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## 4770571221 : MAJOR MECHANICAL ENGINEERING 3
KEY WORD : BUCKLING/ COMPOSITE / SKEW PLATE / RITZ METHOD

CHAINARIN PANNOK : BUCKLING ANALYSIS OF COMPOSITE
RECTANGULAR AND SKEW PLATES WITH VARIOUS EDGE
SUPPORT CONDITIONS. THESIS ADVISOR : ASST. PROF. PAIROD
SINGHATANADGID, Ph.D. 93 pp. ISBN 974-14-2749-2

This thesis investigates the buckling behavior of rectangular and skew thin
composite plates using the Ritz method with the proposed out-of-plane displacement
functions, determined by solving the buckling problem using Kantorovich method. The
out-of-plane displacement functions used in this study are in form of summation of
trigonometric and hyperbolic functions. The boundary conditions of the specimen
considered in this study are CCCC, CCCF, SCSF, CFCF, CSSC, SSCC, CFSC and SCSC.
The buckling loads of rectangular plates determined from this study show a higher
accuracy are more accurate than those of using only trigonometric function as the out-of-
plane displacement functions. In this study, the proposed method was also applied to skew
plates by transforming the skew plate in x-y coordinate to the square platc in &7
coordinate. Comparing with past studies, the obtained bucking loads are very close to those
of the past studies in case of skew plates with CCCC boundary condition. The proposed
displacement function is not suitable for skew specimens with cither simple support or free
support because the function does not completely satisfy both boundary conditions. In
addition, this thesis presents the bucking loads and bucking modes of thin composite plates
with a variety of aspect ratios, load ratios, stacking sequences, and skew angles. The
composite specimens used in this study are rectangular plates with various combination of
boundary conditions and skew plates with CCCC boundary condition. The study shows that
the buckling load. is increased when. the transverse tension and skew angle is increased.

Buckling loads and modes of various specimens are also presented.
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— Bwend UmszaansziluuNAEIne N, HU1AANEN a 11Ny 0.9 s uay
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4.3.1 Fumeunmsunifyrimslnsselagszidoudsunulnlsdy

v 9 dy I (Y Jd v A A A 9 @ A
Tuateiiiiumsmarileanfunsinaeuiuenszuiunasandesnuionly
[ F4

youwanisimsivdavesilynilugii 4.2 TaeldszibouiFuauinlsiy dunoumsfiuin
v 1 4
arwsmsainanudasluiiten 4 veuend1381999 [7] Famnsonain Iasagy il

A 1 J o ~ 9 [ A = v <K o 1
[uannmailentu Y(y) faeandesnulou lvveuvansdinisivdaduniay =0

Y

uaz y =b wiemssvdauuy (C-F) wazlianueruniny 0.3 was mMsAnpiiuald

Wandu X (x), =sin(x) wadninlade

Y (y), = A, sin(,/y~0.925+0.796N, —1.008y) + B, c0s(4//~0.925+0.796N, —1.008y)
+C, sinh(y/v/~0.925+0.796N, +1.008y)+ D, cosh(y~~0.925+0.796N, +1.008y)

z 1 1 9 4 o Jdao ~ Y o A
Az N uaza lamunamesvesilangu Y (y) Adeandssniulou lvvouun

m3sdudanuy (C-F) 1dTaoudaunisn (4-12) Deaumsa (4-15) Feagamnsnsagiuuuy

E2
v A

I a
aumsliidussuvaunmsgadu 1asail

[F1x[G]=0 (4-27)

a s { @ 1 o 4
Tag [F] Aowaingigsauing [4x 4] anaaalsmse N, agiﬂﬂmmm”lﬁ'mﬂﬁau"lm
YoULUAMITUBANA WU y=0 uag y=b

[G] Aomas nunlveImdulssans luns A,B,.C,,D,

v
= 1

nnaumsh (4-27) 12 Idmangnues [G] 1 lididugud WamAmeiiuuuii (Determinants)

S o A U

Aa 4 9 A& v 9 14
Younnang [FlazAvaliaudugud 1iufonn1szns Inweawnsont lannmsudauns
det[F]=0 weadguniamduniuisznin det[F] no N, 93 1ddeg1i 4.3
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{ 4 1 { 4 J 4

ildne N,, =2040.34 N/m ensiwa N, udwdaumsi (4-27) erin leidunnnes

A,.B,.C,,D, vosilandu Y (y) wadnin dAe
Y (y), =sin(6.269y) —1.301co0s(6.269y) — 0.9752sinh(6.428y) +1.301cosh(6.428Y)

Tushueudeasumsmimilassu X (x), fiaoandesiudou lvvouamssudai
funie x=0 uaz x =a nsem3dudauuy (C-C) uazlinnueruninu 0.9 was a1u1so
W@ Taendaumsiden lvueuaiigeandesaunisi (4-22) yazaunIsi (4-24) 3azaluny
aumsWhiuszuuaumsFaduaumsi (4-27) ofaumsmannzes N, uazarloduna
s veailaddu X (x), v‘i"ucf?"ﬁmﬂ:im'mﬁzmﬂﬂ'w@ﬁ"lé’fmﬂmsﬁwﬁﬂqﬁ%u X (x) 3
whﬁ’ummizmﬂﬁwaﬁ“lﬁ'mﬂﬂﬁamﬁﬂqﬁ%’u Y (y) Naﬁwﬁﬁ"lﬁ'mﬂﬂ”ligl,f’fﬂaujwwﬂwﬂfh
seTaoszilonituauTnls3sanalumsiei 4-2
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AN 4-2 LEAINanIsAILIRMIATNATUMNSIATUNUBNTZUIUNIHUATAS

o oA

1 1 9 1 v ey [y d v d v
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d‘ ~ ~ 9 > 4 v <R ~ 1
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{ & "o o o v . {
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1 o o o 1 Jd o A A A 1

AMNEIAMNY 0.3 wAT  d1MIumMsmallnFuUNsnaeuNUenIZUILN Inuans 1n9ee

1 [} A ) Y 1 { @
Truaa1e wulvuahn 2, 3, 4, ... awnsailld laemswia1ves det ([F]) Nyadauuunu
1 o ~ — { { @ {

N, nazar loidunamein ldnnmsudssouasmssuduaunsi (4-27) Ayadan 2, 3,
=Y d A A A a dgl A 09.;} d v A A
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d' 9 [ d' o =K d‘ 1 d‘ d!

syuunaeandesnutou lvveuuamsdvdauny (C-F) 7 lvuans Insse Tnuaivitaay

Truanaeaazinue1nu 0.3 ATAD

Y, (y) =sin(6.284y)-1.081cos(6.284y)-0.872sinh(7.202y)+1.081cosh(7.202y)

Y, (y) = sin(15.713y)-0.960cos(15.713y)-0.975sinh(16.102y)+0.960cosh(16.102y) (4-28)

Y.(y) feilasFumsindeuiuenszuiui Inuams Inse Tnuai i



38

{ 1 1 Jd v 4 H 1 { =Y a
A1319% 4-2 M3 1099 Hansumanasui tag Inuans Inssen 1danIsuauIn 15y

Solution
Iteration no Assumed i i
‘solution X (x) E'g‘:;‘(‘;e)CtorE'%ﬁlr}‘r%'“e Buckling mode
1 X (X), Y (y), 2040.34
2 X (X), Y (y), 892.15
3 X (x), Y(y), 890.73
N ’
0.4)( U5 53
4 X (X), Y (y), 890.73

Tag X (x),- sin(x)
Y (y), =sin(6.269y)-1.301cos(6.269y)-0.975sinh(6.428y)+1.301cosh(6.428y)
X (X), =sin(9.227x)+0.627c0s(9.227x)-3.037sin(3.038x)-0.627c0s(3.038x)
Y (y), =sin(6.284y)-1.081cos(6.284y)-0.872sinh(7.202y)+1.081cosh(7.202y)
X (X), =sin(9.238x)+0.619c0s(9.238x)-3.036sin(3.043x)-0.619c0s(3.043x)
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vd dwmsuilymnendtedialugl 4.2 sgmimilandumamaoun X (x) Taotmuald
Qy A A o 1 I = ] 3 9 =1

Fuauditou lvveuwandwmiax =0 waz x = a iWunyvdaudunsagesdiiwaziinnuen

[ = dyd A ] ' Y A 9 Ao
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=
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d! d‘ =1 T & A
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X, (x) =sin(4.759x)-0.642cos(4.759x)-0.640sinh(7.427x)+0.642cosh(73427x)

X, (x) =sin(8.522x)-0.830c0s(8.522x)-0.831sinh(10.253x)+0.830cosh(10.253x) 4-29)
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s Tnuams Inae aweaalugili 4.4
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uaﬂﬁzumﬁugm w(X,Y) RavuTuaums (4-5) Ao
W(X, y) = A11X1(X)Y1(y) ( 4-31 )
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uAtlymaunzasaums (4-6) lasail

[2872.84210][ A, ]-N,[-2.56324][ A, ]=0

N, = 1120.78 kN/m

Auaaszmslngene  1120.78 kN/m
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Aspect Ratio = 1 Aspect Ratio = 2
Stackling| Load Buckling load Buckling Buckling load Buckling
Sequence| Ratio (KN/m) Mode: (KN/m) Mode:
Tutile Present | Tuttle / Tuttle Present | Tuttle /
study | Present study | Present
- 0 23.3 23.3 1/1 11.6 11.6 1/1
Ols
-0.238| 30.6 30.6 1/1 30.6 30.6 212
0 23.3 23.3 1/1 23.3 23.3 212
[0/90],s -0.238| 30.6 30.6 1/1 30.6 30.6 212
-0.384| 379 37.9 1/1 37.9 37.9 212
-0.484| = 452 45.2 1/1 45.2 45.2 212
-0.587| 56.5 56.5 1/1 49.7 49.7 3/3
-0.688| 71.8 71.8 212 52.9 52.9 3/3
0 21.9 21.9 1/1 17.8 17.8 212
[45]¢ |-0.305| 28.6 28.6 212 23.6 23.6 3/3
-0.506|  32.1 32.1 212 28.8 28.8 3/3
0 39.0 39.0 1/1 38.5 38.5 212
-0.160| 46.4 46.4 1/1 45.6 45.6 3/3
[+45]2s
-0.297| 553 55.3 212 49.0 49.0 3/3
-0.417| 573 57.3 212 52.3 52.3 3/3
-0.524| 59.2 59.2 212 55.7 55.7 3/3
-0.618| 60.9 60.9 212 59.0 59.0 3/3
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M13519% 5-2 m3slSeuiieuainsems Inwsennmsane luenansdeds [3,7] duainla

= deﬂ' o I % 9) 1
NISIVYUITNUNTUD ﬂiﬂ!ﬂ?i?'l\‘lﬁ’)“ll@\uﬁuclﬂl!ﬂﬂﬁ'N‘]

Boundary | Stacking | Thickness Buckling load ( x 10° Ibs)
condition | sequence (in) Ref . [7] Ref.[3] | Present study
0.115 17.6505 17.5509 17.6462
[0/90]ss 0.102 12.3159 12.2464 12.3128
0.091 8.7456 8.6962 8.74345
CCCC 0.11 N/A 10.6874 10.7287
[30]20
0.106 N/A 9.5634 9.60039
0.102 N/A 11.6954 11.7472
[+45]ss
0.11 N/A 14.6687 14.7338
0.115 11.8328 11.7625 11.8312
[0/90]ss 0.102 8.2565 8.2074 8.2553
0.091 5.8630 5.8282 5.8622
CSCS 0.11 N/A 9.3453 9.3909
[30]20
0.106 N/A 8.3625 8.4149
0.102 N/A 8.3746 8.4230
[+45]ss
0.11 N/A 10.5036 10.5651

m13519% 5-3 mMsulseuieuaniszms Inssenmsanen luenasensda [7] suain ldein

~ axA o Y A
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Boun_d_ary Method Aspectratio, (a/b)
condition 1 2 3
Ref. [7] 7.8494 2.4895 1.8747
CCCF
Present study 7.8492 2.4886 1.8737
Ref. [7] 2.2294 1.2079 1.3489
SCSF
Present study 2.2294 1.2089 1.3491
Ref. [7] 7.8342 7.3323 7.0500
SCSC
Present study 7.8342 7.3322 7.0500
Ref. [7] 6.5576 5.4602 5.2368
CSSC
Present study 6.5571 5.4599 5.2368
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2.5 2.764 0.743 3.320 0.955
3 2.715 0.730 3.305 0.907
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Aspect Load Buckling load, N{" (kKN/m)
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@b) | (NJ/NY sscc SCSF CSSC CFSC
0 2.331 0.535 2.140 0.885
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Load Buckling load,S, (kN/m)
ratio,
0 3.932 1.791 3.612
-0.5 5.857 2.059 4.870
-1 7.270 2.376 6.194
-15 8.859 2.661 7.800
-2 10.668 2.924 9.664
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Load Buckling load and Buckling mode
ratio,
(Sy/ Sy) [45] 8 [145] 2S
0
-0.5
Sy =1.029 kN/m Sy =2.435 kN/m
-1
-1.5
-2

S, = 5.848 kN/m

S, = 19.328 kN/m
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Stackling | Buckling load, S, Buckling mode
sequence (kN/m)
[0]s 3.038
[130]23 3.431
[£45]2s 3.612
[iGO]zs 2.884
[+75]2s 2.032
[+90],s 1.738
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[

feghaldsunsauman “Kantorovich” AdaudsaleTdsunsy Maple Auaaanth

a I = o dy
%ﬂﬂ@MWGMQiNTWﬁzmﬂﬂm@QTﬂSMﬂﬁﬂﬂﬂ@ﬂqﬂu

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYVVYV

e KANTOROVICH PROGRAM (1)Pig 5.3 —-————=——————————- #

#- Buckling analysis of symmetrically laminated composite plates -#
R by the extended Kantorovich Method ----- #

restart ;

Digits:=40:

#-— Input of all material properties = T300/934(graphite/epoxy)--#

El := 131e9; # —-- Longitudanal modulus,Ell1= 131 GPa
E2 -= 10.3e9; # —-- Transverse modulus,E22= 10.3 GPa
v1l2 = 0.22; # -- Poisson ratio

G12 = 6.9€9; # —-- In-plane shear modulus,G12= 6.9 GPa
a:=0.9 ; # —-- Length of the plates,a=0.9 m

b:=0.3 ; # —-- Width of the plates,b=0.3 m

t = 0.000127 ; # -— Ply thickness, m

h:=t*N; # —-- thickness, m

Hm——— Assume function X(x) and Define Boundary Condition ----- #
XX:=sin(x): #-- Assume function X(X)
Ny:=0: #-— Tension load

Nxy:=0: #-- Shear load

Boundary X:=C _C: #-- Boundary for axis-X
Boundary_Y:=C_F: #-- Boundary for axis-Y

N:=8: #-- Number of ply

phi := vector(][0,90,0,90,90,0,90,0]): # Stacking sequence =[0,90]2S
read ""C:/ABD.txt": #-- Calculate ABD matrix *(Subr. 1)*
points:=40:

Model :=10:

save XX, ''C:/Kantorovich/Function/XX.txt":

save Boundary X, "C:/Kantorovich/Boundary X.txt':

save Boundary_ Y, '"C:/Kantorovich/Boundary Y.txt":

e e e e #
H———— Iteration procedures (Mode 1) ----- #
for q from 1 to Model do
o ASSUME X(X) ---—-—————————- #
print(ASSUME_XCO)[ql);
NxxL:=0:
NcrL:=0:
read "'C:/Kantorovich/Function/XX.txt":
read ""C:/Kantorovich/Function/X(x) .txt": #(Subr. 2)
read '"C:/Kantorovich/Boundary/Boundary_ Y. _txt': #(Subr. 3)
read ''C:/Kantorovich/Numerical/Newton_Raphson_Y.txt": #(Subr. 4)
read ""C:/Kantorovich/Numerical/Coefficients_Y._txt": #(Subr. 5)
e ASSUME .Y(y) --—-————===———- #
print(ASSUME-Y(YW [aD;
read "'C:/Kantorovich/Function/Y(y) -txt": #(Subr. 6)
read ""C:/Kantorovich/Boundary/Boundary_X.txt": #(Subr. 7)
read ""C:/Kantorovich/Numerical/Newton_Raphson_ X.txt': #(Subr. 8)
read "'C:/Kantorovich/Numerical/Coefficients_X.txt": #(Subr. 9)

if (@Abs(Nxx[q]-Ncr[g])< 10e-3)

then Eigenvalue_1:=Ncr[q]:
save Eigenvalue_1,"C:/Kantorovich/BC_CCCF/Nxx.txt':
save XX, "C:/Kantorovich/BC_CCCF/XXModel.txt':
save YY, '"C:/Kantorovich/BC_CCCF/YYModel. txt":
q:=Model

end if:

end do:
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restart ;
Digits:=40:
#-- Input of all material properties = T300/934(graphite/epoxy)-—-#

E1l -= 131e9; # -- Longitudanal modulus,E11= 131 GPa
E2 := 10.3e9; # —-- Transverse modulus,E22= 10.3 GPa
vl2 := 0.22; # -- Poisson ratio
Gl2 := 6.9€9; # —-- In-plane shear modulus,G12= 6.9 GPa
a:=0.9 ; # —-- Length of the plates,a=0.9 m
b:=0.3 ; # -- Width of the plates,b=0.3 m
t := 0.000127 ; # -- Ply thickness, m
h:=t*N; # -- thickness, m
Ny:=0: #-- Tension load
Nxy:=0: #-- Shear load
Boundary_X:=C_C: #-- Boundary for axis-X
Boundary_Y:=C F: #-- Boundary for axis-Y
N:=8: #-- Number of ply
phi := vector(][0,90,0,90,90,0,90,0]): #Stacking sequence=[0,90]2S
read ""C:/ABD.txt": #-- Calculate ABD matrix
points:=40:
Model:=10:
Ny:=0:
Nxy:=0:

