�p2 iQ +�H+mH�i2 i?2 b?Q`i2bi /Bbi�M+2 7`QK i?2 Q`B;BM
iQ i?2 KQ/B}2/ mTT2` #QmM/�`v �M/ i?2M ;Q #�+F iQ i?2 HQr2` #QmM/�`vX h?2
/Bbi�M+2 Kmbi #2 ;`2�i2` i?�M 1

2
BM Q`/2` iQ K�F2 bm`2 i?�i i?2 KQ/B}2/ `2;BQMb

b�iBb7v S`QT2`iv "X
L2ti- r2 BHHmbi`�i2 �M 2t�KTH2 Q7 i?2 KQ/B}2/ `2;BQMb r?2`2 Bi biBHH b�iBb}2b

S`QT2`iv � �M/ S`QT2`iv "X
h?2 T�`�#QHB+ mTT2` #QmM/�`v Bb bMBTT2/ Qz Bib T2�FX h?2 2[m�iBQM Q7 T�`�#QHB+

mTT2` #QmM/�`v Bb (x− x0)
2 = 4c(y − y0) r?2`2 0 ≤ x ≤ 1

2
�M/ T�bb i?`Qm;? i?2

TQBMi
(
1

2
, 0

)
X h?2 7Q`K Q7 HQr2` #QmM/�`v +�M #2 b22M BM �TT2M/Bt kXeX 6B;m`2

jXRR b?Qrb i?Bb `2;BQM r?2`2 x0 = −0.4, c = −0.77, y0 = −(0.5− x0)2

4c
X

6B;m`2 jXRR, h?2 bMBTTBM; Qz Q7 i?2 T�`�#QHB+ mTT2` #QmM/�`vX

AM i?Bb +�b2- i?2b2 +QMbi�Mib �`2 +�mb2/ #v i?2 `2;BQM b�iBb7vBM; S`QT2`iv �
�M/ S`QT2`iv "X h?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " r?B+? ?�b �`2�
�TT`QtBK�i2Hv yXkedeejX

jX8 h?2 mTT2` #QmM/�`v `2T`2b2Mi2/ #v i?2 ;`�T? Q7 +QbBM2

Ai +�M #2 +H2�`Hv b22M i?�i KQbi Q7 T`2pBQmb rQ`Fb +QMbi`m+i2/ i?2 mTT2` #QmM/@
�`v mbBM; +B`+mH�` �`+ �M/ 2HHBTiB+�H �`+X h?mb- r2 r�Mi iQ }M/ i?2 mTT2` #QmM/�`v



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

RN

r?B+? Bb MQi 7`QK +QMB+ b2+iBQMX 6BM�HHv- r2 +QK2 mT rBi? i?2 ;`�T? Q7 +QbBM2X
AM i?Bb rQ`F- r2 T`2b2Mi i?2 mTT2` #QmM/�`v `2T`2b2Mi2/ #v i?2 ;`�T? Q7 +QbBM2
f(x) = a +Qb bx+ kX

PM2 Q7 Qm` `2;BQMb ?�b i?2 mTT2` #QmM/�`v /2}M2/ #v i?2 2[m�iBQM f(x) =

a +Qb bx + kX �++Q`/BM; iQ i?Bb mTT2` #QmM/�`v- r2 +QMbi`m+i i?2 HQr2` #QmM/�`v
bm+? i?�i i?2 `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv "X h?2 HQr2` #QmM/�`v +�M
#2 r`Bii2M �b g(x) = KBM (l(x),−f(x)) r?2`2 l(x) Bb i?2 7mM+iBQM Q7 i?2 HQ+mb Q7
TQBMi (x̄, ȳ)X JQ`2 i?2 /2i�BHb �M/ +�H+mH�iBQMb Q7 (x̄, ȳ) +�M #2 7QmM/ BM �TT2M/BtX
P#pBQmbHv- i?Bb mTT2` �M/ HQr2` #QmM/�`B2b /2T2M/ QM i?2 p�`B�#H2b a- b �M/ kX
A7 r2 �/Dmbi i?2 p�Hm2 Q7 a- b �M/ k- i?Bb T`Q+2bb rBHH �z2+i i?2 +?�`�+i2`BbiB+ Q7
i?2 mTT2` �M/ HQr2` #QmM/�`B2bX h?mb- i?2 �`2� Q7 `2;BQM rBHH #2 �z2+i2/ �b r2HHX
aBM+2 i?2 mTT2` #QmM/�`v f(x) = a +Qb bx+k T�bb2b i?`Qm;? i?2 TQBMi

(
1

2
, 0

)
- i?2

+QMbi�Mi k +�M #2 r`Bii2M BM i?2 7Q`K Q7 a �M/ bX h?�i Bb k = −a +Qb b
2

X h?2`27Q`2-
i?2`2 �`2 irQ BM/2T2M/2Mi p�`B�#H2b �z2+iBM; iQ i?2 �`2� r?B+? �`2 a �M/ bX hQ
}M/ i?2 bK�HH2bi �`2�- QM2 Q7 i?2 BM/2T2M/2Mi p�`B�#H2b M22/ iQ #2 }t2/X AM i?Bb
+�b2- r2 }t i?2 p�Hm2 Q7 a �M/ �/Dmbi i?2 p�Hm2 Q7 bX �HbQ- i?2 p�Hm2 Q7 p�`B�#H2 a

Bb �/Dmbi2/ mMiBH Bi H2�/b mb iQ i?2 bK�HH2bi �`2� Q7 i?2 `2;BQMX
q2 mb2 MmK2`B+�H +QKTmi�iBQM iQ }M/ i?2 p�Hm2b Q7 a- b �M/ kX h?mb- r2 Q#i�BM

a = 25- b = 0.22144 �M/ k = −24.8469X h?2 `B;?i ?�H7 Q7 i?2 HQr2` #QmM/�`v Q7
C∗ Bb /2}M2/ #v l(x) r?2`2 0 ≤ x ≤ 0.4324 �M/ #v −f(x) r?2`2 0.4324 ≤ x ≤ 0.5X
h?Bb ;Bp2b C∗ Q7 �`2� yXkeyyN Ub22 6B;m`2 jXRk VX

6B;m`2 jXRk, h?2 M2r `2;BQM C∗X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ky

q2 7QHHQr i?2 T`QQ7 Q7 LQ`rQQ/ �M/ SQQH2 BM (j) �M/ SHQvK�FH�K �M/ qB+?B@
`�K�H� BM (e) �M/ ;2i i?2 BKT`Qp2/ `2bmHiX

h?2Q`2K jXRX h?2 `2;BQM C∗ r?B+? ?�b �`2� �TT`QtBK�i2Hv yXkeyyN +�M +Qp2`
2p2`v mMBi �`+X

S`QQ7X q2 �bbmK2 i?�i γ Bb bBKTH2- BX2X- γ Bb MQM@b2H7 BMi2`b2+iBM;X hQ b?Qr i?�i C∗

+�M +Qp2` γ- r2 }`bi �bbmK2 i?�i γ +�MMQi }i BM C∗ �M/ i?2M }M/ � +QMi`�/B+iBQMX
G2i α �M/ β #2 i?2 irQ ?�Hp2b Q7 γX �bbmK2 i?�i γ +�MMQi }i BM C∗X q2

