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[Qij] (58n91 transformed reduced stiffness matrix

p Y
@111 lAann

Q. =-Q, cos* 0+ 2(Qu+ 2Q,,)sin? 0 cos*0 +Q,, sin" 4
Q, = (Qu+Q, —4Q,)sin?0cos’ 6 +Q,(sin* @+ cos* )
Qi = (Qu= Q= 2Q,,)sind cos® 04 (Qy, =Q,, 4 2Q,5)sin’ Hcos
Q, = Qgsin* @+ 2(Qy +2Q,,)sin*0 cos? H 4 Q,, cas* 0
626 = (Qll - Q12 - 2Q66)sin3 6 coso + (Q12 - Q22 + 2Q66)sin 0 cos® 6
Qg = (Q,+Q,, —2Q, —2Q,)sin? #cos’ O +Q(sin* 0 + cos* )
(3-2)



19

dl A 1 o ] Z’/ ] a al o
Wa 0 Ae yuszudenizneiadule uisiazdureuiuaivieuiuuwnu x lussuy

NAATIN

Qu =

Qp

ﬂ@umlumimmuﬂu

JLﬂu?VmﬂuLmamu

i

ﬂus ﬂﬁﬂi“‘wﬁﬁ
SLUEF AN Y

dl a o 1 a
’;;‘ﬂVI 3.4 FTULNNAURILNLATHLLWALINN




20

a dy v d‘ = s o/ s 'S v 1 d‘ o o
anyAg iU lilunisimmeiauduiusaeslasaaiuduuiiiandan
panIwANNsasa il

1 dl =] a a o‘agll | 1 [ % all a o o a 1 dl
1. weluunan dAn e lwdnendnusiidlududagninaainnistindanaen indniduluseiies

Q

aa o !

fanaineannFeeiuiiugu ) nenanifveaddnuiardusiaaziniourizasiaiui e
2. ANy AN T IMNNA HE (h) HARNNNeLNLTLANEILAZAINNGI

UDIUHUANN LR

dl Qi 1 a a dl = % o o

3. NMIARAUNTALHRATTIUA JUTA X, Y LAY Z TULLULNUARY U,V UAZ W AR
N v A o 2

HAntasunniuametnuA L) h

pARealussuIll X—y (£4g),7 )ﬁﬁ’]ﬁ@ﬂmmﬁmﬁﬂuﬁu1
: X1 9y Vxy
 TATDATTNLATEALAANUEN TN YR 3, AT 7, =0

. d Yy ey,
CANMNTIAARUN MTTUNY U uag v AT Tadunesiie z
= =

10 K a oI/ A [ 1 dl
TdAntlaiemnnuegenluiiAnng z (g, = 0) duABRMMMIIaasLHLdas lHnlAnwIag

: ”m@ﬁwqﬁmammﬂmmqm (Hooke’s Law)

© © N o o i

(&Y
. ANV UDILE BATH LA AN AIITILLEIL

10. WiflAuAaeu 7, uaz 7, etz 7 =%hy2

dl al o 1 ] a ] v 1 a dl a
HANNTTENNEURNHNINTENIABLNURTNELE mmﬁlmmummumLﬂ@ﬂugﬂiﬂmmmu

a

ATNANYR mmmﬂ'&'augﬂmmmﬁmﬂﬂ (Kirchhoff Deformation Hypothesis) n@a1991

RY o)

Y o
“LAURTNN

=

WINAUIZEIUNINAINERIUHNTAsSsAdRsRINat g LKL LAz A ug IuAY
Apn” fauanelugili 3.5 efiarsaunnislaeuglaasuinluszwry x—-z - wudanag

nszanqm C lufim x e

0
u=u%=2zsin [%J (3-4)

0

ow
ot = Pa yNveadunse LL
X

- i T 4 = v
21/TIAURE NN 1 Zﬁ’?ﬂJ’]ﬁ‘ﬂL‘ﬂﬂuLLﬂ'J’]

ow’ ow’°
sin| — |~| —
[8xj [ax]

v
%

NANRNALIZUILNNN AN N UAALULAZUAIN T AgU

!



21
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MX h/2 O-x
M, t= [ {0,202 (3-13b)
-h/2
MXY Txy
y =
e 0,0, T, = ANNAY
N NyiN,, = usedwdnnsziinsanibavuasnanueng (force resultant)

M, MM, = Tumuddndnnssinsenilaviagaingns (moment resultant)
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ny _ As As As B By By ng (3-14)
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M y B, By, Bx Dy D, Dy K,

M Xy L Bs Bs B Dis Dy Dg 1 Ky
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Tnel A Aa Laminate extensional stiffness e lian
t/2

_ N
Aj = I (Qij)kdz = (Qij)k (Zk . Zk—l) (3-15)
—t/2 k=1
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t/2 o 1 N b
2 2
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t -2 1 Ne,
2 3 3
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U= % HI(GX(gX +0,6,+0,6,+ T, 7y + T3,V 0+ Tl )dxdydz (4-1)
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a d‘jj % ldl a ' o o & % | v Y ¥
ananyAg e fluniminssianuduiusaeddasaaiiunuung luiade 3.2 4a
N5uar 7azld ¢, =y, =y, =0 UATANANTUTITUINNAMNAULALAIINLATEATDS

WEUATHINATY K 21N (3-1) AN UNA3911ANNLATeI R T 16 LT

iz S 2

U:%j.”(all(k)gxz"'azz ‘9 +Q66 7Xy

— () — (k) — k)
+2Q12 ngy is 2Q16 ‘9x7xy + 2Q26 gyyxy)dXdde

LB UNUATAINHANAUE LTI 9ANHRTEIA AL NN TN ARaS LUANNNT (4-2) wadBuAngm 1w

W z azls

IR a5 5 5

(8u 6\/)2 ou o°w (avazw ou O°w j ov o°w
+A| —+—| —2B +==

oyl ox Hox X% oy o2 X oy 2 oy ay?
2 2 2 2
on, | Zuffou o Grauciulh 4 \lewliou o) ) ov o'w
oXS\ oy Ox OX OXoy oy o6y Ox 6’y OXoy
2 2 2 2 2
—4866—6W @Jr@ +D,; 8_\2v +2D128—\’2\/6—\2/+D22 6—‘2’
oxoy\ oy &% oX oX° oy oy

2 2 2 2 2
+4 Dlea"z"+D%a‘Q’ OW 4D, [ 2 {gxay
OX oy*- ) oxoy Oxoy

Ingl A,— Bij LAY Dij TNLINATNNANNIT (3-15), (3-16) WA (3-17) MINAHL

2. NAMUAN AN ALa9aINN17E 1IN 3E 1AL [21]

1
o a

’6%’1‘1/1‘:1‘/‘]_@@?\‘1@%(’1\1LLEJu‘iJ’W\?ﬁﬁ“/‘LIﬂ’]‘J‘ZINLL‘LA’J?%‘LA’]UZQ’]&J’]’JTQ‘M’] ﬁhwﬁwmﬁﬂmmmummnmiv

Tuguaszurunsziasiadan gy

1 o)’ ow ) OW.ow
V=Eﬂ NX(&] +Ny(5j +2nyaadxdy (4-4)

drvduilnyuinisinsetesuiuaanind@nuisuuuadiunanuins A1 B, =0 wananil

& A @ o i~ o . | o q%
N19LARALN MUWITERL u,v SRR 2] wazldlnaniunismAinsenisinase Mnld

o

wail A, walddne Alundsanudndauinifisaue T=U +V amnsndeaulddail
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2.\? 200, A2 2,\2 200 )2
n:iﬂ D[SV | 12p, IWOW  [OW]  4p, [SW
2 OX oX® oy oy OXoy

2 2 2 2 2
+4(D162\2’+ D, zy\gv)s;verNx(%j +Ny[%j +2nyéﬂéﬂ dxdy
X X X 0y

(4-5)

= oo & A N oo o =
Tnel W ﬂ’ﬂﬁ\iﬂ‘ﬁuﬂ’]?mﬂﬂuwu’ﬂﬂﬁ‘tuﬁuvmﬂﬁﬂ@‘ﬂ\‘lm_lL\T’ﬂLﬂﬂJ‘ﬂ@UL‘Lllﬁlﬂ’]ﬁ‘@‘i_l?;lﬂ@’]ﬂﬁmﬂ’]i

1 papb ) ) -
= Ej.o IO [ DLW +2D, W, W, +D,W3, + 4D w3,

4(DyW,, +D dxdy—= [ [TTNWE NLWE +2N dxd

+ ( heW o T ZG\N,yy)\N,Xy:I i y_z.[o .[oli VIR VO XyW,xW,y:' xay
(4-6)

Tunsudtloynifassziiaulueuinisds azauyd s eazaaeilaidunisinaaunuen

seuny w(x, y) aglug [11]

N

w(x y) =2 X (Nl =) {Y) (4-7)

i=1l

I o 2 =
mel w(x,y) Aa WNdun1gAaaunUanIsUIL
= 3 s
N AD ATUIUNAL
A o 1 a dl £ [ dl t:ll o 1
X, (x) A Weiduaee X atNAEaNaannaasiUNaulaILANA LMY

x=0 uar x=a

A o 1 = dl % o dl dl o 1

Y. (Y) AaNerfiuaes y adnuftafaenndasiudaulaaauiannmiumls
vi— g B b

] %
Warfdw X (x) wazAaridu Y (y) uamsanenizgilsenisinseniiniu lngassiasaanndag

|
o A

AuReulrvaumnisdutia

lunspmemAInntznlnakas eidunnanaaunuenssuiuieg lugnagniaes
Hertdu X (x) wazderdu Y (y) armnsninldlaaanymlddaiduluia y vza Y, (y)

Wafdunnsual ianAieidu X, (x) NaanndasiuNawlaratannaIuts x =0

BAY X =a AauHauNUaNnIg (4-7) a9 MIANN"T (4-6) azly
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I =;j:(Dn{x,XX}T [S]{X o) 42D, { X o} [S, 14X+ Dy {X T[S, ] (X}
+4Dg (X 1 [Se]{ X} 4D, { X o} [S]{X ) +4D5 X [Ss]{X )
N IS XSS 2N, X, [ o

bo o [s]- [ =L 1, o
[5:]= [ {HY Oy [S3=f, P Y, } oy (@)
]

ANNANUANETINANI90 L ANN1329ARg AT INATIIUAN S TauTAtN L s U
WAL UANdNTuAe O =0 F08NNINANTINN AL s BIBINATI UAN TN

zﬂl a a = Y o di/
wrnN1e TUATEINAL AURNIALRIANNIT (4-8) 411190 e LAAN

X=a

[ 8000 o
X 8] {X ) = X xm}ﬁ EHE}

=aX,. X

T, 006" MR

+0X, o X5 TCX, 0 Xy +AX, X

2,xx 7 1, xx 2,xx 7N 2,xx

T
5({ X,xx} [Sl]{xxx}) = a(Xl,xxéxl,xx + xLxxéxl,xx) + b(xl,xxéx [+ X2,xx5Xl,xx)
+C(X2,XX5X1,XX £ Xl,xxéxz,xx) st d (Xz,xx5X2,xx + XZ,XX5X2,XX)

+doX, )
+ déXZVXX)

1,xx

B X

= Xy (@0X,  +06X, )+ X, (€6X
+ X, (@K, +COX, )+ X

1,xx

(00X

Barelbahaaior b el
X ) TS0 {0, 18T 1)

1,xx 2, XX 2,XX
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o o dl 1 o ) = o Yo A
mmum@mmmmmiammmmﬂwﬂumumLmlfmuvl,mm\m

7% (8000 o
el 100 = R R

=aX, Xy +bX, X, +eX, o X, +dX, X,

1,xx 1,xx

.
5({ X,xx} [Sz]{x }) = a(xl,xx5X1 + Xléxl,xx) T b(xl,xx5x2 == X25X1,xx)
+C(X, 0K+ X10X, )+ (X, 06X, + X,0X, )

(20X, +D0X,) + X, . (COX, +dX)
+doX, )

lXX

+Xl(a§Xl’XX +CoX, )+ X, (00X, |,

—{X X }a b [|oX; +{X X}a C||0X
F 1,xx 2,XX c d 5X2 1 2 b d 5X21XX

ol [ 20 () ol = 2D (L s o () [5.] ..}

x=0

ﬁaﬁmﬁiﬂﬁm?mqmﬁ?u;ﬂ?ﬁummwﬁqmuﬁﬂﬁmmmnﬂ 7 Wend s iuLaranannIT L
azle oIT = 0 lugl
o1 = (D X} [8:]+ DAX} [S.] +2D (X} [S,] ){axxx}
(4D IX ) [S6]42D4 {X o} [S]+2D5 {X 1T [S,]
-NX S - N (X [83]T){5X ) (4-10)
+(DuX o} [8:1+ D {XJ [8,]+2D { X} [SJ-=N, X [S,]

