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OO eyjj8yNjkj, J�CP_ J�h>1J�hA*a
E1uqP_.a, S_AJ1 _A:>h A.1�Ga- *PJSG1h1Gu S_AJ1 _A:>h A.1�Ga

*>�L�:�_L G�PA�J, ahl.u PL _AL:a q>Pa1 S_AJ1 _A:>h A.1@
�Ga �_1 hqP@aA.1.X �.oAaP_ , �aaP*X S_P6X a�C11 SA�LaEPPG-
S>X.X- *P@�.oAaP_ , �aaP*X S_P6X Pl�JSP_L S>lEalq�L- S>X.X-
jk SSX

AM i?Bb T`QD2+i- r2 bim/v QM `BM;b r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/ �M/
BMp2biB;�i2 bQK2 T`QT2`iB2b Q7 bm+? `BM;bX AM T�`iB+mH�`- r2 Q#i�BM i?�i T`BK2 `B;?i
B/2�Hb Q7 i?2b2 `BM;b `2H�i2 iQ ;QQ/ B/2�HbX >Qr2p2`- bQK2 `2bi`B+iBQM QM i?Bb `BM;
KQiBp�i2b mb iQ bim/v i?2 `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X
q2 BMp2biB;�i2 bQK2 Q7 i?2B` T`QT2`iB2b �#Qmi � [mQiB2Mi `BM;c KQ`2Qp2`- �#Qmi i?2
BMi2`b2+iBQM Q7 �HH +QKTH2i2Hv T`BK2 `B;?i B/2�Hb r?B+? `2H�i2b iQ MBHTQi2Mi 2H2K2Mib BM
i?Bb `BM;X

.2T�`iK2Mi X J�i?2K�iB+b �M/ *QKTmi2` a+B2M+2 X aim/2MiǶb aB;M�im`2 X X X X X X X X X X X X X X X X X X X

6B2H/ Q7 aim/v X X X X X X X XJ�i?2K�iB+b X X X X X X X X �/pBbQ`Ƕb aB;M�im`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

�+�/2KB+ u2�` X X X X X X X X X X X X kyky X X X X X X X X X X X X *Q@�/pBbQ`Ƕb aB;M�im`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X
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�+FMQrH2/;K2Mib

X
A rQmH/ HBF2 iQ 2ti2M/ Kv bBM+2`2 i?�MFb iQ Kv T`QD2+i �/pBbQ`b- �bbQ+B�i2 S`Q@

72bbQ` .`Xa�D22 SB�MbFQQH �M/ �bbQ+B�i2 S`Q72bbQ` .`XPm�KTQ`M S?mFbmr�M 7Q` �HH
i?2B` ?2HT �M/ �/pB+2 rBi? i?Bb T`QD2+iX h?2B` FMQrH2/;2 �M/ TH2MiB7mH 2tT2`B2M+2
?�p2 2M+Qm`�;2/ K2 BM �HH i?2 iBK2 Q7 Kv �+�/2KB+ `2b2�`+?X

A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 ;`�iBim/2 iQ Kv T`QD2+i +QKKBii22- �bbQ+B�i2
S`Q72bbQ` .`XSBKT2M o2DD�DBp� �M/ �bbQ+B�i2 S`Q72bbQ` .`Xa�K`m�K "�mT`�/Bbi 7Q`
i?2B` BMbB;?i7mH +QKK2Mib �M/ bm;;2biBQMbX JQ`2Qp2`- A rQmH/ HBF2 iQ Qz2` Kv bT2@
+B�H i?�MFb iQ Kv 7`B2M/b �M/ Kv 7�KBHv 7Q` i?2B` mMr�p2`BM; bmTTQ`i �M/ #2HB27 BM K2X

6BM�HHv- A �K /22THv ;`�i27mH iQ >Bb _Qv�H >B;?M2bb *`QrM S`BM+2 J�?� o�DB`�@
HQM;FQ`M 6mM/ 7Q` bmTTQ`iBM; K2 � b+?QH�`b?BT iQ bim/vX

*?�M�;�`M G�QB�K
�T`BH kykR



*QMi2Mib

�#bi`�+i BM h?�B Bp

�#bi`�+i BM 1M;HBb? p

�+FMQrH2/;K2Mib pB

*QMi2Mib pBB

R AMi`Q/m+iBQM R

k "�+F;`QmM/ �M/ S`2HBKBM�`B2b 9

j J�BM `2bmHib d
jXR _BM;b q?Qb2 S`BK2 _B;?i A/2�Hb �`2 hrQ@aB/2/ d
jXk _BM;b q?Qb2 *QKTH2i2Hv S`BK2 _B;?i A/2�Hb �`2 hrQ@aB/2/ R9

_272`2M+2b ky

�TT2M/Bt �, S`QD2+i S`QTQb�H kk

"BQ;`�T?v k8



*?�Ti2` R

AMi`Q/m+iBQM

G2i R #2 �M �bbQ+B�iBp2 `BM; rBi? B/2MiBivX �Mv bm#;`QmT I Q7 R Bb +�HH2/ �
`B;?i UH27iV B/2�H Q7 R B7 Ir ⊆ I UrI ⊆ I V 7Q` �Mv r ∈ R. � irQ@bB/2/ B/2�H UQ` bBKTHv
+�HH2/ �M B/2�HV Q7 R Bb #Qi? � H27i B/2�H �M/ � `B;?i B/2�H Q7 R. 6Q` �Mv MQM2KTiv
bm#b2ib I �M/ J Q7 R, /2}M2

IJ =

{ n∑

k=1

ikjk | n ∈ N, ik ∈ I, jk ∈ J 7Q` �HH k = 1, . . . , n

}

�M/ I ◦ J =
{
ij | i ∈ I �M/ j ∈ J

}
.

Ai Bb Q#pBQmb i?�i I ◦J ⊆ IJ #mi IJ Bb MQi M2+2bb�`BHv � bm#b2i Q7 I ◦J. Ai Bb BMi2`2biBM;
iQ +QMbB/2` i?2 +�b2 r?2M IJ = I ◦ J X LQiB+2 ?2`2 i?�i B7 I �M/ J �`2 B/2�Hb- i?2M
IJ Bb �HbQ �M B/2�H #mi I ◦ J K�v #2 MQiX �M B/2�H I Q7 R Bb +�HH2/ � ;QQ/ B/2�H B7
(r1 + I) (r2 + I) = (r1 + I) ◦ (r2 + I) 7Q` �Mv r1, r2 ∈ R X � `BM; R Bb +�HH2/ � ;QQ/
`BM; B7 �HH B/2�Hb Q7 R �`2 ;QQ/ B/2�HbX � `BM; R Bb +�HH2/ � `B;?i /mQ `BM; B7 �Mv `B;?i
B/2�H Q7 R Bb irQ@bB/2/X � `BM; R Bb +�HH2/ � pQM L2mK�M `2;mH�` UQ` bBKTHv +�HH2/
`2;mH�`V `BM; B7 2�+? T`BM+BT�H `B;?i B/2�H Q7 R Bb ;2M2`�i2/ #v �M B/2KTQi2Mi- r?B+?
Bb �M 2H2K2Mi e ∈ R bm+? i?�i e2 = e. � `BM; R Bb +�HH2/ � bi`QM;Hv `2;mH�` `BM; B7
Bi Bb � `2;mH�` `BM; �M/ � `B;?i /mQ `BM;X AM RNNk- GX >m�M; �M/ qX sm2 (R) bim/B2/
bQK2 T`QT2`iB2b Q7 `B;?i /mQ `BM;b `2H�iBM; iQ ;QQ/ B/2�HbX JQ`2Qp2`- i?2v Q#i�BM2/ �
`2H�iBQM #2ir22M bi`QM;Hv `2;mH�` `BM;b �M/ ;QQ/ `BM;bX

�M 2H2K2Mi x BM R Bb +�HH2/ � MBHTQi2Mi 2H2K2Mi Q7 R B7 xn = 0 7Q` bQK2 n ∈ N X
� T`QT2` B/2�H I Q7 R Bb +�HH2/ � T`BK2 B/2�H B7 AB ⊆ I BKTHB2b i?�i 2Bi?2` A ⊆ I Q`
B ⊆ I 7Q` �Mv B/2�Hb A �M/ B Q7 R. h?2 T`BK2 `�/B+�H Q7 R Bb i?2 BMi2`b2+iBQM Q7 �HH
T`BK2 B/2�Hb Q7 R. AM RNdR- EX EQ? (k) bim/B2/ bQK2 T`QT2`iB2b Q7 MBHTQi2Mi 2H2K2Mib
`2H�iBM; iQ i?2 T`BK2 `�/B+�HX

� T`QT2` `B;?i B/2�H I Q7 R Bb +�HH2/ � T`BK2 `B;?i B/2�H B7 AB ⊆ I BKTHB2b i?�i
2Bi?2` A ⊆ I Q` B ⊆ I 7Q` �Mv `B;?i B/2�Hb A �M/ B Q7 R. � T`QT2` `B;?i B/2�H I
Q7 R Bb +�HH2/ � +QKTH2i2Hv T`BK2 `B;?i B/2�H B7 7Q` �Mv a, b ∈ R bm+? i?�i aI ⊆ I,

ab ∈ I BKTHB2b i?�i 2Bi?2` a ∈ I Q` b ∈ I. AM � +QKKmi�iBp2 `BM; R - T`BK2 `B;?i



k

B/2�Hb Q7 R �M/ +QKTH2i2Hv T`BK2 `B;?i B/2�Hb Q7 R +QBM+B/2 #mi i?2v K�v MQi #2 BM
� MQM+QKKmi�iBp2 `BM;X 6Q` 2t�KTH2- H2i F #2 � }2H/-

R =

{



a b c

0 d 0

0 0 e



 | a, b, c, d, e ∈ F

}
�M/ I =

{



0 0 0

0 x 0

0 0 y



 | x, y ∈ F

}
.