+QMbB/2` i?2 bBim�iBQM r?2`2 i?2 KB/TQBMi m �Hr�vb HB2b QM y@�tBbX q2 K�v `Qi�i2
�M/ KQp2 γ mMiBH Bi iQm+?2b i?2 #QiiQK Q7 C∗ �M/ γ Bb �#Qp2 i?2 #QiiQK Q7 C∗X

h?2 T`QQ7 Bb bTHBi BMiQ irQ +�b2b �++Q`/BM; iQ ?Qr γ iQm+?2b i?2 #QiiQK Q7 C∗X
*�b2 RX PMHv QM2 ?�H7 Q7 γ +�M iQm+? i?2 #QiiQK Q7 C∗X q2 +QMbB/2` i?2 bBim�iBQM
r?2M m Bb �b HQr �b TQbbB#H2- r2 +�HH i?Bb i?2 KBMBK�H TQbBiBQMBM; b+?2K2 R UJSa
RVX qBi?Qmi HQbb Q7 ;2M2`�HBiv- r2 +�HH i?�i ?�H7 βX amTTQb2 i?�i γ Bb MQi +Qp2`2/X
h?mb- i?2`2 �`2 bQK2 T�`ib Q7 γ r?B+? 2b+�T2 C∗X

*�b2 R�X �bbmK2 i?�i � T�`i Q7 β Bb MQi BM C∗X LQi2 i?�i r2 mb2 i?2 B/2�
7`QK LQ`rQQ/ �M/ SQQH2 BM (j) iQ T`Qp2 i?Bb +�b2X "v S`QT2`iv �- MQ ?�H7 Q7 γ +�M
iQm+? i?2 #QiiQK Q7 C∗ �M/ i?2M 2b+�T2 i?2 iQT Q7 C∗X h?mb- i?2 TQbbB#H2 TQbBiBQM
Q7 β Bb i?�i Bi Kmbi 2b+�T2 i?2 iQT Q7 C∗ �M/ i?2M #�+F iQ iQm+? i?2 #QiiQK Q7
C∗X "v S`QT2`iv "- m Kmbi #2 �#Qp2 i?2 Q`B;BM �M/ β ;2ib i?`Qm;? i?2 iQT Q7 C∗

#27Q`2 Bi iQm+?2b i?2 #QiiQK Q7 C∗ Ub22 6B;m`2 jXRjVX

6B;m`2 jXRj, β Bb MQi BM C∗ �M/ γ b�iBb}2b JSa RX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

kR

q2 MQr H2i C∗∗ #2 i?2 `2~2+iBQM Q7 C∗ �#Qmi i?2 x@�tBbX q2 /2}M2 i?2 MQi�iBQMb
mb2/ BM i?Bb rQ`F �b #2HQr,

Ç B∗ Bb i?2 #QiiQK Q7 C∗ �M/ B∗∗ Bb i?2 `2~2+iBQM Q7 B∗X

Ç T ∗ Bb i?2 iQT Q7 C∗ �M/ T ∗∗ Bb i?2 `2~2+iBQM Q7 T ∗X

Ç 6Q` TQBMib s �M/ t BM �`+ δ- � T�`i Q7 δ #2ir22M s �M/ t Bb +�HH2/ δstX

Ç G2i xp #2 i?2 /Bbi�M+2 7`QK y@�tBb iQ i?2 TQBMi pX

Ç G2i l(γst) #2 i?2 H2M;i? Q7 � T�`i Q7 γ 7`QK i?2 TQBMi s iQ i?2 TQBMi tX

*QMbB/2` r?2M γ /Q2b MQi +`Qbb B∗∗- r2 K�v KQp2 γ mTr�`/ iQ iQm+? B∗∗X
6`QK *�b2 R- r2 FMQr i?�i β Kmbi iQm+? }`biX h?2M α +�MMQi iQm+? B∗∗ }`biX Ai
Bb +H2�` i?�i m Bb #2ir22M i?2 Q`B;BM �M/ B∗∗X aBM+2 β iQm+?2b B∗∗- Bi +QMi`�/B+ib
iQ JSa RX h?Bb BKTHB2b i?�i β Kmbi +`Qbb #Qi? T ∗ �M/ B∗∗ Ub22 6B;m`2 jXR9VX

6B;m`2 jXR9, β Kmbi +`Qbb #Qi? T ∗ �M/ B∗∗X

L2ti- r2 KQp2 γ /QrMr�`/ mMiBH Bi iQm+?2b B∗∗- MQi +`QbbBM;X aBM+2 β iQm+?2b
B∗∗ �M/ 2b+�T2b T ∗∗ Ub22 6B;m`2 jXR8V- Bi +QMi`�/B+ib iQ T`QT2`iv �X h?2`27Q`2- β
Bb +Qp2`2/ #v C∗X



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

kk

6B;m`2 jXR8, β iQm+?2b B∗∗ �M/ 2b+�T2b T ∗∗X

*�b2 R"X �bbmK2 i?�i � T�`i Q7 α Bb MQi BM C∗X q2 FMQr i?�i α /Q2b MQi
iQm+? B∗∗X h?2M α Kmbi 2b+�T2 T ∗X G2i a #2 i?2 TQBMi bm+? i?�i α +`Qbb2b T ∗ �M/
H2i L1 #2 � i�M;2Mi HBM2 Q7 T ∗ �i TQBMi a Ub22 6B;m`2 jXReVX

6B;m`2 jXRe, α Bb MQi BM C∗ �M/ a Bb i?2 TQBMi bm+? i?�i α +`Qbb2b T ∗X

q2 K�v i`�MbH�i2 β mMiBH Bi iQm+?2b B∗∗X q?2M β iQm+?2b B∗∗- i?2`2 �`2 irQ
BM+B/2Mib i?�i +�M Q++m`X q2 �TTHv i?2 +QM+2Ti Q7 LQ`rQQ/ �M/ SQQH2 BM (j) �M/
SHQvK�FH�K �M/ qB+?B`�K�H� BM (e) iQ p�HB/�i2 i?2 }`bi �M/ i?2 b2+QM/ bm#+�b2b
�b 7QHHQrb- `2bT2+iBp2HvX

am#+�b2 R"UBVX β Bb BM C∗∗X A7 α Bb BM C∗∗- i?2M γ Bb +Qp2`2/ #v C∗∗X h?mb- r2



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

kj

+QMbB/2` r?2M α 2b+�T2b C∗∗X aBM+2 β Kmbi iQm+? C∗∗ }`bi- α Kmbi ;2i i?`Qm;?
T ∗∗X G2i b #2 � TQBMi bm+? i?�i α +`Qbb2b T ∗∗ Ub22 6B;m`2 jXRdVX

