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Chapter 1

Introduction

Let R be an associative ring with identity. Any subgroup I of R is called a
right (left) ideal of R if Ir C I (rI C I) for any r € R. A two-sided ideal (or simply
called an ideal) of R is both a left ideal and a right ideal of R. For any nonempty
subsets I and J of R, define

U:{ZimlneN, i €1, jkEJforallk‘:l,...,n}
k=1

and ToJ={ij|i€landjeJ}.

It is obvious that IoJ C IJ but I.J is not necessarily a subset of /oJ. It is interesting
to consider the case when IJ = I o J. Notice here that if I and J are ideals, then
1J is also an ideal but I o J may be not. An ideal I of R is called a good ideal if
(ri+1)(ro+1)= (r1+1)o(ro+ 1) for any ry, 7 € R. A ring R is called a good
ring if all ideals of R are good ideals. A ring R is called a right duo ring if any right
ideal of R is two-sided. A ring R is called a von Neuman regular (or simply called
regular) ring if each principal right ideal of R is generated by an idempotent, which
is an element e € R such that e? = e. A ring R is called a strongly reqular ring if
it is a regular ring and a right duo ring. In 1992, L. Huang and W. Xue [1] studied
some properties of right duo rings relating to good ideals. Moreover, they obtained a

relation between strongly regular rings and good rings.

An element x in R is called a nilpotent element of R if ™ = 0 for some n € N.
A proper ideal I of R is called a prime ideal if AB C I implies that either A C I or
B C I for any ideals A and B of R. The prime radical of R is the intersection of all
prime ideals of R. In 1971, K. Koh [2] studied some properties of nilpotent elements

relating to the prime radical.

A proper right ideal I of R is called a prime right ideal if AB C I implies that
either A C I or B C I for any right ideals A and B of R. A proper right ideal I
of R is called a completely prime right ideal if for any a,b € R such that al C I,
ab € I implies that either a € I or b € I. In a commutative ring R, prime right



ideals of R and completely prime right ideals of R coincide but they may not be in

a noncommutative ring. For example, let F' be a field,

a b c 0 00
R—{ 0 d O \a,b,c,d,eeF} and I—{ 0 = 0 \x,yEF}.
0 0 e 0 0

We can prove that I is a completely prime right ideal of R but is not a prime right
ideal. To show this, let

ap b as by co
m= |0 dl 0 ,n = 0 d2 0| €eR
0 0 €1 0 0 €2
where aq,by,cq,dq, e1,a9,b,¢0,do, 65 € F be such that mn € I and mI C I and
000
assume that m ¢ I. Then we must show that n € I. Let p= [0 1 0| where 1 is
0 0 1

the identity of F. Then p € I and so

0 b ap by ¢ |0 0 0

0 d 0|=10 dy O 01 0|l =mpeml CI.

0 0 e 0 0 €| (001

aq 0 0
Then by =¢; =0. Thus, m= [0 d; 0| and so a; # 0 because m ¢ I. Then
0 0 €1
a1Qa9 a1b2 a1Cy aq 0 0 a9 bg Co

0 dqdsy 0 =10 dy 0 0 do 0| =mne 1.

0 0 ee 0 0 e 0 0 ey
Then aijas = 0,a1bo = 0 and ajce = 0, S0 ag = by = ¢ = 0 since a; # 0. Thus,

0 0 O
n= 10 dy 0| € I. Then [ is a completely prime right ideal of R. Moreover, we
0 0 €9

consider right ideals J and K of R such that

0 p ¢
J:{ 0 r 0 |p,q,r,sEF} and K:{

0 0

o o g
o O <

w
0 |u,v,w€F}.
0

Then JK C I but J Q I and K SZ I. Hence, I is not a prime right ideal of R.

In this project, we are interested in rings which have similar idea as right duo

rings. To be precise, we are interested in rings whose prime right ideals are two-sided



and focus on noncommutative associative rings with identity. We investigate some
properties of such rings. Since prime right ideals and completely prime right ideals in
noncommutative rings may be different, we also study rings whose completely prime

right ideals are two-sided and investigate some of their properties.



Chapter 2

Background and Preliminaries

In this project, a “ring” means an associative ring with identity. First, we gather the
definitions of a right duo ring, a good ideal of a ring and a good ring given by L. Huang
and W. Xue in [1]. Then we provide some relations between a finitely generated right

ideal and a good ideal of a right duo ring that are mentioned in [1].

Definition 2.1. A ring R is called a right duo ring if any right ideal of R is two-sided.

Definition 2.2. An ideal I of a ring R is called a good ideal if for each r{, 5 € R,
(ri+1D)(ro+1)= (ri+1)o(ra+1).

Let R be a ring and I be an ideal of R. Recall that the product of cosets of I in
R/I is defined as

(ri+D)(ro+1)=rro+ 1 where 71,75 € R.

Moreover, (r1+1I)o(ro+1)C (ry +1)(ro+ 1) for any ry, ro € R. As a result, to
verify that I is a good ideal of R is enough to show only that rire +1 C (ry+1)o
(ro 4+ 1) for all ry,ry € R.