N, (X ) (X)) ax= (0]

AT insAftazda (integration by parts) 48ng (4-10) wanda e lugdiuuannis
Feethfusansiyuazdewlaveuion liaeil
Dy [S (X 20 ([ 831 2 S31) (% )
+(Dy[s,]- 4oes[s6] N, [S,] +Dﬂ[s )%}
(4-11)
(20 ([8]- (8 )+ Ny ([S:1-[.] ) ) {x..)
+(Dafs] - [ T )ix}=(o)



37

TpaRanlare U aNNaTa9NAILUEY X =0 LAy X=a Aa

X=a

(Du[S.] {X o} + 2D [ S ] { X i+ Dlz[sz]{x})X:0 ={0} (4-12)
178

(Xl =10 (4-13)
UAY

(Dua [T ] £285 (18] [, )%

+( Dl - 4De ST AN, [8]) X, (4-14)

_(ZDze[Ss]T Ny [83]){X}):: ={0}
VB

Xy, = (4-15)
nedinsduEauuLne - annnsdenlauemianldRe (4412) way (4-15)

NN U ARULE AWy - ANnnsRanlrreunRltAe (4-13) waz (4-15)

neoinaeulaesdasy : annisNevlureund \9Ae (4-12) waz (4-14)

zﬂl a a o yvaa : - ¥ o v X =

Wana17au e 1505 (dimensionless coordinate) laan1uuals & =2 @a1u19ndis
a

annng (4-11) nddlondlu

DAY ) (AL 4 [A)X) = 0) o
T Al el (s)-[sT)
(] £2787%(0) (2] 487 Y=20u1s.T)
[A]= 2252 (s ]"((s,]-[s.] )
2 :4 (417)
(a3 BT B
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AT A, A, UAT A, WuAnnrz sz ul5i5 (normalized in-plane forces) fensls

o

X
JU

N2
()X b {x 4 xS =100 (4-19)
§%PNal
{Xf}rz ={0} (4-20)
(Y2 b
([ATX s+ LAal X A Aal A TR o
A iy (A =10}
7
(X}, =10} (4-22)
natinsdudeauuidng aunisRavlaaeaanldae (4-19) uas (4-22)

NN UE ALLUE ALY : anprsReuluretaRlgAa (4-20) waz (4-22)

netifiveuildendasy annsttevliveuwaiildae (4-19) uax (4-21)
1 Dy |S i
S e e A=l 0[]
2Dy [S; ] Dy, [S,]
[A9]— = ['A&zt]: 23
[Aa]=DafS,] [As] =20, [S.] (4-23)
_—Dll[Sl] D}l &
[Au]_ 23 [Ale]:——lg[z 3]
2D, ([S:]-[S.]
[AJ.Z]: ( X )

Ay =P, Ay =P, hy =B,y (4-24)

aeAn B, B, uaz B, uArAsAng LA
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Tunnsufilyuinisinwasassdauidsuaulnlse ansuzaesannisazag lugluuuaes
toymAa1zad (eigenvalue  problem) tneidlpn 4 (uAianzas (eigenvalue) uay { X}
unimasianzag (eigenvector) lunasiitlyyiAanzasdunananymlidn {X} aglu

"
=

¥
stluusae9eynINNA991us (infinite power series) @ag1uLIfal

X, () gaal‘iéi o -
(Xj=qumet= x-S F =S ¢ (429
Xy (€) i RN R

aa¢

Xl} :{ 8y +88y,& +a8,,¢ " + 88,80 + ..+ 83, & }

FIa@ging L1 , ) i
ad,, #aa, ¢ +aa, ¢ +aa,s€ +u.+ad, ¢

%

Tae {AA} Hudnilss@vamlanauaiaes ¢ luiine 535
WHALNUANNNT (4-25) A9 MANNNT (4-16) haan 1K aZlp AN AN LT ua9 {AA} Tugd

(M=~ e A A ) +2)(+9)
+([A]- 28 A]) (A (i +1)(i+2) (4-26)
([, [AT) (AR (1)

H([A=8,[A]){AA})

ANN1T (4-26) 38N recurrence formula @Az lA@NNTDLTLAN {AA} | iag/lugll

ves (A, , (AR},

i+2

,{AA}i+l LL@:?{AA}i 15 ImanmafianzadlunisudilymaAiiaizas
FUUWINAY AN A= LarALa1za9ay lHaNAnITWNUENNNT (4-26) agluannisaenly
YA N2 AARDITL B U MU L AN T UT A TUAIULAL X @HNNIT (4-19 D9 4-22) U4

tTymafanla udainAranzasi g llmnnmesianzassiall

TuiiaueA et sanaxNnINaRRAndaRnnaN A lin A eiduluiia x
¥ I ! o = o a6 v 1 & o
arandnspuntauuazmAan1senasineels lwinueahsaiunisauy s Winsiuaatlaridu

lunia y Tnaanyfliuaeasaesiariduannisnisiasunuenszuny wix, y) aglugil [11]

N

w(xy)= 3% (N ()= (¥} (X} @27

i=1
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leuns W(X,y) ANaunng (4-27) asluannis (4-6) azls

=2 [ (0u Y} RG22 Y [RT Y, )+ Da Y, ) [RIY, )

+4D [Y, 1 [RLY, 34D (Y[R, b 4D, {Y } [R]LY, )
_Nx{Y}T[Rﬁ]{Y}_Ny{Y,y}T[Rl]{Y,y} { } [R3] { y})

(4-28)

] ] ,
[R] = (¥H{X o} ox [Re]= [ { XX} ax (4-29)
] ]

AMNNANIBANLTINANNAT (4-28) HalENANN19709AIRNAABINAINUAN TN TAYNNT
o o 3 Lo qlz A a = = v dl a %
wlsfiureendssTudAndsn duae oIl =0 laauanAanazmanleudunanym linsy

Aarduluia y agls

(sn:j( [R1]+D12{ FIRT™ 20, {Y, } [R] {0V, }
+(4D%{Y} [R]+2D16{ I [R]+2D5{Y;, ) [R.]

N L RN, (IR o,

+(BLfY )[R ]+Dn{ o [Re] 205 (Y, [RT N Y} [R]

N, 4,1 [R]) {0V })dy = {0}

(4-30)

apiuBuinsAiazdauddaladlugUuuaantsdseuins gy aziteulasenian 1
D[R] {Y }+2D26([R ){wa}
(D[R )#[RT )= 4Dgs [Re] 1+ N, [RTT) Y,
#(20 ([RI-[RT )+ N, ([R-TRT )Y, )
+(Du[Re] =N [RT ){Y}={0}

(4-31)



TnaReulrrevwaNinadeanmiumds y=0 uaz y=b Ae

(Dzz [R1]T {Y,yy} +2D, [Rs]{Y,y} +Dy, [Rz]{Y})r:b - {0}

y=0
99
=b

{Y,y}|z:0 = {O}
WAy

(D22 [R1]T {Y,yyy}JrZDze ([RB]_[RS]T){Y,w}

+(D, [RJ=4Dg [R.] +N, [RT }{Y,}

=

~(2Dg[Rel" - Ny [RI)EY DI ~ {0}
94

V)= 0}
nsfinnRUEauLLge - aunntewlauetini 4Re (4-32) way (4-35)

NN UE AuLUE Al - AN lire RN lE AR (4-33) WAY (4-35)

nsoinrevlaesdasy : annisnenlureuni liAa (4-32) waz (4-34)

y

Wanason Ui l58R nnvuals 7 = annnsliEuanng (4-31) Toadlandlu

gl

{Y,fmmv} +[Bl]{Y,mM} +[BZ]{YJM} +[B3]{Y,ﬂ} +[B4]{Y}
~ay [BI{Y,0,} —ay [BIY, | - o[ B, ]{Y} = {0}

[B3= 52 b[R ] ([R]-[R )
B IR 10 (RIR =404 R
2= 22 (R (R]-RT

o2 X RT Ry

fB,]=-11]
[8.)=[R]"([RJ-[R] )o
[B,]=[R]*[R] b°

41

(4-32)

(4-33)

(4-34)

(4-35)

(4-36)

(4-37)



. o o Tealised
AT a,,a, AT a,, denulinel

4 A o S S o
Reulsrevwsiinaadasluniplddanauids 7.=0 uag =1 Al

([Bs]{Ym} +[B9]{Y,n} +[Blo]{Y})|:: ={0j

(=0

([ B, ] {Ymn} +[BL,] {Y,nn} " ([ Bis]-a, [BM]) {Y,n}
+([Bel-ag[Bal) (Y}, = {0}

(i, ={o)

nsiNNIAUE ALLLE ALY - aNntsRevlvreuaRlgRe (4-40) waz (4-42)

dall 1 a
nrunaeLlantfasy

1ng

15,7 2DalRl]

i b

[Blo] T DlZ[RZ]

[B ]: _Dzz[Rl]
11 b?

_2D26 ([R3]_[R3]T)

[BlZ] = bz

- aunaseulrreuad 19Aa (4-39) way (4-42)

- auniseulureaRldae (4-39) uay (4-41)

— 4D66[R6]T _D12 [Rz]

[Ba] = 2
_ Dx[R]
[814]_ bs
[815]: 2D16 [RS]T
548l

wazanyAan s luiuszuay Bia agnog law s dimasiaga i Al

neiAn 9,,7, uaz 7, uArATIns LAY

a, = oy,

OCy = ayy

axy = ayxy

42

(4-38)

(4-39)

(4-40)

(4-41)

(4-42)

(4-43)

(4-44)
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A {Y} feglugtuunreseynsuindeeiiug Ae

u

] | B L)
Yh=: * (=1 * =; * =ZO:{BB}i 7 (4-45)
YN (77) ibbN i77i / bb )

NJj

FEig 11 {Xl} = { a8, , +aa,¢ +ad & +a8 ¢ kg < }

- 2 3 i
5 ad, , +8a, & +aa, ,¢" +aa,,¢ +..+aa, ¢

Tae {BB}. \fludulsvavadlainaiuries n Tuiialia
uaz recurrence formula 413l {BB}.— dwiungsauyAlingwaeiduluiia x Ae

1

{BB,.4 :—(i+1)(i+2)(i+3)(i+4)([Bl]{BB}i+3(i+1)(i+2)(i+3)

+([B,]- oy [B5]) (BB}, (1 +1)(i+2) (4-46)
+([B,] -, [Be]){BBJ; (i+1)

+([B4]_“yx[B7]){BB}a)

annsezidamanisinssesssuduranIngnsoaszidaasuauinlsnaiuans

4195 @aunsoldiiuuienisdmiunisamasitiyminisduazinauaasunuaau Inagnsag
suillounsuarinlsTle Wevainannisnseuaguaeilnuintsduasinenuaziloyminig

Tnsweatluglaesmasaudndsanmilanniy

4.2 maaaszilgmnsdusziiauaasuiunanindnalasziiaulsuauinlsds

neufiavnnieduagileuretuduaes nantngsananin i Tped ez indeann
Andaauidutagaiuiluinisinese Imﬂwﬁwmﬁﬂﬂ’muzﬁw%uﬂzymmiﬁumuﬁ@u
ﬂizﬂ@ué’qawﬁwmﬁﬂﬁﬁLﬁmmnmaﬁm?{ﬂugﬂmﬁm@u’?‘@wﬁqmummm’?‘m ENOHGIT
dun? (47) UaTRASLTIARAI NN anAeuTiTattanaaie (Kinetic energy, T) 211 B