Hommm———— = Predict Function Y(y) —---~——————————- #

for q from 2 to 2 do
print(Predict_FunctionY(Y)[ql):
read '"C:/Kantorovich/BC CCCF/XXModel.txt":

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYV

read '"C:/Kantorovich/Function/X(x).txt": #(Subr. 2)
read ''C:/Kantorovich/Boundary/Boundary_Y.txt': #(Subr. 3)
read ""C:/Kantorovich/BC_CCCF/Nxx.txt":

it (0=2)

then NxxL:=Eigenvalue 1+1

end if:
read "'C:/Kantorovich/Numerical/Newton_Raphson_Y.txt": #(Subr. 4)
read ""C:/Kantorovich/Numerical/Coefficients_Y.txt": #(Subr. 5)
end do:
e END KANTOROVICH PROGRAM (1)Pig.3 -——-—-—-—————————-

Tilsunsudosdi 1 Tusunsu ABD.txt gnifiu'l3ii C/ABD.txt @eu Tulsunsuitesiuaa
[ABD] aumsii 3-15 s10azi8oa lalsunsuildade 147

d10e19 1151053 ABD.txt

Hommmm e ABD.txt (Subroutine 1) --—-————-————==- #
#Calculate the lamina stiffness matrix [Q] in material axis
Q1l1:=E1n2/(E1-v1272*E2):
Q12:=v12*E1*E2/(E1-Vv12"2*E2):
Q22:=E1*E2/(E1-Vv12"2*E2):
Q66:=G12:
#Calculate invariants U
Ul:= (3*Q11+3*Q22+2*Q12+4*Q66)/8:
U2:= (Q11-Q22)/2:
U3:= (Q11+Q22-2*Q12-4*Q66)/8:
U4:= (Q11+Q22+6*Q12-4*Q66)/8:
U5:= (Q11+Q22-2*Q12+4*Q66)/8:
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#Calculate the distance from midplane : z[1]to z[N+1]
for 1 from 1 to N+1 do
z[i]:=t*(i-1-N/2)
od:
#Calculate the invariants V (a total of 15 invariants)
VAO := N*t: VBO:=0:
VDO :=(N*t)"3/12:
VAl1:=0:
for 1 from 1 to N do
VAl:=VAl+cos(Pi/180*2*phi[i1)*(z[i+1]-z[i]1);
od:
VA2:=0:
for 1 from 1 to N do
VA2:=VA2+sin(Pi/180*2*phi [iD*(z[i+1]-z[i]);
od:
VA3:=0:
for 1 from 1 to N do
VA3:=VA3+cos(Pi1/180*4*phi[i D*(z[i+1]-z[i]);
od:
VA4:=0:
for 1 from 1 to N do
VA4 :=VA4+sin(Pi/180*4*phi[1])*(z[i+1]-z[i]):
od:
VB1:=0:
for 1 from 1 to N do
VB1:=VBl+cos(Pi/180*2*phi[i])*((z[i+1 DD 2-(z[iD"2);
od:
VB1:=VB1/2:
VB2:=0:
for 1 from 1 to N do
VB2:=VB2+sin(Pi/180*2*phi[i D*((z[i+1]DD2-(z[iD"2);
od:
VB2:=VB2/2:
VB3:=0:
for 1 from 1 to N do
VB3:=VB3+cos(Pi/180*4*phi [i])*((z[i+1])"2-(z[iD"2);
od:
VB3:=VB3/2:
VB4:=0:
for 1 from 1 to N do
VB4 :=VB4+sin(Pi/180*4*phi [i]D*((z[i+1]DD2-(z[iD"2);
od:
VB4:=VB4/2:
VD1:=0:
for 1 from 1 to N do
VD1:=VD1l+cos(Pi/180*2*phi[i]D*((z[i+1]D"3-(z[i]D"3);
od:
VD1:=VD1/3:
VD2:=0:
for 1 from 1 to N do
VD2:=VD2+sin(Pi/180*2*phi[iD*((z[i+1]PD"3-z[i])"3);
od:
VD2:=VD2/3:
VD3:=0:
for 1 from 1 to N do
VD3:=VD3+cos(Pi/180*4*phi[iD*((z[i+1]D"3-(z[i])"3);
od:
VD3:=VD3/3:
VD4:=0:
for 1 from 1 to N do
VD4:=VD4+sin(Pi/180*4*phi [iD*((z[1+1]D"3-(z[i])"3);
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od:
VD4:=VD4/3:
#This are the results: [ABD] w.r.t. the rotated axis.
p———————— Matrix [A] """ - #

All:=evalF(U1l*VAO+U2*VAl*cos(2*theta*Pi1/180)+U2*VA2*sin(2*theta*Pi/18
0)+U3*VA3*cos(4*theta*Pi/180)+U3*VA4*sin(4*theta*Pi1/180)):

A22:=eval f(U1*VAO-U2*VAl*cos(2*theta*Pi/180)-U2*VA2*sin(2*theta*Pi
/180)+U3*VA3*cos(4*theta*Pi/180)+U3*VA4*sin(4*theta*Pi/180)):
Al2:=eval F(U4*VAO-U3*VA3*cos(4*theta*Pi1/180)-U3*VA4*sin(4*theta*Pi
/180)):

A66 :=eval F(U5*VAO-U3*VA3*cos(4*theta*Pi/180)-U3*VA4*sin(4*theta*Pi
/180)):
Al16:=evalf(U2*VA2*cos(2*theta*Pi/180)-U2*VAl*sin(2*theta*Pi/180)+2
*U3*VA4*cos(4*theta*Pi1/180)-2*U3*VA3*sin(4*theta*Pi/180))/2:
A26:=eval f(U2*VA2*cos(2*theta*Pi/180)-U2*VAl*sin(2*theta*Pi/180)-2
*U3*VA4*cos(4*theta*Pi/180)+2*U3*VA3*sin(4*theta*Pi1/180))/2:
e Matrix [B} -~ #
B1l:=evalf(U1*VBO+U2*VB1l*cos(2*theta*Pi/180)+U2*VB2*sin(2*theta*Pi
/180)+U3*VB3*cos(4*theta*Pi1/180)+U3*VB4*sin(4*theta*Pi/180)):
B22:=eval T (U1*VBO-U2*VB1*cos(2*theta*Pi/180)-U2*VB2*sin(2*theta*Pi
/180)+U3*VB3*cos(4*theta*Pi/180)+U3*VB4*sin(4*theta*Pi/180)):
B12:=eval f(U4*VBO-U3*VB3*cos(4*theta*Pi/180)-U3*VB4*sin(4*theta*Pi
/180)):

B66 :=eval ¥ (U5*VBO-U3*VB3*cos(4*theta*Pi1/180)-U3*VB4*sin(4*theta*Pi
/180)):

B16:=eval f(U2*VB2*cos(2*theta*Pi/180)-U2*VB1*sin(2*theta*Pi/180)+2
*U3*VB4*cos(4*theta*Pi/180)-2*U3*VB3*sin(4*theta*Pi/180))/2:
B26:=eval f(U2*VB2*cos(2*theta*Pi/180)-U2*VBl*sin(2*theta*Pi/180)
-2*U3*VB4*cos(4*theta*Pi1/180)+2*U3*VB3*sin(4*theta*Pi/180))/2:
ettt Matrix [D] ---—-———— #
D11:=evalf(U1*VDO+U2*VD1*cos(2*theta*Pi/180)+U2*VD2*sin(2*theta*Pi/18
0)+U3*VD3*cos(4*theta*Pi/180)+U3*VD4*sin(4*theta*Pi/180)):

D22:=eval f(U1*VDO-U2*VD1*cos(2*theta*Pi/180)-U2*VD2*sin(2*theta*Pi
/180)+U3*VD3*cos(4*theta*Pi/180)+U3*VD4*sin(4*theta*Pi/180)):
D12:=eval f(U4*VD0O-U3*VD3*cos(4*theta*Pi/180)-U3*VD4*sin(4*theta*Pi
/180)):

D66 :=eval F(U5*VD0=U3*VD3*cos(4*theta*P1/180)-U3*VD4*sin(4*theta*Pi
/180)):

D16:=eval f(U2*VD2*cos(2*theta*Pi/180)-U2*VD1*sin(2*theta*Pi/180)+2
*U3*VD4*cos(4*theta*Pi/180)-2*U3*VD3*sin(4*theta*Pi1/180))/2:
D26:=eval f(U2*VD2*cos(2*theta*Pi/180)-U2*VD1*sin(2*theta*Pi/180)-2
*U3*VD4*cos(4*theta*Pi/180)+2*U3*VD3*sin(4*theta*Pi/180))/2:
et e Matrix [ABD] —-———=-———=———— o~ #
ABD:=linalg[matrix](6,6,[[A11,A12,A16,B11,B12,B16],[Al2,A22,A26,B12,B
22,B26],[A16,A26,A66,B16,B26,B66],[B11,B12,B16,D11,D12,D16], [B12,B22,
B26,D12,D22,D26],[B16,B26,B66,D16,D26,D66]]) ;

o End ABD.txt (Subroutine 1) -—-—-—--—=——————- #
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Tsunsudoshn 2 Tdsunsw X(x).txtgmﬁu”l%’ﬁ C:/Kantorovich/X(x).txt e Tisunsu
iesuamdulsaumsi 4-10, 4-11, 4-17 s1eazidoaTalsunsuildade lad

fedn ldsunsy X(x).txt

o X(xX)-txt (Subroutine 2) --————————————- #

SIx[q]:=int(difF(XX,x,x)"2,x=0..a);

S2x[q] :=int(diFF(XX, X, X)*XX,x=0..a);
S3x[q]:=int(XX"2,x=0..a);

SAx[q] :=int(diFF(XX,x)"2,x=0..a);

S5x[q] :=int(di FF(XX, x)*di FF(XX,x,x) ,x=0.__.a);

S6x[ql :=int(diFF(XX,x)*XX,x=0..a);
ki1[q]:=simplify((S2x[g]*D12-2*S4x[q]*D66)/S3x[q]/D22);
k2[q]:=simplify((S1xX[q]*D11-S4x[gql*Nxx[q])/S3x[q]/D22);
pllal:=sqrt(sqrt(klfgq]"2-k2[q])+ki[ql);
p2[q]:=sqrt(sqrt(klfa]”2-k2[q])-k1[ql);

o= End X(x).txt (Subroutine 2) -—-————--———————- #

Iﬂi!lﬂiwj’e’lﬂ‘ﬁ 3 Tisunsu Boundary Y.txt gmﬁu"l’giﬁ C:/Kantorovich/Boundary_Y .txt
FeuTisunsuivedentoulvrenvaiionlaiediu y =0 uaz y = b sreazidon Tdsunsuil
Sasto'hli

fa9819115unsu Boundary Y.txt

B Boundary_Y.txt (Subroutine 3) --——————-—————- #

YY:=Ay[ql[1]*sin(pl[ql*y)+Ay[aq][2]*cos(plla]l™*y)+Ay[q]l[3]1*sinh(p2[q]*y)

+Ay[q][4]*cosh(p2[q]*y);

ifT (Boundary_Y=C C) #BC: y=0=b=Clamped support

then BC[1]:=evalf(subs(y=0,YY));

BC[2] :=eval f(subs(y=b,YY)):;
BC[3] :=eval f(subs(y=0,diff(YY,y))):;
BC[4] :=evalf(subs(y=b,diff(YY,y)));

end if;

if (Boundary Y=C _F) #BC:+ y=0=Clamped support, y=b=Free edge

then Ny:=Ny:
NXy :=NXy:
BC[1] :=evalf(subs(y=0,YY));
BC[2] :=eval f(subs(y=b, S3x[q]*D22*di FF(YY,y,y,y)+(S52x[q]*D124*S4x
[g1*D66+S3X[q1*Ny)*difF(YY,y)-(2*S5x[q]*D16-S6X[ql*Nxy)*Y));
BCL[3] :=eval f(subs(y=0,difF(YY,y)));
BC[4] :=eval f(subs(y=b,S3x[q]*D22*di FF(YY,y,y)+2*S6x[q]*D26*di ff(
YY,y)+S2x[q]*D12*YY));

end if;

if (Boundary Y=F_C) #BC: y=0=Free edge, y=b=Clamped support

then Ny:=Ny:

NXy - =Nxy:
BC[1] :=evalf(subs(y=0,S3x[q]*D22*di fF(YY,y,VY,y)+(S2x[q]*D12-4
*S4x[q]*D66+S3X[q]*Ny)*diFF(YY,y)-(2*S5x[q]*D16-S6X[q]*Nxy)*Y));
BC[2] :=eval f(subs(y=b,YY));
BC[3] :=evalf(subs(y=0,S3x[q]*D22*difF(YY,y,y)+2*S6x[q]*D26*diff
(YY,y)+S2x[q]*D12*YY));
BC[4] :=eval f(subs(y=b,diff(YY,y))):
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end if;
if (Boundary Y=F _F) #BC: y=0=b=Free edge
then Ny:=Ny:
NXy - =Nxy:
BC[1] :=eval f(subs(y=0,S3x[ql*D22*di ff(YY,y,V,y)+(S2x[ql*D12-4
*SAX[q]*D66+S3X[q1*Ny) *di FF(YY,y)-(2*S5x[q]*D16-S6X[q]1*Nxy)*Y));
BC[2] :=evalf(subs(y=b,S3x[q]*D22*di fF(YY,y,VY,y)+(S2x[q]*D12-4
*SAx[q]*D66+S3X[q]*Ny) *di FF(YY,y)-(2*S5x[q]*D16-S6X[q]*Nxy)*Y));
BC[3] :=evalf(subs(y=0,S3x[q]*D22*di FF(YY,y,y)+2*S6x[q]*D26*di ff
YY,y)+S2x[q]*D12*YY));
BC[4] :=eval f(subs(y=b,S3x[q]*D22*di FF(YY,y,y)+2*S6x[q]*D26*diff
(YY,y)+S2x[q]*D12*YY));
end if;
it (Boundary Y=S_F) #BC: y=0=Simple support, y=b=Free edge
then Ny:=Ny:
NXy Z=Nxy:
BC[1] :=eval f(subs(y=0,YY)):
BC[2] :=evalf(subs(y=b,S3x[q]*D22*di FF(YY,y,Y,y)+(S2x[q]*D124*S
Ax[q1*D66+S3XLa]*Ny)*diTF(YY,y)-(2*S5x[q1*D16-S6X[q]*Nxy)*Y));
BC[3] :=eval f(subs(y=0, S3x[ql*D22*di fF(YY,y,y)+2*S6x[q]*D26*dif
FCYY,y)+S2x[q]*D12*YY));

BC[4]:=eval f(subs(y=b,S3x[q]*D22*diff(YY,y,y)+2*S6x[ql*D26*diff
(YY,y)+S2x[q]*D12*YY));
end if;
if (Boundary Y=F S) #BC: y=0=Free edge, y=b=Simple support
then Ny:=Ny:
NXy z=Nxy:
BC[1] :=evalf(subs(y=0,S3x[q]*D22*di FfF(YY,y,Y,y)+(S52x[ql*D12-4
*SAX[q]*D66+S3X[ql*Ny) *di FF(YY,y)-(2*S5x[q]*D16-S6X[q1*Nxy)*Y));
BC[2] :=evalf(subs(y=b,YY));
BC[3]:=eval f(subs(y=0,S3x[q]*D22*diff(YY,y,y)+2*S6x[ql*D26*diff
(YY,y)+S2x[q]*D12*YY));
BC[4] :=evalf(subs(y=b,S3x[q]*D22*di FF(YY,y,y)+2*S6x[q]*D26*diff
YY,y)+S2x[q]1*D12*YY));
end if;
it (Boundary_ Y=C S) #BC: y=0=Clamped support, y=b=Simple support
then BC[1]:=evalf(subs(y=0,YY));
BC[2] :=evalf(subs(y=b,YY));
BC[3] :=evalf(subs(y=0,difF(YY,y)));
BC[4]:=evalf(subs(y=b,S3x[q]*D22*diff(YY,y,y)+2*S6x[ql*D26*diff
(YY,y)+S2x[q]*D12*YY));
end if;
if (Boundary Y=S_C) #BC: y=0=Simple support, y=b=Clamped support
then BC[1]:=evalf(subs(y=0,YY));
BC[2] :=evalf(subs(y=b,YY));
BCL[3]:=eval f(subs(y=0,S3x[ql*D22*diFF(YY,y,y)+2*S6x[q]*D26*diff
QYY,y)+S2x[q]*D12*YY));
BC[4] :=eval f(subs(y=b,diff(YY,y))):;
end if;
ifT (Boundary_Y=S_S) #BC: y=0=b=Simple support
then BC[1]:=evalf(subs(y=0,YY));
BC[2] :=evalf(subs(y=b,YY));
BC[3] :=evalf(subs(y=0,S3x[q]*D22*difF(YY,y,y)+2*S6x[q]*D26*diff
(YY,y)+S2x[q]*D12*YY));
BC[4]:=evalf(subs(y=b,S3x[q]*D22*di ff(YY,y,y)+2*S6x[ql*D26*diff
QYY,y)+S2x[q]*D12*YY));
end if;
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. v