Definition 2.3. A ring R is called a good ring if any ideal of R is a good ideal.

Proposition 2.4. [1, Lemma 1] Let R be a right duo ring. If I is a finitely generated

right ideal, then the following are equivalent:
(i) I =eR for some idempotent e € R;
(ii) I is a good ideal;
(iii) I =10ol;
(iv) T =TI
Proposition 2.5. [1, Lemma 4| The following are equivalent for a right duo ring R:
(i) R is a good ring;

(ii) each finitely generated right ideal of R is a good ideal;



(iii) each principal right ideal of R is a good ideal.

Moreover, we introduce the definitions of a von Neuman regular ring and a strongly
regular ring given in [1]. L. Huang and W. Xue [1] found that strongly regular rings

and good rings coincide in right duo rings.

Definition 2.6. A ring R is called a von Neuman regular (or simply called a regular)

ring if each principal right (or left) ideal of R is generated by an idempotent of R.

Definition 2.7. A ring R is a strongly regular ring if it is a regular ring and a right

duo ring.

Theorem 2.8. [1, Theorem 5] Let R be a right duo ring. Then R is a (strongly)

reqular ring if and only if it is a good ring.

K. Koh [2] showed that the prime radical of an associative ring R with identity,
denoted by rad(R), which is the intersection of all prime ideals of R, has a relation
with nilpotent elements in R. The author investigated some properties of nilpotent
elements in R under the condition that p(R) C m(R), where p(R) is the set of all
prime right ideals of R and m(R) is the set of all maximal right ideals of R. In
general, m(R) C p(R), so the condition p(R) C m(R) means that all prime right
ideals of R are maximal right ideals of R. Moreover, they studied the ring R/rad(R)
under the condition p(R) C m(R) as well.

Proposition 2.9. [2, Lemma 2.4] Let R be a ring. If p(R) C m(R), then every

nilpotent element of R is contained in rad(R).

Proposition 2.10. [2, Lemma 2.5] Let R be a ring and R' = R/rad(R). If p(R) C
m(R), then for any b € R’

(i) br =0 if and only if b =0 for any r € R', and
(ii) (b)Y ={r € R'| br = 0} is a two-sided ideal of R'.

As mentioned at the end of Chapter 1, we study on specific rings; namely, rings
whose prime right ideals are two-sided and rings whose completely prime right ideals
are two-sided, so we would like to recall the definitions of a prime right ideal and a
completely prime right ideal. Also, a simple relation between prime right ideals and

completely prime right ideals is provided.

Definition 2.11. [3] A proper right ideal I of a ring R is called a prime right ideal
if AB C I implies that either A C I or B C [ for any right ideals A and B of R.

Definition 2.12. [4] A proper right ideal I of a ring R is called a completely prime
right ideal if for any a,b € R such that al C I, ab € I implies that either a € I or
bel.



From the above definitions, our work focuses on noncommutative rings with iden-
tity.

Proposition 2.13. Let R be a ring whose completely prime right ideals are two-sided.

If I is a completely prime right ideal of R, then I is a prime right ideal of R.

Proof. Assume that [ is a completely prime right ideal of R. Let A and B be right
ideals of R such that AB C I. Suppose that A ¢ I and B € I. Then there exist
a€ A\I and b € B\ I. Thus, ab € AB C [ where a ¢ I and b ¢ I. Since R
is a ring whose completely prime right ideals are two-sided, I is a two-sided ideal.
Then al C I. Since [ is a completely prime right ideal, a € I or b € I. This is a
contradiction. Then A C I or B C I. Hence, [ is a prime right ideal of R. 0

We are interested to investigate the properties of finitely generated prime right
ideals and finitely generated completely prime right ideals relating to good ideals as
in [1]. Since strongly regular rings and good rings are the same in right duo rings, we
would like to explore what kind of the relation between good rings and rings whose
prime right ideals are two-sided and what kind of the relation between good rings and
rings whose completely prime right ideals are two-sided. In addition, we are interested
in studying about a quotient ring. However, there is some restriction to say about this
in the ring whose prime right ideals are two-sided. With this reason, we change to use
the concept of completely prime right ideal instead. In the ring R whose completely
prime right ideals are two-sided, we find that the quotient ring R/I, where [ is a
completely prime ring ideal is a domain. Moreover, we study the relation between
nilpotent elements and the intersection of all completely prime right ideals as in [2],
but without the condition p(R) C m(R). Finally, we consider the structure of some

ideals of R that relates to completely prime right ideals.



Chapter 3

Main results

3.1 Rings Whose Prime Right Ideals Are Two-Sided

Our purpose here is to provide some properties of rings that are analogous to the
properties of right duo rings. First, we give the definition of a central element of a
ring R and some basic properties of an idempotent element in R and a principal right
ideal of R which is also a left ideal.

Definition 3.1.1. The set of all elements in a ring R that commute every element
in R is denoted by Z(R); that is Z(R) = {z € R | zy = yx for all y € R}. Moreover,

an element in Z(R) is called a central element of R.