6B;m`2 jXRd, β Bb BM C∗∗ �M/ α ;2i
i?`Qm;? C∗∗X

6B;m`2 jXR3, αab /BpB/2b i?2 `2;BQM #2@
ir22M L1 �M/ L2X

q2 b22 i?�i B7 r2 KQp2 γ mT- i?2M L1 Bb �HbQ KQp2/ mTr�`/X aBM+2 i?2 Q`B;BM�H
TQbBiBQM Q7 β Bb +Qp2`2/ #v C∗- L1 /Q2b MQi +`Qbb βX "v i?2 �bbmKTiBQM- β /Q2b
MQi +`Qbb αabX G2i L2 #2 � i�M;2Mi HBM2 Q7 T ∗∗ �i TQBMi bX aBM+2 β Bb +Qp2`2/ #v
C∗∗- L2 /Q2b MQi +`Qbb βX q2 mb2 αab iQ /BpB/2 i?2 `2;BQM #2ir22M L1 �M/ L2 BMiQ
irQ T�`ibX h?mb- β Kmbi #2 BM 2Bi?2` Q7 i?2 irQ bB/2b Q7 b2T�`�i2/ `2;BQM #2+�mb2
γ Bb bBKTH2 Ub22 6B;m`2 jXR3VX

q2 `Qi�i2 γ r?BH2 m biBHH HB2b QM y@�tBb mMiBH i?2 bi`�B;?i HBM2 T�bbBM; i?`Qm;?
a �M/ b Bb ?Q`BxQMi�H �M/ β Bb �#Qp2 αabX L2ti- r2 KQp2 γ /QrM mMiBH Bi iQm+?2b
B∗X q2 b22 i?�i α Kmbi iQm+? B∗ }`bi- r?B+? Bb � +QMi`�/B+iBQMX h?mb- β Bb MQi
+Qp2`2/ #v C∗∗ Ub22 6B;m`2 jXRNVX
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6B;m`2 jXRN, a �M/ b �`2 ?Q`BxQMi�HX

am#+�b2 R"UBBVX β Bb MQi BM C∗∗X G2i c #2 � TQBMi r?2`2 β iQm+?2b B∗∗X "v
S`QT2`iv � �M/ S`QT2`iv "- m Bb #2HQr i?2 Q`B;BM �M/ β 2b+�T2b T ∗∗ �i � TQBMi d

�M/ i?2M iQm+?2b B∗∗ Ub22 6B;m`2 jXkyVX

6B;m`2 jXky, β Bb MQi BM C∗∗X

qBi?Qmi HQbb Q7 ;2M2`�HBiv- bmTTQb2 i?�i α Bb QM i?2 H27i Q7 βcdX q2 b22 i?�i α

+�MMQi #2 �#Qp2 c #2+�mb2 B7 r2 i`�MbH�i2 γ mTr�`/ mMiBH Bi iQm+?2b B∗∗- β Kmbi
iQm+? B∗∗ }`biX aBKBH�`Hv- r2 ;2i α i?�i +�MMQi #2 #2HQr dX L2ti- r2 i`�MbH�i2
C∗∗ �M/ γ /QrMr�`/ mMiBH β iQm+?2b B∗X h?mb- α Kmbi #2 #2ir22M B∗ �M/ B∗∗X
aBM+2 α 2b+�T2b T ∗- α +�M QMHv 2b+�T2 iQ i?2 b?�/2/ `2;BQM Ub22 6B;m`2 jXkRVX
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6B;m`2 jXkR, α Bb QM i?2 H27i Q7 γcdX
6B;m`2 jXkk, S Bb � i�M;2Mi HBM2 iQm+?BM;
α �M/ βX

G2i S #2 i?2 i�M;2Mi HBM2 iQm+?BM; α �M/ β 7`QK �#Qp2 Ub22 6B;m`2 jXkkVX q2
`Qi�i2 �M/ KQp2 γ �M/ S mMiBH i?2 bHQT2 Q7 S 2[m�Hb iQ i?2 bHQT2 Q7 i?2 `B;?i Q7 B∗∗

�i x 2[m�Hb iQ 0X h?Bb BKTHB2b i?�i S Bb T�`�HH2H iQ i?2 i�M;2Mi HBM2 QM i?2 `B;?i
bB/2 Q7 B∗∗ Ub22 6B;m`2 jXkjVX

6B;m`2 jXkj, S Bb T�`�HH2H iQ i?2 i�M;2Mi HBM2 Q7 i?2 `B;?i Q7 B∗∗X

q?2M r2 KQp2 γ mT- β Kmbi iQm+? i?2 H27i ?�H7 Q7 B∗∗ }`biX L2ti- r2 `Qi�i2
γ +QmMi2`+HQ+FrBb2 r?BH2 F22TBM; β iQm+?BM; B∗∗ mMiBH β �HbQ iQm+?2b i?2 H27i �M/
i?2 `B;?i ?�Hp2b Q7 B∗∗ �i TQBMi e �M/ f - `2bT2+iBp2HvX 6`QK i?Bb bBim�iBQM- α Bb
�#Qp2 βef X "v �bbmKTiBQM- β Bb MQi BM C∗∗ �M/ β iQm+?2b #Qi? i?2 `B;?i �M/ i?2
H27i Q7 B∗∗X h?Bb +QMi`�/B+ib iQ S`QT2`iv � Ub22 6B;m`2 jXk9VX
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6B;m`2 jXk9, α Bb �#Qp2 βef �M/ β Bb MQi BM C∗∗X

*�b2 kX "Qi? α �M/ β K�v iQm+? C∗X q2 7QHHQr i?2 T`QQ7 Q7 SHQvK�FH�K
�M/ qB+?B`�K�H� BM (e)X "v i?2 +QMiBMmBiv- r2 ?�p2 �i H2�bi QM2 Q`B2Mi�iBQM r?B+?
#Qi? α �M/ β iQm+? B∗X

�bbmK2 i?�i #Qi? α �M/ β iQm+? B∗ �M/ γ Bb MQi BM C∗X G2i a #2 � #QBMi Q7 β
r?B+? iQm+?2b B∗X q2 +QMbB/2` i?2 bBim�iBQM i?�i m Bb �b HQr �b TQbbB#H2 �M/ #Qi?
α �M/ β iQm+? B∗X q2 +�HH i?Bb i?2 KBMBK�H TQbBiBQMBM; b+?2K2 k UJSa kVX "v
S`QT2`iv � �M/ S`QT2`iv "- m Bb �#Qp2 i?2 Q`B;BM �M/ i?2`2 �`2 �i H2�bi QM2 ?�H7
Q7 γ r?B+? 2b+�T2b T ∗ �M/ i?2M i?2v iQm+? B∗X qBi?Qmi HQbb Q7 ;2M2`�HBiv- �bbmK2
i?�i β Bb MQi BM C∗ �M/ i?2 TQBMi r?B+? β iQm+?2b B∗ Bb QM i?2 `B;?i Q7 i?2 TQBMi
r?B+? α iQm+?2b B∗X G2i # #2 � TQBMi bm+? i?�i β +`Qbb2b T ∗ �M/ T Bb i?2 2M/TQBMi
Q7 βX AM i?Bb TQbBiBQM- γ Kmbi #2 #2HQr B∗∗ #2+�mb2 B7 γ iQm+?2b Q` +`Qbb B∗∗- i?Bb
+QMi`�/B+ib iQ S`QT2`iv �X AM i?Bb bBim�iBQM- r2 �`2 BMi2`2bi2/ BM m r?B+? Bb �#Qp2
i?2 Q`B;BM Ub22 6B;m`2 jXk8VX
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6B;m`2 jXk8, "Qi? α �M/ β iQm+? B∗X

L2ti- r2 i`�MbH�i2 γ mTr�`/ mMiBH γ iQm+?2b B∗∗- B7 M22/2/X A7 α �M/ β iQm+?
B∗∗- i?Bb +QMi`�/B+ib iQ JSa kX aQ 2Bi?2` α Q` β iQm+?2b B∗∗X

*�b2 k�X β iQm+?2b B∗∗ �i TQBMi b′X h?2M β Bb BM C∗∗X J2�Mr?BH2- α Bb MQi BM
C∗∗ #mi Bb �#Qp2 B∗X G2i c′ #2 � TQBMi Q7 α r?B+? Bb #2HQr T ∗∗ Ub22 6B;m`2 jXkeVX