Tlsunsueioahi 4 Tasunsu Newton_Raphson_Y .txt gany'1ih

C:/Kantorovich/Newton_Raphson_Y.txt @eullsunsuienmannizas Ny ndoanded
) [ Y

Auteu lvveuvandwris y =0 uay y=b swazidealdsunsuiisese 14

fae819115unsy Newton_Raphson_Y.txt

Hmmm Newton_Raphson_Y.txt (Subroutine 4) --————————————- #

A:=array(1..4,1..4);
for 1 from 1 to 4 do

for j from 1 to 4 do

ALY, j]:-=diff(BCLi].Ay[ali1):

end do:
end do:
save A, "C:/Thesis/Kantorovich/Coefficients/Assumed XX/A.txt':
with(linalg):
Digits:=30:
B:=evalf(det(A)):
save B, ''C:/Thesis/Kantorovich/Coefficients/Assumed XX/B.txt':
BLal:= B;
#print(B);
A:z=array(1..4,1..4);

for i from 1 to 4 do

for j from 1 to 4 do
ALY, 3] :=diftF(BCLi].Ay[aliD):
end do:

end do:
save A, "C:/Kantorovich/Assumed XX/A.txt':
with(linalg):
Digits:= points:
B:=evalf(det(A)):
save B, "'C:/Kantorovich/Assumed XX/B.txt":

Blal:= B;
print(B);
Hmo—— 1. False-position method -----—---—- #

dB[qg]-=diff(BLg].Nxx[q]):
Nxx[q]:=NxL[q]:
B[L1[al:-=B[q]:
NXL[q]:=NxR[a]:
B[R]1[al:=B[L][q]:
NXR[q]:=Nx1[q]:
B[111]1[q]-=B[R][al:
Nx1[q]:=Nx[ql:
BBB[q]:=B[111][q]:
NXL[q] -=NxxL:
epsilon:=10e-3:
Critical:=10e8:
for 1 from 1 to Critical do
NxR[q]:=NxL[qg]+100:
FINxL][q]:=B[L]1[q]:
FINxR][q]:=B[R]1[q]:
Nx1[q] : =((NXLLad*FINxR] [a1) - (NXRLq]*FINXL1[q1))/ (FINxRT[q]-
FINXL][a]):
FINx1][q]:=B[111][q]:
it ((FINx1][q]*fINxR][q])<0)
then Nx1[q]:=NxL[q]
else Nx1[q]:=NxR[q]
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end if:
if (FINxL][q] < 0)
then if (FINxR][q] > 0 )
then Xk[q]:=NxL[q]:
i:=Critical
end if:
else NxL[q]:=NxR[q]
end if:
if (F[NxL][q] > 0 )
then i (F[NxR][q] < 0 )
then Xk[q]:=NxL[q]:
i:=Critical

end if:
else NxL[q]:=NxR[q]
end if
end do
Hmm——— = 2. Newton-Raphson method --------—- #

Critical:=10e8:
for 1 from 1 to Critical do
Xk[q]:=NxL[q]:
FIXk][gl:=B[L][ql:
df[Xk][g]l:=dB[q]:
Delta[Xk+1][o]:==CFLXK] [al)/(df[Xk][al):
X[k+1]1[al:=Xk[q]+Delta[Xk+1][q]:
it ( abs(Delta[Xk+1][gl) < epsilon )
then Nxx[q]:=X[k+1][ql:
i:=Critical
else NxL[q]:=X[k+1][ql
end if:
end do:
with(linalg):
Digits:=points:
print(plot(BBB[q].Nx[gl=NxxL._NxR[q],title="Buckling modes'™));
print(Eigenvalue_YY[q]=Nxx[ql):
NxxL :=Nxx[ql+1;

Hommm———— - End Newton Raphson_Y.txt (Subroutine 4) -———————————- #

. o . .
Ylsunsueoadi 5 Talsunsu Coefficients_Y.txt gninu 13
. - - . =) A [ 9 P
C:/Kantorovich/Numerical/Coefficients_Y.txt: eouldsunsuierar letdunamesn
vy o A Ao 1 = A 0 dy
doanaosnuen lvveuand iy y =0 wag y=b siwazidoalsunsuiisee Uil

fae819 11sunsy Coefficients_Y.txt

Digits:=points:
AA:=array(1l..4,1..4):
for 1 from 1 to 4 do
for j from 1 to 4 do
AALT,J]1:-=A[1.]]:
end do:
end do:
C:=[[Ay[all11]1.[Ay[all[211.[Ay[al[311.[Ay[al[411]1:
AyLall[1]:=1:
BB:=evalm(AA&*C):
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coefficients:=solve({BB[2,1]=0, BB[3,1]=0,
BB[4,1]=0},{Ay[a1[2].Ay[al1[3]1.Ay[al[41}):
Ay[q][1]:=subs(coefficients,Ay[qll1]):
Ay[ql[2]:=subs(coefficients,Ay[q]l[2]):
Ay[ql[3]:=subs(coefficients,Ay[ql[3]):
Ay[q][4]:=subs(coefficients,Ay[qll[4]):
YY:=Ay[ql[1]*sin(pl[ql*y)+Ay[al[2]*cos(p1l[al*y)+Ay[al[3]1*sinh(p2[q]l*y)
+Ay[q][4]*cosh(p2[q]*y):
YY:=simplify(evalft(YY));
save YY, "C:/Kantorovich/YY._txt":
print(plot3d(XX*YY,x=0..a,y=0..b,title=""Buckling mode™));
Function_YY[q]:=Ay[q]l[1]*sin(p1llql*y)+Ay[al[2]*cos(plLal*y)+Ay[al[3]*
sinh(p2[q]*y)+Ay[ql[4]*cosh(p2[a]*y);
print( Function_YY[q]=YY);

if (Boundary Y=S S)
then for NN from 1 to 12 do
if (abs(evalf(NN*Pi/b)-pl[g])< 10e-3)
then print(Function_YY[gl=sin(NN*Pi*y/bb));
end if;
end do;
end if;

e et End Coefficients_Y.txt (Subroutine 5) ~--——————————- #

Tsunsudean 6 Tusunsu Y(y).txt Qmﬁu”l%"ﬁ C:/Kantorovich/Function/Y (y).txt e
Tsunsuitesnnamidulsaumsi 4-19, 4-20, 4-26 s10azBoaTalsunsuildade lad

fedn lsunsu Y(y).txt

Bomm e Boundary_ X.txt (Subroutine 6) --—————--———————- #

read "'C:/Kantorovich/Function/YY.txt":
Sly[q]:=evalf(Int(difF(YY,y,y)"2,y=0..b));

S2y[q] :=evalf(Int(diFFCYY,y,y)*YY,y=0..b));
S3y[q]:=eval F(Int(YY"2,y=0..b));

S4y[q] :=eval F(Int(difF(YY,y)"2,y=0..b));
S5y[ql:=evalf(Int(difF(YY,y)*diff(YY,y,y),y=0..b));
sey[q]:=eval F(Int(difFF(YY,y)*YY,y=0..b));
k3[q]:=simplify((S2y[q]*D12-2*S4y[q]*D66+S3y[q]l*Ncr[q]/2)
/S3y[q]/D11);
k4[q]:=simplifty(S1y[q]*D22/S3y[q]/D11);

p3[a] :=sqrt(k3[ql+sqrt(k3[q]1"2-k4[q]));

p4L[a] :=sqrt(k3[ql-sqrt(k3[q]1"2-k4[q]));

s b e e e End Boundary. X.txt (Subroutine 6) --=-—--——————-—-——- #

Tsunsueean 7 Tsunsu Boundary X.txt gmﬁu"ﬁ’ﬁ C:/Kantorovich/Boundary_X.txt
Wouldsunsuiedenidou lvueuvantatatedu x = 0 uaz x = a

fre81911sunsu Boundary X.txt

Bomm e Boundary_X.txt (Subroutine 7) --—————————————- #

read "'C:/Kantorovich/Boundary_X.txt'":
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XX:=Ax[a][11*sin(p3[al*x)+Ax[q][2]*cos(p3[al*x)+Ax[al [3]*sin(p4[al*x)
+Ax[q]l[4]*cos(p4Lal™x):

iT (Boundary_X=C_C) #BC: x=0=aClamped support
then BC[1]:=evalf(subs(x=0,XX));
BC[2] :=evalf(subs(x=a,XX));
BC[3] :=evalf(subs(x=0,difF(XX,x)));
BC[4] :=evalf(subs(x=a,diTF(XX,x)));
end if;
if (Boundary X=C_S) #BC: x=0=Clamped support, x=a=Simple support
then BC[1]:=evalf(subs(x=0,XX));
BC[2] :=evalf(subs(x=a,XX));
BC[3] :=eval f(subs(x=0,difF(XX,x)));
BC[4] :=evalf(subs(x=a,S3y[q]*D11*di FF(XX,x,x)+2*S6y[q]*D16
*diFF(XX,x)+S2y[q]*D12*XX));
end if;
if (Boundary X=S S) #BC: x=0=a=Simple support
then BC[1]:=evalf(subs(x=0,XX));
BC[2] :=eval T(subs(x=a,XX));
BC[3] :=evalf(subs(x=0,S3y[q]*D11*di fF(XX,Xx,x)+2*S6y[q]*D16
*diFF(XX,x)+S2y[q]*D12*XX));
BC[4] :=eval f(subs(x=a,S3y[q]*D11*di fF(XX,x,x)+2*S6y[q]*D16
*diFF(XX, xX)+S2y[q]*D12*XX)) ;
end if;
if (Boundary X=S C) #BC: Xx=0=Simple support, x=a=Clamped support
then BC[1]:=evalf(subs(x=0,XX));
BC[2] :=eval f(subs(x=a,XX));
BC[3] :=evalf(subs(x=0,S3y[q]*D11*di FF(XX,x,x)+2*S6y[q]*D16
*diFF(XX, x)+S2y[q]*D12*XX)) ;
BC[4] :=evalf(subs(x=a,difF(XX,Xx)));
end if;

B End Boundary X.txt (Subroutine 7) -—————————————- #

: E .
Tilsunsueoaii 8 Ta/sinsy Newton_Raphson_X.txt gninu 13
C:/Kantorovich/Newton_Raphson_X.txt @eullsunsuiiernnnizes Ny doanded
% tﬂ' td‘ (J ' = S v 1 dy

Aueu lvveuandumis x =0 uay x =a 5wavdealdsunsuiiaae 1

d10819 1151053 Newton_Raphson-X.txt

Hmmm— Newton Raphson_X.txt (Subroutine 8) --—-——————————- #

F:=array(1:.4,1..4);
for 1 from 1 to 4 do
for j from 1 to 4 do
FLi,j1:=diff(BCLi].Ax[qliD:
end do:
end do:
save F, '""C:/Thesis/Kantorovich/Coefficients/Assumed YY/F_txt":
with(linalg):
Digits:= points:
G:=evalf(det(F)):
save G, "C:/Thesis/Kantorovich/Coefficients/Assumed_YY/G.txt":
G[q]:=G;
F:=array(1..4,1..4);
for 1 from 1 to 4 do
for j from 1 to 4 do
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FLi.31:=diff(BCLi].Ax[q10D);
end do:
end do:
save F, "C:/Kantorovich/F.txt":
with(linalg):
Digits:= points:
G:=evalf(det(F)):
save G, "C:/Kantorovich/G.txt":

GLal:=G;

Hmmm e 1. False-position method ------—--- #
dG[g]:-=diff(G[qa].Ncr[q]):
Ncr[q]:=NcL[q]:

G[L1[91:-=G[q]:
NcL[q]:=NcR[q]:
G[R1[91-=GI[L]1[al:
NcR[qg]:=Ncl[q]:
G[111]1[ql:=G[R]1l[q]:
Ncl[q]l:=Nc[q]:
GGG[g]l:=G[111]1[q]l:
NcL[qg]:=NcrL:
epsilon:=10e-12:
Critical:=10el2:
for 1 from 1 to Critical do
NcR[q]:=NcL[q]+100:
f[NcL][a]:=G[L]1[q]-
F[NcR][q]:=G[R][q]:
Nc1[q] :=((NcL[q]*F[NcR] [q])-(NcR[q]*F[NcL][q]))/(F[NcR][q]
-F[NcL][q]):
F[Nc1][q]:=G[111][q]:
it ((F[Nc1][al*f[NcR][q])<0)
then Ncl[q]:=NcL[q]
else Ncl[q]:=NcR[q]
end if:
ifT (F[NcL][q] < 0)
then if (F[NcR][q] > 0 )
then Xk[q]:=NcL[q]:
i:=Critical
end if:
else NcL[q]l:=NcR[ql
end if:
if (f[NcL][q] > 0 )
then it (F[NcR][q] < 0.)
then Xk[q]:=NcL[q]:
i:=Critical

end if:
else NcL[q]:=NcR[q]
end. if:
end do:
B 2. Newton-Raphson method --------- #

Critical :=10e8:
for 1 from 1 to Critical do
Xk[gl:=NcL[ql:
FIXk][gl:=G[L]1[ql:
df[Xk][q]:=dG[q]:
Delta[Xk+1][q] :=-CFLXK] [al)/(dF[Xk][al):
X[k+1]1[al:=Xk[q]+Delta[Xk+1][q]:
ifT ( abs(Delta[Xk+1][gql) < epsilon )
then Ncr[q]:=X[k+1][q]l:
i:=Critical
else NcL[q]:=X[k+1]1[ql
end if:
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end do:

with(linalg):

Digits:=points:
print(plot(GGG[q].Nc[g]l=NcrL._NcR[q],title="Buckling modes'));
print(Eigenvalue_ XX[q]=Ncr[q]);

NcrL:=Ncr[q]+1:

B End Newton_ Raphson_X.txt (Subroutine 8) -—-—————————- #

3 . . < {
Tilsunsueoai 9 Tolsunsu Coefficients X.txt g3
. - - . =) A [ 9 P
C:/Kantorovich/Numerical/Coefficients_X.txt: oulusunsuierar letdunamesn
k) o A A o 1 = Ao 1 d"
doanaInUNoU lvveuand s x =0 uay x = a swazvea ldsunsuiiaeae 1l

fed1 11sunsy Coefficients X.txt

Digits:=points:
FF:=array(l1..4,1..4):
for 1 from 1 to 4 do
for j from 1 to 4 do
FFLi,31:=F[i.]]:
end do:
end do:
H:=[[Ax[a1[11]1, [Ax[q1[2]1]1., [Ax[a1[31]1. [Ax[a1[4]1]1]1:
Ax[q][1]:=1:
GG:=evalm(FF&*H) ;
coefficientss:=solve({GG[2,1]=0, GG[3,1]=0, GG[4,1]=0},
{Ax[a1[2].Ax[q] [3].AX[al[41D):
Ax[q][1]:=subs(coefficientss,Ax[ql[1]);
Ax[q][2] :=subs(coefficientss,Ax[ql[2]);
Ax[q][3]:=subs(coefficientss,AX[ql[3]):
Ax[q][4]:=subs(coefficientss,Ax[q]l[4]):
for 1 from 1 to 4 do
If (abs(Ax[g][i] )< 10e-3)
then Ax[ql[i] := 0
end if :
end do:
XXz=Ax[aq1[1]1*sin(p3[al*x)+Ax[q] [2]*cos(p3[q]*x)+Ax[q]l [31*sin(p4[q]*x)
+AX[q] [4]*cos(p4[a]l™x);
XX:=simplify(eval f(XX));
save XX, '"'C:/Kantorovich/Function/XX.txt":
print(plot3d(XX*YY,x=0..a,y=0:.b,title="Buckling mode™));
print(Function_XX[q+1]=XX)7;
if (Boundary X=S_S)
then for NN from 1 to 12 do
if (abs(evalF(NN*Pi/Za)-p3[g])< 10e-3)
then print(Function_XX[q]=sin(NN*Pi*x/aa));
end if;
end do;
end if;
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Tisunsu “Total_Potentail_Energy” ﬂizﬁyiﬁmﬁ@ﬁmammwé”wmé”mﬁsw
aumsii 6-8 1szneudaeTisunsumdn(Main Program) uaz 2 Tilsunsuées (Subroutine)
Tasgnsarfin 13Ty iddoyauana txt faulvannsodsavg Tsunsutun 191 deedsdi

1. a$elusunsundn “Total_Potentail Energy” lulilsunsu Maple
2. a2 Tilsunsudesl@laemilstdumsnaeuniardsuauInlsdsiianuen
wihdunitailesnnldulaudunen Tndagd fmdoud vl duglamas
‘”@ﬁﬁﬁﬁmmmmﬁﬁunﬁe Fmumssudasuanuy CCCF ledduitldde
- nsdimIsuBauuy C-C filuwams Tnese Tnuaiiniisie
X, (X) = sin(4.58989x)-0.88443c0s(4.58989x)-0.87515sInh(5.24467x)+0.88443cosh(5.24467x)

- nsEimsSuauuY C-F i luwams Tnsse Inuaiinilsne
Y,(y) = sin(L.84536y)-0.62916c0s(1.84536y)-0.58813sinh(3.13765y)+0.629160sh(3.13765y)

1 v Y
unuaamlsnnilansumanaeunadluldsunsudosldaeii

dreehalilsunsugoad 1 T1J5unsu FunctionX_C_C.txt gnidn13h

C/Kantorovich/Function/C C/FunctionX_C_C.txt
———————————————— FunctionX C C.txt (Subroutlne 1) - #
XX[I] =(M[i]*cos(E[i1*x1))+(N[i]*cosh(F[i]*xi))
+(P[|]*S|n(G[l]*XI))+(R[|]*S|nh(H[l]*X|))

P[1]:=
G[1]:= 4-58989 :#pl
M[1]:= -0.88443 :
E[1]:= G[1] © #pl
R[1]:= -0.87515 :
H[1]:= 5.24467 I #p2
N[1]:= 0.88443 :
F[1]:= H[1] > #p2
e End FunctionX_C_C.txt (Subroutine 1) -————————————- #