Definition 3.1.2. Let [ and J be subrings of a ring R. Then R is the direct sum
of I and J, denoted by R=1@® J, if R=1+J and I NJ = {0}.

Lemma 3.1.3. Let e be an idempotent element in a ring R. Then

(i) eRN (1 —e)R = {0}; moreover, eR& (1 —e)R = R;

(i) e € Z(R) if and only if (1 —e)xe =0 and ex(1 —e) =0 for all z € R.
Proof. Note that e = e since e is an idempotent element in R.

(i) Let @ € eRN (1 — e)R. Then there exist x,y € R such that a = ex and
a = (1—e)y. Then ex = (1—e)y. Thus, a = ex = e(ex) = e(1—e)y = (e—e?)y =
(0)y = 0. Hence, eRN(1—e)R C {0}. It follows that eRN(1—e)R = {0} because
0 € eRN(1—e)R. Moreover, let » € R. Then r = e(r)+(1—e)r € eR+(1—e¢)R.
Thus, R C eR+(1—e)R so eR+(1—e)R = R. Asaresult, eR&(1—e)R = R.

(ii) Assume that e € Z(R). Then xe = ex for all x € R. Thus,
(1 —e)ze = ze — exe = xee — exe = (ze — ex)e = (0)e =0
and ex(l —e) =ex —exve = eex — exe = e(ex — xe) = e(0) =0
for all x € R.

Conversely, assume that (1 —e)ze =0 and ex(1 —e) =0 for all € R. Then

re = exe and ex = exe for all x € R. Hence, xe = ex for all x € R. O



Remark 3.1.4. Let e be an element in a ring R. Then e is an idempotent element

in R if and only if 1 — e is an idempotent element in R.

Lemma 3.1.5. Let a be an element in a ring R. If aR s also a left ideal of R, then
Ra C aR.

Proof. Assume that aR is a left ideal of R. Then a = a(1) € aR. Thus, Ra C aR

since Ra is the smallest left ideal of R containing a. 0
Now, we focus on one of the target rings.

Lemma 3.1.6. Let R be a ring whose prime right ideals are two-sided. If eR and
(1 — e)R are prime right ideals of R where e is an idempotent in R, then e is a

central element.

Proof. Assume that eR and (1 — e)R are prime right ideals of R where e is an
idempotent in R. Suppose that e ¢ Z(R). By Lemma 3.1.3(ii), there exists z € R
such that (1 —e)ze # 0 or ex(l —e) # 0.

Case (1 —e)ze #0: Then 0 # (1 — e)ze € (1 — e)R. Since eR is a prime right ideal
of R, it is also a left ideal of R. Then (1 —e)xe € Re C eR by Lemma 3.1.5. This
shows that 0 # (1 — e)ze € eRN (1 — e)R contradicting to Lemma 3.1.3(i).

Case ex(l —e) #0: Then 0 # ex(l—e) € eR. Since (1 —e)R is a prime right ideal of
R, it is also a left ideal of R. Then ex(1 —e¢) € R(1—¢) C (1 —¢)R by Lemma 3.1.5.
This shows that 0 # ex(1 —e) € eRN (1 — e)R contradicting to Lemma 3.1.3(i).

Thus, e is a central element of R. O

Lemma 3.1.7. Let R be a ring whose prime right ideals are two-sided. If I is a
prime right ideal of R such that I = eR for some idempotent e € R, then [ = 1o 1.

Proof. Assume that I is a prime right ideal of R such that I = eR for some idem-
potent e € R. It is obvious that I oI C I. Then it is enough to show that I C [ o [I.
Let ¢ € I = eR. Then there exists r € R such that i = er. Since e = ¢(1) € eR =1,
it follows that i = er = (e)(er) € I o I. O

Next, we are ready to prove our main result.

Theorem 3.1.8. Let R be a ring whose prime right ideals are two-sided. If I is a
prime right ideal of R, then the following properties hold.

(i) If I = eR for some idempotent e € R and (1 —e)R is a prime right ideal of R,
then I = eR and (1 —e)R are good ideals of R.

(ii) If I is a good ideal of R, then [ = 1o 1.



(i) If =101, then I = I*.

(iv) If I is a finitely generated right ideal of R such that I = I* and every principal

right ideal of R is a prime right ideal, then I = eR for some idempotent e € R.

Proof. Assume that [ is a prime right ideal of R.

(i)

(iii)
(iv)

Let e be an idempotent of R such that I = eR and assume that (1 —e)R is
a prime right ideal of R. Let ry,79 € R and ¢ € I. We show that rir, +1 €
(ri +1)o(rg+ I). By Lemma 3.1.3, R = I & (1 — e)R. Then there exist
J1,J2 € I and 1,1y € R such that r; = j; + (1 — e)l; and ry = jo + (1 — e)la.
Thus, er; = ej; +e(l —e)l; = ejy and ery = ejo +e(1—e)ly = ejo. We consider
Jijo + 4. By Lemma 3.1.7, we obtain

Jijpti€l=I1ol=(ji+1)o(ja+1).

