
CHAPTER II

VERSATILE ELLIPTIC BASIS FUNCTION NEURAL NETWORK (VEBFNN)

V e r s a t i le  E l l ip t i c  B a s is  F u n c t io n  N e u r a l N e tw o r k  w a s  in t r o d u c e d  b y  J a iy e n  e t  

a l. [4], เท C h a p t e r  II, t h e  v e r s a t i le  e l l i p t ic  b a s is  f u n c t io n ,  s t r u c t u r e  o f  V E B F N N  w ith  

b a s ic  e le m e n t s ,  h o w  t o  o b t a in  t h e  s e t  o f  o r t h o n o r m a l  b a s is  v e c t o r s  a n d  t h e  p r e v io u s  

V E B F  le a rn in g  a lg o r it h m  p r o p o s e d  b y  [4] a re  g iv e n  a s  f o l lo w s :

2.1 Versatile Elliptic Basis Function (VEBF)

G iv e n  t h e  n - d im e n s io n a l  s p a c e ,  t h e  h y p e r e l l ip s o id a l  e q u a t io n  in  r e c ta n g u la r  

c o o r d in a t e  s y s t e m  c a n  b e  m a t h e m a t ic a l l y  e x p r e s s e d  b y

I
/=1 พ,

x 2 X 2
■ +  —4 -+  + —n-=  1I 2 1 1 2 A 5

พ ;  พ :
(1)

w h e r e  พ,. is s c a la r  r e p r e s e n t in g  t h e  w id t h  v a lu e  o f  i'h ax is f o r  t h e  h y p e r e l l ip s o id a l ,  

a n d  e a c h  s c a la r  X, f r o m  E q u a t io n  (1) c a n  b e  v ie w e d  a s  t h e  s c a la r  p r o je c t io n  o f  

v e c t o r  x = [x , x 2 •■ •x„]r o n  t o  ก  s t a n d a rd  b a s is  v e c t o r s  น, = [1  0 ••■0]r , น2= [0 1- --0]7

1..., น „ = [ 0  0  •■ -1]7 . G iv e n  a n y  o r t h o n o r m a l  b a s is  v e c t o r s { น ,} '!  1 , t h e  s c a la r  X, is 

e x p r e s s e d  as

X,. = X 7 น, ( 2 )

B a s e d  o n  E q u a t io n s  (1) a n d  (2), t h e  h y p e r e l l ip s o id a l  e q u a t io n  f o r  g iv e n  o r t h o n o r m a l  

b a s is  v e c t o r s  {น ,} '!31 is m a t h e m a t ic a l l y  e x p r e s s e d  b y

t  m = m + Ê V + . . . + ^ = . ,

F r o m  E q u a t io n  (1), t h e  e l l i p s o id a l  is lo c a t e d  o n  t h e  o r ig in  a s  its  c e n t e r .  T h is  f o rm  c a n  

b e  g e n e r a l iz e d  b y  t r a n s la t io n  o f  a x is  m e th o d .  S u p p o s e  x =  [x , x 2 •••xn] r is a  v e c t o r
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c o r r e s p o n d in g  t o  t h e  o r ig in a l a x e s . L e t  {น ,} ''=1 b e  t h e  s e t  o f  ท b a s is  v e c to r s .  T h e  

o r ig in a l a x e s  o f  t h e  h y p e r e l l ip s o id a l  a re  t r a n s la t e d  f r o m  t h e  o r ig in  t o  t h e  c o o r d in a t e s  

o f  c = [ c 1 c 2 - - - c „ f  e l " .  T h e  n e w  c o o r d in a t e s  o f  v e c t o r  x d e n o t e d  b y  

x '  = [x[ x'2 ••- X11 f  is w r i t t e n  b y

x ' = X, -  c 1, fo r  i  = 1,2,..., ท (4)

T h e r e f o r e ,  t h e  h y p e r e l l ip s o id a l  e q u a t io n  in  t h e  n e w  a x e s  b e c o m e s

« ^  =  1 , (5)

F r o m  E q u a t io n  (5), t h e  V e r s a t i le  E l l ip t ic  B a s is  F u n c t io n  (V EB F ) is d e f in e d  a s  f o l lo w s :

K x )  =  Ê ( ( x - c ) 7 น ,)2

( พ , ) 2
- 1 (6)

w h e r e  พ 1 is t h e  w id t h  o f  t h e  V E B F  a lo n g  t h e  i lh a x is  , c a n d  { น ,} " ,1 a re  t h e  c e n t e r  

v e c t o r  a n d  t h e  s e t  o f  o r t h o n o r m a l  b a s is  v e c t o r s  o f  t h e  V E B F , r e s p e c t iv e ly .