q2 +�M T`Qp2 i?�i I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R #mi Bb MQi � T`BK2 `B;?i
B/2�HX hQ b?Qr i?Bb- H2i

m =




a1 b1 c1
0 d1 0

0 0 e1



 , n =




a2 b2 c2
0 d2 0

0 0 e2



 ∈ R

r?2`2 a1, b1, c1, d1, e1, a2, b2, c2, d2, e2 ∈ F #2 bm+? i?�i mn ∈ I �M/ mI ⊆ I �M/

�bbmK2 i?�i m /∈ I. h?2M r2 Kmbi b?Qr i?�i n ∈ I. G2i p =




0 0 0

0 1 0

0 0 1



 r?2`2 1 Bb

i?2 B/2MiBiv Q7 F. h?2M p ∈ I �M/ bQ



0 b1 c1
0 d1 0

0 0 e1



 =




a1 b1 c1
0 d1 0

0 0 e1








0 0 0

0 1 0

0 0 1



 = mp ∈ mI ⊆ I.

h?2M b1 = c1 = 0. h?mb- m =




a1 0 0

0 d1 0

0 0 e1



 �M/ bQ a1 $= 0 #2+�mb2 m /∈ I. h?2M




a1a2 a1b2 a1c2
0 d1d2 0

0 0 e1e2



 =




a1 0 0

0 d1 0

0 0 e1








a2 b2 c2
0 d2 0

0 0 e2



 = mn ∈ I.

h?2M a1a2 = 0, a1b2 = 0 �M/ a1c2 = 0, bQ a2 = b2 = c2 = 0 bBM+2 a1 $= 0. h?mb-

n =




0 0 0

0 d2 0

0 0 e2



 ∈ I. h?2M I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R. JQ`2Qp2`- r2

+QMbB/2` `B;?i B/2�Hb J �M/ K Q7 R bm+? i?�i

J =

{



0 p q

0 r 0

0 0 s



 | p, q, r, s ∈ F

}
�M/ K =

{



u v w

0 0 0

0 0 0



 | u, v, w ∈ F

}
.

h?2M JK ⊆ I #mi J ! I �M/ K ! I. >2M+2- I Bb MQi � T`BK2 `B;?i B/2�H Q7 R.

AM i?Bb T`QD2+i- r2 �`2 BMi2`2bi2/ BM `BM;b r?B+? ?�p2 bBKBH�` B/2� �b `B;?i /mQ
`BM;bX hQ #2 T`2+Bb2- r2 �`2 BMi2`2bi2/ BM `BM;b r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/
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�M/ 7Q+mb QM MQM+QKKmi�iBp2 �bbQ+B�iBp2 `BM;b rBi? B/2MiBivX q2 BMp2biB;�i2 bQK2
T`QT2`iB2b Q7 bm+? `BM;bX aBM+2 T`BK2 `B;?i B/2�Hb �M/ +QKTH2i2Hv T`BK2 `B;?i B/2�Hb BM
MQM+QKKmi�iBp2 `BM;b K�v #2 /Bz2`2Mi- r2 �HbQ bim/v `BM;b r?Qb2 +QKTH2i2Hv T`BK2
`B;?i B/2�Hb �`2 irQ@bB/2/ �M/ BMp2biB;�i2 bQK2 Q7 i?2B` T`QT2`iB2bX



*?�Ti2` k

"�+F;`QmM/ �M/ S`2HBKBM�`B2b

AM i?Bb T`QD2+i- � ǳ`BM;Ǵ K2�Mb �M �bbQ+B�iBp2 `BM; rBi? B/2MiBivX 6B`bi- r2 ;�i?2` i?2
/2}MBiBQMb Q7 � `B;?i /mQ `BM;- � ;QQ/ B/2�H Q7 � `BM; �M/ � ;QQ/ `BM; ;Bp2M #v GX >m�M;
�M/ qX sm2 BM (R)X h?2M r2 T`QpB/2 bQK2 `2H�iBQMb #2ir22M � }MBi2Hv ;2M2`�i2/ `B;?i
B/2�H �M/ � ;QQ/ B/2�H Q7 � `B;?i /mQ `BM; i?�i �`2 K2MiBQM2/ BM (R)X

.2}MBiBQM kXRX � `BM; R Bb +�HH2/ � `B;?i /mQ `BM; B7 �Mv `B;?i B/2�H Q7 R Bb irQ@bB/2/X

.2}MBiBQM kXkX �M B/2�H I Q7 � `BM; R Bb +�HH2/ � ;QQ/ B/2�H B7 7Q` 2�+? r1, r2 ∈ R -

(r1 + I) (r2 + I) = (r1 + I) ◦ (r2 + I).

G2i R #2 � `BM; �M/ I #2 �M B/2�H Q7 R X _2+�HH i?�i i?2 T`Q/m+i Q7 +Qb2ib Q7 I BM
R/I Bb /2}M2/ �b

(r1 + I) (r2 + I) = r1r2 + I r?2`2 r1, r2 ∈ R.

JQ`2Qp2`- (r1 + I) ◦ (r2 + I) ⊆ (r1 + I) (r2 + I) 7Q` �Mv r1, r2 ∈ R. �b � `2bmHi- iQ
p2`B7v i?�i I Bb � ;QQ/ B/2�H Q7 R Bb 2MQm;? iQ b?Qr QMHv i?�i r1r2 + I ⊆ (r1 + I) ◦
(r2 + I) 7Q` �HH r1, r2 ∈ R.

.2}MBiBQM kXjX � `BM; R Bb +�HH2/ � ;QQ/ `BM; B7 �Mv B/2�H Q7 R Bb � ;QQ/ B/2�HX

S`QTQbBiBQM kX9X (R- G2KK� R) G2i R #2 � `B;?i /mQ `BM;X A7 I Bb � }MBi2Hv ;2M2`�i2/
`B;?i B/2�H- i?2M i?2 7QHHQrBM; �`2 2[mBp�H2Mi,

UBV I = eR 7Q` bQK2 B/2KTQi2Mi e ∈ R c

UBBV I Bb � ;QQ/ B/2�Hc

UBBBV I = I ◦ I c

UBpV I = I2.

S`QTQbBiBQM kX8X (R- G2KK� 9) h?2 7QHHQrBM; �`2 2[mBp�H2Mi 7Q` � `B;?i /mQ `BM; R ,

UBV R Bb � ;QQ/ `BM;c

UBBV 2�+? }MBi2Hv ;2M2`�i2/ `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�Hc
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UBBBV 2�+? T`BM+BT�H `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

JQ`2Qp2`- r2 BMi`Q/m+2 i?2 /2}MBiBQMb Q7 � pQM L2mK�M `2;mH�` `BM; �M/ � bi`QM;Hv
`2;mH�` `BM; ;Bp2M BM (R)X GX >m�M; �M/ qX sm2 (R) 7QmM/ i?�i bi`QM;Hv `2;mH�` `BM;b
�M/ ;QQ/ `BM;b +QBM+B/2 BM `B;?i /mQ `BM;bX

.2}MBiBQM kXeX � `BM; R Bb +�HH2/ � pQM L2mK�M `2;mH�` UQ` bBKTHv +�HH2/ � `2;mH�`V
`BM; B7 2�+? T`BM+BT�H `B;?i UQ` H27iV B/2�H Q7 R Bb ;2M2`�i2/ #v �M B/2KTQi2Mi Q7 R.

.2}MBiBQM kXdX � `BM; R Bb � bi`QM;Hv `2;mH�` `BM; B7 Bi Bb � `2;mH�` `BM; �M/ � `B;?i
/mQ `BM;X

h?2Q`2K kX3X (R- h?2Q`2K 8) G2i R #2 � `B;?i /mQ `BM;X h?2M R Bb � Ubi`QM;HvV
`2;mH�` `BM; B7 �M/ QMHv B7 Bi Bb � ;QQ/ `BM;X

EX EQ? (k) b?Qr2/ i?�i i?2 T`BK2 `�/B+�H Q7 �M �bbQ+B�iBp2 `BM; R rBi? B/2MiBiv-
/2MQi2/ #v `�/URV- r?B+? Bb i?2 BMi2`b2+iBQM Q7 �HH T`BK2 B/2�Hb Q7 R, ?�b � `2H�iBQM
rBi? MBHTQi2Mi 2H2K2Mib BM R. h?2 �mi?Q` BMp2biB;�i2/ bQK2 T`QT2`iB2b Q7 MBHTQi2Mi
2H2K2Mib BM R mM/2` i?2 +QM/BiBQM i?�i p(R) ⊆ m(R), r?2`2 p(R) Bb i?2 b2i Q7 �HH
T`BK2 `B;?i B/2�Hb Q7 R �M/ m(R) Bb i?2 b2i Q7 �HH K�tBK�H `B;?i B/2�Hb Q7 R. AM
;2M2`�H- m(R) ⊆ p(R), bQ i?2 +QM/BiBQM p(R) ⊆ m(R) K2�Mb i?�i �HH T`BK2 `B;?i
B/2�Hb Q7 R �`2 K�tBK�H `B;?i B/2�Hb Q7 R. JQ`2Qp2`- i?2v bim/B2/ i?2 `BM; R/`�/URV
mM/2` i?2 +QM/BiBQM p(R) ⊆ m(R) �b r2HHX

S`QTQbBiBQM kXNX (k- G2KK� kX9) G2i R #2 � `BM;X A7 p(R) ⊆ m(R), i?2M 2p2`v
MBHTQi2Mi 2H2K2Mi Q7 R Bb +QMi�BM2/ BM `�/(R).

S`QTQbBiBQM kXRyX (k- G2KK� kX8) G2i R #2 � `BM; �M/ R′ = R/`�/(R). A7 p(R) ⊆
m(R)- i?2M 7Q` �Mv b ∈ R′

UBV br = 0 B7 �M/ QMHv B7 rb = 0 7Q` �Mv r ∈ R′, �M/

UBBV (b)⊥ = {r ∈ R′| br = 0} Bb � irQ@bB/2/ B/2�H Q7 R′.