Then there exist j1, j5, € I such that jijo +1i = (j1 + j1)(J2 + J3), so i =
J1jy + jije + 7175 Since ji, j5 € I = eR, there exist j}, j5 € R such that
j1 = ej! and jb = ejy. By Lemma 3.1.6, e is a central element in R. Then we

obtain

i = Jijy + Jid2 + 51

= jiejy + €ji 2 + jijs

= ejijy + jiej2 + jijs

= erujy + Jyers + i

= r1€jy + €jir2 + jijs

= r1jy + Jir2 + Jija.
Then rirg+1 =rire+r1js+ jira+ 73575 = (ri+ 7)) (ra+ 7%) € (ri+1)o(ra+ ).
Hence, I = eR is a good ideal of R.

Since 1 — e is also an idempotent, the result follows.

Assume that [ is a good ideal of R. Then ryro + 1 = (r1 + 1) o (ro + 1) for all
ri,ro € R. Since 0 € R, I = (0)(0)+ 1 = (0+1)o(0+1)=1oI. Hence,
I'=1ol.

Assume that I =Tol. Then I =10l C I? CI. Hence, I = I°.

Assume that I is a finitely generated right ideal of R such that I = I? and
every principal right ideal of R is a prime right ideal. Since [ is a finitely

generated right ideal of R, there exist x1,2,...,2, € [ such that I = > x;R
k=1



10

where n € N. For each € {1,2,...,n}, 2o € [ = I? = (> 2, R)I C > a1
k=1 k=1

because [ is a prime right ideal of R and then [/ is an ideal of R. It follows
that there exist iy, € I for all k,m € {1,2,...,n} which satisfy the following
equations:

T1t11 + X1 2 + -0+ Tplyy = T,

T1l21 + Tolog + -+ - + Tplo, = Xo,

xlin,l + x2in,2 + -+ xnin,n = Tn.

Then we obtain

951(1 - i1,1) 7 $2i1,2 — fEnil,n =0, (1)

—T1dp1 + ol —d2) = Tylpz — -+ — Tply, = 0, (2)

_:Clin,l - 513'27;”72 77 [ PR xnflin,nfl + xn(l - Zn,n) = 07 (77/)

which are considered as a system of n equations and variables xq,xs,..., 2,

(the generators of I). Since every principal right ideal of R is a prime right
ideal, Ra is a prime right ideal of R and so Ra is a left ideal of R for any a € R.
Applying Lemma 3.1.5, R(1—1i,,,) € (1 —i,,)R, then for each [ € {1,2,... ,n}
there exist ji, € R such that 4;,,(1 —i,,) = (1 — 4y.)J1.n. Moreover, j;,, € I
forall 1 € {1,2,...,n}.

Next, we want to show that for any &k € {1,2,...,n}, there exists u € I
such that zx(1 —ug) =0. Let k € {1,2,...,n}.

Step 1: This process is to eliminate the variables z,,x,_1,...,Tri2, respectively,
from the system so that the system consisting of k + 1 equations with

variables x1,xs, ..., Xk is obtained.

Step 1.1: We consider how z,, is eliminated.
For each | € {1,2,...,n — 1}, we use the equations (I) and (n) and
the fact that 4;,(1 — inn) = (1 — 4y,) 71, Where j;,, € I. Multiplying
(1) by (1 —i,,) and (n) by ji, and then adding both of them, we
obtain the new equation (I’); however, we use the same name “the

equation (1)”. We obtain the following system (n — 1 equations with



11

variables 1,9, ..., Ty 1):
$1(1 - jl,l) - $2j1,2 — xn—ljl,n—l =0,
(1)
—21J21 + 22(1 — joo) — T3jo3 -+ — Tp_1J2n—1 = 0,
(2)
—Z1Jn—11 — T2Jn-12 — ** — Tp—2Jn-1n-2 + Tn-1(1 — Jn_1n-1) =0,

(n—1)

where ji,, € I forall ime {1,2,...,n—1}.

Step 1.2: We consider how z,,_; is eliminated.
For each [ € {1,2,...,n — 2}, we use the equations (/) and (n — 1)
and the fact that ji, 1(1 = ju-1m-1) = (1 = Ju1,n-1)Jj,,_1 for some
Jin—1 € 1. Multiplying (/) by (I = jn-1n-1) and (n —1) by j, 4
and then adding both of them, we obtain the new equation say ({).

We obtain the following system (n — 2 equations with variables

L1, L25 - - - 7xn—2):
21(l = ji1) = @2jlp = — Tn2fipn =0,
(1)
—$1j§,1 + 291 — j§,2) - $3j§,3 T $n—2j§,n—2 =0,
(2)
_xljn—Q,l . $2jn—2,2 19138~ xn—3jn—2,n—3 + xn—2(1 - j;L—Q,n—Q) = 07
(n—2)
where j;,, € [ forall [,m € {1,2,...,n —2}.
Continue this process so that the following equations are obtained.
r1(1 —511) — 2812 =+ — Tpq151 k41 = 0, (1)
—2189,1 + T2(1 — S92) — 3893+ — Tpr152k41 = 0, (2)
—Z18k+11 — LaSkt+1,2 — -+ — TSkt1k + L1 (1 — Spr1641) =0, (k+1)
where s, € I for all [,m e {1,2,...,k+1}.
Step 2: This process is to eliminate the variables i, xs,...,xr_1, respectively,

from the last system obtained from Step 1 so that we reach the system

consisting of 2 equations with variables z; and xgy;.