#1170 lAAann

T30 (3] (5] o) o
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A o | A ~ | . o p
bR Lﬂi&Tﬂ?x‘]@ﬁ‘NLLNu‘LIij‘Lﬂ@ﬂuVIGLuLLufJﬁ‘::uTLI u,v @gimﬂmﬂm@ﬂq?@u@m,wﬁﬂu LN

dl ai 6 o/ A
sreznIsAdeuuanNITUNY W kansluglisiduresiaanae
w(x, y,t) = w(x, y)e'* (4-48)

drviuiloymnieduazinauesusiupen InanUNLUIAHIWAANNIAT A1 B, =0 Waunu

aunng (4-48) adluannas @-47) Az ldnasaudndon feannnsnmaulalug

B 1 apb 2 2 2
= E'[O L l:Dllw,xx ¥ 2D12W,><><W,yy VS D22W,yy W, 4D66W,xy (4_49)
+4( Dy, + DWW ) W —phw2w2] dxdy

nel W AR ANITUNTIAARLNUAN T UL
- / . 4% W
P AB AAINNUALLLTIAGLHN (e sen T BN ng)
h A8 ANNILNIRLLE

® AD ANANNDEITNTR

Anusunisudilguinisdugsinausaszidendsuainlsis aziarsudunaulunig

v 1 al o v 1 -Ql a v 6 o/
witloyuguwingaiunisuiilauinisinee IneENananys vinalaasaedieiduaunis
nMsiAdeLNenTzIL WX, Y) WAfuannig (4-7) wazeinau A linguaieriduluie y
wraileridu, (y) luannas (4-7) fsasuapileidi X (x) NaenadasiuReulsaaiiuny

1
A

AL X =0 LAY X =a AQUULNBLNUANNIT (4-7) a9luannT (4-49) azlg

FAD X ISR X ) 24D X G DS X, 1 4D, G S (X (4-50)
~ pho? X3 [s. ] x) o
B 5] [ iy AT ALY

. Ib{Y,w}{Y,y}Tdy (4-51)
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ANANNIT (4-50) LA lEUANNNITBIANANGATBINAII AN TN TALINTULITHTUBBINA I

Angisanma o1 =0 axnsnidsulvieglugl

o1 = [ ((Du{ X o [ST £ {XS,T 42D {X.J [S:] )X .
D%{ } [S +2D16{X } [SS]+2D26{X}T[SS]){5XvX}
D,, (X S 1D, X 5, |+ 2D G S, T

—phw (X" [sd)ox ) = (o

(4-52)

aniuBuinInNazdIuaNnig (4-52)  uiodn ey lugliunannaideeyiusadnyuas

4 > =
Naulavauae Tasai

Dua [8T (X} 2D:a([S:]=[8] )X s}
+(D12([82]+[82]T)—4D66[SG]T){X’XX} (4-53)
+( 20 ([85]-[81) X} #( DS, - s’ S )X} = (o}

TpadaulareuaNNTaINAILMLe X =0 LAz X=a A

(Du[8.] {X u}+2D4[S,]{X } + Da[S.Jx ) = 0} (4-54)
h (Xl =10} (4-55)
(~DufS.J{X s} ~2Ds ([S:]-[5:] ) {X o} -
+( O] <#Du 5T )X (205{S.T)x DL S <10}
h xj, =10} (4-57)

ASNITUSAWLLNAY  C@uniseulavenpilERe (4-54) wag (4-57)
AsTN1AUEALULE Au - @unasNanlareLRnltAe (4-55) WAz (4-57)

nsiirevlaesdasy : annisNeuluveunildne (4-54) waz (4-56)



{ a a o Aaa o . X M v
Wanasaun luida BuAlaan1muald & == gnunsailauannig (4-53) ludladu
a

X+ [AIX AN S HIARX S+ (A= [A]){X]) = {0}

mel [,AJ:%a[Sl]‘l([SJ—[Sa]T)

2

[A]= gols: (Baf(s: ) fs.] ) ~4Dafse]')

2D,a°

(A= S5 51 ([ (5T

[A]=2E S 8]

11

(]2

uazazldevlaaatianiiinaateslufinin BRRT 5w E=0 uazc=1 Fail

([AJ{X (A X+ A =

(x =10
; (AKX e} +[A X +TA{X S+ [N, = (0}
(XYL r o . |
natinsauEauundiy  : annsdeulrvenanildae (4-60) uaz (4-63)

NINANTIUT ALULEIA LI : ANN07N0B I IUaLIANITAD (4-61) WAL (4-63)

nediTueLlaetRasy - : aunisdewlageUARItAR ([4-60) WAy (4-62)
1 D.,|S _ _ i
N R iy
a
2D,.|S
|- 22al%] AR RSN
! a
]=D []

A
A
(Al [S]
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(4-58)

(4-59)

(4-60)

(4-61)

(4-62)

(4-63)

(4-64)
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Aufunisuitlyminisduarineusoassiauisuaulnlsds Anwuraasannisiazeslu

1 1 = [ % I a 2 5| 1
sdnuvvesilyymiAanzas iuagafuiyuinisinee Inaian o® uAanzas uay
(X} dwnnmesianzas TlunrsudatlaymaviEuain anyfaAanzaslies lugtuuuaes
BUNTINNAIR UG %qﬁgmmuﬁmum? (4-25) WAL LNUANNNT (4-25) aqlugannig (4-58)
udndnnlazlimnuduiugaas{AA} Tugil

1

(M=~ o (AT G201 +9)
(AT ()02 [ (A, 42) +([AT==A ] (AR,

(4-65)

Ineiaunis (4-65) (3andn recurrence - formula M@ radeuA { AA} | Wieglugilaes
(AA}L {AAL {AAL uat {AAL 14 Tagavnudanmnafianzadlunisuidoyunsn
i+3 i+2 1+1 i &
1AN2AIHA U AN B0 0 UATAMLANzadas LA NN s BaNNNT (4-25) NAngUlusinnu
ANN"T (4-65) adluannasNenluraunNgan Aa 09U SeR 138U AN1AUE A luA WAL

X duNT (4-60 D 4-63) anatliyminanla udatiAmazasmla ldvnnmesfianzassald

ANANNINANIUADERINVINANHF WNFILRHedTw A x azaunsowAiloymn

ul/ P o = o a6 v ! 6 o a a6 v
nsduazinauls lwinueunaqiunisanyAlima ua 1 Wariduluia y Tnoauyslinaiaat
299AiFuaNNITN AR UANENTZUNL WX, Y) atlugidsannis (4-27) uaziilauni

W(X, y) anngunng (4-27) asluannng (4-49) azls

=2 [0 (DY) [RIVI+2D, fF [RTHY, 0. {1, [RIY,)

+4D YV (R, L +4D, (Y] [R(Y, 4D, [, 1 [RLY, ) (4-66)
~pha? (Y} [R]{Y]) dy

mel R,

X d [R] =T X X ox (4-67)



48

AMNANIUANTTINANNIT (4-66) 1WaldnannisaasAIfAgarasnasudnedsulnanig

weiueands I uAngdsan 1iupe oI =0 wlausunauys Winsupieiduluia y ay

161

STT = j( [R1 +D,, (Y[R +2D,. ¥, } [R.]' ) {oY,,}
Dy, {¥ } [R +20;, (Y[R ]+ 2D ¥ b R ] ){ 5Y,)

+(D11{Y}T[R4]+D12{Y,w} [R]+ 2D, ¥} [R.T

—pho*{Y}" [R) (oY })dy= {0}

(4-68)

mnﬁu@uﬁmeﬁmmuué’ﬁmiﬁ@g‘mgﬂLmumum@@qwﬁuﬁmﬁm wazitaulavevian 1§
o
D, [R]AY,4) +2D,, ([R3]—[R3]T ){Yyyy}
+( Dy ([RJ* [Re]' )~ 4D [RT Y., (4-69)
+( 2D ([RIARS Y)Y (PulRT = pha?[R] )Y} = {0}

TnaReaulsravwainadadiaumus y=0 uaz y=b An

(Du[R] {¥,,} + 20 [R{Y, } + D[RV = {0} (4-70)
99

{YV}K_Z — {0} (4-71)
WAL

(_Dzz [R1]T {Yyyy} ‘2D26([R3]‘[R3]T ){Y'W} 472)

(DalR]- 404 [RT i, } 2D [R] Y ) = {0}
VB

RN (473)
NN UEAULLNNE aunnTReulteLRT 4R (4-70) uay (4-73)

AsmNRUEALLLEALUY | anntTReularaunnlEAe (4-71) way (4-73)

nsoinvevlansdasy : annisNenlureuaRldAe (4-70) way (4-72)



y
b

{Y,mmn} +[Bl]{YJMI1} +[BZ]{YJM} +[B3]{Yyr1} +([B4]_CO2 [85]){Y} = {0}

¢ﬂl a a o yaa o V%
WaNansan lunin 585 nvuald 4 =

Yo [a]-DebRI(R) (R
(8.)- - [RIeu(R. IR J=40ulR] )
(2 =22 R )[R -[R T )
(B X (RTR]
QRS0

dl dl dl k4 a o Qzaadl o [l o d”
Reulsrevsningndedduiial5NanA W 7 =0 uay 4 =1 sl

([ (Y, #1800, e [BIVH, = o}

n=0
99
n=1
., =10}
LAY
n=1
([BQ]{Y,nnn} + [Blo]{Y,nn} + [Bll]{Y,n} + [Blz]{Y}) — {0}
94
=i
i o210}
nedinsdUEauLINTY . annnsteulateuaiildAe (4-76) uay (4-79)

NNV ALLLE AW | auN17ReRlIe IR lTRe (4-77) WAL (4-79)

ANNTDALVANNT (4-69) Tund Ty

nedingellantdasy - anntseuluteuAildAe (4-76) 1Ay (4-78)
Tng D[R] —2D%([R]-[R]
B.|= 26 3 3
[ 6] 2Db2[R] [Blo]: ( h? )
[B7]: Zeb 1 [B ]:4D6G[R6]T_D12[R2]
11 b

[BB]ZDlz[RZ]

[BQ] - _Dzéa[Rl]

49

(4-74)

(4-75)

(4-76)

(4-77)

(4-78)

(4-79)

(4-80)



50

dwmiudn {Y} Neglugduuureseynsunindsetudanisn@awliag lugdaaunis (4-45)
uaz recurrence formula & iy {BB},  dwiunisauyilinauaieiduluiia x lunis

uitlyunnaduazineu Aa

ﬂUEl’MEWIﬁWEI’m‘i
QW’]Q\M‘SWN‘M’]’JVIEJ']MJ



[ d
=
=bh.
(@)

AARENNNITLNLTUNINISTANALAZNTRUASL DY

v = sy =Y
szt U1 aANI NS

Tuuni 4 lAnaefeannizasangy annIsnaenasednuReularauANIIauEn
wuuFng o wazduneunisuianisnedueddniuntsuddoyuinisineesuaznis
nl/ P 1 a £ = aal a :I/ % :j/ dgl
AuazineuteuwiuAe N AN LA e st leLAguAun st Tumeunsuidynirivassiiana
nliAnRNduauetiTingfiasaanauauaNng srasogunedasi Aeudennn Astiuluum
LN/ ¥ z . L N Y o o X
HarafunaanauduneunIsuitymnvaesadniaside e LiinaadnNidtlageaunay

= a rdl a ré’ o a 2 :j/
uansseaviaangesllainsnanfiomesides Auguud miuuniymnviaaes
5.1 Tdsunsumauamasdansunisunifamnnisinssanaznmsdusziiay

MiLmimamﬁqLm@a“ﬁﬂi:ﬁﬂj@u'&w%ﬂ%ﬂuﬁmmﬁwuﬁﬁum'ﬂ@ﬂLﬂumfaqmu

1
= (9 ¥

o A ] ¥ o ' ¥ oI/ I~ 1
wan °) Aa ZQ’J‘LWIGLW&’]M?Uﬂ’]i‘LLﬂﬂﬂ“_’IM’lﬂ’]TTﬂ\?\?‘ﬂLL@5LLﬂﬂOAM’]ﬂ’1ﬁ‘@u@$W}ﬂu°ﬂ@QLL[iJu

panIndnuvlulAazdiuuinasutiymieaniiluassnstl Aa nedlAn vua lEderfdy

dd‘o

Y, (y) dluilsriduinaudawaznstinnivuaifenidn X, (x) iWuissdunsusiduiunig
% 2 = aa = o o =l a a réj o
witloyunsaaszideuisuauinlsng dauiunisane luanainusulun1sATw s LN
Anviue IiAeidu Y, (y) uisidunsumBuse aanaunisiazaaudunaui lananalu
dl 1 1 ) fdl =) fé{ [ ] o/ o/

unil 4 annsnuvdaullsunsupeniameinssan e anidugindau sauansluuaui
Tugi#n 5.1 An

Aoul 1 TTUNTNABNNUARSN NN AN ANNFATNENIILA1RNNHITTUEN FUNN T
AN luaunng (4-7)