6B;m`2 jXke, β iQm+?2b B∗∗ �i TQBMi b′ �M/ c′ #2 � TQBMi Q7 α r?B+? Bb #2HQr T ∗∗X

q2 `Qi�i2 γ +HQ+FrBb2 r?BH2 β biBHH iQm+?2b i?2 `B;?i ?�H7 Q7 B∗∗X q?BH2 bm#�`+
7`QK c′ iQ b′ Bb QM i?2 H27i Q7 i?2 `2K�BMBM; Q7 β- α Kmbi ;Q mT iQ iQm+? B∗∗X
Pi?2`rBb2- β Kmbi iQm+? i?2 H27i ?�H7 Q7 B∗∗X 6`QK i?Bb bBim�iBQM- α Bb �#Qp2 �
T�`i Q7 βX aBKBH�` iQ i?2 2M/ Q7 +�b2 R"UBBV- i?Bb +QMi`�/B+ib iQ S`QT2`iv �X
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L2ti- r2 +QMbB/2` i?2 TQbBiBQM Q7 m r?BH2 β �M/ α iQm+? B∗∗X A7 m biBHH HB2b
�#Qp2 i?2 Q`B;BM r?2M β �M/ α iQm+? B∗∗- Bi +QMi`�/B+ib iQ JSa kX h?2M r2
+QMbB/2` i?2 TQbBiBQM Q7 m r?BH2 r2 `Qi�i2 γX �bbmK2 i?�i r?BH2 r2 `Qi�i2 γ- m Bb
QM i?2 Q`B;BM r?2`2 β iQm+?2b B∗∗ �i TQBMi b′′X

6B;m`2 jXkd, m Bb QM i?2 Q`B;BM r?2`2 β iQm+?2b B∗∗ �i TQBMi b′′X

aBM+2 i?2 b?Q`i2bi /Bbi�M+2 7`QK i?2 Q`B;BM iQ B∗∗ Bb ;`2�i2` i?�M yXkeeejN-
l(γmb′′) > 0.266639 �M/ i?2M l(γb′′p) < 0.233361X aBM+2 i?2 H2M;i? Q7 γb′′p ;`2�i2`
i?�M i?2 Q`B;BM�H TQbBiBQM Q7 γ 7`QK i?2 TQBMi b iQ a- l(γba) < 0.233361X "v i?2
MmK2`B+�H +QKTmi�iBQM- xb > 0.239093X 6`QK i?2 `2�bQMBM; BM (j)- xb′′ > 0.157124X
h?mb- K KQp2 mT- MQi /QrMX >2M+2- r2 ?�p2 i?2 TQbBiBQM i?�i m Bb +HQb2` iQ B∗∗

i?�M B∗ �i i?2 Q`B;BM�H TQbBiBQMX h?Bb +QMi`�/B+ib iQ JSa kX
*�b2 k"X α iQm+?2b B∗∗X h?2 r�v iQ T`Qp2 Bb bBKBH�` iQ +�b2 k�X
h?Bb +QKTH2i2b i?2 T`QQ7X
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h>1 S_P"G1J P6 h>1 �Gh1_L�hAo1 q�u hP

*PLah_l*h h>1 _1:APLa

AM *?�Ti2` j- r2 �TTHv i?2 B/2� Q7 LQ`rQQ/ �M/ SQQH2 BM Q`/2` iQ +QMbi`m+i
i?2 `2;BQMb r?B+? +QMi�BM 2p2`v mMBi �`+X hQ +QMbi`m+i i?2 `2;BQMb- r2 bi�`i #v
B/2MiB7vBM; i?2 mTT2` #QmM/�`vX h?2M r2 /2}M2 i?2 HQr2` #QmM/�`v bm+? i?�i Qm`
`2;BQMb b�iBb7v S`QT2`iv � �M/ S`QT2`iv "X AM i?Bb +?�Ti2`- r2 �/�Ti i?2 +QM+2Ti
7`QK LQ`rQQ/ �M/ SQQH2 #v bi�`iBM; 7`QK HQr2` #QmM/�`B2bX q2 7QmM/ i?�i Bi Bb
iQQ /B{+mHi iQ }M/ i?2 `2;BQM b�iBb7vBM; S`QT2`iv � �M/ S`QT2`iv "X

9XR *QM+2Tib Q7 +QMbi`m+iBQM i?2 M2r `2;BQMb bi�`iBM; 7`QK

i?2 HQr2` #QmM/�`B2b

q2 rBb? iQ +QMbi`m+i `2;BQMb b�iBb7vBM; S`QT2`iv � �M/ S`QT2`iv "X h?2 +QM@
bi`m+i2/ `2;BQM biBHH b�iBb}2b S`QT2`iv � �M/ S`QT2`iv " HBF2 i?2 `2;BQM BM *?�Ti2`
j BX2X- S`QT2`iv �, LQ ?�H7 Q7 γ +�M iQm+? i?2 #QiiQK Q7 i?2 `2;BQM �M/ i?2M
2b+�T2b i?2 iQT Q7 C∗X S`QT2`iv ", LQ ?�H7 Q7 γ r?Qb2 KB/TQBMi Bb #2HQr i?2
Q`B;BM +�M iQm+? i?2 iQT Q7 i?2 `2;BQM �M/ 2b+�T2b i?2 #QiiQK Q7 C∗X

h?Bb +QMbi`m+iBQM H2�/b iQ i?2 `2H�iBQM #2ir22M i?2 HQr2` #QmM/�`v g T�bbBM;
i?`Qm;? (

1

2
, 0) �M/ i?2 mTT2` #QmM/�`v f T�bbBM; i?`Qm;? (

1

2
, 0)X JQ`2Qp2`- i?2

mTT2` #QmM/�`v (
!
x,

!
y ) ∈ f Bb /2}M2/ #v

x+

√
(x− !

x)2 + (y−
!
y )2 =

1

2
�M/ y−

!
y

x− !
x

=
−1

f ′(
!
x)

, r?2`2 (x, y) ∈ g.

q2 /2bB;M i?2 2[m�iBQMb r?B+? ?2HT iQ }M/ i?2 bQHmiBQMbX
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Ç SH�M �X q2 +QMbB/2`

x+

√
(x− !

x)2 + (y−
!
y )2 =

1

2
�M/ y−

!
y

x− !
x

=
−1

f ′(
!
x)

, r?2`2 (
!
x,

!
y ) ∈ f.

h?2M

x+ (
!
x −x)

√√√√1 +

(
y−

!
y

x− !
x

)2

=
1

2
�M/ d

!
y

d
!
x

= −x− !
x

y−
!
y
, r?2`2 (

!
x,

!
y ) ∈ f.

G2i
!
y
′
=

d
!
y

dx
�M/ !

x
′
=

d
!
x

dx
X h?2M

!
y
′
= −x− !

x

y−
!
y

!
x
′
X

h?Bb BKTHB2b i?�i

√√√√1 +

(
!
x
′

!
y
′

)2

=
1
2 − x
!
x −x

�M/ i?2M !
x
′2
+

!
y
′2
=

( 1
2 − x
!
x −x

)2
!
y
′2

X

Ç SH�M "X q2 +QMbB/2`

x+

√
(x− !

x)2 + (y−
!
y )2 =

1

2
�M/ y−

!
y

x− !
x

=
−1

f ′(
!
x)

, r?2`2 (
!
x,

!
y ) ∈ f.