�b K2MiBQM2/ �i i?2 2M/ Q7 *?�Ti2` R- r2 bim/v QM bT2+B}+ `BM;bc M�K2Hv- `BM;b
r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/ �M/ `BM;b r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb
�`2 irQ@bB/2/- bQ r2 rQmH/ HBF2 iQ `2+�HH i?2 /2}MBiBQMb Q7 � T`BK2 `B;?i B/2�H �M/ �
+QKTH2i2Hv T`BK2 `B;?i B/2�HX �HbQ- � bBKTH2 `2H�iBQM #2ir22M T`BK2 `B;?i B/2�Hb �M/
+QKTH2i2Hv T`BK2 `B;?i B/2�Hb Bb T`QpB/2/X

.2}MBiBQM kXRRX (j) � T`QT2` `B;?i B/2�H I Q7 � `BM; R Bb +�HH2/ � T`BK2 `B;?i B/2�H
B7 AB ⊆ I BKTHB2b i?�i 2Bi?2` A ⊆ I Q` B ⊆ I 7Q` �Mv `B;?i B/2�Hb A �M/ B Q7 R.

.2}MBiBQM kXRkX (9) � T`QT2` `B;?i B/2�H I Q7 � `BM; R Bb +�HH2/ � +QKTH2i2Hv T`BK2
`B;?i B/2�H B7 7Q` �Mv a, b ∈ R bm+? i?�i aI ⊆ I, ab ∈ I BKTHB2b i?�i 2Bi?2` a ∈ I Q`
b ∈ I.
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6`QK i?2 �#Qp2 /2}MBiBQMb- Qm` rQ`F 7Q+mb2b QM MQM+QKKmi�iBp2 `BM;b rBi? B/2M@
iBivX

S`QTQbBiBQM kXRjX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X
A7 I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R, i?2M I Bb � T`BK2 `B;?i B/2�H Q7 R.

S`QQ7X �bbmK2 i?�i I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R. G2i A �M/ B #2 `B;?i
B/2�Hb Q7 R bm+? i?�i AB ⊆ I. amTTQb2 i?�i A ! I �M/ B ! I. h?2M i?2`2 2tBbi
a ∈ A \ I �M/ b ∈ B \ I. h?mb- ab ∈ AB ⊆ I r?2`2 a /∈ I �M/ b /∈ I. aBM+2 R

Bb � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/- I Bb � irQ@bB/2/ B/2�HX
h?2M aI ⊆ I. aBM+2 I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H- a ∈ I Q` b ∈ I. h?Bb Bb �
+QMi`�/B+iBQMX h?2M A ⊆ I Q` B ⊆ I. >2M+2- I Bb � T`BK2 `B;?i B/2�H Q7 R.

q2 �`2 BMi2`2bi2/ iQ BMp2biB;�i2 i?2 T`QT2`iB2b Q7 }MBi2Hv ;2M2`�i2/ T`BK2 `B;?i
B/2�Hb �M/ }MBi2Hv ;2M2`�i2/ +QKTH2i2Hv T`BK2 `B;?i B/2�Hb `2H�iBM; iQ ;QQ/ B/2�Hb �b
BM (R)X aBM+2 bi`QM;Hv `2;mH�` `BM;b �M/ ;QQ/ `BM;b �`2 i?2 b�K2 BM `B;?i /mQ `BM;b- r2
rQmH/ HBF2 iQ 2tTHQ`2 r?�i FBM/ Q7 i?2 `2H�iBQM #2ir22M ;QQ/ `BM;b �M/ `BM;b r?Qb2
T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/ �M/ r?�i FBM/ Q7 i?2 `2H�iBQM #2ir22M ;QQ/ `BM;b �M/
`BM;b r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X AM �//BiBQM- r2 �`2 BMi2`2bi2/
BM bim/vBM; �#Qmi � [mQiB2Mi `BM;X >Qr2p2`- i?2`2 Bb bQK2 `2bi`B+iBQM iQ b�v �#Qmi i?Bb
BM i?2 `BM; r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X qBi? i?Bb `2�bQM- r2 +?�M;2 iQ mb2
i?2 +QM+2Ti Q7 +QKTH2i2Hv T`BK2 `B;?i B/2�H BMbi2�/X AM i?2 `BM; R r?Qb2 +QKTH2i2Hv
T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/- r2 }M/ i?�i i?2 [mQiB2Mi `BM; R/I - r?2`2 I Bb �
+QKTH2i2Hv T`BK2 `BM; B/2�H Bb � /QK�BMX JQ`2Qp2`- r2 bim/v i?2 `2H�iBQM #2ir22M
MBHTQi2Mi 2H2K2Mib �M/ i?2 BMi2`b2+iBQM Q7 �HH +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �b BM (k)-
#mi rBi?Qmi i?2 +QM/BiBQM p(R) ⊆ m(R). 6BM�HHv- r2 +QMbB/2` i?2 bi`m+im`2 Q7 bQK2
B/2�Hb Q7 R i?�i `2H�i2b iQ +QKTH2i2Hv T`BK2 `B;?i B/2�HbX



*?�Ti2` j

J�BM `2bmHib

jXR _BM;b q?Qb2 S`BK2 _B;?i A/2�Hb �`2 hrQ@aB/2/
Pm` Tm`TQb2 ?2`2 Bb iQ T`QpB/2 bQK2 T`QT2`iB2b Q7 `BM;b i?�i �`2 �M�HQ;Qmb iQ i?2
T`QT2`iB2b Q7 `B;?i /mQ `BM;bX 6B`bi- r2 ;Bp2 i?2 /2}MBiBQM Q7 � +2Mi`�H 2H2K2Mi Q7 �
`BM; R �M/ bQK2 #�bB+ T`QT2`iB2b Q7 �M B/2KTQi2Mi 2H2K2Mi BM R �M/ � T`BM+BT�H `B;?i
B/2�H Q7 R r?B+? Bb �HbQ � H27i B/2�HX

.2}MBiBQM jXRXRX h?2 b2i Q7 �HH 2H2K2Mib BM � `BM; R i?�i +QKKmi2 2p2`v 2H2K2Mi
BM R Bb /2MQi2/ #v Z(R) c i?�i Bb Z(R) = {x ∈ R | xy = yx 7Q` �HH y ∈ R}. JQ`2Qp2`-
�M 2H2K2Mi BM Z(R) Bb +�HH2/ � +2Mi`�H 2H2K2Mi Q7 R.

.2}MBiBQM jXRXkX G2i I �M/ J #2 bm#`BM;b Q7 � `BM; R. h?2M R Bb i?2 /B`2+i bmK
Q7 I �M/ J, /2MQi2/ #v R = I ⊕ J, B7 R = I + J �M/ I ∩ J = {0}.

G2KK� jXRXjX G2i e #2 �M B/2KTQi2Mi 2H2K2Mi BM � `BM; R. h?2M

UBV eR ∩ (1− e)R = {0}c KQ`2Qp2`- eR⊕ (1− e)R = R;

UBBV e ∈ Z(R) B7 �M/ QMHv B7 (1− e)xe = 0 �M/ ex(1− e) = 0 7Q` �HH x ∈ R.

S`QQ7X LQi2 i?�i e2 = e bBM+2 e Bb �M B/2KTQi2Mi 2H2K2Mi BM R.

UBV G2i a ∈ eR ∩ (1 − e)R. h?2M i?2`2 2tBbi x, y ∈ R bm+? i?�i a = ex �M/
a = (1−e)y. h?2M ex = (1−e)y. h?mb- a = ex = e(ex) = e(1−e)y = (e−e2)y =

(0)y = 0. >2M+2- eR∩(1−e)R ⊆ {0}. Ai 7QHHQrb i?�i eR∩(1−e)R = {0} #2+�mb2
0 ∈ eR∩(1−e)R. JQ`2Qp2`- H2i r ∈ R. h?2M r = e(r)+(1−e)r ∈ eR+(1−e)R.

h?mb- R ⊆ eR+(1−e)R bQ eR+(1−e)R = R. �b � `2bmHi- eR⊕(1−e)R = R.

UBBV �bbmK2 i?�i e ∈ Z(R) X h?2M xe = ex 7Q` �HH x ∈ R. h?mb-

(1− e)xe = xe− exe = xee− exe = (xe− ex)e = (0)e = 0

�M/ ex(1− e) = ex− exe = eex− exe = e(ex− xe) = e(0) = 0

7Q` �HH x ∈ R.

*QMp2`b2Hv- �bbmK2 i?�i (1− e)xe = 0 �M/ ex(1− e) = 0 7Q` �HH x ∈ R. h?2M
xe = exe �M/ ex = exe 7Q` �HH x ∈ R. >2M+2- xe = ex 7Q` �HH x ∈ R.
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_2K�`F jXRX9X G2i e #2 �M 2H2K2Mi BM � `BM; R. h?2M e Bb �M B/2KTQi2Mi 2H2K2Mi
BM R B7 �M/ QMHv B7 1− e Bb �M B/2KTQi2Mi 2H2K2Mi BM R.

G2KK� jXRX8X G2i a #2 �M 2H2K2Mi BM � `BM; R. A7 aR Bb �HbQ � H27i B/2�H Q7 R, i?2M
Ra ⊆ aR.

S`QQ7X �bbmK2 i?�i aR Bb � H27i B/2�H Q7 R. h?2M a = a(1) ∈ aR. h?mb- Ra ⊆ aR

bBM+2 Ra Bb i?2 bK�HH2bi H27i B/2�H Q7 R +QMi�BMBM; a.

LQr- r2 7Q+mb QM QM2 Q7 i?2 i�`;2i `BM;bX

G2KK� jXRXeX G2i R #2 � `BM; r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X A7 eR �M/
(1 − e)R �`2 T`BK2 `B;?i B/2�Hb Q7 R r?2`2 e Bb �M B/2KTQi2Mi BM R, i?2M e Bb �
+2Mi`�H 2H2K2MiX

S`QQ7X �bbmK2 i?�i eR �M/ (1 − e)R �`2 T`BK2 `B;?i B/2�Hb Q7 R r?2`2 e Bb �M
B/2KTQi2Mi BM R. amTTQb2 i?�i e /∈ Z(R). "v G2KK� jXRXjUBBV- i?2`2 2tBbib x ∈ R

bm+? i?�i (1− e)xe $= 0 Q` ex(1− e) $= 0.