U H . d 1
deealsunsudosdi 2 Tsunsu FunctionY_C_F.txt-gainu 13

C:/Kantorovich/Function/C_F/FunctionY_C_F.txt
B FunctionY C F.txt (Subroutine 1) - -————==——————- #
YY[i]:=([i]*cos(S[i]*eta))+(L[i]*cosh(B[i]*eta))

+(CLi ]*S|n(W[l]*eta))+(K[|]*S|nh(Q[l]*eta))

CI[1]:=

W[1]:= 1 84536 : #pl
J[1]:= -0.62916 :
S[1]:= w[1] T #pl
K[1]:= -0.58813

Q[1]:= 3.13765 > #p2
L[1]:= 0.62916 :
B[1]:= Q[11] T #p2

Homm e End FunctionY_C_F.txt (Subroutine 1) --—————-——————- #
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o Total_Potentail_Energy (2)Pig 5.3 - —————————————- #
restart;

M N:=1: # Define:M=N=1,2,3..12 :Number of Term
Digits:=40:

read "'C:/Kantorovich/Function/C_C/FunctionX_C_C.txt":# (Subr. 1)
read "'C:/Kantorovich/Function/C_F/FunctionY_C_F.txt":# (Subr. 2)

for 1 from 1 to M_N do

for m from 1 to M_N do
CCLi,m]:=int((cos(E[i]*xi))*(cos(E[m]*xi)),xi=0..1):
C CL[i,m]:=int((cos(S[iJ*eta))*(cos(S[m]*eta)),eta=0..1):
CChLi,m]:=int((cos(E[i]**x1))*(1/2*exp(F[m]*xi)+1/2
*exp(-F[m]*x1)),xi=0..1):
C_Ch[Li,m]:=int((cos(S[i]*eta))*(1/2*exp(B[m]*eta)+1/2
*exp(-B[m]*eta)),eta=0..1):
CSLi,m]:=int((cos(ELI]*xI))*(sin(G[m]*xi)),xi=0..1):
C_S[i,m]:=int((cos(S[i]*eta))*(sin(W[m]*eta)),eta=0..1):
Cshi,m]:=int((cos(E[1]*x1))*(1/2*exp(H[m]*xi)-1/2
*exp(-H[m]*xi)),xi=0..1):
C_Sh[i,m]:=int((cos(S[i]*eta))*(1/2*exp(Q[m]*eta)-1/2
*exp(-Q[m]*eta)),eta=0..1):
ChC[i,m]:=int((1/2*exp(FLi]*xi)+1/2*exp(-F[i]*xi))
*(cos(E[m]*xi)),xi=0..1):
Ch_C[i,m]:=int((1/2*exp(BLi]*eta)+1/2*exp(-B[i]*eta))
*(cos(S[m]*eta)),eta=0..1):
ChCh[i,m]:=int((1/2*exp(F[i]*xi)+1/2*exp(-F[i]*x1))
*(1/2*exp(F[m]*x1)+1/2*exp(-F[m]*x1)) ,xi=0..1):
Ch_Ch[i,m]:=int((1/2*exp(B[i]*eta)+1/2*exp(-B[i]*eta))
*(1/2*exp(B[m]*eta)+1/2*exp(-B[m]*eta)) ,eta=0..1):
ChS[i,m]:=int((1/2*exp(FLil*xi)+1/2*exp(-FLi]*Xi))
*(sin(G[m]*xi)),xi=0..1):
Ch_S[i,m]:=int((1/2*exp(B[i]*eta)+1/2*exp(-B[1]*eta))
*(sin(W[m]*eta)),eta=0..1):
ChsSh[i,m]:=int((1/2*exp(F[i]*xi)+1/2*exp(-F[i]*x1))
*(1/2*exp(H[m]*xi)-=1/2*exp(-H[m]*xi)) ,xi=0..1):
Ch_Sh[i,m]:=int((1/2*exp(B[1]*eta)+1/2*exp(-B[i]*eta))
*(1/2*exp(Q[m]*eta)-1/2*exp(-Q[m]*eta)) ,eta=0..1):
SCLi,m]:=int((sin(GLi]*xi))*(cos(E[m]*x1)),xi=0..1):
S Cli,m]:=int((sin(W[i]*eta))*(cos(S[m]*eta)),eta=0..1):
SChLism}:=int((sin(GLi}**x1))*(1/2*exp(F[m]*xi)+1/2
*exp(-F[m]*x1)),xi=0..1):
S Ch[i,m]:=int((sin(W[i]*eta))*(1/2*exp(B[m]*eta)
+1/2*exp(-B[m]*eta)),eta=0..1):
SS[i,m]:=int((sin(GLi]*x1))*(sin(G[m]*xi)),xi=0..1):
S S[i,m]:=int((sin(W[i]*eta))*(sin(W[m]*eta)),eta=0..1):
SShi,m]:=int((sin(G[i]*x1))*(1/2*exp(H[m]*xi)-1/2
*exp(-H[m]*xi)),xi=0..1):
S_Sh[li,m]:=int((sin(W[i]*eta))*(1/2*exp(Q[m]*eta)-1/2
*exp(-Q[m]*eta)),eta=0..1):
ShC[i,m]:=int((1/2*exp(H[1]*xi1)-1/2*exp(-H[1]*x1))
*(cos(E[m]*x1)),xi=0..1):
Sh_C[i,m]:=int((1/2*exp(QLi]*eta)-1/2*exp(-Q[1]*eta))
*(cos(S[m]*eta)),eta=0..1):
ShCh[i,m]:=int((1/2*exp(H[1]*x1)-1/2*exp(-H[i]*x1))
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*(1/2*exp(F[m]*xi)+1/2*exp(-F[m]*xi)) ,xi=0..1):
Sh_Ch[i,m]:=int((1/72*expQ[i]*eta)-1/2*exp(-Q[i]*eta))
*(1/2*exp(B[m]*eta)+1/2*exp(-B[m]*eta)),eta=0..1):
ShS[i,m]:=int((1/2*exp(HLi]*x1)-1/2*exp(-H[i1*x1))
*(sin(G[m]*xi)),xi=0..1):
Sh_S[i,m]:=int((1/2*exp(QLi]*eta)-1/2*exp(-Q[i]*eta))
*(sin(W[m]*eta)),eta=0..1):
ShsSh[i,m]:=int((1/2*exp(H[i]*x1)-1/2*exp(-H[i]*x1))
*(1/2*exp(H[m]*xi1)-1/2*exp(-H[m]*x1)) ,xi=0..1):
Sh_Sh[i,m]:=int((1/2*exp(QLi]*eta)-1/2*exp(-Q[i]*eta))
*(1/2*exp(Q[m]*eta)-1/2*exp(-Q[m]*eta)) ,eta=0..1):
B Diff 1 st -~———————————- #
CdCLi,m]:=int((cos(ELi]1*xi))*(sin(E[m]*xi)),xi=0..1):
C_dC[i,m]:=int((cos(S[i]*eta))*(sin(S[m]*eta)),eta=0..1):
CdCh[i,m]:=int((cos(ELi]*x1))*(1/2*exp(F[m]*xi)-1/2
*exp(-F[m]*xi)),xi=0..1):
C_dCh[i,m]:=int((cos(S[i]*eta))*(1/2*exp(B[m]*eta)-1/2
*exp(-B[m]*eta)),eta=0..1):
CdS[i,m]:=int((cos(ELi]*xi))*(cos(G[m]*xi)),xi=0..1):
C_dS[i,m]:=int((cos(S[i]*eta))*(cos(W[m]*eta)),eta=0..1):
Cdsh[i,m]:=int((cos(E[1]*xi1))*(1/2*exp(H[m]*xi)+1/2
*exp(-H[m]*xi1)),xi=0..1):
C_dsh[i,m]:=int((cos(S[i]*eta))*(1/2*exp(Q[m]*eta)+1/2
*exp(-Q[m]*eta)),eta=0..1):
ChdC[[i,m]:=int((1/72*exp(FLi]*x1)+1/2*exp(-FLi]1*xi))
*(sin(E[m]*xi)),xi=0..1):
Ch_dC[i,m]:=int((1/2*exp(B[i]*eta)+1/2*exp(-B[1]*eta))
*(sin(§[m]*eta)),eta=0..1):
ChdCh[i,m]:=int((L/2*exp(FLi]*x1)+1/2*exp(-FL[i]*x1))
*(1/2*exp(F[m]*xi)-1/2*exp(-F[m]*x1)) ,xi=0..1):
Ch_dCh[i,m]:=int((1/2*exp(B[i]*eta)+1/2*exp(-B[i]*eta))
*(1/2*exp(B[m]*eta)-1/2*exp(-B[m]*eta)),eta=0..1):
ChdS[i,m]:=int((1/2*exp(FL11*x1)+1/2*exp(-F[i1*x1))
*(cos(G[m]*xi)),xi=0..1):
Ch_dS[i,m]:=int((1/2*exp(BLi]*eta)+1/2*exp(-B[i]*eta))
*(cos(W[m]*eta)),eta=0..1):
ChdSh[i,m]:=int((1/2%exp(F[ 1 }*x1)+1/2*exp(=F[i]*x1))
*(1/2*exp(H[m}*x1)+1/2*exp(-H[m]*xi1)) ,xi=0..1):
Ch_dSh[i,m]:=int((1/2*exp(BLi]1*eta)+1/2*exp(-BLi]*eta))
*(1/2*exp(Q[m]*eta)+1/2*exp(-Q[m]*eta)) ,eta=0..1):
SdCLi,m]:=int((sin(GLi]1*x1))*(sin(E[m]*xi)),xi=0..1):

S dC[i,m]:=int((sin(W[i]*eta))*(sin(S[m]*eta)),eta=0..1):
SdCh[i,m]:=int((sin(GLi]*x1))*(1/2*exp(F[m1*xi1)-1/2
*exp(-F[m]*xi1)),xi=0..1):

S dCh[i,m]:=int((sin(W[i]*eta))*(1/2*exp(B[m]*eta)-1/2
*exp(-B[m]*eta)),eta=0..1):

SdSLi,;m] :=int((sin(GLi]*xi))*(cos(GIm]*xi)) ;xi=0.-1):

S dS[i,m]:=int((sin(WLi]l*eta))*(cos(W[m]*eta)),eta=0..1):
Sdsh[i,m]:=int((sin(GLI]1*x1))*(1/2*exp(H[m]*xi)+1/2
*exp(~H[m]*xi)),xi=0..1):

S _dSh[i,m]:=int((sin(W[i]*eta))*(1/2*exp(Q[m]*eta)+1/2
*exp(-Q[m]*eta)),eta=0..1):
ShdC[[i,m]:=int((1/2*exp(HLi]1*x1)-1/2*exp(-HLi1*xi))
*(sin(E[m]*xi1)),xi=0..1):
Sh_dC[i,m]:=int((1/2*exp(Q[i]*eta)-1/2*exp(-Q[i]*eta))
*(sin(§[m]*eta)),eta=0..1):
ShdCh[i,m]:=int((1/2*exp(HLi]*xi)-1/2*exp(-H[i]*x1))
*(1/2*exp(F[m]*xi)-1/2*exp(-F[m]*xi)) ,xi=0..1):
Sh_dCh[i,m]:=int((1/2*exp(Q[i]*eta)-1/2*exp(-Q[i]*eta))
*(1/2*exp(B[m]*eta)-1/2*exp(-B[m]*eta)) ,eta=0..1):
ShdS[i,m]:=int((1/2*exp(H[1]1*x1)-1/2*exp(-H[i]1*x1))
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*(cos(G[m]*xi)),xi=0..1):
Sh_dS[i,m]:=int((1/72*expQ[i]*eta)-1/2*exp(-Q[i]*eta))
*(cos(W[m]*eta)),eta=0..1):
ShdSh[i,m]:=int((1/2*exp(H[i]*xi1)-1/2*exp(-H[1]*x1))
*(1/2*exp(H[m]*xi1)+1/2*exp(-H[m]*xi)) ,xi=0..1):
Sh_dSh[i,m]:=int((1/2*exp(Q[i]*eta)-1/2*exp(-Q[i]*eta))
*(1/2*exp(Q[m]*eta)+1/2*exp(-Q[m]*eta)) ,eta=0..1):

dCdCLi,m]:=int((sin(ELi]*x1))*(sin(E[m]*xi)),xi=0..1):
dC_dC[Li,m]:=int((sin(S[Li]*eta))*(sin(S[m]*eta)),eta=0..1):
dCdCh[i,m]:=int((sin(ELi]*xi))*(1/2*exp(F[m]*xi)-1/2
*exp(-F[m]*xi)),xi=0..1):
dC_dCh[i,m]:=int((sin(S[i]*eta))*(1/2*exp(B[m]*eta)-1/2
*exp(-B[m]*eta)),eta=0..1):
dCdS[i,m]:=int((sin(E[i]*x1))*(cos(G[m]*xi)),xi=0..1):
dC_dS[i,m]:=int((sin(S[i]*eta))*(cos(W[m]*eta)),eta=0..1):
dCdshi,m]:=int((sin(E[i]*xi))*(1/2*exp(H[m]*xi)+1/2
*exp(~H[m]*xi)),xi=0..1):
dC_dsh[i,m]:=int((sin(S[i]*eta))*(1/2*exp(Q[m]*eta)+1/2
*exp(-Q[m]*eta)),eta=0..1):
dChdC[i,m]:=int((1/2*exp(F[1]*xi)-1/2*exp(-F[1]*xi))
*(sin(E[m1*xi)),xi=0..1):
dCh_dC[i,m]:=int((1/2*exp(B[1]*eta)-1/2*exp(-B[i]*eta))
*(sin(S[m]*eta)),eta=0..1):
dChdCh[i,m]:=int((1/2*exp(FLi]1*x1)-1/2*exp(-FLi]*xi))
*(1/2*exp(F[m}*xi1)-1/2*exp(-F[m]*xi)) ,xi=0..1):
dCh_dCh[i,m]:=int((1L/2*exp(B[1]*eta)-1/2*exp(-B[i]*eta))
*(1/2*exp(B[m]*eta)-1/2*exp(-B[m]*eta)),eta=0..1):
dChdS[i,m]:=int((L/2*exp(FLi]*x1)-1/2*exp(-FL[i]*x1))
*(cos(G[m]*xi)),xi=0..1):
dCh_dS[i,m]:=int((1/2*exp(B[i]*eta)-1/2*exp(-B[i]*eta))
*(cos(W[m]*eta)),eta=0..1):
dChdsh[[i,m]:=int((1/2*exp(FLi1*x1)-1/2*exp(-FL1]*x1))
*(1/72*exp(H[m]*xi1)+1/2*exp(~H[m]*Xi)) ,xi=0..1):
dCh_dSh[i,m]:=int((1/2*exp(BLi]*eta)-1/2*exp(-B[i]*eta))
*(1/2*exp(Q[m]*eta)+1/2*exp(-Q[m]*eta)) ,eta=0..1):
dsdC[i,m]:=int((cos(G[}*x))*(sin(E[fm}*x1)),x1=0..1):
dS_dC[i,m]:=int((cos(W[i]*eta))*(sin(S[m]*eta)),eta=0..1):
dSdCh[i,m]:=int((cos(GLi]*x1))*(1/2*exp(F[m]*xi)-1/2
*exp(-F[m]*xi)),xi=0..1):
dS_dCh[i,m]:=int((cos(W[i]*eta))*(1/2*exp(B[m]*eta)-1/2
*exp(-B[m]*eta)),eta=0..1):
dSdS[i,m]:=int((cos(GLi]*x1))*(cos(GIm]*xi)),xi=0..1):
dS_dS[i,m]:=int((cos(W[i]*eta))*(cos(W[m]*eta)),eta=0..1):
dsdsh[i,m]:=int((cos(GL[i]1*x1))*(1/2*exp(H[m]*xi)+1/2
*exp(-H[m]*xi)),xi=0..1):