G2i
!
y= f(

!
x)- y = g(x) �M/ !

x= h(x)X
q2 rBHH �``�M;2 i?2 2[m�iBQM BM i2`Kb Q7 !

xX h?2M

H(
!
x)+

√
(H(

!
x)− !

x)2 + (g(H(
!
x))− f(

!
x))2 =

1

2
�M/ f ′(

!
x) = − H(

!
x)− !

x

g(H(
!
x))− f(

!
x)

r?2`2 H Bb i?2 BMp2`b2 Q7 i?2 7mM+iBQM hX

q2 Q#b2`p2 i?�i i?2 2[m�iBQMb Q7 SH�M � �M/ SH�M " ?�p2 +QKTHB+�iBQM QM
bQHpBM; /Bz2`2MiB�H 2[m�iBQMbX >2M+2- r2 2tT2`BK2Mi rBi? i?2 bBKTH2 HQr2` #QmM/@
�`v bm+? �b i?2 HBM2�` HQr2` #QmM/�`v T�bbBM; i?`Qm;? i?2 TQBMib (0, t) �M/ (

1

2
, 0)

r?2`2 t < 0 �M/ i?2 T�`�#QHB+ HQr2` #QmM/�`v T`QTQb2/ #v LQ`rQQ/ �M/ SQQH2X
>Qr2p2`- r2 �`2 MQi �#H2 iQ }M/ i?2 mTT2` #QmM/�`B2b r?B+? b�iBb7v i?2b2 HQr2`
#QmM/�`B2bX h?Bb T`Q+2/m`2 `2bmHi2/ BM i?2 mTT2` #QmM/�`B2b r?B+? �`2 BM i?2
7Q`K Q7 /2`Bp�iBp2 �M/ +QMi�BM � HQi Q7 p�`B�#H2bX h?mb- r2 �TTHB2/ bm#biBimiBQM
�M/ bBKTHB7vBM;X >Qr2p2`- r2 +QM7`QMi2/ K�Mv 2``Q`b Q++m``2/ BM J�i?2K�iB+�X
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h?Bb T�T2` 2tTHQ`2b G2Q JQb2`Ƕb rQ`K T`Q#H2K- r?B+? Bb iQ }M/ i?2 `2;BQM rBi?
i?2 bK�HH2bi �`2� i?�i +�M +Qp2` 2p2`v mMBi �`+X q2 KQ/B7v i?2 rQ`F Q7 SHQvK�FH�K
�M/ qB+?B`�K�H� (e) iQ;2i?2` rBi? i?2 rQ`F Q7 LQ`rQQ/ �M/ SQQH2 (j)X h?2 `2;BQM
Bb KQ/B}2/ #v +?�M;BM; i?2 mTT2` #QmM/�`vX AM �//BiBQM- i?2 �/�Ti2/ `2;BQMb biBHH
b�iBb7v S`QT2`iv � �M/ S`QT2`iv " �7i2` KQ/B}+�iBQMX

PM2 Q7 Qm` `2;BQM +QMi�BMb i?2 mTT2` #QmM/�`v �++Q`/BM; iQ 7mM+iBQM f(x) =

a +Qb bx + k �M/ i?Bb `2;BQM b�iBb}2b S`QT2`iv � �M/ S`QT2`iv "X "v MmK2`B+�H
+QKTmi�iBQM- r2 ?�p2 a = 25- b = 0.22144- k = −24.8469 �M/ i?2 +Qp2` Q7 �`2�
yXkeyyNX

Pm` rQ`F /Q2b MQi 2Mbm`2 i?�i i?2 T`QTQb2/ `2;BQMb ?�p2 i?2 bK�HH2bi �`2�X
AMbi2�/- r2 T`2b2Mi i?2 `2;BQM rBi? i?2 M2r mTT2` #QmM/�`vX >2M+2- r2 �/pBb2
bQK2 B/2�b iQ 2ti2M/ i?Bb `2b2�`+? �b 7QHHQrb,

RX AM Qm` r�v iQ T`Qp2- r2 K�v mb2 Qi?2` mTT2` #QmM/�`B2b iQ +QMbi`m+i i?2
M2r `2;BQM BM Q`/2` iQ }M/ i?2 `2;BQM rBi? i?2 bK�HH2bi �`2�X �HbQ- i?2 `2;BQM
`2K�BMb b�iBb}2/ S`QT2`iv � �M/ S`QT2`iv "X

kX AM +�b2 r2 rQmH/ HBF2 iQ +QMbi`m+i i?2 `2;BQM bi�`iBM; 7`QK i?2 HQr2` #QmM/@
�`v- r2 K�v mb2 i?2 �TT`QT`B�i2 HQr2` #QmM/�`v i?�i Bb 2�bv iQ }M/ i?2
r?QH2 `2;BQMX

jX Pi?2` T`QT2`iB2b b?QmH/ #2 2t�KBM2/ bBM+2 Bi K�v H2�/ iQ i?2 +QMbim+iBQM Q7
M2r `2;BQM X

9X AM i?Bb rQ`F- r2 T`QTQb2 i?2 MQM@+QMp2t `2;BQMX q2 +QmH/ KQ/B7v i?2 `2;BQM
iQ #2 � +QMp2t `2;BQM #v mbBM; � bi`�BM;? HBM2 �b � T�`i Q7 i?2 HQr2` #QmM/�`vX
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(R) :2``B2ib- CX- SQQH2- :X, *QMp2t `2;BQMb r?B+? +Qp2` �`+b Q7 +QMbi�Mi H2M;i?-
�K2`X J�i?X JQMi?Hv 3R- je@9R URNd9V

(k) LQ`rQQ/-_Xc SQQH2- :Xc �M/ G�B/�+F2`- JXh?2 rQ`K T`Q#H2K Q7 G2Q JQb2`X
.Bb+`2i2 *QKTmiX :2QKX dURNNkV , R8j@RekX

(j) LQ`rQQ/-_Xc �M/ SQQH2- :X �M BKT`Qp2/ mTT2` #QmM/ 7Q` G2Q JQb2`Ƕb qQ`K
S`Q#H2KX .Bb+`2i2 *QKTmiX :2QKX kNUkyyjV , 9yN@9RdX

(9) :X SQQH2 �M/ CX :2``B2ib- JBMBKmK +Qp2`b 7Q` �`+b Q7 +QMbi�Mi H2M;i?- "mHHX
�K2`X J�i?X aQ+X dNURNdjV- 9ek Ĝ 9ejc J_ 9dX

(8) S�M`�Fb�- *X- qB+?B`�K�H�- rX, q2ix2HǶb b2+iQ` +Qp2`b mMBi �`+b UkyRNVX

(e) SHQvK�FH�K- LX- qB+?B`�K�H�- qX, � bK�HH2` +Qp2` Q7 i?2 JQb2`Ƕb rQ`K
T`Q#H2K- *?�BM; J�B CX a+BX- k8k3@k8jj UkyR3VX

(d) q�M;- q2BX �M BKT`Qp2/ mTT2` #QmM/ 7Q` i?2 rQ`K T`Q#H2KX �+i� J�i?2@
K�iB+�aBMB+�X 9NUkyyeV , 3j8Ĝ39eX