AU 2 1N INARNNIADSN LN NMENNTNdanAdaaT LRl are LIIAN1IIL
= Y co a o
g AR NI U TUEN A

aaud 3. lilsunsumpeniawmesinutiaduddomAtaizas Tnandaanainmiaa

Y o =

dl o 1 OI % o 1 dl U & o o Y @
L"Q’Wﬂﬂ\‘]‘l’]VI’WIMW@QQWM?QNNﬂ”lﬁ]’]ﬂjﬁ LL@Q‘LHWWL’QTZ"N‘VIVLG]VL‘]JM”ILQﬂLﬁl‘ﬂﬁ‘lﬂ’]z@\‘I auau bl

1 v
WarfduBufAug1uiunisingl lusausaldl



known ¥, (y) > [5]&[4] aruf 1 ) known X,(x) >{[R]&[ 5]

: (2r=2{44), ¢ : {1} =2{88)4

, i=l r ! E [

: g can 2 daui 2 ¢

i | satisfied boundary condition ¢ satisfied boundary condition :

on F=0and F=1 F on =0 and 5=1 :

A T e TR E i e 5
ESIITTETTRPEISRRPRRRRR ﬂ.... P | W Jl.,
E solve eigenvalue problem : : solve eigenvalue problem :
: | : : | 3

ERAF TS T s IInEENTIETA . : ERTF T > HIINEAETIE :
: ; PEE—— : : :
¢ wiiton Wi x, ¥ = 3 R ¢ Wit wix, ¥ -
: - N— P33l I :
Sopunsi. g s e R TE e : e, A S0 CFT W W :
L oAmszmslian | rymimslriass | almemsliase 08 todmasmsidae fymmsliesn | glouamsiiae 1
2 . e s ! E 2 i
R "W g SRS s Ty it il 4
k! e : : 70 LEL, :
ST 4 o . R . I il 5 . e
D oammismed | Ugwmsduasdien | gqlunamsdussien |3 D AmmmE R | Damsuasiten | gluiemsduasion |
P Qo < ST — e eSS LS
:I/ k% o o o k% o o
(a) TupaunisuitloyrnTaedsdd. Y, (y). Hudansiusid (b) dupaundsuAtioyualnamaiduy X, (x) usamnuen

nall 9;/ 1 1 | 1 dl ay a o‘d‘ a o‘é{
gﬂ‘V] 51 mum@um?mmmmmm'a‘zmﬂﬂwamemmmaﬁﬁmwm&Tﬂumﬂm@mMmewﬂimt@mu

cs



53

dupaunsuitlymnisinwetasnrduazinevaasudunan Twanunsmuuaudsle
7U7 5.1 lAasuneldlusiaden 5.2 uaz 5.3 mua1iu dousieazidanaasldsunsy

panfunesNUssRnguudwiunsuitlmiviaass wansl¥luniauuen n
5.2 AUABUNITHAT Y RINIFLNNATRILHUADN INANILNS

lusiadeflefungdunaunisnnAinnsenisinesan I luane 1 Anus s weluaau Inand
o ' " oy, A e L s = A =
FRIN1TUIAINNsEANeiAYaa luada A nwaisidua s AunIgAn AN U1 lue Anueg
Ungbhakorn Lag Singhatanadgid [9] dnnsgnanszialuliaunuimen Aa N, adudunis
yesaeadulauuu f0/90); anuldNeulanrauamn1sautalLL CSSC Avanslugii 5.2
IPeANHIEDUBINNIAUT ATUINULALIZULWNURAAT LTl Anandnusl Hdnmwardauanaly
317 5.3 917 5.3(a) uarRAAUNENNAK [ IIBLIAANISIUEA LN 5.3 (b) UAAINIIAL

v 1 1 ]
fATUINUULLL CSFC Tatifndnes C Aausnuarfiinaldasseaslarauny X = 0 uay

1
o a

y =b muansu daufaenes S Fandeudnauliaeun y =0 uazfaenes F A9
ANLAAIEeUlTIALIEAN X =a  @9UTTULUNUAT ALAZ AN L1 TBIT U UN AN LA
uanslugili 5.3 (c) dmdtAnsensinssalunisAnetiiniaualugnisdmes 5oy

(nondimensional buckling load) Feprunalaann

K, = (NIb*/72°D,,) (5-1)

AruaNTTRIasidanliAneE) Ae

q

E/E,=3 G,/E,=05 v,=025

¥
: :
[ C — =
—_— —_ =
b "l ¢ 7 = D
S =
—_— S —
-3
i
[, 4 2l
1< A

717 5.2 nsfunissluuiaszunureawiupen ndnuen e liRenlareuanuuy CSSC



54

4 ¥ C
1 3 iZ F
b
>
2 A ot
EY (¢ (b

717 5.3 dnmrtaugredne NI uEALAZIzLLLNURTA
(a) apunsenNeulereulrmnissuiia BC = 1-2-3-4
(b) FaasindNanlureauinniIsTuginwLLy CSFC

v
(C) /T2 ULNUNTTA LAZAIINENIUBIT LI

TuRBUANTATWILLAAAIUABES NN 5.1(a)  Tilsungudqunsnyinutininnen
LATNENINU AR AN TFUEN A UNANETW N1TATNITOUUSNITNAINANYA WINIUAT
Werduluiia y visailsddu Y, (y) luaunas 4-7) lasilsridu Y, (y) nauyfauldandusas

b2 o/ dl o K d‘ o 1 o/ 1 da/ v o
aanpResnUNaularaumAN I LEANAIWILE ¥ =0 uaz y=b foadeilldanuaunaillu

nsaNyAANaiTUENARILANRTT (4-7) Wianu 1 (N =1) InaauyFen Y (y) = y° aaniu

1
a

nilarfduiEnsu Y, (y) nengmawliluiwssndngnien [S;] auaunis (4-9) uazissnd
nIUAT [A] ANNANNIT(417) BaY (4-23) aantuldsunsuludiunaasarniaunigd
2 [ dll o K n; 1 6 o/ QI v A dl o 1
anpAdasnuNerlazeuAn s UEnaeseuR linsuAsiIuENAuAe NALuls x =0
way x=a lnanuuadeidn X, (x) ndesud et lugiluuiassannsuniaseiusinig

ANNNT (4-25) Anntlunnureidu X, (x) Anauuaavasluaunig 4-16) uazidauludliag)

Tugtlannig (4-26) Mliannnsndeudn { AAL etflugiaes [AA} |, [AA}  {AAL
a i+4 U a i+3 i+2 i+1
LAz { AAL A, Asiuaslisnauanediaozasdaniunsuidymeaianzasiliies 4N 6
I LB UNWANNNT (4-25) Ndngl lmilaaldannng (4-26) asluannsRaulaaauiani
. e L& il A Sy SE 3N N
aanAReIURavlr1au AN s9UE A TusuA luns uie st uEuF aluiinesu x Inah
AW X =0 HAnnsdudanuuinuiy uazinwmide x = a Ansdudauuudis anukenly
luannng (4-19.09 4-22) uaadnglubiuannsfiae npdesiuNanlaveuwan139UEA1 99

Ui nauieiduEnsulmilussuuauningadulslugl

[FIx[G]=0 (5-2)



55

a v o

Toa  [F] Aa wesndaniaawin [4N x4N] AfAnanzaailusaulslinausiag)

q
P4 1

a el ¥ A o K d‘ o I o dl 1
wmsndRlsatntaulural N1 utanALsIauaasiandwn Tl
NIILAN

A a ¢ o { o dl 1 1o 1 o o
[G] Ae wrsnduanaedAanmesianzasdluns LA NaNuINyinaL 4N fa

doulilsunsnmanivamesdauganionnutinnudtliomasatanzas anannis (5-2) wusn
aundnaes [G] azdanldwiaduguanioniu ilasamasiuuuineswssnd [F] dady
Aue duAaA1N17zn1zinag utsaun lfa nnasindaxnas det[F]=0 Tallaidaunaw

a

nansANANRUTszugae det[F] AurAnanzas 1 azlassgili 5.4

det[F]

1.2

8

0.6 o

0.4+

0.2 4

- S

80 . 10D~_1l0 —T2G 130 140 1s0
1

317 5.4 nswsnAmeuBesiiyAIRIEa

angU7 5.4 agmiuidnlddn 1 uangA1aInnIsunannis 19A7 A whazAilua1nnn 1
. o 4y dnaZuve A et o o d
wasusNEAgananteulanlaasld tnsAiaisznisinaseraranzaslAntaagn

] 1
o = a '

afnanlugtlil 5.4 aZl8padza il daaiignd Aoy 98.920 Gl laeldRa -
T uazidle [ uduriug e sdunng (4-24) uaz (4-18) maxn3onAINNITANT Ny
wiadmasliuiae K, 8Awiniu 14:649 antiuudaunng (5-2) MavATINIAe SNz
LTl lains AN e arfdn X (x) Taegilirstnunnisinveaazldaannisnaanannis

(4-7) Asugaslugily 5.5 Geamiuladiglingluannnsinseldaannapiuauasasna vl

a

]
=

. v o . = . o 4 PR
ldaanpdasiuNaularauanisdutnaaudunanIngy IasannieiduEusiu Y,(y) 9

anyf aanadasiunisdutinlusing y



56

7U7 55 sUietunanasinwseaasunupeninanaannisAananisauuan

a

annIIATUa e uueNay e deidw X, (x) iluisiduBusiudmiunisAuansad
Paasuazanuuuielugld 51(0)  wudiaadudunauluntaudiiymiainduanimuali
Warfdu X, (x) Aduiaidunsnualasiinszuaunisaranus uanivue Iy Y, (y)
o e : 4 L g /Y A W o .
duiaridunaud nasAN I UINAABNAINUNAATUENEL X, (X) NlfarnnisAwan
sauuan lvusTndynaaAn [R] manannag (4-29) uaginmandnauei [B,] mnannng
(4-37) WA (4-43) ANTUMNANNITNADARRDINUNAL 11U AN LT AT89 LT ling U
WertduiEue Inanuuaieidu Y. (y) neesnasmaulioslugtuunaeseunsuniidseiiug
ANNANNNT (4-45) Wnureridw Y, (y) Ananuaduadluannig (4:36) ldaunisfeaunis

) (% al 1 v 1
(4-46) N1 TAHAANITDLULWAN {BB}.., Tveglugians {BB} .. {BB}. ,, {BB}.,

2 g £ 1 al o 1 o o 1 a [

uaz (BB}, 16 anwesianzaslunisudilyuiAianzasfianuowmindy 4N fawuideaiy
A17AUIRAsaLIEN Ta8lUNNTATUIMTALRH o WWAIRNEAY AANTUUNANANZAY o LAY
wNRasiarasasieiEuY, (v) tnauuannis (4-45) nangidlnalaaldannig (4-46) aslu

dl dl £ o dl o K £ dl 1 o QI %
ann13denlIretanNden ARe LR e L e L aRN19UE AR 117 TN LN F LT F
A U dl o ] al o =X 1 dl o | al o =K
AR AH Y TpanAuvde y =0 Sn19AuEauLLLNng LasNALMLS y=b dn19Augniuy
S muteulaluannis (4-39 194-42) luudtlymaAaazassaungaslimnianzadni
ANTIRENAANAWNIL 88.997 UAZANAINNENAUEIDIANNG (4-44) UsE (4-38) lFAIN19E

nsinwaginisdmasiiulag K, 8AWNAL 9.017 Tunisaruasaungasaylaiaridu

'
a v o o o

Y. (y) #lddudsiduGusudviunisauansaunausiall Tnelunnsauanisaunanuas

AANAUTURRWEUALIALNITANUILTALLIN AN99T 5-1 kAAdAANZasaInNTLATTyMY



57

AAnzaY AN1sznsTnvsaginnaiwes sy K guinluuanisinsse uaznsninld
annnsuitiymAatzaslusiazsaunisatuans InanszununislunisAuagiazinay
?z// 1 a | ﬁll o ] ﬁg‘I =3 1 o Q‘Idl v 4 v
nsgieAazasian ldinlasunlas aandoatistaziiiudinisaruanluseunduayinaslé
' Ao e e oy . A ' 2 P =
ANAzAIRAWINAU seiuAandsznasinwelassddalunanis e resd e unAnsae
d‘ 4 o dlv é v 1 4 a % 1 1 o
nanldainnisarualusaundia delnAn1sznasTnseginnmimaslimicg K, iy

d; = aa = @ ad o [ % a £
6.659 uaziilavainssslauashAuIn a8 I ulEiaNALaT AR WINANL e ANEUe

e duEn ARl NaRN s gL TeINadNs 317 5.6 LansAanasznsinweglnimiimas
Furae K, annasldanustdudas@nanasieidudnaulunisaiuanisemdng 20 D 30
'8 1 1 1 QI ) 24 1 o/ o‘d‘ v o % a Q( 6 o/
wail angUnudnAIansenasiisveas Fngiduasndiialddauaudntlss@nsvesilaidu
Busudas 26 Nkl watlgaiuudnl seAnauasilamiduiENiutasndn 26 wail aznin
WWnadninlgaaliatpaataInualeaaNfadnigs satiuaslsinanuquduilssansaasiandu

Gusuaziinasianiegiinaasaqianzas
B.BEZ
B.BEET A
B.BEED

B.BEY T

Mondimension buckling load

E . EEB T T T T T T T T T 1
. = e 1

Murmber of 1 term

7U715.6 PaNANRUEIzNI AN N9 szNAs Ikt aEA TN NLlsE ANE

gaearifuGuAL N sui T Aeass il uauauinlsis



Q

13797 5-1 Annnsenisinasenazgliinumanisinese luwiazsaunisatuom

58

[teration

no.