Step 2.1:

Step 2.2:

12

We consider how z; is eliminated.

Foreach l € {2,3,...,k+1}, we use the equations (/) and (1) and the
fact that s;1(1—s11) = (1 —s1.1)t;1 for some ¢;; € I. Multiplying (1)
by (1 —s11) and (1) by ¢;; and then adding both of them, we obtain

the new equation (I). We obtain the following system (k equations

with variables xo, 3, ..., Tk ):
1'2(1 — t272) — ZL’3t273 — = xk+1t2,k+1 =0, (2)
—Zotzo + w3(1 —t33) — xatsq — - — Tprats e =0, (3)
—Zolpr1o — Tatpr1s — - — Tterr ke + Ty (1 — ter1p1) = 0,
(k+1)

where t,,,, € I forall [,m € {2,3,...,k+1}.

We consider how x4 is eliminated.

For each | € {3,4,...,k + 1}, we use the equations (/) and (2) and
the fact that t,5(1 —129) = (1 —t2)t] 5 for some ¢}, € I. Multiplying
(I) by (1 —ty5) and (2) by #;, and then adding both of them, we
obtain the new equation (). We obtain the following system (k — 1

equations with variables x3, x4, ..., k11 ):
r3(l— té,?;) — x4té,4 - xk+1t§,k+1 =0, (3)
—asty g+ @l =t 4) —astys — — Tty =0, (4)
/ / / /
—T3thi13 — Tabppra = = Trbpgr g + Ter (1 — g p) =0,
(k+1)

where t;, € I forall [,m € {3,4,... . k+1}.

Continue this process so that the following equations are obtained.

k(1 — Brx) — Trt1 Brerr = 0, (k)
~ 2Bk 16 + Teg1(1 = Brgrpt1) = 0, (k+1)

where (;,, € I for all I,m € {k, k+ 1}.

Step 3: From Step 2,

k(1 = Brk) — Tit1 B k1 = 0,

~ TSk + Teg1 (1 — Brgprps1) = 0,
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where f;, € I for all [,m € {k,k+ 1}.

Then xyy; is eliminated from both equations by using the fact that there
exists Vi1 41 € I such that By ri1(1 — Bryipsr) = (1 — Brripri) ekt
Thus, zx(1 = Brr)(1 — Brs1e41) — TeBrri Vet = 0, ie, zp(l —u) =0
for some vy, € 1.

Now, we obtain zj(1 — ug) = 0 for some uy € I where k € {1,2,...,n}.

Next, let k € {1,2,...,n} and r, € R. Then
r(re(l —uy) (1 —ug) -+ (1 —up_y)) = riap  for some 1, € R.
Since (1 — ug) =0,

opre(1 —ug) (1 —ug) -+ (1 = up,) = rae(l —ug) -+ (1 —u,) = 0.

Moreover, I(1 —uy)--- (1 —u,) =0 since [ is generated by z1,zs,...,x,. Let
(1 —u)(l —ug) - (1 —wu,) =1—e Then e € I. Thus, I(1 —¢) = 0. In
particular, e(1—e) = 0. Thus, e = €% Since eR C IR C I, it is enough to show
that I C eR. Note that the principal ideal eR is a prime right ideal so that eR
is a two-sided ideal. Let ¢ € I. Then i(1 —e) =0, so i =ie € [e C Re C eR
by Lemma 3.1.5. Hence, I = eR for some idempotent e € I. [

Theorem 3.1.9. Let R be a ring whose prime right ideals are two-sided. Then the

following statements hold.

(i) If each finitely generated prime right ideal of R is a good ideal, then each
principal prime right ideal of R is a good ideal.

(i) If each principal prime right ideal of R is a good ideal and every principal right
ideal of R is a prime right ideal, then every prime right ideal of R is a good
ideal.

Proof.

(i) The result follows from the fact that principal right ideals of R are finitely
generated prime right ideals of R.

(ii) Assume that each principal prime right ideal of R is a good ideal and every
principal right ideal of R is a prime right ideal. Let I be a prime right ideal of
R. Let r,r € R and i € I. Since iR is a principal right ideal, R is a prime
right ideal. Then iR is a good ideal of R. Hence, riro+i € (r1+iR)o(ry+iR) C
(ri+1)o(re+1). O
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Finally, we give the definition of a P-regular ring which is analogous to a strongly
regular ring. Since a good ring (all ideals are good ideals) and a strongly regular ring
coincide in a right duo ring, we consider similar relation between a P-regular ring

and their good ideals.

Definition 3.1.10. A ring R is called a P-regular ring if R is a regular ring and
every prime right ideal of R is two-sided.