(3) qQH7`�K _2b2�`+?- AM+X, J�i?2K�iB+�- o2`bBQM RyX9- qQH7`�K _2b2�`+?- AM+X-
*?�KT�B;M- AG- kyR8X
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AM i?Bb i?2bBb- r2 mb2 qQH7`�K2 J�i?2K�iB+� iQ +�H+mH�i2 i?2 +QMbi�Mib 7Q` 2�+?
mTT2` #QmM/�`v T`QTQb2/ BM *?�Ti2` jX h?2`27Q`2- r2 /2b+`B#2 i?2 +QKK�M/b BM
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1.1 Define the upper boundary function f.
Let f (x) = a Cos [b x] + k

1.2 Simplify the above function f in terms of x.

Solve[a Cos[b x] + k == y, y]
{{y � k + a Cos[b x]}}

1.2 Find the derivative of y with respect to x.

D[k + a Cos[b x], x]
-a b Sin[b x]

1.3 Find the locus of a part of the lower boundary satisfying Property A.

d[{x1_, y1_}, {x2_, y2_}] := �x1 - x2�2 + �y1 - y2�2 ;
p = {x, y};
p = �x, y�;

m[{x1_, y1_}, {x2_, y2_}] :=
y1 - y2
x1 - x2

;

d2[{x1_, y1_}, {x2_, y2_}] := �x1 - x2�2 + �y1 - y2�2;

FullSimplify�Solve�d2�p, p /. y � k + a Cos[b x]� �
1
2
- x

2
&&

m�p, p /. y � k + a Cos[b x]� �
-1

-a b Sin[b x]
, �x, y���

��x �
1
2

�2 x - a b �a (b - 2 b x) + (1 - 2 x)2 �a2 b2 + Csc[b x]2� � Sin[b x]2�,

y � k + a Cos[b x] -
1
2

�a b - 2 a b x + (1 - 2 x)2 �a2 b2 + Csc[b x]2� � Sin[b x]�,

�x �
1
2

�2 x + a b �a b (-1 + 2 x) + (1 - 2 x)2 �a2 b2 + Csc[b x]2� � Sin[b x]2�,

y � k +
1
2

�a b (-1 + 2 x) + 2 a Cot[b x] + (1 - 2 x)2 �a2 b2 + Csc[b x]2� � Sin[b x]��

1.4 Figure shows the locus of point �x, y� which is a part of the lower boundary.

Remove["Global`*"]



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Manipulate�k = - a Cos�b
1
2
�;

ParametricPlot��
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 ,

k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]�,

�x, 0.001,
1
2
��, {{a, -1}, -10, 30}, {{b, 1}, -10, 10}�

a

b

0.1 0.2 0.3 0.4 0.5

-0.35

-0.30

-0.25

-0.20

-0.15

-0.10

-0.05

Remove["Global`*"]

1.5 Figure shows the right half of the region with a graph of

cosine upper boundary where a = 25, b = 0.22144 and k = - a Cos�b
1
2
�.

a = 25; b = 0.22144; k = - a Cos�b
1
2
�;

Show�ParametricPlot�

�
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 , k + a Cos[b x] -

1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]�, {x, 0.001, 2.1}�,

Plot�{k + a Cos[b x]}, �x, 0,
1
2
��, Plot�{-k - a Cos[b x]}, �x, 0,

1
2
���
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Remove["Global`*"]

1.6 Find the lower boundary satisfying Property B. The value
of variables are adjusted until the region satisfy Property B.
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x =
i
100

;

a = 25;
b = 0.22144;

k = - a Cos�b
1
2
�;

Table�NMinimize�

	 v -
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2
2
+

k + a Cos[b v] - k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2�

Sin[b x]
2

+ (v)2 + (k + a Cos[b v])2 , {v, 0, 0.5}�, {i, 50}�

{{0.649195, {v � 0.00129581}}, {0.645281, {v � 0.00263923}},
{0.641334, {v � 0.00403378}}, {0.637352, {v � 0.00548307}},
{0.633334, {v � 0.00699098}}, {0.629277, {v � 0.00856178}},
{0.625181, {v � 0.0101999}}, {0.621044, {v � 0.0119101}},
{0.616866, {v � 0.0136977}}, {0.612647, {v � 0.0155681}},
{0.608387, {v � 0.0175273}}, {0.604086, {v � 0.0195819}},
{0.599748, {v � 0.0217387}}, {0.595373, {v � 0.0240054}},
{0.590965, {v � 0.0263903}}, {0.586527, {v � 0.0289021}},
{0.582064, {v � 0.0315509}}, {0.577582, {v � 0.0343472}},
{0.573087, {v � 0.0373029}}, {0.568587, {v � 0.0404312}},
{0.56409, {v � 0.0437463}}, {0.559607, {v � 0.0472646}},
{0.555149, {v � 0.0510038}}, {0.550728, {v � 0.0549845}},
{0.54636, {v � 0.0592292}}, {0.542061, {v � 0.0637642}},
{0.537846, {v � 0.068619}}, {0.533737, {v � 0.0738278}},
{0.529753, {v � 0.07943}}, {0.525916, {v � 0.0854717}},
{0.522251, {v � 0.0920071}}, {0.518783, {v � 0.0990999}},
{0.515536, {v � 0.106826}}, {0.512537, {v � 0.115278}},
{0.509813, {v � 0.124566}}, {0.507389, {v � 0.134825}},
{0.505289, {v � 0.146221}}, {0.503531, {v � 0.158959}},
{0.50213, {v � 0.17329}}, {0.501093, {v � 0.189518}}, {0.500412, {v � 0.208008}},
{0.500066, {v � 0.229165}}, {0.500012, {v � 0.2534}}, {0.500182, {v � 0.281032}},
{0.500484, {v � 0.312141}}, {0.500804, {v � 0.346432}}, {0.50102, {v � 0.383221}},
{0.501018, {v � 0.42161}}, {0.500702, {v � 0.460748}}, {0.5, {v � 0.5}}}

Remove["Global`*"]

1.7 Find the intersection point between the locus of point
�x, y� and the reflection of the upper boundary over the x -axis.
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a = 25; b = 0.22144; k = - a Cos�b
1
2
�;

Show�

ParametricPlot��
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 ,

k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]�,

�x, 0.42,
1
2
��, Plot�{k + a Cos[b x]}, �x, 0.42,

1
2
��,

Plot�{-k - a Cos[b x]}, �x, 0.4,
1
2
���

0.35 0.40 0.45 0.50

-0.08

-0.06

-0.04

-0.02
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x = 0.42 +
i

1000
; a = 25; b = 0.22144; k = - a Cos�b

1
2
�;