dS_dSh[i,m] :=int((cos(WLil*eta))*(1/2*exp(Q[ml*eta)+1/2
*exp(-Q[m]*eta)),eta=0..1):
dShdC[i,m]:=int((1/2*exp(HLi]*x1)+1/2*exp(-H[1]*x1))
*(sin(E[m]*xi)),xi=0..1):
dsSh_dC[i,m]:=int((1/2*exp(Q[i]*eta)+1/2*exp(-Q[i]*eta))
*(sin(S[m]*eta)),eta=0..1):
dShdCh[i,m]:=int((1/2*exp(HLi1*xi)+1/2*exp(-HLi]*xi))
*(1/2*exp(F[m]*xi)-1/2*exp(-F[m]*xi)),xi=0..1):
dSh_dCh[i,m]:=int((1/2*exp(Q[i]*eta)+1/2*exp(-Q[i]*eta))
*(1/2*exp(B[m]*eta)-1/2*exp(-B[m]*eta)),eta=0..1):
dShdS[i,m]:=int((1/2*exp(HLi]*xi)+1/2*exp(-H[i]*x1))
*(cos(G[m]*xi)),xi=0..1):
dSh_dS[i,m]:=int((1/2*exp(Q[i]*eta)+1/2*exp(-Q[i]*eta))
*(cos(W[m]*eta)),eta=0..1):
dsShdsh[[i,m]:=int((1/2*exp(HL1]1*xi)+1/2*exp(-HL[1]*x1))
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*(1/2*exp(H[m]*xi)+1/2*exp(-H[M]*xi)) ,xi=0..1):
dsh_dsh[i,m]:=int((1/2*exp(Q[i]*eta)+1/2*exp(-Q[i]*eta))
*(1/2*exp(Q[m]*eta)+1/2*exp(-Q[m]*eta)) ,eta=0..1):
dCC[m, i]:=int((sin(E[i]*xi1))*(cos(E[m]*xi)),xi=0..1) :
dCCh[i,m]:=int((1/2*exp(F[m]*xi1)+1/2*exp(-F[m]*xi))
*(sin(E[i]*x1)),xi=0..1):
dCs[i,m]:=int((sin(G[m]*x1))*(sin(E[i]*xi1)),xi=0..1):
dCsh[i,m]:=int((1/2*exp(H[m]*x1)-1/2*exp(-H[m]*x1))
*(sin(E[1]*x1)),xi=0..1):
dChC[i,m]:=int((cos(E[m]*x1))*(1/2*exp(FL[i]1*xi)-1/2
*exp(-FL[i]*xi1)),xi=0..1):
dChCh[i,m]:=int((1/2*exp(F[m]*xi)+1/2*exp(-F[m]*xi))
*(1/2*exp(FLi]*xi1)-1/2*exp(-F[i]*xi)),xi=0..1):
dChS[i,m]:=int((sin(G[m]*x1))*(1/2*exp(F[1]*xi)-1/2
*exp(-FLi]*xi1)),xi=0..1):
dChSh[i,m]:=int((1/2*exp(H[m]*xi)-1/2*exp(-H[m]*xi))
*(1/2*exp(FLi]*xi)-1/2*exp(-F[1]*x1)),xi=0._.1):
dSC[i,m]:=int((cos(E[m]*xi))*(cos(G[i]*xi)),xi=0..1):
dSCh[i,m]:=int((1/2*exp(F[m]*x1)+1/2*exp(-F[m]*xi))
*(cos(G[i]*xi)),xi=0..1):
dSS[i,m]:=int((sin(G[m]*xi))*(cos(G[i]*x1)),xi=0..1):
dSshi,m]:=int((1/2*exp(H[m]**x1)-1/2*exp(-H[m]*xi))
*(cos(G[i]*xi1)),xi=0..1):
dshC[i,m]:=int((cos(E[m]*xi))*(1/2*exp(H[1]*xi)+1/2
*exp(-HLi]*x1)),xi=0..1):
dShCh[i,m]:=int((1/2*exp(F[m]*xi)+1/2*exp(-F[m]*xi))
*(1/2*exp(H[1]*x1)+1/2*exp(-H[1]*x1)) ,xi=0..1):
dshS[i,m]:=int((sin(G[m]*x1))*(1/2*exp(H[1]*xi)+1/2
*exp(-HLi]*x1)),xi=0..1):
dShSh[i,m]:=int((1/2*exp(H[m]}*xi)-1/2*exp(-H[m]*xi))
*(1/2%exp(HLi]*x1)+1/2*exp(-H[i]*xi1)) ,xi=0..1):

end do:zprint(i);

end do:
Hmmm Integration Total Potentail Energy ----—————- #
Homm Integration 1 -————————- #
Intl:=0:

for 1 from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_x:=(MLi]*(EL1]1"2))*M[m]*(E[m]~2)*CCLi,m])+((MLi]*(E[1]°2))
*N[mI*(F[m]*2)*(-CChLi ,m]))+((MLiT*(E[i1°2))*P[m]*(G[m]*2)*CS[i ,m])
+((MLIT*(ELi172))*RIM]* (HIm]*2)* (-CShLi,m]D)+((NLiT*(FL1]172))*M[m]
*(E[M]~2)*(-ChC[i ,m1))+((N[11*(FLi172))*N[]*(F[m]~2)*ChCh[i ,m])
+((NLiT*(FLI172))*Pm]*(G[mM]"2)* (=ChS[i ,m))+((N[i]*(F[i172))*R[m]
*(H[M]*2)*ChSh[[i,m])+((PLi1*(GLi1°2))*M[m]*(E[M]~2)*SC[i ,m])+((P[i]
*(GLi1"2))*NEm]* (FIm]"2)*(=SChi,m))+((PLi]1*(GL1]°2))*P[m]
*(6[m172)*SSLi,mD+((PLi1*(GLi1 2))*R[mI*(H[M]*2)*(-SSh[i ,m]))
+(RLIT*(HLI172))*MIm]*(E[m]"2)*(-ShCL1,m]))+((RLiI*(HL1]1"2))*N[m]
*(FIm1"2)*ShChLi ,mD+((RLiT*(H[1]172))*P[m]*(G[m]~2)*(-ShS[i,m]))
+(RLIT*(HLI1"2))*R[M]*(H[M]"~2)*Shsh[i ,m]): ]
int_y:=(J[1*J[n]1*C_CLi,n1)+(Li1*L[N1*C_Ch[j,n1)+(I[i]1*CLn]
*C_S[J,n1D+(ILi1*K[n1*C_shLj,n1)+(L[31*I[n]*Ch_CLi ,nD+(LLI T*L[n]
*Ch_Ch[j,nD+(L]1*C[n1*Ch_S[j,.nDD+(L1*K[n]*Ch_Sh[j.n1)+(CLj]
*JI[n1*S_CL.nD+COI1*LInT*S_Ch[j,.nD+(C1*C[n]1*S_S[j,.nD+(CLj1]
*K[n1*S_Sh[j.nD+(KL1*I[n]*Sh_CLj ,nD+(KJ1*L[n]*Sh_Ch[j,n]1)
+(KJ1*CIn1*sSh_S[j,nD+(KL1*K[n]*Sh_Sh[j,n]):
Intl:=Intl+(AL[i,J]*A[m,n]*int_XxX*int_y):
end do:
end do:
end do:print(i):
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end do:
Intl:=evalf(Intl*K1l):
#print(Intl);
B ————— Integration 2 —————————- #
Int2:=0:
for i from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int x:=-(MLi]*EL[1]1"2))*M[m]*CC[i,m])-
(MLiT*(ELT1172))*NIm]*CChLi ,m])~((MLT1*(EL1172))*PLmI*CSLi ,m)
-(MLIT*(ELi]72))*RIn*CSh[i ,m])+((N[i]1*(FLi172))*M[m]*ChCLi ,m])
+((NLIT*(FLi172))*NIm]*Cheh i ,m])+((N[i1*(F[11°2))*P[m]*ChS[i . m])
+((NLIT*(FLi1~2))*RIm]*ChshLi,m1)-((PLi1*(6[i172))*MImI*SCLi ,m])
~((PLiT*(6Li]1"2))*N[m]*SChLi, m1)~((PLi]*(G[i]1"2))*P[m]*SSLi ,m])
~((PLiT*(6Li1"2))*R[m]*SShLi ,m1)+((RLi]*(H[i]1"2))*M[m]*ShC[i ,m])
+(RLIT*HLI12))*NEm]*ShCh[i ,m])+CRLIJ*(HL1]172))*P[m]*ShS[i,m])
+(RLIT*HLI1M2))*RIm}*ShSh[i,m]) ;#print(int_x);
int_y:=-(QAL1D*In]*(S[n1~2)*C_CLJ,.nD+(Q L 1)*L[n1*(B[n]"2)
*C_ChLj,n1)- (LD *CInI*(Wn1*2)*C_SLi, 1)+ (LD *KINT*(QIn1~2)
*C_Sh[j,.nD-((LLD*In}*(S[n1"2)*Ch_CLj,nD+((LLD*LIn]*(B[n]"2)
*Ch_Ch[j,n1)-((LLI1)*CInI*(W[n]~2)*Ch_S[i . n1D+((LL 1*KINT*(QIn1~2)
*Ch_sh[j,n1)-(CO1D*I[N1*(S[n1"2)*S_CLI,nD+((CLD*LINT*(B[N]"2)
*S_Ch[j,.nD-(CCOD*CINI*WLn]*2)*S_S[j ,n])+((CL1)*K[n1*(QL[n]1"2)
*S_Sh[j,nD-(KL1D*I[nT*(S[n1*2)*Sh_CL[j,nD+((KL1D*LIn]*(B[n]1"2)
*Sh_Ch[j,n]D)-((KLJD*CInT*W[n]*2)*Sh_S[J,n]D+((KL 1D *K[n1*(QL[n1"2)
*Sh_Sh[j,n]);:;#print(int_y);
Int2:=Int2+(A[i, J1*A[m, n]*int_x*int_y) :#print(i);
end do:
end do:
end do:print(i);
end do:
Int2:=eval f(Int2*K2):
#print(Int2);
Homm Integration 3 -————————-— #
Int3:=0:
for 1 from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_ x:=(M[i]*M[m]*CC[i,m]DD+(M[iI*N[m]*CCh[i,m]D+(M[i]*P[m]*CS[i,m])
+(MLiT*R[m]*CSh[i,m]DD+(NECi]*M[m]*ChC[i,.mDD+(NLi]*N[m]*ChCh[i,m])
+(N[i1*P[m]*ChS[Ei ,m]D+(NEa]*REm}*ChShLi,mPD)+(PLi]*M[m]*SC[i,m])
+(PLIT*NIM]*SChi,m])+(PLi]*P[m]*SS[i,m])+(PLIT*R[m]*SSh[i,m])
+(RLEII*MImY*ShCi,m]D+(RLII*N[m]*ShCh[i,m])+(RLi]*P[m]*ShS[i,m])
+(REIT*R[m]*ShSh[i,m]) :#print(int_x);
int_ y:=(Q@L1*GSL1"2))*I[n]*(S[n]*2)*C_CLj.nD-(QCL1*(SLi1"2))
*LEn]*(B[n]"2)*C_Ch[i , N+ ((ILiT*(S[i1"2))*CLn] *(W[n]*2)*C_SLj ,n1)
-(QOI1*EO172))*KIn]*QIn172)*C_sh[j,n)-((LO1*(BL172))*JI[n]
*(S[n]"2)*Ch_C[j,nD+((LLi1*(BLi1°2))*L[n]*(B[n]"2)*Ch_Ch[j,n])
-(LOT*eU1™2)*Cin]*(WEn1~2)*Ch_S[j,n1D+((L31*(BLi1°2))*K[n]
*(Q[n]"2)*Ch_Sh[j ,nD+((CLIT*(WLi1"2))*I[n]*(S[N1*2)*S_CLJ ,n1)
-(COI*WH1™2))*LIn]*(BIn1~2)*S_Ch[j,nD+((CLI1*(WLi1°2))*C[n]
*(W[N]~2)*S_S[i ,n1) - (CLI1*WLi1"2))*K[N]*(Q[N]*2)*S_Sh[j ,n1)
-((KO1*QO172))*I[n]*(S[n1~2)*Sh_CLj,nD+((K31*(QLi1*2))*L[n]
*(B[n]"2)*Sh_Ch[J ,nD~-((KLiT*(QLi1*2))*C[n]*(WIn1*2)*sh_SLj.nD)
+((KO1*QL172))*K[n]*(QL[n]"2)*Sh_Sh[j,n]) :#print(int_y);
INt3:=Int3+(ALI, J1*ALm, n]*int_x*int_y) :#print(i);
end do:
end do:
end do:print(i);
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end do:
Int3:=eval F(Int3*K3):
#print(Int3);
B ————— Integration 4 —————————- #
Int4:=0:
for i from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_x:=((M[1*(E[]"2))*M[m]*E[M]*CACLi ,m])-((MLiT*(ELi172))*NLn]
*F[m]*CdChLi ,m])~((MLi1*(E[11"2))*P[m]*GIm]*CdS[i ,m])~((MLi]
*(EL1]172))*RImI*HIm]*CdSh[i ,m])-((NLi]*(FLi]72))*M[m]*E[m]
*ChdC[[i,m])+((NLil*(FLi1"2))*N[m]*F[m]*ChdCh[i,m])+((N[i1*(F[1]72))
*P[m1*G[m]*ChdS[i,m]DD+((NLi]*(F[1]1°2))*R[m]*H[m]*ChdSh[i,m])+((P[i]
*(GLi172))*M[nI*E[m] *SACLi,m1)-((PLi1*(GLi1"2))*N[m]*F[m]
*SdCh[i,m])-((PLiT*(GLi1"2))*P[m]*G[m]*SdS[i,m])-((PLi1*(GLi]1"2))
*REMI*H[m]*SASh[1,m])-C(RLI1*(HLT1~2))*M[m]*E[m]*ShdC[i,m])+((RLi]
*(HL1172))*N[mI*F[m}*ShdCh[i,m])+((RLi1*(H[1]172))*P[m]*G[m]
*ShdS[i,mDPD+(RLITFHLT]2))*RImI*H[m]*ShdSh[i,m]) :#print(int_x);
int_y:=-(QLD*I[n]*S[n]*C_dCLi . n1D+((LD*L[N]*BInT*C_dCh[j.n])
+H(QLD*CIT*WENT*C_dS[j .n1)+ (L D*KINT*QINT*C_dshLj,n1)-((LLID
*J[n]*S[n]*Ch_dC[§,n+((LJ1)*L[nI1*BLn]*Ch_dCh[j,n])+((LLi1)*C[n]
“W[nI*Ch_dS[i ,n1)+((LLIT) *K[n]*QInI*Ch_dSh[j ,n1)~((CCLIN*I[n1*S[n]
*S_dCLj,nD+((CCLID*LInI*B[n]*S_dCh[j,n1)+((CLi1)*CLn]*WLn]
*s_dS[j ,n1)+((CLID *K[N1*QLn1*S_dsh[i,n1)~((KG1*I[nI*S[n]
*Sh_dC[j,n1)+C(KLi1)*LLn]*B[n]*Sh_dCh[j,n1)+((KLI1)*CLn]*W[n]
*Sh_dS[j,nD+((KOD*KEn1*Q[n}*Sh_dSh[j,n]) :#print(int_y);
Int4:=Intd4+(ALi, J1*A[m, n]*int_x*int_y) :#print(i);
end do:
end do:
end do:print(i);
end do:
Intd:=eval f(Int4*K4):
#print(Int4);
Homm Integration 5 -————————-— #
Int5:=0:
for 1 from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_ x:=—(MLiD*M[mI*E[m]*CdC[i ,m]DD+((M[IDPD*N[m]*F[m]*CdCh[i,m])
+((MLAD*PIm]*GIm]*CdS[i ,m])+((MLI])*REm]*H[m]*CdSh[i,m])-((NLi])
*MImT*E[mI*ChdC[i ,m])+((NEi PD*NEm]*F[m]*ChdCh[i,m]D+((N[i]D*P[m]
*GI[m]*ChdS[i,m]DD+((NLiD*R[mI*H[m]*ChdSh[i,m]D)-((PLi1)*M[m]*E[m]
*SdCLi ,mD+((PLiID*NIMI*F[m]*SdCh[i,m1)+((PLi1)*P[m]*G[m]*SdS[i,m])
+((PLID)*RIMI*HIm]*SASh[1,m})-((RLi1)*MIm]*E[m]*ShdC[i,m])+((RLi1)
*NEmI*EIm]*ShdCh i, m])+((RLi1)*PI[m]*GIm]*ShdSLi,m])+((RLi1)*RIm]
*H[m]*ShdSh[1i,m]) :#print(int_x);
int_y:=(Q01*GLi1°2))*I[NT*S[NI*C_dCL§ ,n1)-(QLi1*(S[1°2))*L[n]
*B[n]*C_dch[j,n1)-((ILi1*(S[i1"2))*Cn]*W[n]*C_dS[j ,n1)- ((JILi]
*(S[17°2))*K[N1*Q[n]*C_dsh[j ,n1)-((L[11*(BL11"2))*I[n]*S[n]
*Ch_dCj,.nD+((LL1*(BL1"2))*L[n]*B[n]*Ch_dCh[j,n])+((LLi]
*(BLi172))*CnI*Wn]*Ch_dS[j,n1)+((LLiI1*(BLi1*2))*K[n]*Q[n]
*Ch_dSh[j,n1)+((COI1*WLi1°2))*I[nT*S[N1*S_dC[i ,n1) (CCLIT*(WLi1°2))
*L[n]*B[n]*S_dCh[j,n1)-((CLI1*WLi1"2))*C[n]*W[n]1*S_ds[§ ,n1)-((C[i]
*(WE1°2))*K[N1*Q[N]1*S_dsh[j ,n1)-((KLi1*(Q[i172))*I[n]*S[n]
*Sh_dC[j ,n1)+((K[11*(QLI1*2))*L[nI*B[n]*Sh_dCh[j ,n])+((KLi]
*QL172))*CIn1*WEn1*Sh_dSLj,nD+((KLi1*(QL172))*K[n]1*Q[n]
*Sh_dSh[j,n]):#print(int_y);
INt5:=Int5+(AL[i, J]1*A[m,n]*int_x*int_y):#print(i);
end do:
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end do:
end do:print(i);
end do:
Int5:=eval F(Int5*K5):
#print(Intb5);
Homm Integration 6 -————————-— #
Int6:=0:
for i from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_x:=((MLCiT*ELiD*M[m]*E[m]*dCdCL[i ,mD-((M[IT*ELi ] *N[m]*F[m]
*dCdCh[i,m])-((MLI]*ELi]1)*P[m]*G[m]*dCdS[i,m])-((MLI]*EL[i]1)*R[m]
*H[m]*dCdSh[i,m])-((NLi]*FLi])*M[m]*E[m]*dChdC[i,m]D+((N[i]*F[i])
*N[m]*F[m]*dChdCh[i,m])+((NLi]*FL[i1])*P[m]*G[m]*dChdS[i,m])
+((NLET*FLI1)*RIM]*HEm]*dChdSh[i,m}) - ((PLi1*GLi1)*M[m]*E[m]
*dSdCLi ,mD+((PLil*GLi])*NIm]*F[mi*dSdCh[i ,m])+((PLi1*GLi1)*P[m]
*GIm]*dSdS[i,m])+((PLIT*GLi)*RIm}*H[m]*dSdSh[i,m])-((RLIT*HLi1)
*MI[MTI*E[m]*dShdCLi ,mD+((RLIT*HLI D *NIm]*F[m]1*dShdCh[i,m]D+((R[1]
*HLi])*P[m]*G[m]*dShdS[i,m])+((RLi1*HLi])*R[m]*H[m]*dShdSh[i,m]):
int_y:=(LT*SLD*IMI*S[n]1*dC_dClj.nD=((Li1*SLi1)*LIn]*B[n]
*dC_dchLi ,n1)-((JL1*SLI *CInT*WLnJ*dC_dsLi .1 -((Li1*SLi1)*KIn]
*QI[n]*dC_dSh[j,.nD-C((LLT*B D*I[nT*S[n]j*dCh_dCLj,.nD+((LLi1*BLJ1)
*L[n]*B[n]*dCh_dCh[j ,n)+((L[J1*BLi D*CIn]1*W[n]*dCh_dS[j,n1)+((LLi]
*B[§]1)*K[n]*Q[n]*dCh_dSh[i ,n 1D~ ((COT*WLi1)*I[n]*SIn1*dS_dCLj ,n1)
+(COTWOD*LINT*BIN]*dS_dChy,n])+((CLI I*WLI1*CInT*W[n]
*dS_dS[j ,nD+((COHTWI1*KInI*QInT*dS_dshLi ,n1)-((KL1*QLi1)*I[n]
*S[n]*dSh_dC[y.nD+((KLi1*Q[i1)*L[n]*B[n]*dSh_dCh[j,n1)+((KLi]
QU D*CIn*WLn]*dSh_dS[j,n])+((KLi1*QLI 1D *K[n1*Q[n]*dSh_dSh[j.n]):
INt6:=Int6+(ALI, J1*A[m, n]*int_x*int_y) ::#print(i);
end do:
end do:
end do:print(i);
end do:
Int6:=eval f(INnt6*K6):
#print(Int6);
Hmo——— Integration 7 ========== #
Int7:=0:
for i from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_x:=((MEI}*ECi D *MEm]*E[m]*dCdCLi ,mPD)~-CMEI1*ELi])*N[m]*F[m]
*dCdCh[i,m])-((MLI]*ELi 1D *P[m]*GLm]*dCdS[i,m])-((MLI]*ELi]1)*R[m]
*H[m]*dCdSh[i,m])-((NLT]*FLi]D)*M[m]*E[m]*dChdC[i,m]D+((N[T]1*FLi])
*N[m]*F[m]*dChdCh[i ,m]PD+((NEFT*FLi])*P[m]1*G[m]*dChdS[i,m])+((N[i]
*ELi])*RIm]1*HIm]*dChdShi,m])-((PLil*GLi1)*M[m]*E[m]*dSdC[i,m])
+(PLIT*GLEI)*NEm]*F[m]*dSdCh[i ,m])+((PLI]1*GLi1)*P[m]*G[m]
*dSdS[i,m])+((PLIT*GLi])*RIm]*H[m]*dSdSh[i,m])-((RLI1*HLi1)*M[m]
*E[m]*dShdC[i,m]D+((RLI]*HLi DD *N[m]*F[m]*dShdCh[i,m])+((RLi]*HL[i])
*P[m]*G[m]*dShdS[i,mD+((RLiIT*H[ i D *R[m]*H[m]*dShdSh[i,m]):
int_y:=Q[1*J[N]*C_CLi.n1+(L1*LInT*C_Ch[i,n1)+(Li1*CIn]
*C_S[3,nD+Q@L1*KIn1*C_Sh[j,n+(L1*I[n]*Ch_CLj.n]D+(LLi1*L[Nn]
*Ch_Ch[j,nDD+(LO1*CIn1*Ch_S[j ,n])+(LOJ1*K[n]*Ch_Sh[j,n1)+(CLj]
*J[N1*S_CLi,.nD+(CL1*LIn]*S_Ch[j,n])+(CLi1*CIn1*S_S[j.n1D+(CLil
*KIn1*S_ShLj,nD+(KL31*I[n]1*Sh_C[j,n1)+(K31*L[n1*Sh_Ch[j,n])+(K[]]
*C[n]1*Sh_S[j,n]D+(KJ1*K[n]1*Sh_Sh[j,n]) :#print(int_y);
Int7:=Int7+(ALi, J]*A[m,n]*int_x*int_y) :#print(i);
end do:
end do:
end do:print(i);
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end do:
Int7:=eval F(Int7*K7):
#print(Int7);
B ————— Integration 8 —————————- #
Int8:=0:
for i from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M_N do
for n from 1 to M_N do
int_x:=(M[i]*M[m]*CCLi,m])+MLi]*N[m]*CCh[i,m]D+(M[i]*P[m]*CS[i,m])
+(MLiT*R[mI*CShLi ,mDD+(NLi]*M[m]*ChCLi,m])+(NLi]*N[m]*ChCh[i,m])
+(NLi]*P[m]*ChSLi,m])+(NLi]*R[m]*ChSh[i,m])+(PLi]*M[m]*SC[i,m])
+(PLIT*N[M]*SChLi,m])+(PLi1*P[m]*SS[i,m])+(PLi]*R[m]*SSh[i,m])
+(REII*MIm]*ShC[i,m]DD+(RLII*N[m]}*ShCh[i,m]D+(RLi]*P[m]*ShS[i,m])
+(RLITI*RIMI*ShSh[i,m]) :#print(int_x);
int_y:=(QL1*SH1D*INT*S[nT*dC_dC[i.n1-((LiT*SLi1)*LInT*B[n]
*dC_dchL ,n1)-((IL1*SH1)*CIn]*WEnT*dC_dsLi , "1 -((Li1*SLi1)*KIn]
*Q[n]*dC_dSh[j,nD-C(Li1*B1D*I[n1*S[n]*dCh_dC[j,.nD+((LLi1*BLI1)
*L[n]*B[n]*dCh_dCh[y.nDD+((LLJ1*BLiD*CIn]*WLn]*dCh_dS[j,n1)+((LLJ]
*B[§]1)*K[n]*Q[n]*dCh_dShLi,n1)-((CO1*WLI1)*I[n]*SIn1*dS_dCLj ,n1)
+(COTWOD*LINT*BIN]*dS_dChLy,nD+((CCOI*WLI1*CInT*WEn]
*dS_dS[j ,nD+((CLI*NEI*KInT*QIn]*dS_dShLi ,n1) ((KLiT*QLi1*I[n]
*S[n]*dsh_dC[j,nD+((KG1*QLD*LINI*Bn]*dSh_dCh[j,n1)+((KLi]
QU D*CIn*WnJ*dSh_dS[j.n+((KLi1*QLI 1D *K[n1*Q[n]*dSh_dSh[j.n]):
INt8:=Int8+(ALI,J1*ALm, n]*int_x*int_y) :#print(i);
end do:
end do:
end do:zprint(i);
end do:
Int8:=eval F(Int8*K8):
B ——— Integration 9 ————————-- #
Int9:=0:
for 1 from 1 to M_N do
for j from 1 to M_N do
for m from 1 to M N do
for n from 1 to M N do
int_x:=(-(M[iPD*M[m}*Efr }*dCCl e ,mDPD=CMfr PD*N[m]*E[m]*dCCh[i,m])
~(MLAD*PIMI*ELi1*dCSLi, m])~(MLID*ELi I*RIn]*dCShLi , m1))+(((NLiT)
*FLIP*MIm]*dChC[i,m])+((NLI])*FLEI]*N[m]*dChCh[i,m])+((N[i1)*F[i]
*PIm]*dChS[i,mD)+((NLiD)*FLI]J*RI[m]*dChSh[i,m]))+(((PLI])*GLi]*M[m]
*dSCLi ,mD+((PLI1)*GLiT*N[m]*dSCh[i,m])+((PLi1)*GLi]*P[m]*dSS[i,m])
+((PLID*RIMI*GLi]*dSSh[i,m]))+(((RLID*M[m]*H[i]*dShC[i,m])
+(REVD*NEmP*HEa]*dShCh i, m])+ ((RETDD *PIm1*HLi]*dShS[i,m])+((RLi1)
*RIMI*HLi]*dShSh[i,m])) ;#print(int_Xx);
int_y:=-(QLD*INT*SNI*C_dcli,nD+(LD*LINT*BIN]*C_dChLj.n1)
+(QUD*CInI*WIn]1*C_dS[j ,nD+(Q@L1D)*KIn1*Q[n]*C_dSh[j,n1)-((LLI 1D
*J[n]*S[n]*Ch_dC[j,n])+((LLID*LIn1*B[n]*Ch_dCh[j,.nD+((LLi1)*C[n]
*WEn1*Ch_dS[j . nD+((LLI1) *K[n]*Q[n1*Ch_dSh[j,n1)-((CCLI1D*I[n]*S[n]
*S_dC[j,n1)+(CCLID*LINT*BIN]*S_dCh[j,n])+((CLI1*CINI*W[n]
*S_dS[ ,n1)+((CLI*KINT*QInT*S_dshLi ,n1)-((K[i1)*I[n]*S[n]
*sh_dC[j ,n])+((K[31)*LINT*BLNT*Sh_dChLi,n1)+((K[i1)*C[n]*WLn]
*Sh_dS[j,n]DD+((KO 1D *K[N1*Q[n]1*Sh_dSh[j,n]) :#print(int_y);
INt9:=Int9+(ALI, J1*ALm, n]*int_x*int_y) :#print(i);
end do:
end do:
end do:print(i);
end do:
Int9:=evalf(Int9*K9):
P —————— Total potential energy ---—--—————- #
J:=(a*b*sin(alpha)):
Potential :=J*(Intl+Int2+Int3+1nt4+Int5+Int6+Int7+Int8+Int9):
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> save Potential, "C:/Skew_plates/BC_CCCF/Potential_ CCCF144_txt':
> Hommmm End Total_Potentail_Energy (2)Pig 5.3 - ——————————- #