2.2 Structure o f Versatile Elliptic Basis Function Neural Network (VEBFNN)

A  V e r s a t i le  E l l ip t ic  B a s is  F u n c t io n  N e u r a l N e tw o r k  (V E B F N N )  c o n s is t s  o f  t h r e e  

d is t in c t iv e  la y e r s  c a l l e d  in p u t ,  h id d e n  a n d  o u t p u t  la y e r s .  T h e  in p u t  la y e r  is 

c o n s t i t u t e d  f r o m  a d a ta  p o in t .  T h e  n u m b e r  o f  n e u ro n s  in  t h e  in p u t  la y e r  is e q u a l  t o  

t h e  n u m b e r  o f  a t t r ib u te s .  T h e  o u t p u t  la y e r  c o n t a in s  a s e t  o f  n e u r o n s  w h ic h  t h e  

n u m b e r  o f  o u t p u t  n e u r o n s  is e q u a l  t o  t h e  n u m b e r  o f  c la s s  la b e ls .  T h e  h id d e n  la y e r  

c o m p r is e s  o f  t h e  s e t  o f  s u b - h id d e n  la y e r s .  E a c h  s u b - h id d e n  la y e r ,  c o n t a in in g  a g ro u p  

o f  n e u ro n s ,  c o r r e s p o n d s  t o  e a c h  c la s s  la b e l .  T h e  s t r u c t u r e  o f  V E B F  n e u r a l  n e tw o r k  is 

i l lu s t r a t e d  in  F ig u re  1. T h e  d a s h e d  b o x e s  a re  s u b - h id d e n  la y e r s .



G iv e n  a n  ท - d im e n s io n a l  d a ta  s e t  w it h  c la s s  la b e l  X  = {(x/,t/) e E " x I +| 

1 < / ,  < r  } ,  le t  r  =  {A1,A2,...,A''} b e  a h id d e n  la y e r  c o n t a in in g  r s u b - h id d e n  la y e rs .  

T h e  k ‘h s u b - h id d e n  la y e r  c a l l e d  A* r e s p o n s ib le  fo r  d a ta  p o in t s  w it h  t h e  c la s s  la b e l

8

Input Layer Hidden Layer Output Layer

Figure 1: The structure of versatile elliptic basis function neural 

network.

k a n d  c o n t a in s  t h e  g ro u p  o f  h id d e n  n e u ro n s  e x p r e s s e d  a s  A *  =  { Q * , Q * •■ • ,^ dt }, 

w h e r e  Q *  is t h e  j ,h h id d e n  n e u ro n  in  t h e  k 'h s u b - h id d e n  la y e r  a n d  dk is t h e  

n u m b e r  o f  h id d e n  n e u ro n s  in  t h e  A:'7' s u b - h id d e n  la y e r .  T h e  Q k is id e n t i f ie d  b y  

Clkj = (x*,พ*,ร * , N j) , w h e r e  XJ , พ*, ร *  a n d  N j a re  t h e  c e n t e r  v e c t o r ,  w id t h  v e c to r ,  

c o v a r ia n c e  m a t r ix  a n d  t o t a l  n u m b e r  o f  b e lo n g in g  d a ta  o f  t h e  n e u r o n  Q * . E a c h  

h id d e n  n e u r o n  a p p l ie s  a  V e r s a t i le  E l l ip t ic  B a s is  F u n c t io n  (V E B F ) a s  a n  a c t iv a t io n  

f u n c t io n .  T h e  V E B F  o f  Q *  is e x p r e s s e d  b y

— kyfj ( x : x , 1พ
1 1 0 1 ,  £ < ( * - พ

/=1 « y
- 1 (7)
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w h e r e  X* = [ X j ] X j 2 ■■- X j j '  e K " i s  a c e n t e r  v e c to r ,  บ *  is a  c o lu m n  m a t r ix  

o f  o r t h o n o r m a l  b a s is  v e c t o r s  c o r r e s p o n d in g  t o  t h e  c o v a r ia n c e  m a t r ix  ร *  a n d