Recall that R is a regular ring if each principal right ideal of R is generated by

an idempotent of R.

Theorem 3.1.11. Let R be a P-regular ring. If eR is a prime right ideal of R
for all idempotent e € R, then each principal prime right ideal of R is a good ideal.
Moreover, if every principal right ideal of R is a prime right ideal, then every prime

right ideal of R is a good ideal.

Proof. Assume that eR is a prime right ideal of R for all idempotent e € R. First, let
a € R be such that aR is a principal prime right ideal of R. Since R is a P-regular
ring, R is a regular ring so there exists an idempotent e € R such that aR = eR.
Then 1 — e is an idempotent element in R by Remark 3.1.4 and so (1 —e)R is a
prime right ideal of R. By Theorem 3.1.8 (i), aR is a good ideal of R.

In addition, suppose that every principal right ideal of R is a prime right ideal.
By Theorem 3.1.9 (ii), each prime right ideal of R is a good ideal. O

Theorem 3.1.12. Let R be a ring whose prime right ideals are two-sided. If every
prime right ideal of R is a good ideal and every principal right ideal of R is a prime
right ideal, then R is a P -reqular ring.

Proof. Assume that every prime right ideal of R is a good ideal and every principal
right ideal of R is a prime right ideal. Let b € R be such that bR is a principal right
ideal of R. Then bR is a principal prime right ideal of R, so bR is a good ideal of
R. By Theorem 3.1.8 (ii), bR = bR o bR. By Theorem 3.1.8 (iii), bR = (bR)>. By
Theorem 3.1.8 (iv), there exists an idempotent f € R such that bR = fR. Hence,
R is a P-regular ring. [

3.2 Rings Whose Completely Prime Right Ideals
Are Two-Sided

First, we inspect some properties of a completely prime right ideal of R relating to a
good ideal of R. Since rings in this section have the same common character as rings
in Section 3.1, we get results similar to Theorems 3.1.8 — 3.1.9 and Theorems 3.1.11

— 3.1.12 by using completely prime right ideals instead of prime right ideals.
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Theorem 3.2.1. Let R be a ring whose completely prime right ideals are two-sided.

If I is a completely prime right ideal of R, then the following properties hold.

(i) If I = eR for some idempotent e € R and (1 —e)R is a completely prime right
ideal of R, then I = eR and (1 —e)R are good ideals of R.

(ii) If I is a good ideal of R, then [ = 1o 1.
(i) If =101, then I = I

(iv) If I is a finitely generated right ideal of R such that I = I* and every principal
right ideal of R is a completely prime right ideal, then I = eR for some
tdempotent e € R.

Theorem 3.2.2. Let R be a ring whose completely prime right ideals are two-sided.
Then the following statements hold.

(i) If each finitely generated completely prime right ideal of R is a good ideal, then
each principal completely prime right ideal of R is a good ideal.

(i) If each principal completely prime right ideal of R is a good ideal and every
principal right ideal of R is a completely prime right ideal, then every completely
prime right ideal of R is a good ideal.

Analogously to the properties of a P-regular ring, we give the definition of a

C P-regular ring and investigate some properties of a C P-regular ring.

Definition 3.2.3. A ring R is called a C'P-regular ring if R is a regular ring and

every completely prime right ideal of R is two-sided.

Theorem 3.2.4. Let R be a CP -reqular ring. If eR is a completely prime right ideal
of R for all idempotent e € R, then each principal completely prime right ideal of R
is a good ideal. Moreover, if every principal right ideal of R is a completely prime

right ideal, then every completely prime right ideal of R is a good ideal.

Theorem 3.2.5. Let R be a ring whose completely prime right ideals are two-sided.
If every completely prime right ideal of R is a good ideal and every principal right
ideal of R is a completely prime right ideal, then R is a C'P-reqular ring.

Next, we give some relation between a domain, which is a nonzero associative
ring with identity such that ab = 0 implies a = 0 or b = 0 for all a,b € R, and
a completely prime right ideal and some relation between a nilpotent element of a

quotient ring and a zero divisor of a quotient ring.
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Proposition 3.2.6. Let R be a ring whose completely prime right ideals are two-sided
and I be a right ideal of R. Then R/I is a domain if and only if I is a completely
prime right ideal of R.

Proof. Assume that R/I is a domain. Then R/I is a nonzero ring and so I is a
proper ideal of R. Let a,b € R be such that ab € I and al C I. Suppose that a ¢ I.
Then (a+1I)(b+1)=ab+1=1. Since a+ [ # I and R/I is a domain, b+ I = I,
so b € I. Then I is a completely prime right ideal of R.

Conversely, assume that [ is a completely prime right ideal of R. Then [ is a
proper two-sided ideal of R. Then R/I is a nonzero quotient ring with identity. To
show that R/I is a domain, let x,y € R/I be such that xy = I. Then there exist
a,b € R such that x =a+ I and y = b+ I. Assume that x # I. Then a ¢ I. Thus,
I =zy=(a+1)b+1)=ab+ 1, so ab € I. Since [ is a completely prime right
ideal of R, al C I and a ¢ I, it follows that b € I. Then y = I. Hence, R/I is a

domain. O

Moreover, we study the structure of R/I where I is a completely prime right ideal
of R.