*�b2 (1− e)xe $= 0 , h?2M 0 $= (1− e)xe ∈ (1− e)R. aBM+2 eR Bb � T`BK2 `B;?i B/2�H
Q7 R - Bi Bb �HbQ � H27i B/2�H Q7 R. h?2M (1 − e)xe ∈ Re ⊆ eR #v G2KK� jXRX8X h?Bb
b?Qrb i?�i 0 $= (1− e)xe ∈ eR ∩ (1− e)R +QMi`�/B+iBM; iQ G2KK� jXRXjUBVX

*�b2 ex(1− e) $= 0 , h?2M 0 $= ex(1−e) ∈ eR. aBM+2 (1−e)R Bb � T`BK2 `B;?i B/2�H Q7
R, Bi Bb �HbQ � H27i B/2�H Q7 R. h?2M ex(1− e) ∈ R(1− e) ⊆ (1− e)R #v G2KK� jXRX8X
h?Bb b?Qrb i?�i 0 $= ex(1− e) ∈ eR ∩ (1− e)R +QMi`�/B+iBM; iQ G2KK� jXRXjUBVX

h?mb- e Bb � +2Mi`�H 2H2K2Mi Q7 R.

G2KK� jXRXdX G2i R #2 � `BM; r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X A7 I Bb �
T`BK2 `B;?i B/2�H Q7 R bm+? i?�i I = eR 7Q` bQK2 B/2KTQi2Mi e ∈ R, i?2M I = I ◦ I.

S`QQ7X �bbmK2 i?�i I Bb � T`BK2 `B;?i B/2�H Q7 R bm+? i?�i I = eR 7Q` bQK2 B/2K@
TQi2Mi e ∈ R. Ai Bb Q#pBQmb i?�i I ◦ I ⊆ I. h?2M Bi Bb 2MQm;? iQ b?Qr i?�i I ⊆ I ◦ I.
G2i i ∈ I = eR. h?2M i?2`2 2tBbib r ∈ R bm+? i?�i i = er. aBM+2 e = e(1) ∈ eR = I,

Bi 7QHHQrb i?�i i = er = (e)(er) ∈ I ◦ I.

L2ti- r2 �`2 `2�/v iQ T`Qp2 Qm` K�BM `2bmHiX

h?2Q`2K jXRX3X G2i R #2 � `BM; r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X A7 I Bb �
T`BK2 `B;?i B/2�H Q7 R, i?2M i?2 7QHHQrBM; T`QT2`iB2b ?QH/X

UBV A7 I = eR 7Q` bQK2 B/2KTQi2Mi e ∈ R �M/ (1− e)R Bb � T`BK2 `B;?i B/2�H Q7 R,

i?2M I = eR �M/ (1− e)R �`2 ;QQ/ B/2�Hb Q7 R.

UBBV A7 I Bb � ;QQ/ B/2�H Q7 R, i?2M I = I ◦ I.
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UBBBV A7 I = I ◦ I, i?2M I = I2.

UBpV A7 I Bb � }MBi2Hv ;2M2`�i2/ `B;?i B/2�H Q7 R bm+? i?�i I = I2 �M/ 2p2`v T`BM+BT�H
`B;?i B/2�H Q7 R Bb � T`BK2 `B;?i B/2�H- i?2M I = eR 7Q` bQK2 B/2KTQi2Mi e ∈ R.

S`QQ7X �bbmK2 i?�i I Bb � T`BK2 `B;?i B/2�H Q7 R.

UBV G2i e #2 �M B/2KTQi2Mi Q7 R bm+? i?�i I = eR �M/ �bbmK2 i?�i (1 − e)R Bb
� T`BK2 `B;?i B/2�H Q7 R. G2i r1, r2 ∈ R �M/ i ∈ I. q2 b?Qr i?�i r1r2 + i ∈
(r1 + I) ◦ (r2 + I). "v G2KK� jXRXj- R = I ⊕ (1 − e)R. h?2M i?2`2 2tBbi
j1, j2 ∈ I �M/ l1, l2 ∈ R bm+? i?�i r1 = j1 + (1 − e)l1 �M/ r2 = j2 + (1 − e)l2.

h?mb- er1 = ej1+ e(1− e)l1 = ej1 �M/ er2 = ej2+ e(1− e)l2 = ej2. q2 +QMbB/2`
j1j2 + i. "v G2KK� jXRXd- r2 Q#i�BM

j1j2 + i ∈ I = I ◦ I = (j1 + I) ◦ (j2 + I) X

h?2M i?2`2 2tBbi j′1 - j′2 ∈ I bm+? i?�i j1j2 + i = (j1 + j′1)(j2 + j′2), bQ i =

j1j′2 + j′1j2 + j′1j
′
2. aBM+2 j′1, j ′2 ∈ I = eR, i?2`2 2tBbi j′′1 , j ′′2 ∈ R bm+? i?�i

j′1 = ej′′1 �M/ j′2 = ej′′2 . "v G2KK� jXRXe- e Bb � +2Mi`�H 2H2K2Mi BM R. h?2M r2
Q#i�BM

i = j1j
′
2 + j′1j2 + j′1j

′
2

= j1ej
′′
2 + ej′′1 j2 + j′1j

′
2

= ej1j
′′
2 + j′′1ej2 + j′1j

′
2

= er1j
′′
2 + j′′1er2 + j′1j

′
2

= r1ej
′′
2 + ej′′1r2 + j′1j

′
2

= r1j
′
2 + j′1r2 + j′1j

′
2.

h?2M r1r2+ i = r1r2+ r1j′2+ j′1r2+ j′1j
′
2 = (r1+ j′1)(r2+ j′2) ∈ (r1+ I) ◦ (r2+ I).

>2M+2- I = eR Bb � ;QQ/ B/2�H Q7 R.

aBM+2 1− e Bb �HbQ �M B/2KTQi2Mi- i?2 `2bmHi 7QHHQrbX

UBBV �bbmK2 i?�i I Bb � ;QQ/ B/2�H Q7 R. h?2M r1r2 + I = (r1 + I) ◦ (r2 + I) 7Q` �HH
r1, r2 ∈ R. aBM+2 0 ∈ R, I = (0)(0) + I = (0 + I) ◦ (0 + I) = I ◦ I X >2M+2-
I = I ◦ I.

UBBBV �bbmK2 i?�i I = I ◦ I. h?2M I = I ◦ I ⊆ I2 ⊆ I. >2M+2- I = I2.

UBpV �bbmK2 i?�i I Bb � }MBi2Hv ;2M2`�i2/ `B;?i B/2�H Q7 R bm+? i?�i I = I2 �M/
2p2`v T`BM+BT�H `B;?i B/2�H Q7 R Bb � T`BK2 `B;?i B/2�HX aBM+2 I Bb � }MBi2Hv
;2M2`�i2/ `B;?i B/2�H Q7 R, i?2`2 2tBbi x1, x2, . . . , xn ∈ I bm+? i?�i I =

n∑
k=1

xkR
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r?2`2 n ∈ N. 6Q` 2�+? α ∈ {1, 2, . . . , n}, xα ∈ I = I2 = (
n∑

k=1
xkR)I ⊆

n∑
k=1

xkI

#2+�mb2 I Bb � T`BK2 `B;?i B/2�H Q7 R �M/ i?2M I Bb �M B/2�H Q7 R. Ai 7QHHQrb
i?�i i?2`2 2tBbi ik,m ∈ I 7Q` �HH k,m ∈ {1, 2, . . . , n} r?B+? b�iBb7v i?2 7QHHQrBM;
2[m�iBQMb,

x1i1,1 + x2i1,2 + · · ·+ xni1,n = x1,

x1i2,1 + x2i2,2 + · · ·+ xni2,n = x2,

XXX
x1in,1 + x2in,2 + · · ·+ xnin,n = xn.

h?2M r2 Q#i�BM

x1(1− i1,1)− x2i1,2 − · · ·− xni1,n = 0, URV
−x1i2,1 + x2(1− i2,2)− x3i2,3 − · · ·− xni2,n = 0, UkV

XXX
−x1in,1 − x2in,2 − · · ·− xn−1in,n−1 + xn(1− in,n) = 0, UnV

r?B+? �`2 +QMbB/2`2/ �b � bvbi2K Q7 n 2[m�iBQMb �M/ p�`B�#H2b x1, x2, . . . , xn

Ui?2 ;2M2`�iQ`b Q7 I VX aBM+2 2p2`v T`BM+BT�H `B;?i B/2�H Q7 R Bb � T`BK2 `B;?i
B/2�H- Ra Bb � T`BK2 `B;?i B/2�H Q7 R �M/ bQ Ra Bb � H27i B/2�H Q7 R 7Q` �Mv a ∈ R.

�TTHvBM; G2KK� jXRX8- R(1− in,n) ⊆ (1− in,n)R, i?2M 7Q` 2�+? l ∈ {1, 2, . . . , n}
i?2`2 2tBbi jl,n ∈ R bm+? i?�i il,n(1 − in,n) = (1 − in,n)jl,n. JQ`2Qp2`- jl,n ∈ I

7Q` �HH l ∈ {1, 2, . . . , n}.