พ *  =  [พ*, พ *2 •• - พ * ,] r  e M " i s  a  w id t h  v e c to r .  B a s e d  o n  E q u a t io n  (7), t h e  d e f in i t io n  o f  

a c o v e r e d  d a t a  is d e f in e d  b y

Definition 1. F o r  a g iv e n  in p u t  v e c t o r  X, s M " ,  it  is s a id  t h a t  X, is c o v e r e d  b y  

t h e  n e u r o n  Q *  if  a n d  o n ly  if  t h e  c o r r e s p o n d in g  v e r s a t i le  e l l i p t i c  b a s is  f u n c t io n  v a lu e  

is le s s  t h a n  o r  e q u a l  z e r o ,  i.e. (//*(x, ะ x*, พ*,บ*.) <0.

T h e  o u t p u t  o f  t h e  k ,h o u t p u t  n e u ro n  o*(x,) in  t h e  o u t p u t  la y e r  is d e f in e d  as 

f o l lo w s :

o*(x,.) =  min({^*(x,),^2*(x.),...,^* (x,)}), k  =1,2,...,dk (8)

T h e  decision function  F i x , ) f o r  a s s ig n in g  t h e  c la s s  l a b e l  o f  t h e  in p u t  v e c t o r X ,  is 

d e f in e d  b y

F ix , )  = min( {o'(x,),o2(x,) , . . . , ( / (x,)}) (9)

F o r  le a rn in g  p r o c e s s ,  t h e  s t r u c tu r e  o f  V E B F  n e tw o r k  a d a p t s  i t s e l f  t o  d a ta  d is t r ib u t io n  

b y  c r e a t in g  t h e  n e w  h id d e n  n e u r o n  o r  a d ju s t in g  n e u r o n  p a r a m e te r s ,  in c r e m e n t a l ly  

a n d  a u t o m a t ic a l ly .  T h is  p r o c e s s  is p e r f o r m e d  r e p e a t e d ly  u n t i l  a l l  le a r n in g  d a ta  p o in t s  

a re  c o m p le t e l y  c o v e r e d .

2.2 Orthonormal Basis Computation

เท t h is  r e s e a r c h ,  t h e  s e t  o f  o r t h o n o r m a l  b a s is  v e c t o r s  o f  a  V E B F  is d e r iv e d  b y  

P r in c ip a l  C o m p o n e n t  A n a ly s is  (P C A ) t e c h n iq u e .  P r in c ip a l  C o m p o n e n t  A n a ly s is  (PC A ), 

a ls o  k n o w n  as t h e  Karhunen-Loeve  t r a n s f o rm a t io n  in  c o m m u n ic a t io n  t h e o r y  [31], is 

s t a t is t ic a l  p r o c e d u r e  u s e d  t o  t r a n s fo rm  a s e t  o f  d a ta  p o in t s  o f  p o s s ib ly  c o r r e la t e d  

in p u t s  in  in p u t  s p a c e  in to  t h e  n e w  fe a t u r e  s p a c e  in  w h ic h  l in e a r ly  u n c o r r e la t e d
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f e a tu r e s ,  c a l l e d  p r in c ip a l  c o m p o n e n t s ,  a re  o b t a in e d  b y  o r t h o g o n a l  t r a n s fo rm a t io n .  