Table��v =
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 ,

k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x],

-k - a Cos[b v]�, {i, 50}�

{{0.354217, -0.0850671, -0.0762132}, {0.355835, -0.0840816, -0.07551},
{0.357457, -0.0830938, -0.0748012}, {0.359086, -0.0821038, -0.0740867},
{0.36072, -0.0811115, -0.0733666}, {0.362359, -0.0801169, -0.0726408},
{0.364004, -0.07912, -0.0719092}, {0.365655, -0.0781209, -0.0711718},
{0.367311, -0.0771195, -0.0704286}, {0.368972, -0.0761158, -0.0696796},
{0.37064, -0.0751098, -0.0689246}, {0.372312, -0.0741015, -0.0681637},
{0.373991, -0.0730909, -0.0673967}, {0.375675, -0.072078, -0.0666238},
{0.377365, -0.0710629, -0.0658448}, {0.37906, -0.0700454, -0.0650596},
{0.380761, -0.0690256, -0.0642683}, {0.382468, -0.0680035, -0.0634709},
{0.38418, -0.0669791, -0.0626671}, {0.385898, -0.0659524, -0.0618571},
{0.387622, -0.0649234, -0.0610408}, {0.389352, -0.063892, -0.0602181},
{0.391087, -0.0628583, -0.059389}, {0.392828, -0.0618223, -0.0585534},
{0.394575, -0.060784, -0.0577113}, {0.396328, -0.0597433, -0.0568627},
{0.398087, -0.0587003, -0.0560075}, {0.399851, -0.0576549, -0.0551457},
{0.401621, -0.0566072, -0.0542772}, {0.403397, -0.0555572, -0.0534019},
{0.405179, -0.0545048, -0.05252}, {0.406967, -0.0534501, -0.0516311},
{0.408761, -0.052393, -0.0507355}, {0.410561, -0.0513335, -0.0498329},
{0.412366, -0.0502717, -0.0489234}, {0.414178, -0.0492075, -0.0480069},
{0.415995, -0.048141, -0.0470833}, {0.417819, -0.0470721, -0.0461527},
{0.419649, -0.0460008, -0.0452149}, {0.421484, -0.0449271, -0.0442699},
{0.423326, -0.0438511, -0.0433177}, {0.425173, -0.0427727, -0.0423582},
{0.427027, -0.0416918, -0.0413914}, {0.428886, -0.0406087, -0.0404172},
{0.430752, -0.0395231, -0.0394356}, {0.432624, -0.0384351, -0.0384465},
{0.434502, -0.0373447, -0.0374499}, {0.436386, -0.036252, -0.0364457},
{0.438276, -0.0351568, -0.0354339}, {0.440173, -0.0340592, -0.0344144}}

Remove["Global`*"]

1.8 Find the area of the region.
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a = 25; b = 0.22144`; k = - a Cos�b
1
2
�;

- -NIntegrate�

k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]

D�
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 , x� ,

�x, 0.465`,
1
2
�� - NIntegrate�k + a Cos[b x],

�x, 0.43075223880624175`,
1
2
�� 2 + -NIntegrate�

k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x] *

D�
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 , x� ,

�x, 0,
1
2
�� + NIntegrate�k + a Cos[b * x], �x, 0,

1
2
�� * 2

0.26009

Remove["Global`*"]

1.9 Find the shortest path from the origin to B** .

a = 25;
b = 0.22144;

k = - a Cos�b
1
2
�;

NMinimize�	
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2
2
+

k + a Cos[b x] -
1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]
2
, {x,

0, 0.5}�
{0.2666390703981955`, {x � 0.26187629499827975`}}

Remove["Global`*"]

1.10 Find xb0.

x = 0.26187629499827975`; a = 25; b = 0.22144; k = - a Cos�b
1
2
�;

1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2

0.15712354663496542`

Remove["Global`*"]

1.11 Find xb when ab < 0.233361.
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Manipulate[x1 = b; nm = NMinimize[d[arc], x2];
Column[{nm[[1]],

Show[{Plot[{T[x], -T[x]}, {x, 0, 0.5}], ParametricPlot[Bn[x], {x, 0, 0.5}],
Graphics[Line[arc /. nm[[2]]]]}, ImageSize � Large]}]

, {{b, 0.2}, 0, 0.5}]

b

0.239093

0.233361

0.1 0.2 0.3 0.4 0.5

-0.15

-0.10

-0.05

0.05

0.10

0.15

Remove["Global`*"]

2. The lower boundary of regions with other upper boundaries.

2.1 The lower boundary of the region with the circular upper boundary.
The upper boundary represented by the circular arc (x - x0)2 + (y - y0)2 =

r2 where 0 
 x 

1
2

The locus of point �x, y� which is a part of the lower boundary is

�x, y� = � 2 r4 x - r2 �1 + 2 x� �x - x0�2 + �x - x0�

�x - x0�3 - �r + x - x0� �r - x + x0� r2 �1 - 2 x�2 �r + x - x0� �r - x + x0� �

�2 �r + x - x0�2 �r - x + x0�2
, -
1

2 �r + x - x0� �r - x + x0�

r2 �1 - 2 x�2 �r + x - x0� �r - x + x0� - 2 r2 � �r + x - x0� �r - x + x0� + y0� +

8     ap2.4.1.nb



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

�x - x0� � �r + x - x0� �r - x + x0� + 2 x y0 -

2 x0 � �r + x - x0� �r - x + x0� + y0�� � for �x, 0,
1
2
�.

The lower boundary of the region with the circular upper boundary where x0 =

0, r = 0.892, y0 = -0.5 -1 + 4 r2 + 4 x0 - 4 x02 .

�x, y� = � 2 r4 x - r2 �1 + 2 x� �x - x0�2 + �x - x0�

�x - x0�3 - �r + x - x0� �r - x + x0� r2 �1 - 2 x�2 �r + x - x0� �r - x + x0� �

�2 �r + x - x0�2 �r - x + x0�2
, -
1

2 �r + x - x0� �r - x + x0�

r2 �1 - 2 x�2 �r + x - x0� �r - x + x0� - 2 r2 � �r + x - x0� �r - x + x0� + y0� +

�x - x0� � �r + x - x0� �r - x + x0� + 2 x y0 -

2 x0 � �r + x - x0� �r - x + x0� + y0�� � for {x, 0, 0.433}

and y = - r2 - x2 + 2 x x0 - x02 - y0 for �x, 0.3697952069716776`,
1
2
�.

2.2 The lower boundary of the region with the elliptic upper boundary .

The upper boundary represented by the elliptic arc
x - x0
a

2
+

y - y0
b

2
=

1 where 0 
 x 

1
2
.

The locus of point �x, y� which is a part of the lower boundary is

�x, y� = �-
1

2 a2 �a2 - �x - x0�2
2
-2 a6 x + a b a2 - �x - x0�2

	
1
a2

�1 - 2 x�2 �a2 - �x - x0�2
 �a4 - a2 �x - x0�2 + b2 �x - x0�2
 �x - x0� +

4 a4 x �x - x0�2 - a2 �b2 �-1 + 2 x� + 2 x �x - x0�2
 �x - x0�2 +

b2 �-1 + 2 x� �x - x0�4 , 2 a2 b �a + x - x0� �a - x + x0� -

a	
1
a2

�1 - 2 x�2 �a4 - a2 �x - x0�2 + b2 �x - x0�2
 �a + x - x0� �a - x + x0� +

b �x - x0� �a + x - x0� �a - x + x0� �-1 + 2 x0� + 2 a3 y0 - 2 a �x - x0�2 y0 �

�2 a �a + x - x0� �a - x + x0��� for �x, 0,
1
2
�.

The lower boundary of the region with the elliptic upper boundary where a =

1.95272`, b = 4.58588`, x0 = 0, y0 = -
b a2 - �0.5 - x0�2

a
.
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�x, y� = �-
1

2 a2 �a2 - �x - x0�2
2
-2 a6 x + a b a2 - �x - x0�2

	
1
a2

�1 - 2 x�2 �a2 - �x - x0�2
 �a4 - a2 �x - x0�2 + b2 �x - x0�2
 �x - x0� +

4 a4 x �x - x0�2 - a2 �b2 �-1 + 2 x� + 2 x �x - x0�2
 �x - x0�2 +

b2 �-1 + 2 x� �x - x0�4 , 2 a2 b �a + x - x0� �a - x + x0� -

a	
1
a2

�1 - 2 x�2 �a4 - a2 �x - x0�2 + b2 �x - x0�2
 �a + x - x0� �a - x + x0� +

b �x - x0� �a + x - x0� �a - x + x0� �-1 + 2 x0� + 2 a3 y0 - 2 a �x - x0�2 y0 �

�2 a �a + x - x0� �a - x + x0��� for {x, 0, 0.459}

and y = -
b a2 - x2 + 2 x x0 - x02

a
- y0 for �x, 0.41899697583328316`,

1
2
�.