L2ti- r2 r�Mi iQ b?Qr i?�i 7Q` �Mv k ∈ {1, 2, . . . , n}, i?2`2 2tBbib uk ∈ I

bm+? i?�i xk(1− uk) = 0. G2i k ∈ {1, 2, . . . , n}.

ai2T R, h?Bb T`Q+2bb Bb iQ 2HBKBM�i2 i?2 p�`B�#H2b xn, xn−1, . . . , xk+2, `2bT2+iBp2Hv-
7`QK i?2 bvbi2K bQ i?�i i?2 bvbi2K +QMbBbiBM; Q7 k + 1 2[m�iBQMb rBi?
p�`B�#H2b x1, x2, . . . , xk+1 Bb Q#i�BM2/X

ai2T RXR, q2 +QMbB/2` ?Qr xn Bb 2HBKBM�i2/X
6Q` 2�+? l ∈ {1, 2, . . . , n − 1}, r2 mb2 i?2 2[m�iBQMb (l) �M/ (n) �M/
i?2 7�+i i?�i il,n(1− in,n) = (1 − in,n)jl,n r?2`2 jl,n ∈ I. JmHiBTHvBM;
(l) #v (1 − in,n) �M/ (n) #v jl,n �M/ i?2M �//BM; #Qi? Q7 i?2K- r2
Q#i�BM i?2 M2r 2[m�iBQM (l′) c ?Qr2p2`- r2 mb2 i?2 b�K2 M�K2 ǳi?2
2[m�iBQM (l)ǴX q2 Q#i�BM i?2 7QHHQrBM; bvbi2K Un− 1 2[m�iBQMb rBi?
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p�`B�#H2b x1, x2, . . . , xn−1 V,

x1(1− j1,1)− x2j1,2 − · · ·− xn−1j1,n−1 = 0,

URV
−x1j2,1 + x2(1− j2,2)− x3j2,3 · · ·− xn−1j2,n−1 = 0,

UkV
XXX

−x1jn−1,1 − x2jn−1,2 − · · ·− xn−2jn−1,n−2 + xn−1(1− jn−1,n−1) = 0,

Un− 1V

r?2`2 jl,m ∈ I 7Q` �HH l,m ∈ {1, 2, . . . , n− 1}.
ai2T RXk, q2 +QMbB/2` ?Qr xn−1 Bb 2HBKBM�i2/X

6Q` 2�+? l ∈ {1, 2, . . . , n − 2}, r2 mb2 i?2 2[m�iBQMb (l) �M/ (n− 1)

�M/ i?2 7�+i i?�i jl,n−1(1 − jn−1,n−1) = (1 − jn−1,n−1)j′l,n−1 7Q` bQK2
j′l,n−1 ∈ I. JmHiBTHvBM; (l) #v (1 − jn−1,n−1) �M/ (n − 1) #v j′l,n−1

�M/ i?2M �//BM; #Qi? Q7 i?2K- r2 Q#i�BM i?2 M2r 2[m�iBQM b�v (l).

q2 Q#i�BM i?2 7QHHQrBM; bvbi2K Un − 2 2[m�iBQMb rBi? p�`B�#H2b
x1, x2, . . . , xn−2 V,

x1(1− j′1,1)− x2j
′
1,2 − · · ·− xn−2j

′
1,n−2 = 0,

URV
−x1j

′
2,1 + x2(1− j′2,2)− x3j

′
2,3 · · ·− xn−2j

′
2,n−2 = 0,

UkV
XXX

−x1jn−2,1 − x2jn−2,2 − · · ·− xn−3jn−2,n−3 + xn−2(1− j′n−2,n−2) = 0,

Un− 2V

r?2`2 j′l,m ∈ I 7Q` �HH l,m ∈ {1, 2, . . . , n− 2}.

*QMiBMm2 i?Bb T`Q+2bb bQ i?�i i?2 7QHHQrBM; 2[m�iBQMb �`2 Q#i�BM2/X

x1(1− s1,1)− x2s1,2 − · · ·− xk+1s1,k+1 = 0, URV
−x1s2,1 + x2(1− s2,2)− x3s2,3 · · ·− xk+1s2,k+1 = 0, UkV

XXX
−x1sk+1,1 − x2sk+1,2 − · · ·− xksk+1,k + xk+1(1− sk+1,k+1) = 0, Uk + 1V

r?2`2 sl,m ∈ I 7Q` �HH l,m ∈ {1, 2, . . . , k + 1}.

ai2T k, h?Bb T`Q+2bb Bb iQ 2HBKBM�i2 i?2 p�`B�#H2b x1, x2, . . . , xk−1, `2bT2+iBp2Hv-
7`QK i?2 H�bi bvbi2K Q#i�BM2/ 7`QK ai2T R bQ i?�i r2 `2�+? i?2 bvbi2K
+QMbBbiBM; Q7 k 2[m�iBQMb rBi? p�`B�#H2b xk �M/ xk+1.
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ai2T kXR, q2 +QMbB/2` ?Qr x1 Bb 2HBKBM�i2/X
6Q` 2�+? l ∈ {2, 3, . . . , k+1}, r2 mb2 i?2 2[m�iBQMb (l) �M/ (1) �M/ i?2
7�+i i?�i sl,1(1− s1,1) = (1− s1,1)tl,1 7Q` bQK2 tl,1 ∈ I. JmHiBTHvBM; (l)

#v (1− s1,1) �M/ (1) #v tl,1 �M/ i?2M �//BM; #Qi? Q7 i?2K- r2 Q#i�BM
i?2 M2r 2[m�iBQM (l). q2 Q#i�BM i?2 7QHHQrBM; bvbi2K Uk 2[m�iBQMb
rBi? p�`B�#H2b x2, x3, . . . , xk+1 V,

x2(1− t2,2)− x3t2,3 − · · ·− xk+1t2,k+1 = 0, UkV
−x2t3,2 + x3(1− t3,3)− x4t3,4 − · · ·− xk+1t3,k+1 = 0, UjV

XXX
−x2tk+1,2 − x3tk+1,3 − · · ·− xktk+1,k + xk+1(1− tk+1,k+1) = 0,

Uk + 1V

r?2`2 tl,m ∈ I 7Q` �HH l,m ∈ {2, 3, . . . , k + 1}.
ai2T kXk, q2 +QMbB/2` ?Qr x2 Bb 2HBKBM�i2/X

6Q` 2�+? l ∈ {3, 4, . . . , k + 1}, r2 mb2 i?2 2[m�iBQMb (l) �M/ (2) �M/
i?2 7�+i i?�i tl,2(1− t2,2) = (1− t2,2)t′l,2 7Q` bQK2 t′l,2 ∈ I. JmHiBTHvBM;
(l) #v (1 − t2,2) �M/ (2) #v t′l,2 �M/ i?2M �//BM; #Qi? Q7 i?2K- r2
Q#i�BM i?2 M2r 2[m�iBQM (l). q2 Q#i�BM i?2 7QHHQrBM; bvbi2K Uk − 1

2[m�iBQMb rBi? p�`B�#H2b x3, x4, . . . , xk+1 V,

x3(1− t′3,3)− x4t
′
3,4 − · · ·− xk+1t

′
3,k+1 = 0, UjV

−x3t
′
4,3 + x4(1− t′4,4)− x5t

′
4,5 − · · ·− xk+1t

′
4,k+1 = 0, U9V

XXX
−x3t

′
k+1,3 − x4t

′
k+1,4 − · · ·− xkt

′
k+1,k + xk+1(1− t′k+1,k+1) = 0,

Uk + 1V

r?2`2 t′l,m ∈ I 7Q` �HH l,m ∈ {3, 4, . . . , k + 1}.

*QMiBMm2 i?Bb T`Q+2bb bQ i?�i i?2 7QHHQrBM; 2[m�iBQMb �`2 Q#i�BM2/X

xk(1− βk,k)− xk+1βk,k+1 = 0, UkV
−xkβk+1,k + xk+1(1− βk+1,k+1) = 0, Uk + 1V

r?2`2 βl,m ∈ I 7Q` �HH l,m ∈ {k, k + 1}.

ai2T j, 6`QK ai2T k-

xk(1− βk,k)− xk+1βk,k+1 = 0,

−xkβk+1,k + xk+1(1− βk+1,k+1) = 0,
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r?2`2 βl,m ∈ I 7Q` �HH l,m ∈ {k, k + 1}.
h?2M xk+1 Bb 2HBKBM�i2/ 7`QK #Qi? 2[m�iBQMb #v mbBM; i?2 7�+i i?�i i?2`2
2tBbib γk+1,k+1 ∈ I bm+? i?�i βk,k+1(1 − βk+1,k+1) = (1 − βk+1,k+1)γk,k+1.

h?mb- xk(1 − βk,k)(1 − βk+1,k+1) − xkβk+1,kγk,k+1 = 0, BX2- xk(1 − uk) = 0

7Q` bQK2 uk ∈ I.

LQr- r2 Q#i�BM xk(1− uk) = 0 7Q` bQK2 uk ∈ I r?2`2 k ∈ {1, 2, . . . , n}.

L2ti- H2i k ∈ {1, 2, . . . , n} �M/ rk ∈ R. h?2M

xk(rk(1− u1)(1− u2) · · · (1− uk−1)) = r′kxk 7Q` bQK2 r′k ∈ R.

aBM+2 xk(1− uk) = 0,

xkrk(1− u1)(1− u2) · · · (1− un) = r′kxk(1− uk) · · · (1− un) = 0.

JQ`2Qp2`- I(1− u1) · · · (1− un) = 0 bBM+2 I Bb ;2M2`�i2/ #v x1, x2, . . . , xn. G2i
(1 − u1)(1 − u2) · · · (1 − un) = 1 − e. h?2M e ∈ I. h?mb- I(1 − e) = 0. AM
T�`iB+mH�`- e(1−e) = 0. h?mb- e = e2. aBM+2 eR ⊆ IR ⊆ I, Bi Bb 2MQm;? iQ b?Qr
i?�i I ⊆ eR. LQi2 i?�i i?2 T`BM+BT�H B/2�H eR Bb � T`BK2 `B;?i B/2�H bQ i?�i eR

Bb � irQ@bB/2/ B/2�HX G2i i ∈ I. h?2M i(1 − e) = 0, bQ i = ie ∈ Ie ⊆ Re ⊆ eR

#v G2KK� jXRX8X >2M+2- I = eR 7Q` bQK2 B/2KTQi2Mi e ∈ I.

h?2Q`2K jXRXNX G2i R #2 � `BM; r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X h?2M i?2
7QHHQrBM; bi�i2K2Mib ?QH/X

UBV A7 2�+? }MBi2Hv ;2M2`�i2/ T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H- i?2M 2�+?
T`BM+BT�H T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

UBBV A7 2�+? T`BM+BT�H T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H �M/ 2p2`v T`BM+BT�H `B;?i
B/2�H Q7 R Bb � T`BK2 `B;?i B/2�H- i?2M 2p2`v T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/
B/2�HX

S`QQ7X

UBV h?2 `2bmHi 7QHHQrb 7`QK i?2 7�+i i?�i T`BM+BT�H `B;?i B/2�Hb Q7 R �`2 }MBi2Hv
;2M2`�i2/ T`BK2 `B;?i B/2�Hb Q7 R.