"o o & A o Yy A 7 < yya
HuaYe | ﬂWWQQQ1uﬁﬂﬂiiwﬂﬂTMquﬂﬂﬂﬂjﬂiuﬂiNﬂﬂNVWM@@ﬁQfﬂﬂﬂqiﬂ

C:/Skew_plates/BC_CCCF/Potential CCCF144.txt TaaiidelWd1
Potential

‘d' o 1 \l
7.3 Tilsunsutnomuiainninszmslniee

T1lsunsy “Ritz_Method” ﬂizﬁy;ﬁﬁmﬁwWfimﬁzmﬂfmaﬁ’aﬂﬁmﬁﬂﬂ?’fﬁ?wﬁ
Tﬂﬂmmﬁ"i’]aujmmzmuazwﬁamgiwmmsTﬁqqaﬁgﬁﬂﬁu UsznovaleTisunsunan
(Main Program) taz 3 Tisunsuges (Subroutine) Tﬂng]ﬂ%’mﬁu“ﬁiu"lv!ﬁ%’auuaumaqa
et faulvannsauszangTilsunsuiuin1didie oy giRaudunoudd

1. ahaldsunsuvian “Ritz_Method” Iulasunsu Maple waz Tsunsudouia 3
TdsunsuTasdasiivu llddoyaligndesmuiidinua @euaasssazidoaly
Tsunsugeniia 3 Talsunsn)

2. fvuadedi Isunsunenfinaesdeams ligndesduiansdeinluiadedn 4.4

wazuaaifinouduuedlalsunsundn “Ritz_Method”
(E,,E,,v,,G,,, Stacking sequence, a,b, t, N, M _N)

feenaldsunsauman “Ritz_Method” idaualsaaelysunsy Maple fanasnth

a I = v dy
i]f]ﬂ’é)1J‘W’JLG]’E')illﬂﬂﬁm’é)ﬁlﬂ"llﬂ\ﬂﬂﬁuﬂiuﬂ\W]’E]llﬂu

e Ritz_Method (3)Pig 5.3 ——————————— - #
#--- Buckling Problem by Ritz method: BC=[C-C-C-F] ---#

#---(1) Define Material Properties and Boundary Condition ---#
#--- Define Material Properties ---#

restart ;

Digits:=40:

#-- Input of all material properties = T300/934(graphite/epoxy)--#

>

>

>

>

>

>

>

> E1 := 131e9; # -- Longitudanal modulus,E11= 131 GPa

> E2 := 10.3e9; # -- Transverse modulus,E22= 10.3 GPa

> v12 1= .0.22; # -- Poisson ratio

> G12 = 6.9€9; # -- In-plane shear modulus,G12= 6.9 GPa
> a:=0.9 ; # -- Length of the plates,a=0.9 m

> b:=0.3 ; # —-- Width of the plates,b=0.3 m

> t = 0.000127 ; # —-- Ply thickness, m

> h:i=t*N; # -- thickness, m

> Load_Ratio:=0: # Define: Load ratio = Sy/Sx

> alpha:=90: # Define: Skew Angle Plate

> MN =1 : # Define:M=N=1,2,3..12 :Number of Term
> H————- Define Stacking Sequence ----- #

> N:=8 : # Number of ply

> #phi := vector([0,0,0,0,0,0,0,0]): # Angle Fiber: [0]8

> phi := vector(]0,90,0,90,90,0,90,0]): # Angle Fiber:[0,90]2S
>

>

#phi := vector([+45,-45,+45,-45,-45 +45,-45,+45]): # [+45,-45]2S

#phi vector([45,45,45,45,45,45,45,45]): # [45]8
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alpha:=evalf(alpha*Pi/180):

b:=b/sin(alpha):

Sy:= Load Ratio*Sx : # Load ratio= Sy/Sx

Nx:= (Sx+(Sy*cos(alpha)”"2))/sin(alpha):

Ny := Sy*sin(alpha) :

Nxy := Sy*cos(alpha)

Term:= (M_N)"2 : # A[m,n]=1,4,9,16,25..144
read ""C:/Thesis/ABD._txt': # Determine ABD Matrix
read "'C:/Thesis/Constant_K1_K9._txt": # Determine K1-K9 (Subr. 1)
H————- Define Boundary Condition ----- #
read"'C:/Thesis/Kantorovich/Function/C_C/FunctionX_C _C.txt":

read '"C:/Thesis/Kantorovich/Function/C_F/FunctionY_C F.txt

read "'C:/Thesis/Skew_plates/BC_CCCF/Potential_CCCFl144Term.txt":
H————- Check Function of Kantorovich ----- #

plot([XX[1],XX[2] ,XX[3] . XX[4] ., XX[5], XX[6] ,XX[7],XX[8] ,XX[9] ,XX[10]

L,XX[11],XX[12]],xi=0..1,title="Mode Shape of Kantorovich

\naxis-X ");
plot([YY[11.,YYI[2]1.YY[3]1,YY[4].YY[5].,YY[6].YY[7]1,YY[8].YY[9],YY[10]
,YY[11],YY[12]],eta=0..1,title=""Mode Shape of Kantorovich
\naxis-Y ");

e (2) Eigenvalue problem --———--—————————- #
read ""C:/Thesis/Eigenvalue problem.txt";#Lowest Eigenvalue(Subr.2)
buckling:=(1/(max_number));

o ——— (3) Plot Buckling Mode --——————————————- #
read '"C:/Skew_plates/Plot_Mode_ Shape.txt': #-(Subr. 3)

plot3d(w,xi=0..1,eta=0..1,orientation=[141,52],axes=frame
,title=""Mode Shape \nC-S-C-S",grid=[25,25]);

with(plots):

contourplot(w,xi=0..1,eta=0..1,coloring=[black,black]
,title="Contour Plot",grid=[25,25]);

#———— End Ritz_Method (3)Pig 5.3 —————--—--—-———————— #

Tilsunsueoed 1 Telsunsu Constant_K1_K9.txt gmiftul3n

C:/Thesis/Constant_K1_K9.txt @euTalsunsuiesuaadiioudsluaunisd 6-8

> Y
s1wazdea T1lsunsuliaane i

fed1911sunsy Constant_ K1_K9.txt

---------------- Constant K1 K9.txt (Subroutine 1) -—————-————————-#

K1l:=evalT((D11/(2*an4))+(D12/ (a™4*tan(alpha)”"2))+(D22/(2*a™4
*tan(alpha)”4))-(2*D16/ (a”4*tan(alpha)))-(2*D26/ (a™4
*tan(alpha)”3))+(2*D66/(a~4*tan(alpha)”2)));
K2:=evalT((D12/(an2*b"2*sin(alpha)”"2))+(D22/(a”2*bN2*sin(alpha)”2
*tan(alpha)”2))-(2*D26/ ((a"2*b"2*sin(alpha)”2*tan(alpha)))));
K3:=evalT(D22/(2*b™4*(sin(alpha)”"4)));

K4:=evalT((-2*D12/ (a”3*b*sin(alpha)*tan(alpha)))-(2*D22/(a"3*b
*sin(alpha)*tan(alpha)”3))+(2*D16/ (a"3*b*sin(alpha)))+(6*D26/(a"3
*b*sin(alpha)*tan(alpha)”2))-(4*D66/(a”3*b*sin(alpha)
*tan(alpha))));

K5:=eval f((-4*D22/ (2*a*b"3*sin(alpha)”3*tan(alpha)))+(2*D26/(a
*p"3*sin(alpha)”3)));

K6:=evalf((2*D22/ (an2*b"2*sin(alpha)”2*tan(alpha)”"2))-(4*D26/ (a"2
*pr2*sin(alpha)”™2*tan(alpha)))+(2*D66/ (a"2*b"2*sin(alpha)”™2)));
K7:=evalT((Nx/ (2*a"2))+(Ny/(2*a”2*tan(alpha)”"2)));
K8:=evalT((Ny)/(2*b"2*sin(alpha)”"2));
K9:=evalT((-Ny)/(a*b*sin(alpha)*tan(alpha)));
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e End Constant K1 K9.txt (Subroutine 1) - -———————————— #