1

£ 100 120 140 &0 180

Y

Eigenvalue

Buckling mode




59

A1379% 5-1 (s|)

5 -_ 44.971

(16.659 )

5.3 AupaunIswNurMsAuazLiautaInHLYAa NINE NN

?/ v ; = a o v o 1 dJ ¥ o
mumaum'a“Lmﬁﬁymmﬁumzmﬂuu@m:rmm@wﬂuﬁmmmﬁma@mLm maldeg

o dl o 1 dl ¥ 2// 1 dl aa
LLNuN\‘iiugﬂ‘W 5.1 GIQ@EI’N‘]jQ_JM’WIGL?jLL@@Q‘Huﬁlﬂuﬂ’]ﬁ‘ﬁ’]ﬂqﬂ’)’]lmﬁﬁ‘?ll‘ﬁqﬁlﬂJ@ﬂ‘]ﬂm?&

v
o o

| a o =2 d! =K 1 a dld o o
MULAEINUNITANEI2RN Chen LazAnle [22] TIANBALAUADNINANNHANALTUNN19971967

weadulenuy [0/90/0] ngldReulaauman dutiauuy SSSS TnapuantiRaasiani

o

= =
AN WA

Zhe

E/E, =245  G,/E,=048 v,=023
a=b=10 m h=0.06 m p =8000 kg /m®

=K o/ 1 z 1 dl a a ¥ 1 . .
N19ANEN 1UF R N U LAANAIAIND BTN m‘lugﬁqum afiEviae (dimensionless

frequency parameter) T9RINGT

B=(pho’a’/D,)"* Tae D, =Eh*/12(1-V,V,,) (5-3)

Tunsudtlninnsduds Mewilag lHauannadlun1sauy A HefduEusiuly
ANNAT (4-7) WL 3 (N = 3) eiliiiasasnislddiunseunumis lunsudilymidaassidey

as a dl ¥ o rdl Qm o/ ra‘ % 1 % o
Jauauinisnide liauunainanyAAfetuiEnmwangasiu nelunisAunizauwen

'
a v

aniAA Y, (y) = y°, Y, (y)=Ssin(zy/b), Yi(y)="y"® nsand@aAieiguisnsiuliedln
Warfdunmnaiuimneziasn1suandlfifiudlunsuf i dnasaide i suauinlsde

o o dl 1 o % % b3 6 o AI % o dl 1 o
arunsnAunAAeuRLdud lAudas W iduEusulun1sA I LAN AW

AU ATWENEY Y, (Y) Nanyfliwimssndnsiuen [S,]  AINaNng (4-51) uay



60

WEsNEnsIUAT [A] AINANNIT (4-59) UAT (4-64)  UazNIUARaidY X, (X) AfaInng
neveg lugluuuaesaunsuiideaiudmninannis (4-25) nnlildunmefianzadlunig

o

wAtlyuAtatzasauauyingy 4N Fadwaganuiloyuinigliess uwniaunng (4-25) 14

2 lusilne ldaunng (4-65) aslnannisNanlureunnaenmdaeiu@aulaaaunnisay

L1l

b

%

gafnu X wadangtuuvaun1sbiituscuusatnsdwdunI1nannig (5-2) IngAnianyag

o o

awfuilyuinisdugzmnanan «® antduliauniamaaeIzasiasAanaaflatzasiiily
pin linauApasiadgn X, (x) theas 14 duilidusdsiudaniunisaiuinisaufiaas 19

v 1
o o

o = dgjd 2 o ¥ ! ! dl ¥
TunaulunisAIuamTe L8 I ﬂ‘]&fmtﬂﬂ’]ilﬂ‘]Jﬂ’]ﬁ‘LLﬂﬁmuﬂ’]ﬂ’]ﬁ‘Iﬂﬂx‘lﬂLLm@Nﬂ’Wﬁ“WIﬁJ

1 I
a v

FruaniazuasuluUAedh iedTuGgy X, (x) #ldaannasAuanisauusnliuiei [R] an
AxNN"T (4-67) WAT [B) ADANNIS. (4-75) AT (4-80) uaznavumaridu Y, (y) Aiaans
nervleslugdaynsufdtedudiauannis (4-45) GeinWnosudtlywieglugdnis
witlyvnAazaslagiAdlanzasha LazAMAmINAeTianzasiiTlus hinsuAes
Warfdu Y, (y) wiaffu 4N faltuingaiunigmul aisatlien AnNNsALInIseLRdeIa |4
Wardu Y, (y) drnsuld s i us ndugansunisfiuanse usialyl sddelunmnig
fuaziteuluusiarsennigani i lgainniawaensunis (4-7) @wFunatdaesilyminig
fuszieurianzasiiml§Aeraantdsssuanfaesnnsduaziteuiaiinanan ansned 5-2
5-3 WAY 5-4 WAAYANAIEAIAINNITUA LY UIAAIEAN mmm?{ﬁﬁmﬁiugﬂwwmﬁLm@ﬁ:
Biming 4 gulinslimannsduaziten sandsnsiilddusuuiioananzadluusiazsey
Nsf B IAAN N Ass NI ATeIN s ALa TN N IMRALSN HAENEL

AN319%-5:2 LAAINITUIAIAIINDEITNTVATUNALTN NITATUITUTALILINLABNAN

'
1A o

o A | @ v . =~ a0 9 A . o~
L@’]Z@Q‘W‘Hﬂﬂ‘]ﬂ@‘ﬂﬂ‘ﬂuLW?’]ﬁiLﬂuﬂ’W]W’ﬂMﬂ’}ﬂ’l’]Nﬂﬁ??ﬂJﬁ’]ﬁ]Nﬂ’]ﬂ@ﬂ%@ﬂ TALIANLANZANT

waniAWintL 122,280 1FAAnusssNTnAginnsFmasiivion £ winiu 12.261 Tu

° E X @ = ; L ENER & ERE R 32 o

neAnuIATINaaNTlaan AR AR ANTias Ngn TeRAN WAL 187.197 LagluAwan
I G = | ] - ! 3 o & o o

Aivsg 7 lAfaATRenATaITaeEngndwAtai Inenseuaunnslunsingiazinan

b = L , o o , = ! =
neeeAanzasian ldidasunlagiduinaaduiliguinasinesa delun1aunaAtmaand
a9 AN Faunse AN A M A TNILR TR Tae ISR LRGN NLA T TR UNA LARN
l@NzaavianiuAe 187.197 uaslARIANRsIsNTnAgwas Rinafliiulee B indu 16,170

i v v i
aINNsMIANANASITNE luunatdang 60 AranzaslunisAuauafainiansunas

A lnAatAeAuAaIzasTuNITATMIATINUUENT WesANAaINIg IiAIIANzAIlANgLEN



61

¥ o o ! ¥ o I dl a dl dl o v
“’Q’]ﬂ“ﬂ‘ﬂ@\‘]LﬂEﬂ@Qﬂ@WQ1®uW1ﬂMWﬂ”lﬁfJ’]Nﬂﬁﬁ‘ﬁ‘Nﬁ’]mIﬂNG’WI@@Q sﬁ\iﬂi@ﬂ’]?ﬂ’]uqvaﬂLL@ﬁ\ﬂu

IS o

A137199 5-3 TagazNanTuNATazaINNA T AA N N ALTN TN1TANUITUTALILINLADNAN

1R1ZAIWINAL 562.808 FaRANdAAInARIzasradlNanIn @A ND I NTNR

a

[

wirdmasiiae B winiw26.304 lunsaatamsaungaasannanudaasanuduiug

521979 det[F] fuAianza wisnAanzasdanitaangaas Al szann 200 Geiflueni
IR 1A UANA LA URIAIANN DA TTNTNR VN ALIN ANLIUAUAANANLANTAIANT ANITIH A
. Fp— . 4 = " s .
Winfu 925.223 NARaNIALNNATMIAIANIND 833N T5 A IMNATNN T L ANLAD TUN1FANI T
= . . = o = % o ~ o
saUNANNATNATUIA IR zaInT ANl AR UNIT A M ITaLNg a9 T lun1AN UL LTaL

HlFAAzayinl 925.219 tazlunisA1uMsa LN anas a1 ALaZaan AA TN LA

TAAuD sssngaf lugilwignditnesliuian 4 vesluuanaasliavinty 33.726 a1nnis

I dl a d” o Yo %4 ! ndl a dl o i !
wArA D arsNgaf L nuaidang lddadniluaraenfisssnafanAdelansuan

q

] 1
v a

o nl/ A AN v ! = o = ] I A o
am:rmmmiuummmumm@uﬂmmmmewmmwma?mwzugﬂﬁﬂ,m MNBUNU

MHANNIIUANLAY TITUNANTITFURLNAUARI AN DEII NTIR LU AN RBINAT [M=1,n=2]
AUTNNANIIFURZINAUIRIANNDEFIINTNRAIANALINT AT [m=1,n=1] LAZNIFUIAIAINND

F3TNTNR INATN AN LLZ\?@\?I‘LAL‘]’W?’W\‘Iﬁ 5-4 ﬂ’lﬁ‘ﬁﬁu’)m%ﬂ‘uLL?ﬂLa‘ﬂﬂﬂ"]L'ﬂqﬁi‘NLVIIWTT‘]_I 562.808

'
= 1 = o |

TIANALITLNNITUIANAIHDEIININRAIUNANGDY NITAUI ATINABIRANTUN AR AN
AN ARINANLAY L AINANANTIANANNDEIINTI R INNANaRY TUN17AUI TR LN AR
ABNANANZANRANYINAL 1814.265  NITAINANLIALNAINAZANAITUNATAN L AN HAN

At uN1ALI AN NAasTe LAANYINAL 1576.497 11iN13AIL0UIALNARNANTUNAN

[ o

lwnzasnde Inadeaiun1sa U lusaLunany tagldAanzaalAwingy 1576.497 @9

1 v
| o o

WINAUNNSANUI TR LARAN AITUAIANDBIINER Tz TwmasiEnie £ a89ns

'
o I

Fugzouluu AN A NHANWINAL 44.024  wasRinNAn13dugz neuRa [m=2,n=1] lag
o o A 1 a dl dl 1 A o =
ansaz AN IAATINeUIR UK LABNINET uanelugUR 5.7 %9F m, n Ae aTuIuluNAT

NATUAARAAINNENIAIUINYG X WAZ Y AINAIAL



Q

62

dl { dl a 1 y A ] o
A199N 5-2 ﬂ’]ﬂ']’]&lﬂﬁ??ﬂ“ﬁ’][ﬂLL@%E‘]J?’NI‘VINﬂﬂ’]?’s{i’u@ZLVl‘ﬂuluLLﬁlmZ?'ﬂUﬂ’]?ﬂ’]u"Jm

L 4 4 d
IR9IN1FAURZN AU I INAN YT

lteration

no.