Definition 3.2.7. An element r of an associative ring R is called a zero divisor of

R if there exist nonzero x,y € R such that rox =0 = yr.

Lemma 3.2.8. Let I be a two-sided ideal of an associative ring R with identity 1.
If x + I is a nilpotent element of R/1, then =+ I is a zero divisor of R/I.

Proof. Assume that = + I is a nilpotent element of R/I. Then there exists the least
positive integer m such that (z+1)" =a2"+1=1. If m =1, then (z+1)(1+1) =
x+I1 =1and (1+)(z+ 1) =2+ 1 =1, so we are done. Now, we consider
m > 1. Then 2™ ' ¢ I, so 2™ '+ 1 # I. Thus, (z + I)(z™ '+ 1) = I and
(™ '+ I)(x+ 1) =1. Hence, z + I is a zero divisor of R/I. O

From Proposition 2.9, K. Koh obtained a relation between nilpotent elements of
a ring R and the prime radical of R. He showed that the prime radical of R is the
intersection of all prime right ideals of R. Thus, we define the completely prime radical
of R, denoted by rad*(R), to be the intersection of all completely prime right ideals
of R. Our first aim is to examine some properties of rad*( R) and nilpotent elements
of R.

Lemma 3.2.9. Let R be a ring whose completely prime right ideals are two-sided.

Then every nilpotent element of R is contained in rad*(R).

Proof. Let x be a nilpotent element of R. Then z™ = 0 for some positive integer n.
If n =1, then x = 2! = 0 € rad*(R). Next, we consider n > 1. Suppose that = ¢
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rad*(R). Then there exists a completely prime right ideal I of R such that x ¢ I.
Then I is a two-sided ideal of R. By Proposition 3.2.6, R/I is a domain. Thus,
(x+I)"=2a"+1=1,ie, z+ 1 is a nilpotent element of R/I. By Lemma 3.2.8,

x + I is a zero divisor. This is a contradiction because R/I is a domain. [

Since rings that we are interested in are rings whose completely prime right ideals
are two-sided and any intersection of ideals is an ideal, rad*(R) must be an ideal
of R. As a result, R/rad*(R) is a quotient ring.

Theorem 3.2.10. Let R be a ring whose completely prime right ideals are two-sided
and R' = R/I where I =rad*(R). Then for any b+ 1 € R/,

(1)) b+ 1)(r+1)=1ifand only if (r+1)(b+1)=1 foranyr+1¢€ R, and

(ii) b+ 1) ={r+T1e€R/I|re€ Rand (b+I)(r+1)=1I} isa two sided ideal
of R'.

Proof. First, we will show that if = ¢ I, then x + I is not a nilpotent element of
R/I. Assume that = ¢ I. There exists a completely prime right ideal J of R such
that « ¢ J. Then J is a two-sided ideal and R/.J is a domain by Proposition 3.2.6.
Hence, z + J € R/J is not a zero divisor. By Lemma 3.2.8, x + J is not a nilpotent
element of R/J. Then a™ ¢ J for all n € N. Since I = rad®*(R) C J, it follows that
a™ ¢ I for all n € N. Thus, x + [ is not a nilpotent element of R/I. Let b+1 € R/I
where b € R.

(i) Let r+ 1 € R/I where r € R. Assume that (b+ I)(r+1)=1.
If b € I, then we are done. Suppose that rb ¢ I. Then (r+1)(b+1)=rb+1
is not a nilpotent element of R/I. Note that

(r+DO+D) = +DO+ D+ Db+T)
=(r+10)I(b+1)
=].

This forces (r+1)(b+1) = 1.
Conversely, assume that (r+1)(b+ 1) = I. With the same above arguement,
b+I1)(r+1)=1.

(ii) Let p+ I,g+ I € (b+ I)* where p,q € R. Then (b+ I)(p+ 1) = I and
(b+1I)(q+1)=1. We show that (p+ 1) — (¢+ 1) € R/I. Note that

I=0b+Dp+0)—O+1)(qg+1)=(bp—bg) +1
=bp—q)+I=0+D(p—q) +1I).
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Then (p+1)—(g+1)=(p—q) +1€(+I)*
Next, let a+ 1 € (b+I)* and let » + I € R/I where a,r € R. Then

(b+1)(a+I)=1and (a+1)b+1)=1.

We show that (a+1I)(r+1) e (b+1)* and (r+1)(a+1) € (b+I)*. These are
obtained from (b+I)(a+I)(r+1)=1(r+1)=1and (r+1)(a+I1)(b+1) =
(r+ 1) =1. O

Next, we give the definitions of a maximal right ideal of a ring and a right quasi-
duo ring. In addition, we refer here the S. Safaeeyan’s result shown in [5] that, in a
right quasi-duo ring R, if M is its maximal right ideal and a € R, then a® € M leads
to a € M.