UBBV �bbmK2 i?�i 2�+? T`BM+BT�H T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H �M/ 2p2`v
T`BM+BT�H `B;?i B/2�H Q7 R Bb � T`BK2 `B;?i B/2�HX G2i I #2 � T`BK2 `B;?i B/2�H Q7
R. G2i r1, r2 ∈ R �M/ i ∈ I. aBM+2 iR Bb � T`BM+BT�H `B;?i B/2�H- iR Bb � T`BK2
`B;?i B/2�HX h?2M iR Bb � ;QQ/ B/2�H Q7 R. >2M+2- r1r2+i ∈ (r1+iR)◦(r2+iR) ⊆
(r1 + I) ◦ (r2 + I).
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6BM�HHv- r2 ;Bp2 i?2 /2}MBiBQM Q7 � P @`2;mH�` `BM; r?B+? Bb �M�HQ;Qmb iQ � bi`QM;Hv
`2;mH�` `BM;X aBM+2 � ;QQ/ `BM; U�HH B/2�Hb �`2 ;QQ/ B/2�HbV �M/ � bi`QM;Hv `2;mH�` `BM;
+QBM+B/2 BM � `B;?i /mQ `BM;- r2 +QMbB/2` bBKBH�` `2H�iBQM #2ir22M � P @`2;mH�` `BM;
�M/ i?2B` ;QQ/ B/2�HbX

.2}MBiBQM jXRXRyX � `BM; R Bb +�HH2/ � P @`2;mH�` `BM; B7 R Bb � `2;mH�` `BM; �M/
2p2`v T`BK2 `B;?i B/2�H Q7 R Bb irQ@bB/2/X

_2+�HH i?�i R Bb � `2;mH�` `BM; B7 2�+? T`BM+BT�H `B;?i B/2�H Q7 R Bb ;2M2`�i2/ #v
�M B/2KTQi2Mi Q7 R.

h?2Q`2K jXRXRRX G2i R #2 � P @`2;mH�` `BM;X A7 eR Bb � T`BK2 `B;?i B/2�H Q7 _
7Q` �HH B/2KTQi2Mi e ∈ R, i?2M 2�+? T`BM+BT�H T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX
JQ`2Qp2`- B7 2p2`v T`BM+BT�H `B;?i B/2�H Q7 R Bb � T`BK2 `B;?i B/2�H- i?2M 2p2`v T`BK2
`B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

S`QQ7X �bbmK2 i?�i eR Bb � T`BK2 `B;?i B/2�H Q7 R 7Q` �HH B/2KTQi2Mi e ∈ R. 6B`bi- H2i
a ∈ R #2 bm+? i?�i aR Bb � T`BM+BT�H T`BK2 `B;?i B/2�H Q7 R. aBM+2 R Bb � P @`2;mH�`
`BM;- R Bb � `2;mH�` `BM; bQ i?2`2 2tBbib �M B/2KTQi2Mi e ∈ R bm+? i?�i aR = eR.

h?2M 1 − e Bb �M B/2KTQi2Mi 2H2K2Mi BM R #v _2K�`F jXRX9 �M/ bQ (1 − e)R Bb �
T`BK2 `B;?i B/2�H Q7 R X "v h?2Q`2K jXRX3 UBV- aR Bb � ;QQ/ B/2�H Q7 R.

AM �//BiBQM- bmTTQb2 i?�i 2p2`v T`BM+BT�H `B;?i B/2�H Q7 R Bb � T`BK2 `B;?i B/2�HX
"v h?2Q`2K jXRXN UBBV- 2�+? T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

h?2Q`2K jXRXRkX G2i R #2 � `BM; r?Qb2 T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X A7 2p2`v
T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H �M/ 2p2`v T`BM+BT�H `B;?i B/2�H Q7 R Bb � T`BK2
`B;?i B/2�H- i?2M R Bb � P @`2;mH�` `BM;X

S`QQ7X �bbmK2 i?�i 2p2`v T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H �M/ 2p2`v T`BM+BT�H
`B;?i B/2�H Q7 R Bb � T`BK2 `B;?i B/2�HX G2i b ∈ R #2 bm+? i?�i bR Bb � T`BM+BT�H `B;?i
B/2�H Q7 R. h?2M bR Bb � T`BM+BT�H T`BK2 `B;?i B/2�H Q7 R, bQ bR Bb � ;QQ/ B/2�H Q7
R X "v h?2Q`2K jXRX3 UBBV- bR = bR ◦ bR. "v h?2Q`2K jXRX3 UBBBV- bR = (bR)2. "v
h?2Q`2K jXRX3 UBpV- i?2`2 2tBbib �M B/2KTQi2Mi f ∈ R bm+? i?�i bR = fR. >2M+2-
R Bb � P @`2;mH�` `BM;X

jXk _BM;b q?Qb2 *QKTH2i2Hv S`BK2 _B;?i A/2�Hb
�`2 hrQ@aB/2/

6B`bi- r2 BMbT2+i bQK2 T`QT2`iB2b Q7 � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R `2H�iBM; iQ �
;QQ/ B/2�H Q7 R. aBM+2 `BM;b BM i?Bb b2+iBQM ?�p2 i?2 b�K2 +QKKQM +?�`�+i2` �b `BM;b
BM a2+iBQM jXR- r2 ;2i `2bmHib bBKBH�` iQ h?2Q`2Kb jXRX3 Ĝ jXRXN �M/ h?2Q`2Kb jXRXRR
Ĝ jXRXRk #v mbBM; +QKTH2i2Hv T`BK2 `B;?i B/2�Hb BMbi2�/ Q7 T`BK2 `B;?i B/2�HbX
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h?2Q`2K jXkXRX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X
A7 I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R, i?2M i?2 7QHHQrBM; T`QT2`iB2b ?QH/X

UBV A7 I = eR 7Q` bQK2 B/2KTQi2Mi e ∈ R �M/ (1− e)R Bb � +QKTH2i2Hv T`BK2 `B;?i
B/2�H Q7 R, i?2M I = eR �M/ (1− e)R �`2 ;QQ/ B/2�Hb Q7 R.

UBBV A7 I Bb � ;QQ/ B/2�H Q7 R, i?2M I = I ◦ I.

UBBBV A7 I = I ◦ I, i?2M I = I2.

UBpV A7 I Bb � }MBi2Hv ;2M2`�i2/ `B;?i B/2�H Q7 R bm+? i?�i I = I2 �M/ 2p2`v T`BM+BT�H
`B;?i B/2�H Q7 R Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H- i?2M I = eR 7Q` bQK2
B/2KTQi2Mi e ∈ R.

h?2Q`2K jXkXkX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X
h?2M i?2 7QHHQrBM; bi�i2K2Mib ?QH/X

UBV A7 2�+? }MBi2Hv ;2M2`�i2/ +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H- i?2M
2�+? T`BM+BT�H +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

UBBV A7 2�+? T`BM+BT�H +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H �M/ 2p2`v
T`BM+BT�H `B;?i B/2�H Q7 R Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H- i?2M 2p2`v +QKTH2i2Hv
T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

�M�HQ;QmbHv iQ i?2 T`QT2`iB2b Q7 � P @`2;mH�` `BM;- r2 ;Bp2 i?2 /2}MBiBQM Q7 �
CP @`2;mH�` `BM; �M/ BMp2biB;�i2 bQK2 T`QT2`iB2b Q7 � CP @`2;mH�` `BM;X

.2}MBiBQM jXkXjX � `BM; R Bb +�HH2/ � CP @`2;mH�` `BM; B7 R Bb � `2;mH�` `BM; �M/
2p2`v +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R Bb irQ@bB/2/X

h?2Q`2K jXkX9X G2i R #2 � CP @`2;mH�` `BM;X A7 eR Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H
Q7 R 7Q` �HH B/2KTQi2Mi e ∈ R, i?2M 2�+? T`BM+BT�H +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R

Bb � ;QQ/ B/2�HX JQ`2Qp2`- B7 2p2`v T`BM+BT�H `B;?i B/2�H Q7 R Bb � +QKTH2i2Hv T`BK2
`B;?i B/2�H- i?2M 2p2`v +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�HX

h?2Q`2K jXkX8X G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X
A7 2p2`v +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R Bb � ;QQ/ B/2�H �M/ 2p2`v T`BM+BT�H `B;?i
B/2�H Q7 R Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H- i?2M R Bb � CP @`2;mH�` `BM;X

L2ti- r2 ;Bp2 bQK2 `2H�iBQM #2ir22M � /QK�BM- r?B+? Bb � MQMx2`Q �bbQ+B�iBp2
`BM; rBi? B/2MiBiv bm+? i?�i ab = 0 BKTHB2b a = 0 Q` b = 0 7Q` �HH a, b ∈ R, �M/
� +QKTH2i2Hv T`BK2 `B;?i B/2�H �M/ bQK2 `2H�iBQM #2ir22M � MBHTQi2Mi 2H2K2Mi Q7 �
[mQiB2Mi `BM; �M/ � x2`Q /BpBbQ` Q7 � [mQiB2Mi `BM;X



Re

S`QTQbBiBQM jXkXeX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/
�M/ I #2 � `B;?i B/2�H Q7 R. h?2M R/I Bb � /QK�BM B7 �M/ QMHv B7 I Bb � +QKTH2i2Hv
T`BK2 `B;?i B/2�H Q7 R.

S`QQ7X �bbmK2 i?�i R/I Bb � /QK�BMX h?2M R/I Bb � MQMx2`Q `BM; �M/ bQ I Bb �
T`QT2` B/2�H Q7 R. G2i a, b ∈ R #2 bm+? i?�i ab ∈ I �M/ aI ⊆ I. amTTQb2 i?�i a /∈ I.

h?2M (a+ I)(b+ I) = ab+ I = I. aBM+2 a+ I $= I �M/ R/I Bb � /QK�BM- b+ I = I -
bQ b ∈ I. h?2M I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R.