1

1

igenvalue

Mode shape

mf, ny
g
0 iy
f Fﬂu M

.-"jr'

187.197

4
_.,-f;#’futm
LT

)
il

e 75
O o
‘..x"z:" 25 "

Pt
LI
: i ¥ ‘il W
"ﬂfﬂﬂmﬁ""?"‘*t‘ﬁ%ﬁ
i




63

dl { dl a 1 y A ] o
199N 5-3 ﬂ’]ﬂ']’]&lﬂﬁﬁ‘?ﬂ‘ﬁ’][ﬂLL@%E‘]JT’NI‘VINﬂﬂ’]?’s{i’u@ZLVl‘ﬂuluLLﬁlﬂ‘Z?'ﬂUﬂ’]?ﬂ’]uQm

o - =
109nN138uazNan L InNAN a0

[teration

no.

1

igenvalue

Mode shape

925.219

3.726)

o




Q

64

dl { dl a 1 y A ] o
A199N 5-4 ﬂ’]ﬂ']’]&lﬂﬁﬁ‘?ﬂ‘ﬁ’][ﬂLL@%E‘]JT’NI‘VINﬂﬂ’]?’s{i’u@ZLVl‘ﬂuluLLﬁlﬂ‘Z?'ﬂUﬂ’]?ﬂ’]uQm

o - =
299N134 Uz AU L INAN AN

[teration igenvalue
Mode shape

no.

1

1576.497




65

m=1 n=1

m=2 h=2
(&) (k)

317 5.7 gilinalusanasduasinaunlaannnasAaua s ssidiands A s
(a) gﬂéﬁﬂumm@ﬁu@uﬁ@uummu X (S-S)

(b) s luAnITdUazIIONLLUNY Y (S-S)

1 v
o

Tuumﬁiﬁmmﬂﬁl,ﬁuzﬁﬂﬁu%umumuﬁqmmﬁﬁmmmiﬁumﬂﬁﬁmmﬁq@ﬂ\‘mﬂ'w
AzlBYA AINAIDENNITATNINIAINNTENATIANNE J1aTunAnsTnee AR
ﬁﬁmﬁLngﬂi'w‘iummﬁummﬁ@u aziulaganaguioyminisTnweiiaoududan
‘ﬁfr]ﬂﬂ’j’]ﬂWﬁ‘LLﬁﬂQ_,IWm’ﬁ‘ﬁLumzLﬁ’ﬂu esanAnissmsinsseteuiupes inanazianson

AazasNi AdaaigaainnisuinInauaesilgnIAaIzaslinty douiloguinig

1
2 =

AuaziauariansunAnalzasnip teangadiniunisduasmaninuausnvint dou

o I

QI/ A dl i(/ ¥ a 1 dl le |%’ dl a
nsduazine iy ANFNTUAZABINANTUIATAITNABTITH TN [FW]DLSJ"]J’]T‘I‘LI ATAAINNDNTTINTNA

InauAuaa fudasliiadad 5.2 dwiuilywinasinwauaziadedn 5.3 amiuilyminig
QI/ = = 1 a rdl a r-ikl 1% [ % =
Augziion aannasFnnudallsunsnAaninesIdsshsunlnelduannisressziey
aa a 1 1 1 1 1 dl a
AuaninlsaanusaniAIN1szn1sinee JUssuuanisliege ANANRsTINTRLAS

8

susenuannsduaziiauls Auiuluimi 6 uar 7 azlidallsunsunaniomasnige fvg

99

é{ =2 a I aI/ o 1 a I
a4 ﬂm:f’]‘Wf]ﬁlﬂﬁ‘ﬁ‘ﬁJﬂ’]i‘IﬂQ\?’ﬂLL@Zﬂ’]ﬁ‘Z\iuﬁZLVIﬂuﬂﬂﬂLLNuﬁ@NTW'&VIU’W\‘Im‘ﬂiﬂ



[
=
=)
(o))

nslnsaradtidAaNIngnuagURIANR LN

luun 5 lenananesagaziaanuaallstnsnmaunoLnasnlssAngaunazaiuie
a9

v
o o

arrudunaunFaunemaetaenasuitinisinssenarnisduazinauaasiiunau InEy
¥ = aa 2 @ P2 i i ! I
ussaeszidauaswanInlsasaziulidilunimaranisznetnssauasgil i Tunnnisln

oA AU URaWANBUALAN I AIANND BTINT R LA L S9N duas N au TN ALIN 1D

o

Toyuinisduaziney Auiutide luunilazidunisnsiagaulilsunsupauioimnasin

¥ 1
=R o o £

dsrhngauduiuniguniamanisiiesesunnpasnanuastneldauonunaiin ldansy s

49

1
a2 ¥ I o A

ANHAATUBNAUWANAUWTANINATT T WAk AN77IRE8LWLIIaANIELARI4IUAD ATIAdaL
TnaFauauiunasAnen e Shufrin wazande [11] deuitleyuinislnwasiassidauis
= oy g = ] o) =2 P =
wanlnisd s aiulazmasaaulaeiffanauiunasAnelay o) wenannidunns
v d' = e’é’ v s o v = QI o
n3vaaeLANgnAesTesllsinsalssAngIuLA S TINs 1 LD I A TN 1T NA WY

o’dl ¥ a 6o tal % 1 1 I 1 1
wan lfauyRA i fudnAuRgaAInisenisineeuasstlsmiuunnisinee
6.1 NsAsIAdaLlALUTaLNEUNUNSANEIURY Shufrin WATARLE [11]

nneAnEdaulusindatiazFauauAIn1sznisineanaz lvaanislnasan lgann

o v a rdl a 513 o = = .
nisAuadallaunsnpeniame sz gauiunantsAnEn luafnues Shufrin - uay
all v = aal a 1 al o 1 [~1 ala =l
Aty [11] NldseifieunauAuinisnagunean N19RIR3aLLNaantiugaInNILAa NI

v o A

weiupan WaAnglRwmaNanFain1seiaeadulanuy cross-ply uazuuy angle-ply

q

' v
aa o o o

nadinasanenael@ulEiuy cross-ply AnENTUeILTiRdfufunisanssneedulauuy
[0], & [0/90], e diRenlmmatmannmsfuiauud GSSC daunaiinannsiaraaduly
wiLiangle-ply AN TR A ALFuUnM e adulanT [30-30/30] Al Geula
1UANNIAUEAAAILLLAS  SSSS  uar CCCC  Iatidannsznislnvsaazuanglugil
W AmaslEmdog Tunstinaaemageddulenay cross-ply a18nsnuaA1N"sznAalnege
TugtlwisdimasFuiagldmuannig (5-1) daunstinnsnsfavesduleauuy angle-ply

AnnsznsTnsaluglnisimesFudaalfann

K,=Npb’/D, Tae D,=Eh*/12(1-V,V,,) (6-1)



67

o o oy o o o =
@m@mumﬂ@\mmﬂmiﬁjﬁﬂ‘]ﬂq LLﬂﬂqu@ﬂEmgﬂ’]?qq\?mrnl@fll,@us]ﬂﬂ@

NIAULLL cross-ply G,/E,=05 v,=025

LAZNIMLLL angle-ply E/E,=245 G,/E,=048 v,=023

mimmmuiﬂmmmﬂuﬁqmeﬁﬂi:ﬁwj"ﬁuﬁﬂmmﬂﬁqﬂ'qmixmﬁﬁwﬂLL@:gﬂéqu‘wm
51Aa99999n1 99 9Ea TRl ae AT | A ReuIRauRbNAN 1SRN IRq Shufrin WAz
ADLE [11] Han 1PN LIeIATIN13919FnAaSE e LT cross-ply WAZN1I19FR28
Wilauuy angle-ply LaAglRI919T 6-1' UAY 6-2 AN A1 PBHANTANENT9S Shufrin

wanslutas Ref. [11) dounanifannlisunsupauiainasidndlugad Present

dl = 1 ' = s 9
R38N 6-1 mmmﬁﬂumf;l‘umm@:mﬂﬂwﬂmmmmwmm@\mﬂmmu cross-ply

N=2 N=3
Buckling Buckling
Case Aspect
\ Mode “ Mode
Study ratio
Ref. Ref.[11]/ Ref. Ref. [11]/
Present Present
[11] Present [11] Present
(0], 1.0 10.9041 | 10.9041 i1 10.9040 | 10.9040 1/1
1.5 9.5839 | 9.5839 11 9.5839 | 9.5839 Al
E./E,=3 2.0 9.0013 | 9.0013 2/2 9.0011 9.0011 2/2
(0], 1.0 25.2792 | 25.2792 11 25.2791.| 25.2791 11
1.5 16.3397 | 16.3397 1/1 16.3396 | 16.3396 1/1
E./E,=10 2.0 15.2220 | 15.2220 11 15.2220 | 15.2220 11
[0790],¢ ®® 6.6556 | 6.6556 11 6.6556 | 6.6556 1/1
1.5 6.2900 6.2900 2/2 6.2899 | 6.2899 2/2
E,/E,=3 2.0 5.8398 5.8398 2/2 5.8398 5.8398 2/2
[0/90].4 1.0 6.5568 | 6.5568 11 6.5568 | 6.5568 11
1.5 6.0553 | 6.0553 2/2 6.0553 | 6.0553 2/2
E./E,=10 2.0 5.4598 5.4598 2/2 5.4598 5.4598 2/2




68

A ~ ' ' = o o
F19NN 6-2 N@ﬂqﬂﬁﬂuLVIFJ‘]Jﬂqﬂq?gﬁﬂqﬁiﬂQ\iﬂﬂﬁ‘MHq?qq\‘]WQT@\‘]L@usL?JLL'U‘Ll angle-ply

Boundary condition
Number SSSS CCCC
of N term Ref. [11]/ Ref. [11]/
Ref. [11] Present Ref. [11] Present
Present Present
1 26.6767 26.6767 11 65.2666 65.2666 11
2 25.3194 25:3194 11 62.0520 62.0520 11
3 25.2926 25.2926 1M 62.0471 62.0471 1M
4 25.25694 252594 1M 62.0449 62.0449 11
5 25.2551 25.2551 1M 62.0447 62.0447 1M
6 252514 25.2514 11 62.0446 62.0446 11

= = { 1 1 1 1 dl ¥
annnisilsaumgungs1anntsglnasanazgisastunanaginesanldannldsunsy
a rdl a ré’ [ =) A:lld = a 1 [ a R o ?/ 1
panfiameiNlssAngiudunan1sdnendlueaniiAwinduynnatidnm - Asiuuandd
Tsunsupeniivneiidsznnfauludoutiamanasineeauisnfiuanainisznisinae
uazgiinatuuanisinesa ifetingusintuiauseumeniunisudilymsssiisudsuauin

Tsaitumeniu
6.2 NsnsradallalFaiiaununsAnenan o

mﬂﬂﬁimf;@muT;ﬂ';‘LLmu’LumuLLiﬂwuquﬂa‘Lm:mﬂ@uﬂqLﬁ@ﬁ?ﬁﬂizawﬁummm
ﬂ@:mmrﬁhmi:mﬂmmmegﬂ‘iw‘immmiiﬂ'qmiﬁﬂﬂwLLﬁuﬁﬁLﬁ@Lﬁﬂuﬁumm@ﬁﬂm
TueRniuAtiymasssstie Asuaulnlsmeduianafy uasiedudiuindinisznislied
1é’faqﬂiﬂaLLﬂium@mﬁqLmﬁﬂizﬁwﬁummmmL%‘ﬁ@ié’ Ansrsaaaen lsins ludous

aztiasanisensinwenazgtinininnisinaeldann i sinsureniameiitlss Awuu

aad = A

~ o ' = A Ay 1y
L‘Lr;‘ﬁluLV]‘El'i_lﬂ‘i_lﬂqﬂqﬁzﬂqﬁtﬂ\mﬂ@qﬂﬂ’]?ﬂﬂjﬂ’qﬁluﬂﬂWV]LLﬂﬁﬁyﬁqﬂ"Jﬂ’Jﬁ'ﬂu °‘] NIEUELLTINN

a a = \ s lala = =
Lﬂ?‘HULMﬂUﬂﬂﬂ?mﬂJmLLNuﬂ'ﬂNTW'M}V}NN@ﬂ’]iﬁﬂ‘tﬂﬂ@’m%‘ﬂﬁwmL‘ﬂ@ﬁllugﬂm@wmfmﬂ

ulumaale Tae B uneufuNan1gAnEees Tuttle LAAME [5] NANHARNN1FZNTINNE

warTuumanisinwalauduranIndnntafudunisssaaeaduladuuy A [0/901,, [0,

v
%

[+45], Uaz [45], MelAReula1au19anN199UEATUSTULLLNENEAY IALRENaaa LAy



69

ANNNTATUINLANEATITIFALAUANe LT UATN A AU HANITILFLNUAIN1TZN131A998
dl v U v al aal a v a o‘d‘ a rd% o

nlFannisufdymdasssiiouisuaninlsafallsunsnneniiowmesnlssinqauiuna
NN9IANEN9Y Tuttle wazAne [5] Landlumngnen 6-3 dmsunisuiilymisaszidaisuay
Wlsaluns@nuniagldaruannaiiin ldanymandariduEusiu (N) s 109 4 wail Teen
ngennglnasanidannnagldatuaunasusazAndnaldligas Kantorovich Method a9