T h e  t r a n s f o r m a t io n  is p e r f o r m e d  in  s u c h  t h e  w a y  t h a t  t h e  f ir s t  p r in c ip a l  c o m p o n e n t  

m a x im iz e s  t h e  v a r ia n c e ,  a n d  t h e n  e a c h  s u c c e e d in g  c o m p o n e n t  p r o v id e s  t h e  

m a x im u m  v a r ia n c e  u n d e r  t h e  o r t h o g o n a l  c o m p o n e n t s  c o n d i t io n .  T h e  c o n c e p t s  o f  

P C A  a n d  o r t h o n o r m a l  b a s is  v e c t o r  c o m p u t a t io n  a re  p r o v id e d :

2 .2 .1  P r in c ip a l  C o m p o n e n t  A n a ly s i s  ( P C A )

L e t  X d e n o t e  a n  ก - d im e n s io n a l  r a n d o m  v e c t o r  w it h  z e r o  m e a n

id e n t i f ie d  b y

w h e r e  £ [ * ] i s  t h e  s t a t is t ic a l  e x p e c t a t io n  o p e r a t o r  a n d  Ô d e n o t e  t h e  z e r o  v e c to r .  L e t  

น d e n o t e  a u n it  v e c t o r  o n t o  w h ic h  t h e  v e c t o r  x i s  t o  b e  p r o je c t e d .  T h e  p r o je c t io n  is 

d e f in e d  b y

B a s e d  o n  E q u a t io n  (10), t h e  m e a n  v a lu e  o f  a  is a ls o  z e r o ,  E[a\ = 0 .  T h e  v a r ia n c e  o f  

a is t h e r e f o r e  g iv e n  b y

E[x] = 0 (10)

a = X 7 น  = น 7 X (11)

( J 2 =  £ [ a 2] (12)

F r o m  E q u a t io n s  (11 ) a n d  (12), t h e  v a r ia n c e  is g iv e n  a s

<T2 = £ [(u 7x )(x7 น)] 
= £ [(๙  x )(x7 น)] 
= น7' £ [x x 7]u
= น 7ร น

T h u s ,

(X2 =  น7ร น . (13)
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T h e  n-by-n m a t r ix  ร  is t h e  c o v a r ia n c e  m a t r ix  o f  r a n d o m  v e c t o r  X . F r o m  E q u a t io n  

(13), t h e  v a r ia n c e  c r 2 o f  t h e  p r o je c t io n  a  is t h e  f u n c t io n  o f  t h e  u n it  v e c t o r  น g iv e n  as:

/ ( น ) ะ = c r 2 =  น 7ร น  (14)

T h e  f u n c t io n  / ( น )  is c a l l e d  a variance probe. T o  f in d  t h e  s e t  o f  u n it  v e c t o r s  น a lo n g  

w h ic h  / ( น )  h a s  e x t r e m a l  o r  s t a t io n a r y  v a lu e s  w it h  r e s p e c t  t o  a c o n s t r a in t  o n  t h e  

E u c l id e a n  n o rm  (||u||). If น is a u n it  v e c t o r  s u c h  t h a t  / ( น )  h a s  a n  e x t r e m e  v a lu e ,  t h e n  

fo r  a n y  s m a l l  À U , it  le a d s  t o  t h a t

/ ( u  +  A u )  =  / (น )  (15)

F r o m  E q u a t io n  (14 ) a n d  (15), / ( น  +  A u )  is e x p r e s s e d  a s  f o l l o w s

/ ( น  +  A u )  =  น 7 ร น  +  2 ( A u ) 7 S u + ( A u ) r S A u  (16)

S in c e  t h e  A u  is a s m a l l  v a lu e ,  t h e  s e c o n d - o r d e r  t e rm  ( A u ) 7S A u  is ig n o re d ,

/(น + Au) = /(น) + 2(Au)7Su (17)

F le n c e ,  b y  a p p ly in g  E q u a t io n s  (15) a n d  (16) im p l ie s  t h a t

( A u ) 7S u  = 0  (18)

N o t  a n y  A u  o f  u i s  a d m is s ib le .  T h e  c o n s t r a in t  o f  A u  is b a s e d  o n  t h e  E u c l id e a n  n o rm  

o f  u  +  A u  b y  ||u +  Au|| =  l  o r  e q u iv a le n t ly  ||u +  Au|| =  l .