*QMp2`b2Hv- �bbmK2 i?�i I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R X h?2M I Bb �
T`QT2` irQ@bB/2/ B/2�H Q7 R. h?2M R/I Bb � MQMx2`Q [mQiB2Mi `BM; rBi? B/2MiBivX hQ
b?Qr i?�i R/I Bb � /QK�BM- H2i x, y ∈ R/I #2 bm+? i?�i xy = I. h?2M i?2`2 2tBbi
a, b ∈ R bm+? i?�i x = a+ I �M/ y = b+ I. �bbmK2 i?�i x $= I. h?2M a /∈ I. h?mb-
I = xy = (a + I)(b + I) = ab + I, bQ ab ∈ I. aBM+2 I Bb � +QKTH2i2Hv T`BK2 `B;?i
B/2�H Q7 R - aI ⊆ I �M/ a /∈ I, Bi 7QHHQrb i?�i b ∈ I. h?2M y = I. >2M+2- R/I Bb �
/QK�BMX

JQ`2Qp2`- r2 bim/v i?2 bi`m+im`2 Q7 R/I r?2`2 I Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H
Q7 R.

.2}MBiBQM jXkXdX �M 2H2K2Mi r Q7 �M �bbQ+B�iBp2 `BM; R Bb +�HH2/ � x2`Q /BpBbQ` Q7
R B7 i?2`2 2tBbi MQMx2`Q x, y ∈ R bm+? i?�i rx = 0 = yr.

G2KK� jXkX3X G2i I #2 � irQ@bB/2/ B/2�H Q7 �M �bbQ+B�iBp2 `BM; R rBi? B/2MiBiv RX
A7 x+ I Bb � MBHTQi2Mi 2H2K2Mi Q7 R/I, i?2M x+ I Bb � x2`Q /BpBbQ` Q7 R/I.

S`QQ7X �bbmK2 i?�i x+ I Bb � MBHTQi2Mi 2H2K2Mi Q7 R/I. h?2M i?2`2 2tBbib i?2 H2�bi
TQbBiBp2 BMi2;2` m bm+? i?�i (x+ I)m = xm + I = I. A7 m = 1, i?2M (x+ I)(1+ I) =

x + I = I �M/ (1 + I)(x + I) = x + I = I, bQ r2 �`2 /QM2X LQr- r2 +QMbB/2`
m > 1. h?2M xm−1 /∈ I, bQ xm−1 + I $= I X h?mb- (x + I)(xm−1 + I) = I �M/
(xm−1 + I)(x+ I) = I. >2M+2- x+ I Bb � x2`Q /BpBbQ` Q7 R/I.

6`QK S`QTQbBiBQM kXN- EX EQ? Q#i�BM2/ � `2H�iBQM #2ir22M MBHTQi2Mi 2H2K2Mib Q7
� `BM; R �M/ i?2 T`BK2 `�/B+�H Q7 R. >2 b?Qr2/ i?�i i?2 T`BK2 `�/B+�H Q7 R Bb i?2
BMi2`b2+iBQM Q7 �HH T`BK2 `B;?i B/2�Hb Q7 R. h?mb- r2 /2}M2 i?2 +QKTH2i2Hv T`BK2 `�/B+�H
Q7 R, /2MQi2/ #v `�/ URV- iQ #2 i?2 BMi2`b2+iBQM Q7 �HH +QKTH2i2Hv T`BK2 `B;?i B/2�Hb
Q7 R. Pm` }`bi �BK Bb iQ 2t�KBM2 bQK2 T`QT2`iB2b Q7 `�/ URV �M/ MBHTQi2Mi 2H2K2Mib
Q7 R.

G2KK� jXkXNX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X
h?2M 2p2`v MBHTQi2Mi 2H2K2Mi Q7 R Bb +QMi�BM2/ BM `�/ (R).

S`QQ7X G2i x #2 � MBHTQi2Mi 2H2K2Mi Q7 R. h?2M xn = 0 7Q` bQK2 TQbBiBp2 BMi2;2` n.

A7 n = 1, i?2M x = x1 = 0 ∈ `�/ URVX L2ti- r2 +QMbB/2` n > 1. amTTQb2 i?�i x /∈
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`�/ URVX h?2M i?2`2 2tBbib � +QKTH2i2Hv T`BK2 `B;?i B/2�H I Q7 R bm+? i?�i x /∈ I.

h?2M I Bb � irQ@bB/2/ B/2�H Q7 R. "v S`QTQbBiBQM jXkXe- R/I Bb � /QK�BMX h?mb-
(x + I)n = xn + I = I, BX2X- x + I Bb � MBHTQi2Mi 2H2K2Mi Q7 R/I. "v G2KK� jXkX3-
x+ I Bb � x2`Q /BpBbQ`X h?Bb Bb � +QMi`�/B+iBQM #2+�mb2 R/I Bb � /QK�BMX

aBM+2 `BM;b i?�i r2 �`2 BMi2`2bi2/ BM �`2 `BM;b r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb
�`2 irQ@bB/2/ �M/ �Mv BMi2`b2+iBQM Q7 B/2�Hb Bb �M B/2�H- `�/ URV Kmbi #2 �M B/2�H
Q7 R. �b � `2bmHi- R/`�/ URV Bb � [mQiB2Mi `BM;X

h?2Q`2K jXkXRyX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/
�M/ R′ = R/I r?2`2 I = `�/ (R). h?2M 7Q` �Mv b+ I ∈ R′,

UBV (b+ I)(r + I) = I B7 �M/ QMHv B7 (r + I)(b+ I) = I 7Q` �Mv r + I ∈ R′, �M/

UBBV (b + I)⊥ = {r + I ∈ R/I | r ∈ R �M/ (b + I)(r + I) = I} Bb � irQ bB/2/ B/2�H
Q7 R′.

S`QQ7X 6B`bi- r2 rBHH b?Qr i?�i B7 x /∈ I - i?2M x + I Bb MQi � MBHTQi2Mi 2H2K2Mi Q7
R/I. �bbmK2 i?�i x /∈ I. h?2`2 2tBbib � +QKTH2i2Hv T`BK2 `B;?i B/2�H J Q7 R bm+?
i?�i x /∈ J. h?2M J Bb � irQ@bB/2/ B/2�H �M/ R/J Bb � /QK�BM #v S`QTQbBiBQM jXkXeX
>2M+2- x+ J ∈ R/J Bb MQi � x2`Q /BpBbQ`X "v G2KK� jXkX3- x+ J Bb MQi � MBHTQi2Mi
2H2K2Mi Q7 R/J. h?2M xn /∈ J 7Q` �HH n ∈ N. aBM+2 I = `�/ URV ⊆ J, Bi 7QHHQrb i?�i
xn /∈ I 7Q` �HH n ∈ N. h?mb- x+ I Bb MQi � MBHTQi2Mi 2H2K2Mi Q7 R/I. G2i b+ I ∈ R/I

r?2`2 b ∈ R.

UBV G2i r + I ∈ R/I r?2`2 r ∈ R. �bbmK2 i?�i (b+ I)(r + I) = I.

A7 rb ∈ I, i?2M r2 �`2 /QM2X amTTQb2 i?�i rb /∈ I. h?2M (r+ I)(b+ I) = rb+ I

Bb MQi � MBHTQi2Mi 2H2K2Mi Q7 R/I. LQi2 i?�i
(
(r + I)(b+ I)

)2
= (r + I)(b+ I)(r + I)(b+ I)

= (r + I)I(b+ I)

= I.

h?Bb 7Q`+2b (r + I)(b+ I) = I.

*QMp2`b2Hv- �bbmK2 i?�i (r+ I)(b+ I) = I. qBi? i?2 b�K2 �#Qp2 �`;m2K2Mi-
(b+ I)(r + I) = I.

UBBV G2i p + I, q + I ∈ (b + I)⊥ r?2`2 p, q ∈ R. h?2M (b + I)(p + I) = I �M/
(b+ I)(q + I) = I. q2 b?Qr i?�i (p+ I)− (q + I) ∈ R/I. LQi2 i?�i

I = (b+ I)(p+ I)− (b+ I)(q + I) = (bp− bq) + I

= b(p− q) + I = (b+ I)
(
(p− q) + I

)
.
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h?2M (p+ I)− (q + I) = (p− q) + I ∈ (b+ I)⊥.

L2ti- H2i a+ I ∈ (b+ I)⊥ �M/ H2i r + I ∈ R/I r?2`2 a, r ∈ R. h?2M

(b+ I)(a+ I) = I �M/ (a+ I)(b+ I) = I.

q2 b?Qr i?�i (a+ I)(r+ I) ∈ (b+ I)⊥ �M/ (r+ I)(a+ I) ∈ (b+ I)⊥. h?2b2 �`2
Q#i�BM2/ 7`QK (b+ I)(a+ I)(r+ I) = I(r+ I) = I �M/ (r+ I)(a+ I)(b+ I) =

(r + I)I = I.

L2ti- r2 ;Bp2 i?2 /2}MBiBQMb Q7 � K�tBK�H `B;?i B/2�H Q7 � `BM; �M/ � `B;?i [m�bB@
/mQ `BM;X AM �//BiBQM- r2 `272` ?2`2 i?2 aX a�7�22v�MǶb `2bmHi b?QrM BM (8) i?�i- BM �
`B;?i [m�bB@/mQ `BM; R, B7 M Bb Bib K�tBK�H `B;?i B/2�H �M/ a ∈ R, i?2M a2 ∈ M H2�/b
iQ a ∈ M.

.2}MBiBQM jXkXRRX � T`QT2` `B;?i B/2�H I Q7 � `BM; R Bb +�HH2/ � K�tBK�H `B;?i B/2�H
B7 7Q` �Mv `B;?i B/2�H J Q7 R, I ⊆ J ⊆ R BKTHB2b i?�i 2Bi?2` J = I Q` J = R.