A = 92 a \ A s o
M7 6-3 I@ﬂﬂq?ﬂﬂﬂ’ﬂl@\i Tuttle VL@ﬂﬂ‘]ﬁ'qwqmﬂ?‘iﬂﬂqitﬂ\i\iﬂﬂ?mmLLNuﬁ@NI‘W@VWﬂ@Wﬂ

1 2
=2 a

navs-anend TaNanEIz LazAMENTRAIs TN

E, =155 GPa  E,=7.6 GPa . G, =44 GPa v, =0.34
a=b=152x102m . t=1.9x10" m

R399 6-3 ANN1FEN1TIN9RANNNT3ANEILRY Tuttle WaZARLE [S]4N8UALAYA1N

Tsunsnpeniinme sshugan

Method
Stacking
Galerkin Kantorovich Method
sequence | Experiment
Method N=1 N=2 N=3 N=4
[0/90],¢ 28.2 24.2 241 241 241 241
(0], 1246 13,7 13.7 187 13.7 13.7
[+45], 41.0 40.4 42.9 401 40.1 40.0
[45], 20.0 19.1 42.9 19.7 17.7 17.3

v
o o

AMNATNN 6.3 WL TUIUNRA AT uRasasFrasdulaniy [0/90],, waz [0l
= ] Ay v o [y N oax By i i oo
HAnnnsznnslnese i idainnasufidamfas suidauasuanuinlsd dviniususnis ldaiuou
e‘d‘ ¥ al & o Ql ¥ 1 ar e‘ds{ dl = =l [ %
watlnldanyfmad s Tdus s uiady 1 wadawld vazimasoumeuiunaainnisg

witTnfaaszideudsniae AunLSaNENN1998auLL [0, azldAnisznisineawiaiu

1
o

WrPNNATINesauLL [0/90L, AN gvnasingsadilafawmnsaei 0.4 wlefidusd douln

9

= o dl = [ % 1 1 N v
N9UNA9NF TR AW eI angle-ply WewlsgunauiuAiansznasinsenldainnag

¥ ¥ = ac a ! dl o ! 1 d‘ ¥
LLﬂﬂQ_,I‘WWﬂQEIﬁ‘%LUEIUQﬁﬂ’]L@@ﬂuWUQW NHANTTINFAILLL [i45]2S mmazmﬂmmmimmn

IS A

% 4 = aal a £ 1 I 1 dl 4 = aal
ﬂ’TiLLﬂﬁﬂ&IM’]ﬁ]’)Elﬁ‘ZﬁLll‘Elll')ﬁLLﬂUIWI?Q‘HNﬂ’]u@ﬂﬂ ’]ﬂ’lﬂq‘J‘;‘Zﬂ'ﬁ?Iﬂ\?\iﬂﬂiﬁ]@’mﬁ‘;%llﬂll’)ﬁﬂq

1 v
a % o

waAu AauEnIsldauaunaiaasietiduEnsuaws 2 warlaull dounyunisnedouny



70

[45], ANN19E mﬂmqwimmnmﬂmﬂmmmm”mﬂuqmmuiwimmz ANLRENINAT
nnsznnaliweiifansadaianaeAu ﬁqLwimﬂ%mqquﬂﬂmwﬁmﬁqr‘f”uﬁmﬁ
Fous 3 wasituly LL@zmmi:mﬂmq@ﬁwmmwﬁqﬁ”q?qlLmuﬁié’fammiﬁﬂmmmq
pdiAAnaRsann Izl aesdiduAn AsanpANAn sz naTise R lFannnnamasedliinn
¥in anuanisiReufunstiitiunet A AENAs 0NN 32 NN T HaseA A LA L LA
1&’1’W1.|qummizﬂﬂﬂmmﬁ%’mnizLﬁﬂﬁ%‘ﬁmmﬁﬂ'ﬂﬂz’ilﬁmﬁu AqunTeUaaLHLARN N
anfiinnsneisedlelun [£45],. | uaz [45),  WUdaAannsznisTicseiildainnis
wiiley MW@QEI?VL‘LIEI‘LI'JﬁLLﬂuT%Iﬁ‘Qﬂ]Nﬂ’W}’m\iLL@uNLL‘LA’JI‘L&N@Lﬂﬂ@m@@ﬂ/\lﬁ‘ﬂ‘ﬂﬂﬂﬁﬁl@um@L‘WSJ
fo‘iﬁmquuﬂ‘ﬂm ReATla B sy

Luﬂ\‘]WJEIﬂ’]Wl‘i"J"MﬂUIﬂﬁ‘LLﬂ?N ﬂﬂNWQLM@ﬁ‘%ﬂTVQH LN NN 9FLd NN su AN

2 1
v a v

naznnstisemels denlageuiannnssulinuUUiAe AN sAUEA LU L TR By
[ % 3’/ d‘ a rall a o—ng = 1 dll A al g =® v o o 1
sethuive lildsunsupeniaingsitlss Argauiine Nt e Nagvauaaliinldsunsudanann
TAwrnumenasznisinwe reivrenngnnina s eudule luynls o) Inafnm
Rastuni139195 89 d Wl 130/-30/30] Neld Ra e mn 19U AU L AN AN
wu MR CCCC, CSCS way SFSF 1inAN13zn13lngead o FeuiieuiunisAns e
zﬁl I 1 1 a 2 = aca '
Turvey WAy Marshall [23] $4uAIN13en1sineaaasutL LA Tndndaaszidaudsind tns
a 6 dll all dl v [ dll o =K v 6o/ al
auyANaiduNIsIARauILenITINLNaanAsaeiLNeRl e LA ARG e e FUIWA TY
= . . v o o o -«
e (polynomials  function) Waz kA RIUNAWIUAITAIUALLNNAL 100 WAl HanIT
niFaunaudanasenIsineatandlun1sisi 6-4 lngdinasennslnasatanat lugil
NN RS ANANNNT (6-1) NANIIANEITEY Turvey waz Marshall uamaldludes
Ref. [23] daunadtldannllsunsumaniaimasainnisudtlymsaassidauiauaninlsasn 4
ANUIUNAIUN 1 IR YB Al UGN R B¢ 5 natl wanaldludes Kantorovich

Method L‘W@Tﬁmummmmﬂwmmqquuﬂmu AR W NALARANN1TEN19 TN

veutuneu ANt daumnatedl 65 megﬂ:"ﬁq‘luummi‘lﬁﬂ'qqmmLLﬂum@uTmeﬁm%’

a

annsdauaunallunsaNyR AR ATuGEN SR 1 D95 warl A mFuFuuniRanl
o =K dl A~ QI o rﬂi £ a g 6 o/

U911 UANIFILE ALY CCOC LiNa e A UL ALNA 189N FRNAN UUNA N g a yfm A e i

Bususagy e inuanisTnseeautupanIngnuag LALAIPNT 6-6 wansgianalndmnag

Iﬂ\N‘ﬂﬂJ@\‘i“ll‘ﬂ‘LlLsﬂﬁlﬂW?@UﬂﬂVIQﬂ’]NLLUU ‘vﬂmmﬂmmﬁmmimﬂhmmuwwﬂfﬂm AR

1
a

efduEanduwiniu 5 wal  Tasgdiralunanisiieefiuanslunsei 6-5 waz 6-6 I



71

waua lWANHLULILNIAUNUWRY (surface with wireframe) uazuuULAUg1I319 (contour)

wriupaN InANgURMATNaR Taq 141

q

4 qy e o . ! o
LW@EL‘Mmu@ﬂ‘}:fmmmgﬂiwmﬁmq@mmmu

=3 ] e a dl dJ = e o 1 da/
n3AnEIMNaINN WE-anend aaNAmMaNTRaAssa 1l

E, =138 GPa  E,=8.96 GPa’ G, =7.1 GPa v, =0.30

= dl 1 1 1 1 a dl
Q’]ﬂN@ﬂ’]iLﬂ?‘ﬂU Wt lmI9199 6:4 wurAINTsEnslnsaTetl AN TNEN LN

1
a 'y IS o

JaaulnnnsauEarivgasntUn sannisauaaa g itlsunsipen ianasa sl AN AnadLas

= 3 1Y ! [ o dl ¥ o rdl k4 a [ QI ¥ Ql 49{ {
34LLmTumgmwz};mmwmmmmuLmhmmuwwﬂfmwmmﬂmfﬂuwmummu n179q

1
=

HN2199AAALNANHEIT WAL ALNN AN ALAR 11R19999 6-3  TunIein1991982989

9 A o o = A Ay ¥ v o
LZQHIEILL‘LI‘LI angle-ply LL@:Luﬂmﬁmmum?Lmaﬂumu@ﬂ?xumwimmﬂmﬂmmmuwwﬁm

I
o a

nnsanyAAHeEUENAREWE 1 D9 5 wall A ufunaainasduiinuuy CCCC wnaang

giialunanisinsessuaaslumigsi 6-5 wudngiinaluuanasineseannnisldauauna

'
a B v

TunsanyRAHeiTuENFu AL 1 wail ldgnseatissaindnsniznisinaeaesuduaes
Indnlaildsunareanigeinaewdulelugmle o waslansaicadaiunimnsiaready

leuuy cross-ply ialdauaunarlunisang@dailsiduBEnsuunngn 1 wal guseiuug

14 1 ]
= {

1 1 a = A =) o Y
nislnssezeiuAauTnaNaLaNMRaNKATWHENA NN NA129A Dy uar D,, @991l
sUfannsinseresuluAaN IngNAANIsAANFaNALLn (bending-twisting coupling) A1
ANBULI9INITIN9A1e9 R e LEBARN INANAN1A9RA s NN T LA LN 1T AN Ty
nslnsagdnanaunag daumn3ei 6-6 widagidaanuanistndde el uaaningnain

I = e ] . 2 ~
N3UEAMNA NI URAINUIEeDS 3123 Us 19 luNAnsInee Tae A NLL LR AN

v o dll o X 1 1 ] a a o =

aanpdasiuRaulareuanIsdudaLazglanisinseresudupan TWANN AN UL

o o K]

A9AARNTUANAUFUNI92195 10911 e ARV A9ARE

R399 6-4 ANNT2NN5LANIBANNNATAN IR Turvey Lag Marshall [23] WguiuAfann

= rdl a o‘é{
Iﬂﬁ‘LLﬂﬁJﬂ@N‘W’JLﬁ]ﬂ?%‘].‘ﬁ‘::@‘]:@‘ﬂu

Boundary Kantorovich Method
Ref. [23]
condition N=1 N=2 N=3 N=4 N=5
CCCC 30.78 43.35 32.34 30.90 30.80 30.78
CSCS 27.20 36.76 28.71 27.48 27.28 27.24
SFSF 5176 5.434 5.253 5.213 5.187 5.183




72

A1919% 6-5 TuANIsTNaIaradLEuAaN INANAN1I UE ALLL CCCC a3 ldanununay

6o

Tun1FaUNAANHATUENFUAILE 1 D9 5 Waid

9

Number of N term “surface with wireframe contour




73

o

A119% 6-6 uAn1sTnwetesuRvAan nanAinnsquEaLLL CCCC, CSCS uay SFSF

'
o a % I

Aunlng 1A uaunalluntsanyAAAIFUENMLYINAL 5 Al

Boundary condition surface with wireframe contour

CccC

CSCS

SFSF

3
=R o o ¥

annnisagadavldsunsupaniamasnlsearsauduiunisudilyninisinee

a9
1 a ¥ = aa a 7 dl a ré’ =
gautupaNIndnuigdqassitaulguauinlsag Wu”l,mﬂﬂmmwﬂimwgwumm
oy . : . b, Sy o
unaanatiiasain isiaenisiivsewargldeluuanisln wehaasw lndinesiuna
n3Ani luak A Las e TN Ua AN TN AU WAL LT any AR T uE N s o
n1rennslnasa wudnlunigAtuauaAIN17en e nesalunstinnsanafnaaadule

cross-ply.nas a0 uannadn ldany AR A IFwENA N NL-1 uaz2 naslazlaAnasznag

9

1 ' =

TnwsasesudunanTnaN T dan liupnFeiuuInin 1Hevaanen Dy way D, lunstinng
% Y al 1 o & o/ 3.’/ dds/ Y o rai £ a
eszedulanuy cross-ply HAvinfuaus fatiulunsaitinasldanuaunauin liauyAad