แน + Au|| =  1 o r  (น +  A u ) r  (น +  A u )  =  1
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S in c e  น 7 น  =  1 a n d  t h e  A u  is a  s m a l l  v a lu e ,  it  o b t a in s  t h a t

( A l l ) 7 น  =  0  (19)

T h is  m e a n s  t h a t  t h e  A u  m u s t  b e  o r t h o g o n a l  t o  น .  F r o m  E q u a t io n s  (18) a n d  (19), it 

o b t a in s  t h a t

( A u ) 7 S u - / l (  A u ) 7 น  =  0  

( A u ) 7' ( ร น - / น ! )  = 0  

S u - / lu  =  0

ร น  = Au  (20)

E q u a t io n  (20 ) is r e c o g n iz e d  a s  t h e  e ig e n v a lu e  p r o b le m .  T h e  v e c t o r  u a n d  s c a la r  A  a re  

c a l l e d  t h e  e ig e n v e c t o r  a n d  c o r r e s p o n d in g  e ig e n v a lu e ,  r e s p e c t iv e ly .

2 .2 .2  O r t h o n o r m a l  b a s is  v e c t o r s  b y  P C A

T h e  o r t h o n o r m a l  b a s is  v e c t o r s  o f  e a c h  V E B F  n e u r o n  a re  o b t a in e d  b y  

t h e  d i r e c t io n  o f  d a ta  d is t r ib u t io n  c a p t u r e d  b y  t h e  s e t  o f  p r in c ip a l  c o m p o n e n t s .  T h e  

o r ig in a l a x e s  o f  t h e  in p u t  d a ta  s p a c e  a re  t r a n s la t e d  in t o  t h e  c o o r d in a t e  o f  t h e  m e a n  

o f  t h e  d a ta  se t. T h e  t r a n s la t e d  a x e s  a re  r o t a t e d  b y  a p p ly in g  P C A  p r o c e d u r e .  G iv e n  a 

d a ta  s e t X d M " ,  t h e  c o n c e p t  o f  t h e  o r t h o n o r m a l  b a s is  v e c t o r  b y  P C A  p r o c e d u r e  c a n  

b e  s u m m a r iz e d  a s  f o l lo w s :

1. C o m p u t e  t h e  m e a n  v e c t o r  ( x )

2. C o m p u t e  t h e  c o v a r ia n c e  m a t r ix  ( ร )  o f  t h e  d a ta  s e t  X .

3. C o m p u t e  t h e  s e t  o f  e ig e n v a lu e s  a n d  c o r r e s p o n d in g  

e ig e n v e c t o r s  {At, น  1.} "= 1 o f  c o v a r ia n c e  m a t r ix  ร ,  w h e r e  Al > A2 > „>  An.

T h e  o b t a in e d  e ig e n v e c t o r s  a re  g a th e r e d  t o  f o rm  a c o lu m n  m a t r ix ,  บ  =  [น , น 2 •••น ,,], 

o f  o r t h o n o r m a l  b a s is  v e c t o r s  a s  t h e  l o c a l  s p a c e  o f  a  V E B F  n e u ro n .
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2.3 VEBF Learning Algorithm  for one incoming datum

L e t  X={(x(,/() I x( e M "  a n d  / =  1 ,2 , . . . ,N}  b e  a f in it e  s e t  o f  t r a in in g  d a ta , 

w h e r e  X, is a  f e a t u r e  v e c t o r  r e fe r r e d  t o  a s  a data  vector a n d  rt is t h e  c la s s  la b e l  o f  

t h e  v e c to r .  L e t  A  =  { Q , , Q 2 , . . . , Q A } b e  a s e t  o f  K  h id d e n  n e u r o n s  in  V E B F N N . E a c h  

o f  Q * e{11211A} c o n t a in s  t h e  c e n t e r  v e c t o r  c *  w h o s e  d im e n s io n  is e q u a l  t o  t h a t  o f  t h e  

d a ta  v e c t o r ,  t h e  w id t h  v e c t o r  ak , t h e  c o v a r ia n c e  m a t r ix  ร  11, t h e  n u m b e r  o f  d a ta  in 

t h e  n o d e  N k 1 a n d  t h e  c o r r e s p o n d in g  c la s s  la b e l  c lk , a s  a  5 - t u p le  