. _ s
Yilsunsueioahi 2 Tlsunsu Eigenvalue_problem.txt ganu'1h

C:/Thesis/Eigenvalue_problem.txt @euTdsunsuioniainiszms Inssedesidionds

a J

Y
Snd laemsudyruizassivazidoa T sunsuiiaeae lui

fae819 11sunsu Eigenvalue_problem.txt

B Eigenvalue_problem.txt (Subroutine 2) - ————————————-— #
e ———— [A1[C]1-Sx[B][C]=0 ---——-———- #
for m from 1 to sqrt(Term) do
for n from 1 to sqrt(Term) do
Alm,n] :=Amn[((-sgrt(Term))*(1-m))+n];
end do:
end do:
for i from 1 to 12 do
for j from 1 to 12 do
for m from 1 to 12 do
for n from 1 to 12 do
ifT ( n>sqgre(Term) )
then A[m,n]:=0
else n:=n
end if:
if (m>sqre(Term) )
then A[m,n]:=0
else m:=m
end if:
if (J > sqgre(Term) )
then A[1,j]:=0
else j:=j
end if:
it (1 >sqrt(Term) )
then A[1,)J]:=0
else i1:=i
end if:
end do:
end do:
end do:
end do:
H————— Determint [[/Amn=0 --—-—————- #
for 1 from 1 to Term do
dPotential[1]:=simplify(diff(Potential ,Amn[i]));
#print(dPotential[i]);
end do:
Homm o Determint [C]=[MxN] ---—--——-—- #
C:=array(l..Term,1..1):
for 1 from 1 to Term do
Cli,1]:=Amn[1]:
end do:
#print(C);
B —————— Determint [A]=[MxN] -----————- #
Hmom———— Define Nx=0 --———-————- #
Az=array(1..Term,1_.Term):
for i from 1 to Term do
for j from 1 to Term do
A[1,J]:= subs(Sx=0,diff(dPotential[i].C[}J.1])):
end do:
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end do:

#print(A);
P Determint [B]=[MxN] -----——-——- #
B:=array(1..Term,1..Term):

for i from 1 to Term do

for j from 1 to Term do
B[i,j]:=diff(-dPotential[i],Sx,C[j,1]):
end do:

end do:

#print(B);

for i from 1 to 144 do

if ((145-1) > Term) then lambda[145-i]:=0
end if;#print(lambda[145-i]);

end do:
max_number:=min(lambda[1], lambda[2] , lambda[3], lambda[4], lambda[5]
, lambda[6], lambda[7], lambda[8], lambda[9] , lambda[10], lambda[11]

, lambda[12], lambda[13], lambda[14], lambda[15], lambda[16], lambda[17]
, lambda[18], lambda[19], lambda[20], lambda[21], lambda[22] , lambda[23]
, lambda[24], lambda[25], lambda[26] , lambda[27] , lambda[28] , lambda[29]
, lambda[30], lambda[31]}, lambda[32] , lambda[33], lambda[34] , lambda[35]
, lambda[36], lambda[37] , lambda[38] , lambda[39] , 1ambda[40], lambda[41]
, lambda[42], lambda[43] . lambda[44], lambda[45], lambda[46] , lambda[47]
, lambda[48], lambda[49] ., lambda[50], lambda[51], lambda[52] , lambda[53]
, lambda[54] , lambda[55] , lambda[56] , lambda[57] , lambda[58] , lambda[59]
, lambda[60], lambda[61], lambda[62] , lambda[63] , lambda[64] , lambda[65]
, lambda[66], lambda[67] , lambda[68], lambda[69] , lambda[70] , lambda[71]
,lambda[72], lambda[73], lambda[74] , lambda[75], lambda[76] , lambda[77]
,lambda[78], lambda[79] ., lambda[80], lambda[81] , lambda[82] , lambda[83]
, lambda[84] , lambda[85] , lambda[86] , lambda[87] , lambda[88] , lambda[89]
, lambda[90], lambda[91], lambda[92] , lambda[93] , lambda[94] , lambda[95]
, lambda[96], lambda[97], lambda[ 98], lambda[99] , lambda[100] , lambda[101]
, lambda[102], lambda[103], lambda[104] , lambda[105], lambda[106]

, lambda[107], lambda[108], lambda[109], lambda[110], lambda[111]
,lambda[112],lambda[113], lambda[114], lambda[115], lambda[116]
,lambda[117], lambda[118], lambda[119], lambda]120], lambda[121]

, lambda[122], lambda[123], lambda[124] , lambda[125] , lambda[126]
,lambda[127], lambda[128}, lambda[129], lambda[130], lambda[131]

, lambda[132], lambda[133], lambda[134], lambda[135], lambda[136]

, lambda[137], lambda[138], lambda[139] , lambda[140], lambda[141]

, lambda[142], lambda[143], lambda[144]):

lambda:=evalf(Eigenvals(B, A, vecs));
Hmom Choose max number -----—--——-—-— #

max_number :=min(lambda[1], lambda[2] , lambda[ 3], lambda[4] , lambda[5]
, lambda[6] ,lambda[7], lambda[ 8], lambda[9] , lambda[10] , lambda[11]

, lambda[12], lambda[13], lambda[14], lambda[15] , 1ambda[16], lambda[17]
, lambda[18], lambda[19], lambda[20], lambda[21], lambda[22] ,1ambda[23]
, lambda[247], 1ambda[25] , lambda[26] , lambda[27], lambda[28], lambda[29]
, lambda[30], lambda[31], lambda[32] , lambda[33], lambda[34], lambda[35]
, lambda[36], lambda[37], lambda[38], lambda[39], lambda[40] , lambda[41]
, lambda[42], lambda[43], lambda[44], lambda[45], lambda[46] , lambda[47]
, lambda[48], lambda[49], lambda[50], lambda[51], lambda[52] , lambda[53]
, lambda[54], lambda[55], lambda[56] , lambda[57] , lambda[58] , lambda[59]
, lambda[60], lambda[61], lambda[62] , lambda[63], lambda[64] , lambda[65]
, lambda[66] , lambda[67] , lambda[68] , lambda[69] , lambda[70] , lambda[71]
, lambda[72], lambda[73], lambda[74], lambda[75], lambda[76] , lambda[77]
, lambda[78], lambda[79], lambda[80], lambda[81], lambda[82] , lambda[83]
, lambda[84], lambda[85], lambda[86] , lambda[87] , lambda[88] , lambda[89]
, lambda[90], lambda[91], lambda[92], lambda[93], lambda[94] , lambda[95]
, lambda[96], lambda[97], lambda[98], lambda[99] , lambda[100], lambda[101]
, lambda[102], lambda[103], lambda[104], lambda[105], lambda[106]

, lambda[107], lambda[108], lambda[109], lambda[110], lambda[111]
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,lambda[112], lambda[113], lambda[114], lambda[115], lambda[116]
,lambda[117], lambda[118], lambda[119], lambda[120], lambda[121]
, lambda[122], lambda[123], lambda[124], lambda[125], lambda[126]
,lambda[127], lambda[128], lambda[129], lambda[130], lambda[131]
, lambda[132], lambda[133], lambda[134], lambda[135], lambda[136]
, lambda[137], lambda[138], lambda[139], lambda[140], lambda[141]
, lambda[142], lambda[143], lambda[144]):

Hmo————— End Eigenvalue_problem.txt (Subroutine 2) --————-————- #

: B .
Tlsunsueosii 3 Tisunsu Plot_Mode_Shape.txt gninu'1in
= A A 1 4 A
C:/Skew_plates/Plot_Mode_Shape.txt 1@eu 1505 uno@onaAINAo5 129N
vy o ' o A o J I 1 A a dg’
deananInuAIZIAgaieilA1INMe 11293 I naoaq Truams Tnswefina iy
2
s1waziden 1sunsuliaene 1

da0819 150053 Plot_Mode Shape.txt

Bomm e Plot_Mode_Shape.txt (Subroutine 3) ----———————- #
H————— Position of max-number in lambda ----———-—- #
for 1 from 1 to Term do
ifT (max_number=lambda[i]) then pos:=i

end if;
end do;
pos;
ANS := linalg[submatrix](vecs, 1..Term, pos..pos):

for m from 1 to sqrt(Term) do
for n from 1 to sqrt(Term) do
A[m,n] :=ANS[((-sqrt(Term))*(1-m))+n, 1] ;#print(H[m,n]=A[m,n]);
end do;
end do;
w:=0:
for m from 1 to sqrt(Term) do
for n from 1 to sqgrt(Term) do
wz=w+A[m, n]*XX[m]*YY[n]:
end do:
end do:
#print(w);
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J J v A ~ ~ 9 = an a
MANUIN U !,!,ﬁﬂ\‘lﬂ'lﬂﬂﬂﬁ]iuﬂﬁlﬂﬁ@u‘ﬂuﬂﬂiglﬂ‘]ﬁﬂhlﬂi]'lﬂizmfJ‘]J’J‘ﬁLLﬂ“L!I‘VIIi’J“]f

ﬂld' o <R 1 = v o dy
ﬂ'lﬁlﬁlﬁl\jﬂull"llellﬂﬂmﬂﬂ'ﬁﬂﬂﬂﬂLL‘U‘Uﬁ'NE] nange) Luy Iﬂﬂﬂgﬂllﬂﬂm@QWQﬂ%u@ﬂu

X(X)m=AxXmsSin( p1lmx) + Bxmcos( plnx) + Cxysinh( p2mx) + Dxmcosh( p2mx)

Lﬁ"@ :m=1,23,4

Q13199 U-1 NIAMIIVTALUL S-S

e lvveniva Fulszdns | m=1 m=2 m=3 m=4
SR S Ao 1 1 1 1
8 [s=—=5§ — BXm 0 0 0 0
l z CXm 0 0 0 0
DxXm 0 0 0 0
pPln 3.14159 6.28318 0.42477 | 12.56637
D2 0 0 0 0
a319i -2 nsdimsusan Cc-C
e lvveniva §lszans| m=1 m=2 m=3 m=4
1 AXp 1 1 1 1
x
Cle | C— BXm -0.88443 | -0.95045 | -0.97429 | -0.98423
l 3 CXm -0.87515 | -0.95097 | -0.97427 | -0.98423
DxXm 0.88443 0.95045 0.97429 0.98423
pPlm 4.58989 7.80319 | 10.96953 | 14.12127
P2m 5.24467 8.20544 | 11.25922 | 14.34747
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4

Foulvveuun auilseans m=1 m=2 m=3 m=4
H;H AXm 1 1 1 1
X
Clg=——]8—> BXm -0.58614 | -0.94071 | -0.97039 | -0.98239
l z CXm -0.58615 | -0.94072 | -0.97039 | -0.98239
DXm 0.58614 0.94071 0.97039 198239
pPlm 3.67176 7.03804 10.19515 | 13.34288
P2m 6.26417 7.48155 10.50621 | 13.58205
miwﬁ V-4 nsaiMIIvsaLuY S-C
Foulvveuun filssAns | m=1 m=2 m=3 m=4
1 Axin 1 1 1 1
x
§ [p———=71C—» BXm -0.11477 -0.12677 -0.17059 -0.17930
l z CXm 0.10475 -0.68194 0.34898 -0.16534
DX -0.80231 -0.11200 -0.16043 -0.17289
Pl 3.81514 7.02983 10.19097 | 13.34038
P2m 477992 7.59684 10.59005 | 13.64768
mswﬁ V-5 nsaimMIduBauUY S-F
Foulvveun Sulsedansl m=1 m=2 m=3 m=4
1l 0 Axy 1 1 1 1
X
P — BX, 0 0 0 0
l N CxXm 0.31930 0 0 0
DX 0 0 0 0
pPlm 5.99176 7.13376 10.24285 13.3711
P2m 7.85234 0 0 0
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4

Foulvveuun auilseans m=1 m=2 m=3 m=4
] Axm 1 1 1 1
X
Fi—” S—> BXm -2.12308 | -1.06758 | -1.03961 | -1.02598
z CXm 1.08181 1.01796 1.01063 1.00700
DXm -1.05059 -1.01796 -1.01063 -1.00700
pPlm 1.13060 10.24285 | 13.37118 | 16.50618
P2m 2.11198 10.55251 | 13.60985 | 16.70010
miwﬁ v-7 nsaimMsdudatuy C-F
Joulvveua Sulszdns | m=1 ms=2 m=3 m=4
S Axa 1 1 1 1
X
C | F—r BXm -0.62916 -0.87531 -0.95238 -0.97443
l E (09’ -0.58813 -0.88309 -0.95190 -0.97445
DX 0.62916 0.87531 0.95238 0.97443
Plm 1.84536 477610 7.88384 11.01100
P2m 3.13765 5.40839 8.28217 11.29963
mawﬁ V-8 nsalmMIIusauuy F-C
Foulvveuun Sulszans | m=1 m=2 m=3 m=4
—1l % Axy 1 1 1 1
X
F—r—9|C—> BXm -1.92752 | -1.05843 | -1.03538 | -1.02368
l z Cxm 1.06785 1.01559 1.00951 1.00639
DXm -1.27424 | -1.01556 -1.00951 -1.00639
pPlm 1.77797 11.0110 14.14663 | 17.28513
P2m 2.51861 11.29963 | 14.37243 | 17.47041
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Abstract

This research paper studies the buckling behavior of
rectangular and skew thin composite plates with various
boundary conditions using the Ritz method along with the
proposed out-of-plane displacement functions. The
boundary conditions considered in this study are
combinations of simple support, clamped support and
free edge. The out-of-plane displacement functions in
form of trigonometric and hyperbolic functions are
determined from the Kantorovich method. In addition to
rectangular plates, the proposed method was applied to
the skew plates by transforming the domain of skew plate
in x-y coordinate to a square plate of size 1 unit by 1 unit
in the &7 coordinate. For rectangular plates with any
combination of simple, clamped, and free support, the
proposed displacement function yields very good results
compared with the available solutions. However, for
skew plates, the accurate results are obtained only for
plates with clamped support. The solutions of plates with
simple support or free support do not have a good
convergence. So, the proposed out-of-plane displacement
functions can be used to solve the buckling problem of
rectangular panels with all combinations of boundary
conditions and skew panels with clamped support. Only
an approximate solution is obtained if the proposed
function is employed to skew plates with simple or free
support. Buckling load and modes of specimens”with
various skew angles and levels of transverse loading are
also presented.

Keywords: Buckling, Composite, Rectangular Plate,
Skew Plate, Ritz Method

1. Introduction

Recently, composite materials are increasingly used
in many mechanical, civil, and aerospace engineering
applications due to their high specific stiffness (stiffness
per unit density) and high specific strength (strength per
unit density). Buckling of composite thin plates is in the
interest of many researchers in the past decades. A lot of
theoretical and experimental studies are available in the
literatures [1-5]. Besides a simple plate configuration
such as rectangular plates, several cases of irregular
plates are also investigated in many studies. Heitzer and
Feuch [6] employed the Rayleigh-Ritz method to analyze

the buckling and postbuckling behavior of thin elliptical
anisotropic plates. Triangular anisotropic plates were also
studied by Jaunky et al. [7]. The skew or parallelogram
plates which are in the scope of this study were also
explored in several studies [8-10]. Most of the studies
focused on plates with either simple support or clamped
support on all four edges. In this study, the out-of-plane
displacement functions for a variety of boundary
conditions are employed along with the Ritz method to
determine the buckling load and mode of composite
laminated plates with a variety of boundary conditions.
The buckling behavior of the skew plates are determined
and compared to available solutions. The effects of skew
angle and transverse tensile loading on the buckling load
and mode are also investigated.

2. Problem Statement

This study involves in buckling behavior of
rectangular and skew laminated composite plates, as
shown in Fig 1. The skew plate can be described by either
orthogonal coordinate x-y or oblique coordinate & 7. The
specimen is composed of a number of orthotropic plies
with symmetric stacking sequence. The fiber angle & is
measured with respected to the x-axis. The skew angle of
the specimen « is also measured from the x-axis, as
shown in the figure. Since a rectangular plate is a special
case of skew plates, i.e. in case of a = 90°, all of the
derivation in this paper is carried out in form of skew
plate configuration. The length of the skewed edges in the
& and n directions are a and b, respectively. The
specimen. is-biaxially. loaded by in-plane forces in the
oblique coordinate system of S, and S,. It should be noted
that the in-plane forces are in term of force per unit length
of plate. In this study, buckling is caused by the in-plane
force S,, which is always a compressive load. The in-
plane load in the other direction, Sy, can be either tension
or compression. It can be a specified or known load or be
a ratio of the unknown buckling load S,. The boundary
conditions of the specimen can be any combinations of
the simple support (S), clamped support (C), and free or
no support (F).

Besides the oblique loads, the orthogonal in-plane
loads Ny, Ny, and Ny, are also shown in the figure. These
loading will be used later in the Ritz method. The
orthogonal loads are also in term of force per unit length.



With a simple derivation using equilibrium equations, the
orthogonal in-plane loads are related to the oblique loads
as follows;

N, =[S, +S,cos’a]/sina @
N, =S,sina 2
N,, =S, cosa ©))

It should be noted that S, = N,, S, = Ny, and N, = 0 for
rectangular plates subjected to biaxial loading.

y 77

.

77777777 X

Figure 1. The skew plate with in-plane loading

3. Total Potential Energy IT

To use the Ritz method to determine the buckling
load, the total potential energy of the loaded plate must
be determined. The total potential energy of the specimen
is summation of the strain energy and the potential
energy due to the applied loads. For symmetric laminated
plate, the total potential energy for a thin composite plate
in orthogonal coordinate is written as [3];

200,\2 21, A2 20\?
_%IJ.{DM[??TVZVJ +2D1227V2V(2y_\/2\/+D22[2y_\2Vj
o*w o*w.