Definition 3.2.11. A proper right ideal [ of a ring R is called a mazimal right ideal
if for any right ideal J of R, I C J C R implies that either J =1 or J = R.

Definition 3.2.12. [5] A ring R is called a right quasi-duo ring if every maximal
right ideal of R is a two-sided ideal.

Lemma 3.2.13. [5, Lemma 3.2| Let R be a right quasi-duo ring and M be a mazximal
right ideal of R. Then for each a € R, a*> € M implies that a € M.

To generate similar result as above, we consider the set
(I:x)={reR| arel} wherez € R and [ is an ideal of R.

It can be proved that (I : x) is an ideal of R containing I for all ideals I of R and
r € R. However, we would like to study more about its structure for rings whose

completely prime right ideals are two-sided.

Proposition 3.2.14. Let R be a ring whose completely prime right ideals are two-

sided and I be a completely prime right ideal of R.
(i) If x ¢ I, then (I :x) = 1.
(i) If x € I, then (I : x) = R.

Proof.

(i) Assume that x ¢ I. It suffices to show that (I : x) C I. Let i € (I : x). Then
xt € I. Moreover, xI C I because [ is an ideal of R. Since [ is a completely
prime right ideal of R, I C I and z ¢ I, we conclude that i € I. Hence,
(I:x)=1.
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(ii) Assume that = € I. It is enough to show that R C (I : z). Let r € R. Then
axr € I. Thus, r € (I : z). O

Corollary 3.2.15. Let R be a ring whose completely prime right ideals are two-sided,
I be a completely prime right ideal of R and x € R. Then either (I : x) = R or
(I :x) is a completely prime right ideal of R.

Theorem 3.2.16. Let R be a ring whose completely prime right ideals are two-sided
and I be a completely prime right ideal of R. Then for each x € R, x™ € I implies
that x € I for any n € N.

Proof. Let x € R. Moreover, let P(n) be the statement “z™ € I implies that x € I”
for any n € N.

Basis Step It is obvious that z = 2! € I. This shows that P(1) holds.

Induction Step Let k € N be such that P(k) is true. Then z* € I implies
that = € I. We will show that P(k + 1) is true. Assume that ¢! € I. Suppose
that ¢ I. Then (I : x) = I by Proposition 3.2.14(i). Then zz* = z**! € I, so
xF € (I :x) = I. Since P(k) is valid, we obtain = € I. This is a contradiction. Hence,
x € 1. This shows that P(k + 1) holds.

By mathematical induction, the statement P(n) is true for any n € N. O]
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Project Tittle (English) Study on rings whose prime right ideals are two-sided

Project Advisor Associate Professor Dr. Sajee Pianskool
Project Co-advisor Associate Professor Dr. Ouamporn Phuksuwan
By Miss Chanagarn Laoiam 1D 6033509323

Mathematics Program,
Department of Mathematics and Computer Science
Faculty of Science, Chulalongkorn University

Background and Rationale

Let R be an associative ring with identity. Any subgroup I of R is called a right (or
left) ideal if Ir € I (or vl € 1) for any r € R. A two-sided ideal is both a left ideal
and a right ideal. For any nonempty subsets I and J of R, define

= 1ixjx INEN,i, €1,j, €] forallk =1,...,n }
and o] ={ij|i€l,jE]}

An ideal I of R is called a good ideal if (ry + I)(r, + 1) = (ry + 1) o (1, + 1) for any
1,7, € R. A ring R is called a good ring if all ideals are good ideals. A ring R is
called a right duo ring if any right ideal is two-sided. A ring R is said to be von
Neuman regular (or simply called regular) if each principal right (or left) ideal of R is
generated by an idempotent, which is an element e € R such that e? = e. A ring R is
said to be strongly regular if it is a regular and right duo ring.
In 1992, L. Huang and W. Xue [1] studied some properties of right duo rings related
to good ideals. Moreover, they found a relation between strongly regular rings and

good rings.
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A proper right ideal I of R is called a prime right ideal if AB € I implies that

either A € I or B € I for any right ideals A, B of R. In this project, we study rings

whose prime right ideals are two-sided and investigate some of their properties.

Objectives

1. Study rings whose prime right ideals are two-sided.
2. Investigate some properties of rings whose prime right ideals are two-sided.

Scope

All rings in this project are noncommutative associative rings with identity.

Project Activities

el S

Write a report.

Activities Table

Literature reviews on right duo rings.
Study rings whose prime right ideals are two-sided.
Investigate some properties of rings whose prime right ideals are two-sided.

Project Activities

August 2020 — April 2021

1. Literature reviews on
right duo rings.

2. Study rings whose prime
right ideals are two-
sided.

3. Investigate some
properties of rings
whose prime right ideals
are two-sided.

Feb

Mar

Apr




4. Write a report.

Benefits

Obtain some properties of rings whose prime right ideals are two-sided.

Equipment

1. Computer

2. IPAD
3. Printer
Budget
1. HDMI cable adapters for ipad 1,800 Bahts
2. External harddisk 1,500 Bahts
3. Books 1,700 Bahts
Total 5,000 Bahts
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