.2}MBiBQM jXkXRkX (8) � `BM; R Bb +�HH2/ � `B;?i [m�bB@/mQ `BM; B7 2p2`v K�tBK�H
`B;?i B/2�H Q7 R Bb � irQ@bB/2/ B/2�HX

G2KK� jXkXRjX (8- G2KK� jXk) G2i R #2 � `B;?i [m�bB@/mQ `BM; �M/ M #2 � K�tBK�H
`B;?i B/2�H Q7 R. h?2M 7Q` 2�+? a ∈ R, a2 ∈ M BKTHB2b i?�i a ∈ M.

hQ ;2M2`�i2 bBKBH�` `2bmHi �b �#Qp2- r2 +QMbB/2` i?2 b2i

(I : x) = {r ∈ R | xr ∈ I} r?2`2 x ∈ R �M/ I Bb �M B/2�H Q7 R.

Ai +�M #2 T`Qp2/ i?�i (I : x) Bb �M B/2�H Q7 R +QMi�BMBM; I 7Q` �HH B/2�Hb I Q7 R �M/
x ∈ R. >Qr2p2`- r2 rQmH/ HBF2 iQ bim/v KQ`2 �#Qmi Bib bi`m+im`2 7Q` `BM;b r?Qb2
+QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/X

S`QTQbBiBQM jXkXR9X G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@
bB/2/ �M/ I #2 � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R.

UBV A7 x /∈ I, i?2M (I : x) = I.

UBBV A7 x ∈ I, i?2M (I : x) = R.

S`QQ7X

UBV �bbmK2 i?�i x /∈ I. Ai bm{+2b iQ b?Qr i?�i (I : x) ⊆ I. G2i i ∈ (I : x). h?2M
xi ∈ I. JQ`2Qp2`- xI ⊆ I #2+�mb2 I Bb �M B/2�H Q7 R. aBM+2 I Bb � +QKTH2i2Hv
T`BK2 `B;?i B/2�H Q7 R, xI ⊆ I �M/ x /∈ I, r2 +QM+Hm/2 i?�i i ∈ I. >2M+2-
(I : x) = I.
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UBBV �bbmK2 i?�i x ∈ I. Ai Bb 2MQm;? iQ b?Qr i?�i R ⊆ (I : x). G2i r ∈ R. h?2M
xr ∈ I. h?mb- r ∈ (I : x).

*Q`QHH�`v jXkXR8X G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/-
I #2 � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R �M/ x ∈ R. h?2M 2Bi?2` (I : x) = R Q`
(I : x) Bb � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R.

h?2Q`2K jXkXReX G2i R #2 � `BM; r?Qb2 +QKTH2i2Hv T`BK2 `B;?i B/2�Hb �`2 irQ@bB/2/
�M/ I #2 � +QKTH2i2Hv T`BK2 `B;?i B/2�H Q7 R. h?2M 7Q` 2�+? x ∈ R, xn ∈ I BKTHB2b
i?�i x ∈ I 7Q` �Mv n ∈ N.

S`QQ7X G2i x ∈ R. JQ`2Qp2`- H2i P (n) #2 i?2 bi�i2K2Mi ǳxn ∈ I BKTHB2b i?�i x ∈ I Ǵ
7Q` �Mv n ∈ N.

"�bBb ai2T Ai Bb Q#pBQmb i?�i x = x1 ∈ I. h?Bb b?Qrb i?�i P (1) ?QH/bX
AM/m+iBQM ai2T G2i k ∈ N #2 bm+? i?�i P (k) Bb i`m2X h?2M xk ∈ I BKTHB2b

i?�i x ∈ I. q2 rBHH b?Qr i?�i P (k + 1) Bb i`m2X �bbmK2 i?�i xk+1 ∈ I. amTTQb2
i?�i x /∈ I. h?2M (I : x) = I #v S`QTQbBiBQM jXkXR9UBVX h?2M xxk = xk+1 ∈ I, bQ
xk ∈ (I : x) = I. aBM+2 P (k) Bb p�HB/- r2 Q#i�BM x ∈ I. h?Bb Bb � +QMi`�/B+iBQMX >2M+2-
x ∈ I. h?Bb b?Qrb i?�i P (k + 1) ?QH/bX

"v K�i?2K�iB+�H BM/m+iBQM- i?2 bi�i2K2Mi P (n) Bb i`m2 7Q` �Mv n ∈ N.
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(R) >m�M;- GX �M/ sm2- qX- �M BMi2`M�H +?�`�+i2`Bb�iBQM Q7 bi`QM;Hv `2;mH�` `BM;b-
"mHH2iBM Q7 i?2 �mbi`�HB�M J�i?2K�iB+�H aQ+B2iv- oQHX9e- LQXj URNNkV- TTX8k8@
8k3X

(k) EQ?- EX- PM QM2 bB/2/ B/2�Hb Q7 � T`BK2 ivT2- S`Q+22/BM;b Q7 i?2 �K2`B+�M
J�i?2K�iB+�H aQ+B2iv- oQHXk3- LQXk URNdRV- TTXjkR@jkNX

(j) Emxm+mQ;Hm- 6X- PM QM2 bB/2/ bi`QM;Hv T`BK2 B/2�Hb- >�+2ii2T2 CQm`M�H Q7 J�i?@
2K�iB+b �M/ ai�iBbiB+b- oQHXjN- LQX9 UkyRyV- TTX8dd@83kX

(9) _2v2b- JXGX- � QM2@bB/2/ T`BK2 B/2�H T`BM+BTH2 7Q` MQM+QKKmi�iBp2 `BM;b- CQm`@
M�H Q7 �H;2#`� �M/ Aib �TTHB+�iBQMb- oQHXN- LQXe UkyRyV- TTX3dd@NRNX

(8) a�7�22v�M- aX- ai`QM;Hv [m�bB@/mQ `BM;b- CQm`M�H Q7 J�i?2K�iB+�H 1ti2MbBQM-
oQHX8- LQXk UkyRRV- TTXed@d9X
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Background and Rationale  

Let 𝑅𝑅 be an associative ring with identity. Any subgroup 𝐼𝐼 of 𝑅𝑅 is called a right (or 

left) ideal if 𝐼𝐼𝑟𝑟 ⊆  𝐼𝐼 (or 𝑟𝑟𝐼𝐼 ⊆  𝐼𝐼) for any 𝑟𝑟 ∈ 𝑅𝑅. A two-sided ideal is both a left ideal 

and a right ideal. For any nonempty subsets 𝐼𝐼 and 𝐽𝐽 of 𝑅𝑅, define 

𝐼𝐼𝐽𝐽 = {∑ 𝑖𝑖𝑘𝑘𝑗𝑗𝑘𝑘 𝑛𝑛
𝑘𝑘=1 | 𝑛𝑛 ∈ ℕ, 𝑖𝑖𝑘𝑘 ∈ 𝐼𝐼, 𝑗𝑗𝑘𝑘 ∈ 𝐽𝐽 for all 𝑘𝑘 = 1, . . . ,𝑛𝑛  }   

and  𝐼𝐼 ο 𝐽𝐽 = {𝑖𝑖𝑗𝑗 | 𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽}. 

An ideal 𝐼𝐼 of 𝑅𝑅 is called a good ideal if (𝑟𝑟1 + 𝐼𝐼)(𝑟𝑟2 + 𝐼𝐼) =  (𝑟𝑟1 + 𝐼𝐼) ο (𝑟𝑟2 + 𝐼𝐼) for any 

𝑟𝑟1, 𝑟𝑟2 ∈ 𝑅𝑅. A ring 𝑅𝑅 is called a good ring if all ideals are good ideals. A ring 𝑅𝑅 is 

called a right duo ring if any right ideal is two-sided. A ring 𝑅𝑅 is said to be von 

Neuman regular (or simply called regular) if each principal right (or left) ideal of 𝑅𝑅 is 

generated by an idempotent, which is an element 𝑒𝑒 ∈ 𝑅𝑅 such that 𝑒𝑒2 = 𝑒𝑒. A ring 𝑅𝑅 is 

said to be strongly regular if it is a regular and right duo ring. 

In 1992, L. Huang and W. Xue [1] studied some properties of right duo rings related 

to good ideals. Moreover, they found a relation between strongly regular rings and 

good rings. 
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 A proper right ideal 𝐼𝐼 of 𝑅𝑅 is called a prime right ideal if 𝐴𝐴𝐴𝐴 ⊆ 𝐼𝐼 implies that 

either 𝐴𝐴 ⊆ 𝐼𝐼 or 𝐴𝐴 ⊆ 𝐼𝐼 for any right ideals 𝐴𝐴,𝐴𝐴 of 𝑅𝑅. In this project, we study rings 

whose prime right ideals are two-sided and investigate some of their properties.  

 
Objectives 

1. Study rings whose prime right ideals are two-sided. 
2. Investigate some properties of rings whose prime right ideals are two-sided. 

 

Scope 

All rings in this project are noncommutative associative rings with identity.  
 

Project Activities 

1. Literature reviews on right duo rings. 
2. Study rings whose prime right ideals are two-sided. 
3. Investigate some properties of rings whose prime right ideals are two-sided. 
4. Write a report. 

 

Activities Table 

Project Activities 

August 2020 – April 2021 

Aug Sep Oct Nov Dec Jan Feb Mar Apr 

1. Literature reviews on 
right duo rings. 

         

2. Study rings whose prime 
right ideals are two-
sided. 

         

3. Investigate some 
properties of rings 
whose prime right ideals 
are two-sided. 
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4. Write a report.          

 

Benefits 

Obtain some properties of rings whose prime right ideals are two-sided. 
 

Equipment 

1. Computer 
2. IPAD 
3. Printer 

Budget 

1. HDMI cable adapters for ipad 1,800 Bahts 
2. External harddisk   1,500 Bahts 
3. Books     1,700 Bahts 

   Total  5,000 Bahts 

 

References 

[1] L. Huang and W. Xue, An internal characterization of strongly regular rings, 

Bull.  Aust. Math. Soc., 46 (1992), pp 525-528. 
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