2 2
Dzeawaw 4D66[6WJ
18 ox2 6xay oy% oxoy oxoy

+N*(@j +Ny(@j +2ny8waw }dxdy (4)
Ox oy ox oy

Dj; is the bending stiffness of the plate
w is the out-of-plane displacement

where

The out-of-plane displacement function w(x,y) is
easier determined for rectangular plate configuration than
that of the skew configuration. So, the skew plate
configuration is mapped into a unit square as shown in
Fig 2. The relationship between the x-y coordinate and
the &7 coordinate is written as;

X =ac +(bcosa)ny (59)
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Figure 2. Mapping of the skew plate into a unit square

That is the relationship of an integral of a function in the
X-y coordinate is determined in the &7 coordinate as;

[0 yxy =[] £ (x(&,m), y(&,m)adédn ©)

where J is the Jacobian matrix defined as;

OX %
5] b
J= e Césa =absina %
g ﬂ 0 bsina
oc on

So, the total potential energy of the plates in the &p
coordinate is simplify to;

2.1 \2 2w AW 2w
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4. The displacement function
The approximate displacement functions used in this
study are written in form of the finite series as;

WEn) =33 ALKV, () ©)

m=1 n=1

where Xi,(&) and Y,(#) are the basis functions satisfied
the geometric boundary condition of the plate, and Ay,
are the unknown coefficients to be determined. These
basic functions are determined from the solutions of the
buckling load of the specially orthotropic plates using the
Kantorovich method [11]. Generally, the basis functions
are the summation of the trigonometry and hyperbolic
functions in form of;

Xm(‘f) = An sin pm§+ Bm cos pmg (10)
+C, sinhq,¢+D, coshq,&

This form of function is used for both Xu(&) and Y.(7)
basis functions. The subscript “m” refers to the mode of
displacement. The first four modes of the basis function
for clamped-free boundary conditions are shown in Fig 3.
The boundary conditions are clamped support and free at
the left end and right end, respectively.

[}

MODE4 MODE3 MODE2 MODE 1

Boundary condition
Clamped - Free

24
Figure 3. Displacement functions for clamped-free
boundary conditions

5. Solution approach

The Ritz method is used in the present study to
determine the buckling load and mode of the skew plate.
This method begins with- obtaining the total potential
energy in term of displacement functions by substituting
the approximate displacement ‘functions Eq.(9)into the
total potential energy, Eq.(8). The displacement functions
must be selected such that the geometric boundary
conditions of the plate are satisfied. After performing
several integrations, the total potential energy is written
in term of the undetermined coefficients A, and the
buckling load S,, given that the transverse load S, is
prescribed or varied with S,. It is possible to describe to
total potential energy in term of the orthogonal loading,
but oblique loading is more practical. According to the
principle of minimum total potential energy, the total
potential energy is minimized with respect to the
unknown coefficients A, according to;
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o g (11)
A,

This procedure gives a system of M x N linear equations,
which can be reduced to a matrix form of generalized
eigenvalue problem as

[A]x[C]-S,[B]x[C]=0 (12)

where [A] and [B] are square matrices whose elements
are determined from the plate properties. [C] is a column
matrix of an eigenvector, A,.. Sy is the eigenvalue
representing the buckling load of the problem. A number
of eigenvalues will be obtained after the generalized
eigenvalue problem equation, Eq. (12), is solved. The
lowest eigenvalue is the buckling load which is of
interest. The corresponding eigenvector of that lowest
eigenvalue is substituted in the displacement function
Eq.(9) to determine the buckling mode.

The convergence study was performed to ensure that
the number of term used in the displacement function is
enough to give a converged solution. A [+45],s graphite-
epoxy rectangular plate is selected for convergence study.
The mechanical ply properties of the graphite-epoxy
composite are E;; = 131 GPa, E» = 10.3 GPa, G, = 6.9
GPa, v = 0.22, and ply thickness = 0.127 mm. There are
two rectangular plates with aspect ratio of 3, i.e. a = 0.9
m and b = 0.3 m., and the boundary condition of SCCS
and CCCC. For SCCS boundary condition, the first letter
S and third letter C represent the boundary condition on
the £= 0 and & = 1 edges, respectively. Similarly, the
second and fourth letters represent the boundary
condition on the » = 0, and 7 = 1 edges, respectively.
The buckling loads of both specimens are determined
using different number of terms in the approximate
displacement function, Eq.(9). The number of terms used
in the convergence study are 1, 4, 9, ..144, i.e. M and N
are 1, 2, 3,..12. The buckling loads of both plates are
plotted versus the number of terms, as shown in Fig 4. It
is seen that the convergence of the buckling load is
achieved very well-with- fairly low number of terms.
Thus, in this study, the number of term used in the
approximate displacement function is selected as 100, i.e.
M =N = 10are used in Eq.(9).

A similar convergence study for skew plate was also
performed for both isotropic and composite skew plates.
It is found that the convergence of the buckling load is
very slow for the specimens with simple support or free
edge. For the case of CCCC plates, the buckling load is
converged similar to that of the rectangular plate shown
in Fig.4. The convergence study for SSSS skew
aluminum plate with skew angle of 45° is shown in Fig.
5. A total of 900 terms of the displacement functions, i.e.
M=N=30, are used. It is seen that the convergence is very
sluggish, even with such a high number of term in the
displacement function. So, the proposed functions are not
recommended for skew plates with simple support or free
boundary conditions.
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Figure 4. Convergence of the buckling load of [£45],s
rectangular plates
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Figure 5. Convergence of the buckling load of aluminum
skew plates with skew angle, & = 45°

6. Numerical verification

In this section, the buckling loads determined from
the proposed displacement functions are verified with the
available solutions. Table 1 presents the buckling load of
a square composite plate (a =-90°). compared with
solutions from other two  studies. The boundary
conditions of the specimens in this case are CSCS. It can
be seen that the differences between buckling loads of the
present and past-studies are less than one percent.
Similarly, buckling loads of [0/90], rectangular plates
with various combination of boundary conditions are
verified with the solution from Kantorovich method [11]
in Table 2. The nondimensional buckling load is defined

by

K - Nb’ (13)
“ 2’D,,

The boundary conditions are CCCF, SCSF, and SCSC
with plate aspect ratios of 1,2, and 3. The buckling loads
from this study and the past study match very well with

each other.
The solution for skew plate is also compared with the
solution from Wang [8] in Table 3. In this comparison,
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the buckling is initiated by the uniaxial loading with
compressive force S,. To compare with the solutions of
the previous study, the obtained buckling loads are
transformed to the buckling stress parameter which is
defined as;

2
K —_Sb (14)
e 7r2E22h3

The material properties of the ply are E;y/Ex» = 10.0,
G12/E» =0.5, vi, = 0.333, h/b = 0.001. The fiber angles of
the specimens are unidirectional of 45°, 60° and 90° with
the skew angle of 45° and 60°. The specimens are
supported by CCCC boundary conditions. Again, the
solutions of the present study are compared very well
with those of the previous study.

Table 1. Buckling loads of CSCS square plates compared
with the previous studies.

B 3
Stacking I_Dlate Buckling load (x10° Ibs)
AR Thickness Present
q (in) Ref. [11] | Ref. [12] | "' dy
0.115 | 11.8328 | 11.7625 | 11.8312
[0/90]ss 0.102 | 8.2565 | 8.2074 | 8.2553
0.091 | 5.8630 | 5.8282 | 5.8622
0.110 N/A 9.3453 | 9.3909
[30]2
0.106 N/A 8.3625 | 8.4149
0.102 N/A 8.3746 | 8.4230
[+45]5s
0.110 N/A | 10.5036 | 10.5651

Note. E;; = 215 GPa (31.18 Msi), E;, = 23.6 GPa (3.42
Msi), G, = 5.2 GPa (0.754 Msi), vi, = 0.28,a=b =25.4
cm (10 in.)

Table 2. Nondimensional buckling load factor of [0/90],

rectangular plates.
B.C. Method Aspect ratio, (a/b)
1.0 2.0 3.0

CCCE Ref. [11] | 7.8494 2.4895 1.8747

Present 7.8492 2.4886 1.8737
SCSF Ref.[11] | 2.2294 1.2079 1.3489

Present 2.2294 1.2089 1.3491
SCSC Ref. [11] | 7.8342 7.3323 7.0500

Present 7.8342 7.3322 7.0500

Note. E{; = 10E,,, G1, = 0.5E, V1, = 0.25

In addition to the buckling load, the buckling mode is
also determined from the eigenvector corresponding to
the lowest eigenvalue. From the eigenvector, the out of
plane displacement configuration of the buckled plate in
the &7 coordinate is determined from Eq.(9). The out-of-
plane displacement w(&,7) is transformed back to that of
the x-y coordinate, and then plotted in form of a contour,
as shown in Table 4. Each line on the contour represents
a line of constant out-of-plane displacement. It is noticed



that the buckling mode configuration depends on both
fiber angle and skew angle.

Table 3. Buckling stress parameter of skew plates
compared with the previous study.

Skew angle
Fiber 45° 60°
wnole Ref. [8] | Present | Ref.[8] Present
' ' study
45 43871 | 4.3875 | 3.0507 | 3.0509
60’ 5.4533 | 5.4544 | 4.0419 | 4.0420
90’ 4.1062 | 3.9290 | 3.9910 | 3.9927

Table 4. Buckling mode skew composite plates

Fiber Skew angle

angle 45° 60°

60’

90°

As shown in the convergence study that the

convergence in case of simple support is very slow, the
buckling loads of an isotropic skew plate with a/b = 1 are
compared with other studies, as shown in Table 5. The
numbers of terms used for the case of SSSS boundary
condition are 900 terms. The specimens considered is
uniaxially loaded by S, and the buckling load is presented
in term of nondimensional buckling load, Eq.(13). The
buckling loads of specimens with CCCC boundary
conditions are also presented for comparison. It should be
noted that, for CCCC boundary condition, only M=N=10
is used. For case of SSSS boundary condition, the
variation of buckling loads from each researcher is fairly
high, ranging from 8.47 to.12.30 for skew angle of 45°.
Kennedy’s solutions are exact solutions since the
problem is solved by ‘satisfying the natural boundary
conditions. Other solutions used the functions that are not
exactly satisfied the natural solutions. In the present
study, the double sine series are used as an approximate
displacement functions for SSSS boundary conditions,
i.e. coefficients B, Cn, and D, are all zero in the
displacement functions, Eq.(10). With the double sine
series, only the kinematic boundary condition w = 0 is
satisfied. The force boundary condition M, = 0 (n is a
direction normal to the plate boundary) is not satisfied
since the proposed function yield the zero moment only
in the oblique directions or in direction of £and #. In
case of CCCC boundary condition, the proposed
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functions yields zero displacement on the boundary and
zero slope in the normal direction, so the obtained
buckling load are more accurate and match very well with
other studies.

Therefore, the proposed approximate displacement
functions are capable of predict the buckling load of
rectangular composite plate with various boundary
conditions. For skew plates, the proposed function yields
an accurate result for only clamped support. Only an
approximate solution are obtained for cases of simple or
free supports because the force boundary conditions are
not satisfied

Table 5. Nondimensional buckling load (K.,) for isotropic
skew plates (a/b = 1)

Skew angle ()

B.C. Solutions 90° 75° 60° 45°
Durvasula™ | 400 | 448 | 6.41 | 12.30
Kennedy ™ 400 | 433 | 553 | 8.47

SSSS| Wang ™! 400 | 444 | 6.19 | 10.60
Reddy ° 4.00 | 432 | 555 | 864
Present 4.00 | 441 | 6.02 |10.70
Ashton ] - |11.01 | 13.79 | 20.67
Wang ™ 10.08 | 10.89 | 13.75 | 20.69

CCCQ Reddy ™ 10.08 | 10.76 | 13.64 | 20.62
Present 10.07 [ 10.83 | 13.54 | 20.13

7. Additional Solution

The buckling loads and modes of [45]g graphite-
epoxy rectangular plates with CCCF, SCSF, and SSCC
boundary conditions are presented in Table 6. The
specimen aspect ratio is 3; that is the dimensions of the
specimen are a = 0.9 m. and b = 0.3 m. The specimens
are loaded with either uniaxial loading, i.e. load ratio = 0,
or biaxially loading. The buckling is initiated by the
compression loading in the x direction, S,, with tensile
load S, in the other direction. It can be seen that the
buckling loads are increased with the applied transverse
tensile loading. Similarly, the buckling modes for
uniaxial and biaxial loading are different. If the buckling
mode is indicated by the number of half-sine curves of
the out-of plane displacement. For example, the bucking
mode of SSCC plate is increased from mode 4 to mode 5
if the applied transverse tension is half the compressive
load.- Similar. behavior is_observed for CCCF and SCSF
specimens. If the buckling mode is plotted as a contour
plot, the contour will be inclined with respected to the
plate boundary because of the inclined fiber angle.

For skew plates, the buckling loads of laminated
plates with various skew angles are studied. Buckling
loads and buckling modes of graphite-epoxy laminate
with stacking sequence of [0/90],s are shown in Table 7.
The boundary condition of the specimens is CCCC with
skew angle varied from 75° to 30°. In order to compare
the buckling load between each specimen, the area of the
plate is kept constant, i.e. the width a and height bsin «
are unchanged for each specimen. In this study, both the
width and height of the specimens are 0.3 m. It is found
that the buckling load of the specimen with higher skew
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Table 6. Buckling loads and modes of [45]g rectangular plates

Load
Ratio CCCF SCSF
3
2 25
T \‘\:\t‘:;*: 0 s %&{%&‘% 8
0| | , .
04 02 5 3
N, =0.5138 kN/m
2 R 15 5&‘\\\\\\\\\\“:\\\\\\\\\\\\ S
R A s
i \\\\\\\\\:\\\\\\:\\\\\:;\\\\\\“\ £ - \\\\\\\\\\\ '.'.\\\\\\\\\\\\\ S .
03 4 \\\\\\\ - 08 f.05
£ \\:::\:: . 71-; |
B 0.2 [
N, = 2.6581 kN/m
- e
. 15 \‘\\\\\\\\\\\\\:\\
L 2 N 1 ZoR
\\\ 1 \\\\ \\\\\\\ B N ‘:’,.\\
S \\\\\\\\\\\\\:\\\\\@‘ ! \\\\\\\\{Q\\\\\\\\\\\\\ ) E ‘\\\\‘._,.3\\\\\ \ .
-1 ) \\\: \\\\\\\\\\\\\N\\: 4 i Wy -nj i
V b E = 45
. 02 ] XD4 02 =03 = N _
= e
N, =1.0098 kN/m N =0.8339 kN/m NE'= 35667 KN/m

angle is higher than that of the lower skew angle. This 2, i.e. mode 3 or mode 4, if the transverse tensile load is
implies that the rectangular panel has higher load increased.

capacity than the skew plate of the same size. For

specimens with skew angles of 60° and 75°, the buckling

mode is said to be mode 1 since the number of half-sine  Table 7. Buckling loads of CCCC [0/90],s laminates with

wave in the direction of the applied load is 1. For various skew angle

specimen with skew angle of 45°, the buckling mode is a Skew | Buckling

little different from other two specimens. There is a small angle | Load, Sy Buckling mode
out-of-plane displacement in the corner of the plate. The (KN/m)

buckling mode of 30°-skew-angle plate is said to be
mode 3 since there are two small contours on the buckled
configuration. 75° | 5.4998

Another study involves biaxial loading of the skew
composite plates where both S, and S, loads are applied
simultaneously. The buckling is initiated by the
compressive loading S, while the tensile load:S, is also
presented. In this study, the transverse tensile load S is 60° | 4.9076
assumed to be a ratio of the compressive load S,. The
buckling loads of [45]s composite plates with boundary
conditions of CCCC “are presented 'in Table 8. The
specimens are loaded biaxially with the load ratio of 0O, -
1, and -2, respectively. Similar to the rectangular plates, it 45° | 3.9328
can be seen that the buckling load is higher with the
applied transverse tension. That is the specimen is
reinforced by the transverse tensile loading because the
transverse load trends to keep the panel flat. In addition
to the buckling loads, buckling modes of the specimens 30° | 2.6068
with different load ratio are compared in the third column
of the table. The buckling mode is mode 2 for uniaxial
loading specimen. The buckling mode changes from
mode 2 to mode 3 if the load ratio is increased to load
ratio of -2. The buckling mode can be higher than mode




Table 8. Buckling load and mode of [45]g biaxially-
loaded panels

Load | Buckling
Ratio | Load, Sy Buckling mode
(KN/m)
0 1.791
-1 2.376
-2 2.924
8. Conclusion

In this study, the bucking behavior of rectangular and
skew laminate plates with any combinations of simple,
clamped, and free boundary conditions is investigated.
Both bucking load and buckling mode are examined. The
Ritz method along with the proposed approximate out-of-
plane displacement functions is adopted. Displacement
functions are determined from the buckling problem of a
specially orthotropic plate solved by the Kantorovich
method. The buckling loads obtained from the present
method are verified with the previous studies. A very
good agreement between the present solutions and the
available solutions is obtained for rectangular plates with
any combination of the boundary conditions and the skew
plate with CCCC boundary condition. The proposed
functions yield only approximate solutions for skew
panel with simple support or free boundary condition
because the proposed function does not yield the zero
moment in the normal direction of the plate’s boundary.
Addition studies were performed to study the effect of
skew angle and the transverse loading to the buckling
behaviors. It is found that the buckling load is decreased
with the decrease of the skew angle. The buckling mode
may change a little bit with the skew angle. For biaxial
loading, the buckling load is increase with the magnitude
of the transverse tensile loading. The buckling mode may
completely change, i.e. mode 2 to mode 3, if the
transverse load is high enough.
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