2.3 The lower boundary of the region with the parabolic 1 upper boundary .
The upper boundary represented by the parabolic 1 arc �x - x0�2 =

4 c �y - y0� where 0 
 x 

1
2

.

The locus of point �x, y� which is a part of the lower boundary is
�x, y� =

�
1

8 c3
8 c3 x + �c - 2 c x�2 �4 c2 + �x - x0�2
 �x - x0� + c �-1 + 2 x� �x - x0�2 ,

1
4 c2

- �c - 2 c x�2 �4 c2 + �x - x0�2
 + c �x - x2 + �-1 + x0� x0 + 4 c y0� � for �x, 0,
1
2
�

The lower boundary of the region with the parabolic 1 upper boundary where x0 = -0.4`,

c = -0.77, y0 = -
�0.5 - x0�2

4 c
.

�x, y� =

�
1

8 c3
8 c3 x + �c - 2 c x�2 �4 c2 + �x - x0�2
 �x - x0� + c �-1 + 2 x� �x - x0�2 ,

1
4 c2

- �c - 2 c x�2 �4 c2 + �x - x0�2
 + c �x - x2 + �-1 + x0� x0 + 4 c y0� � for {x,

0, 0.487}

and y = -
x2 - 2 x x0 + x02 + 4 c y0

4 c
for �x, 0.47404644105951255`,

1
2
�.

2.4 The lower boundary of the region with the parabolic 2 upper boundary .
The upper boundary represented by the parabolic 2 arc �y - y0�2 =

10     ap2.4.1.nb



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 c �x - x0� where 0 
 x 

1
2

.

The locus of point �x, y� which is a part of the lower boundary is

�x, y� = �x +
c �-1 + 2 x�
2 �x - x0�

-
c �x - x0� �1 - 2 x�2 �x - x0� �c + x - x0�

2 �x - x0�2
,

1
2 �x - x0�

c �x - x0� + �-1 + 2 x�2 �x - x0� �c + x - x0� +

2 x � c �x - x0� + y0� - 2 x0 �2 c �x - x0� + y0� � for �x, 0,
1
2
�.

The lower boundary of the region with the parabolic 2 upper boundary where x0 = 1,
c = -0.17, y0 = - 2 c - 4 c x0 .

�x, y� = �x +
c �-1 + 2 x�
2 �x - x0�

-
c �x - x0� �1 - 2 x�2 �x - x0� �c + x - x0�

2 �x - x0�2
,

1
2 �x - x0�

c �x - x0� + �-1 + 2 x�2 �x - x0� �c + x - x0� +

2 x � c �x - x0� + y0� - 2 x0 �2 c �x - x0� + y0� � for �x, 0,
1
2
�.

2.5 The lower boundary of the region with the hyperbolic 2 upper boundary .
The upper boundary represented by the hyperbolic 2 arc �x - x0�2 =

4 c �y - y0� where 0 
 x 

1
2

.

The locus of point �x, y� which is a part of the lower boundary is

�x, y� = � 2 a6 x + 4 a4 x �x - x0�2 + a2 �b2 �-1 + 2 x� + 2 x �x - x0�2
 �x - x0�2 +

b2 �-1 + 2 x� �x - x0�4 + a b a2 + �x - x0�2

	
1
a2

�1 - 2 x�2 �a2 + �x - x0�2
 �a4 + a2 �x - x0�2 + b2 �x - x0�2
 �-x + x0� �

�2 a2 �a2 + �x - x0�2
2
, -2 a2 b a2 + �x - x0�2 -

a	
1
a2

�1 - 2 x�2 �a2 + �x - x0�2
 �a4 + a2 �x - x0�2 + b2 �x - x0�2
 +

b a2 + �x - x0�2 �x - x0� �-1 + 2 x0� + 2 a3 y0 + 2 a �x - x0�2 y0 �

�2 a �a2 + �x - x0�2

� for �x, 0,
1
2
�

The lower boundary of the region with the hyperbolic 2 upper boundary where x0 = 0,

a = 5.35, b = 35.4`, y0 =
b 1 + 4 a2 - 4 x0 + 4 x02

2 a
.
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�x, y� = � 2 a6 x + 4 a4 x �x - x0�2 + a2 �b2 �-1 + 2 x� + 2 x �x - x0�2
 �x - x0�2 +

b2 �-1 + 2 x� �x - x0�4 + a b a2 + �x - x0�2

	
1
a2

�1 - 2 x�2 �a2 + �x - x0�2
 �a4 + a2 �x - x0�2 + b2 �x - x0�2
 �-x + x0� �

�2 a2 �a2 + �x - x0�2
2
, -2 a2 b a2 + �x - x0�2 -

a	
1
a2

�1 - 2 x�2 �a2 + �x - x0�2
 �a4 + a2 �x - x0�2 + b2 �x - x0�2
 +

b a2 + �x - x0�2 �x - x0� �-1 + 2 x0� + 2 a3 y0 + 2 a �x - x0�2 y0 �

�2 a �a2 + �x - x0�2

� for {x, 0, 0.462}

and y = -
x2 - 2 x x0 + x02 + 4 c y0

4 c
for �x, 0.42479278055926334`,

1
2
�.

2.6 The lower boundary of the region with the cosine upper boundary .
The upper boundary represented by a graph of cosine a Cos [b x] + k where 0 


x 

1
2
.

The locus of point �x, y� which is a part of the lower boundary is
�x, y� =

�
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 , k + a Cos[b x] -

1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]� for �x, 0,
1
2
�

The lower boundary of the region with a graph of cosine upper boundary where a =

25, b = 0.22144, k = - a Cos�b
1
2
�.

�x, y� =

�
1
2

2 x - a b a �b - 2 b x� + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]2 , k + a Cos[b x] -

1
2

a b - 2 a b x + �1 - 2 x�2 �a2 b2 + Csc[b x]2� Sin[b x]� for {x, 0, 0.465}

and y = -k - a Cos[b * x] for �x, 0.43075223880624175`,
1
2
�.

2.7 The lower boundary of the region
with the snipping off of the parabolic 1 upper boundary .
The upper boundary represented by the snipping off of the parabolic 1 .
(x)2 + �y + 0.3127336317241687`�2 =

1
2

2
where 0 
 x 
 0.1748013092940937` and �x - x0�2 =

4 c �y - y0� where 0 
 0.1748013092940937` 

1
2
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The lower boundary of the region with the parabolic 1 upper boundary where x0 =

-0.4`, c = -0.77, y0 = -
�0.5 - x0�2

4 c
.

�x, y� = �
1

8 c3
8 c3 x + �c - 2 c x�2 �4 c2 + �x - x0�2
 �x - x0� + c �-1 + 2 x� �x - x0�2 ,

1
4 c2

- �c - 2 c x�2 �4 c2 + �x - x0�2
 + c �x - x2 + �-1 + x0� x0 + 4 c y0� � for {x,

0, 0.487}

and y = -
x2 - 2 x x0 + x02 + 4 c y0

4 c
for �x, 0.47404644105951255`,

1
2
�.
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