Q *  = (c*,a * , ร  11, N k ,๗ * ) .  L e t  N 0 b e  a c o n s t a n t  fo r  a d ju s t in g  t h e  w id t h  v e c to r s .  If 

t h e r e  is n o  h id d e n  n e u r o n  in  t h e  n e tw o rk ,  K  is s e t  b y K  = 0. T h e  6  b e  a t h r e s h o ld  

fo r  m e rg in g  t h e  t w o  h id d e n  n e u ro n s  in  t h e  n e tw o rk .  T h e  le a r n in g  a lg o r it h m  fo r  

V E B F N N  c a n  b e  g iv e n  a s  f o l lo w s .

V E B F  L e a rn in g  A lg o r i t h m  fo r  o n e  in c o m in g  d a tu m :

Step 1: I n it ia l iz e  t h e  w id th  v e c t o r  a0 = [av a2,...,ani ' .

Step 2: P r e s e n t  t h e  t ra in in g  d a ta  w it h  c la s s  la b e l  (x ,,t 1) t o  t h e  V E B F N N .

Step 3: If K  ^Othen f in d  a h id d e n  n e u r o n  Q* a s s ig n e d  f o r  t h e  c la s s  / . s u c h  

t h a t  k  =  arg max(||x, -  c, ||).

a) C o m p u t e  t h e  n e w  c e n t e r  v e c t o r  b y

c l  =■
AC

-c,. +-
X,

b) C o m p u t e  t h e  n e w  c o v a r ia n c e  m a t r ix  ร 1  b y

SI =■
N, x,x,

N k +1

k C I AiAi _ pi r , T ckck
'•+  ckck + ckckN k + \ N k + l

Else S e t  K  = K  + 1 a n d  c r e a te  n e w  h id d e n  n e u r o n  b y  s e t t in g  

a) c* =x(,

b) ร *  = 0  w h e r e  0 is z e r o  m a tr ix ,

c) iV*=l,

d ) c lk =(1,

e) a* = a0,

f) A  =  A u { Q j }
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§) Remove (x,,/7) from the training data set and go to step 8.

Step 4: Compute the orthonormal basis for based on the covariance 

matrix ร  11.

Step 5: Compute y/k(x( ะc[ ,พ  11,บ  11) based on the new center c'k .

Step 6: If (//(.(x( :c^.,wit,U it)< 0 th en  update parameters of Q 11 by

a) If Nk > N0 then update the width vector ak by

a, = « / + ! « - c *)7น,|, i = \,...,n

b) Update the covariance matrix ร k = ร£,

c) Update Nk - N k+1,

d) Update the center vector ck - c 'k .

Else Set K  = K  + 1 and create new hidden neuron by setting

a) c* = x 1,

b) ร,1.=  Ô where 0 is zero matrix,

0  Nk = 1,

d) c lk =t 1,

e) ak = a0,

f) A  = A  น  {Q 1.} .
Step 7: Compute y/k(c ,\ck,vjk,\]k)<Oanô y/1 (ck :c, ,พ  1,บ  1) < 0  for

l = 1,2,...,ท

Step 8: If y/k(c, :ck,พ k,U k) <6 or y/,( ck :c;, พ ,,บ 1) <6lfor l = 1,2,...,พ then 

do the following steps:

a) Merge hidden neurons Q k and Q, into one hidden neuron Q 111 

1
c „ ,  =  -

Nk+N,
(Nk ck + N  1c 1'),

" S'” = Nk +N, Sk + Nk +N, S/ + (Nk +N,)2 ’

- Nm= Nk+N„



- at = ^27rAt , Z =1,2,...,/? where 2, is the Ï'h eigenvalue of 

the covariance matrix ร m,

- t =t,m k

b) Add Q m into the network and delete Q.k and Q, from the 

network

c) Set K  = Aโ - ! .

Step 9: If the training data set is not empty then go to Step 2, else stop 

training.
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