HeriduBEnsiuines 1 wze 2 wail AldAnnsznisinseuazglieiuunnisinasengneieudn



74

= 6 o 1 o { ' ! dl ¥ ¥ ndl
LNEN 1 WAL EI\ﬂNZQ’]N’]?ﬂI‘V]ﬂ’].ﬂ’]?zﬂ’]ﬂ:ﬂﬁ\i’ﬂLL@%E‘]J?’]\?I‘V]Nﬂﬂ’]ﬂﬂ\?\?@ﬂﬂﬂﬁl‘ﬂ\‘iiﬂ LUANARN

a

] . Ay v A . o A~ o = a oA
ﬂqﬂqizﬂqﬁ“tﬂ\ﬂﬂwvtﬂﬂﬂqquﬂ@q@Lﬂﬂﬂuﬂ@umqquﬂLN@LWﬂUﬂUN@ﬂq?ﬁﬂHqiu@mm LLBILN R

1
co A

T uaunaiin ldanyfAHaridui 1ol

1
=

ANN172N17TNgaan

e

IS Y 13
HAQLATNINTL

wazyinWgldnatunanislne TINANNIANHINTNHAUIUNALT

AUN1sANHIU99 Shufrin wATANLY

v“ﬂ‘ 1 1 a dld
@ammmuﬂ@uiwmmmwu

[11] Asdwileldllsunsupanaine 57 \dd v

oA v - ~ X
mmmmﬂn@u S U
- F ‘ '\ :

futlouunnisdugzinauaag

o

WINANUANNLANAN 1S

JANUNTNYINS

ARIANTAUNNIINYIAY



g
=
=>.
\l

nsAudziNa AR ILNUABNTNAN LN LA MR NEWEN

luund 6 1ﬁm3qam@quﬁugﬂﬁﬂwmiﬂmmm@uﬁqLﬁ@ﬁfﬁﬂﬁzﬁwﬁuzﬁm?ﬂ
ﬂmmmﬁﬁwwmLLduﬂ@quamuNﬂﬁﬂifﬁ’fdfauimﬂummmﬁuﬁmLLuwiN ] WU
mmimmﬁhmi:mﬂﬂ'qq@LL@:gﬂéN‘l}wmmmiiﬁ\imiﬁﬂﬂwmﬁﬂﬁﬂ Faduluumitas 1
Tsunsunenfinmefigaannasdnen luuni 6 s rzgnsdfuilomnisduazifion g
Fadiafi e sn s Anmaluuni LA uA nnsAneAaL et UNAsT fn T u e fuE s
fusuilomnsduad fataguksrentn@ndiduaseAame i ldecnsls Ansndiuan
durlazAnivesilerudniuild lursdeudt unuln i i uaeaniiigidn Anwwa
29971 Dy ke Dy, ﬁi@wqﬁﬂﬁumﬁumuﬁ@uﬁliuumqq TUATANHIHNATRITUIAE AAIUTB

TUINULAZD mmifmﬁfmmL'Zﬁu‘lﬂﬁiﬂwqﬁﬂﬁumiﬁumuﬁ@ummLwiuﬂfauiw%?m

7.1 $18ALA L AUDILATIRS I LLABLNN LE AN =

meaziBaeedlassa i idnmwn inssunisdusziaudn o
waulnlsiglianeningil dansasl
1. ARUANTRNINNALBIIAR
1.1 naaitassafrsudunraiuuiupeningn sauuatesiduns id-anand
(T300/5208) ANNLANATENEN [24] %aﬁammuﬁﬁ
E,=132 GPa E, =108 GPa G, =565 GPa
v, =0.24 p=1540 kg/m?

1.2 nacilasvairailudan lalalnatla fovus lilanandmed

o X
PNU

E =70 GPa Vi) 3 p=1540 kg/m’

2. MualiarIaANEgatLd At INEN TuluILNY X Wil a WazAINNNdNaNy
LRI LAY Y WAL D AN NVUN TR UH BATHIUAYIN AL t IAgILIAFAEIUBITLIIU
winA a/ b e vva irnsindnepsilaneae b= 0.3 m UazyNadAIN13II8A0 TR
Wulaauiuunu x wiadu 0 #s31# 3.3 n
o v 2 cdeys o o L . - .

3. NaulseuwmanisdudandanduivilyuinisduazineuaesudunanTngn azenss

RlAUAANANHIENIALEALAZSTULUNUATA AaLanslugih 5.3



76

7.2 Tdsunsumauiapasdusumsunilayvinisdudziiiau

WA NI e iLNsAnHINg AnsTNNIduaziNa T usiuAeN INGY 359
% a 6 ©° o % aI/ A d‘ &
MR LANNYNABTadlUsiNINARNNAWaFdIMT UL ToynIn1sduazinaunszensun
anilyuinisinesanaw aanisasaagauiilnawiaininuisssuanfannidsunsa
a rdl v o o oI/ = al o 1 dl a
paNNaLea sl sz nflddanitiiainisdusuinauuemiiouiuaAaNDsssHI R0
= A = : < A, o = A oA A
nMsANHNIUNN TUaRARTeY Leissa [12] @anadntunanisAnNimauimenawazgn

Tdgegelunisfnenisdudzimanaesiaseaiauieuilumuans < n1sAne Leissa Ane

o o

' A A o o T o = P
weluuagLAmanianiand apadiiGidule Tolnstl aid Seulvaatwanisdutiauuudiule

'
14 =

FUNTMTENAE ] AW NANIUIZNI NI LE ALY uiBRLYLY visauuLBAsT tne
aal a g ] o aca a % % = aca ' =] dal

ABN199ATTITaNNITATRAgNIINNUAENISLTIRR IR ARssTiouATInd TunnsAnmnilas
Nanrnnduaume iR ularauannisdutngaNuLILAe SSSF, SCSF uaz SCSC law
a oI/ A 1 dl a a % 1

Nansunisduazinaunniauausn ArA It sssnadafLansluglnisdinasliuae
A =wa*(p/ D)’ uansiffaunsuianeldlumnageil 7-1 lnanan1s@ne1ae9  Leissa

wanaliludes Leissa daunainlfaanitsunsnpannome flsshnfaunanslutes KM Ing

1
co Aa

N Ao uauwaiin ldansf AfeiduEnsu luntsnudldanuunainldanymaiaridu

QI ¥ 2// ] =X & dl I I dl Qd‘ v ¥ ¥
LINAURANLLE 1 0N 4 NAW ATNATTINN 7-1 ‘W'LI"J’"IW]ﬂfl’mﬂﬁﬁ‘ﬁ‘Nﬂ’][ﬁW]lﬂ@Wﬂﬂ’]ﬁ‘LLﬂﬂﬁyﬂﬁWJEI

v
IS i+ 0 g i '

= aq a ¥ o rdl 1 a 6 o Ql ¥ ZI/ '
?ZL‘].IEI‘].I"JﬁLLﬂHIV]I?"J‘TINﬂWL“V]’]ﬂulﬂ\‘iLLIF]ﬂ’]ﬁ‘I“]j@’]uQuW’QuVIELﬁI’&NHIﬁlﬂ’]ﬁﬂﬂ‘ﬁum‘ﬁ\lIF]‘LMFNLLIF] 1

4 PR A o 1 A ado a s
meuiﬂnn‘llummﬁﬂm WANIAIAIND BIINTI AN AT UAAIn U sLN TN AR NN ILAA TN

WFengUAUNANISANEIU8Y Leissa W91 Tungtin194UeiR 1L SSSF LAy SCSF 14

1o

! A a A= ~ o = o o
ﬁ’]ﬂ']’]&lﬂﬁﬁ‘ﬁ‘lﬁﬂlﬂLﬂqﬂunﬂtﬁummﬂﬂﬂq Z‘iqucluﬂ?Mﬂqﬁ‘@UﬂﬁLLUﬂ SCSC ?;Nllllf]ﬂiﬁllmﬂrﬁ‘

1 1 1
% o

p A A a1 e p A = P
AUAZLNAUNNATAIINDTTINTIF LN L Iﬂﬂﬂq?@uﬂzLW@uiutummmﬂﬂNﬂQWNLL[ﬂﬂmW\?ﬂu

v
< - o

= S A - N P :
NWﬂWEﬁﬂIﬂﬂNﬂWLWHQ 0:007 tasLEUALYINEY TINBTINAANAANALANABUALNAN  LAAITN

TUsunssmpaRialn 95 Llse AguninN N dNTo NAAUFUINIATLI AR IND SITHT R YD

1
T A

weiutendauasifidule e instlalas ldausunaiin ldany A HefduEusiuminiuuay

1
o

nanngn 1nad agnalaimaaneatinusifesnasAnsang Anssunsduas aut euEn

A
¥y

an Aadunaunaztinlisunsdaaniiowas lgaininda il 1fdusun saiaaguauaa I

AN AIATANBHINATDINIIANANUIUNAUN 1T A NN AA TR AT FUEUAUAAAI AN TN

q
I
k73 & o a

1 a al 1 dl W v o rdl a % dl
‘?Jﬂ\‘lLLNuﬂ‘ﬂNIW’&V]LCNﬂﬂﬂuLWﬂIV1ﬁ@ﬂuquW@uW1°H@Nllﬁlﬂ?ﬁ\‘l uBNsuNMNNzanlunng

q

uAtloymnsduaziiewsasudunauIngnsalyl



77

R399 7-1 ANAINDEIINTR (A ) ANNN19ANEIA8Y Leissa [12] Wauiua1anTisunsy

panuNAasNUssAugau Ineld 0 =0.3

&9

Boundary Mode
Solution
condition 1 2 3 4 5 6

Leissa 11.68 | 27.76 | 41.20 | 59.07 61.86 90.29

N=1 11.68 [+27.76 | 41.20 59.07 61.86 90.29

SSSF N=2 1168 | 27.76| 41.20 | 59.07 61.86 90.29
KM

N=3"| 4168/ | 27.76 4120, | 59.07 61.86 90.29

N=4 | /11.68 | 27.76 | 41.20. | 69.07 61.86 90.29

Leissa 12.69 | 33.06 | 41.70 | 63.01 72.40 90.61

N=1 12.69 | 33.06 | 41.70 | 63.01 72.40 90.61

SCSF NP I 12.09 8 =S80 ¥ 4% /0% Q301 72.40 90.61
KM

N=3/].12.69 | -33.06. | 41.70 | 63.01 72.40 90.61

N=4 | 1269 | 33.06 | 41.70 | 63.01 72.40 90.61

Leissa 28.946 | 54.743 | 69.320 | 94.584 | 102.213 | 129.086

N=1 |28.950 | 54.743 [ 69.327 | 94.585 | 102.216 | 129.095

SCSC N=2 | 28.950 | 54.743 | 69.327 | 94.585 | 102.216 | 129.095
KM

N=3 | 28.950 | 54.743 | 69.327 | 94.5851.102.216 | 129.095

N=4 | 28.950 | 54.743 | 69.327 | 94.585 | 102.216 | 129.095

o ¢ alo) ¥ a s a 2 1 1 a a
7.3 N’&‘Hﬂﬂ@ﬁu’)uW@um‘ﬁﬂN%ﬂﬂﬂ’]ﬁ\‘iﬂ‘ﬁut‘iNﬂuﬂ’ﬂﬂ’lﬂ’)']&lﬂﬁ‘ii&l‘ﬁﬂﬁl

=2 [ g - d”?/ QI ° rdl ¥ al o QI ¥
mmnwﬂummummmmmuwmmqm?mmmquwwﬂmwmmﬁmfﬁmmmu

1 U dl a % 1 dll 96 & o 6 o QI % ]
AaANANREIINT A aelA TN AT LELLNe | eaz IF da i unad lud e wEn Fuatng

wunzanlunsudtliyuinisduazineusesuivaanindnduiunisneiveadula luisas

o

= =2 o I3 dld o e—al % 1 1% =) & dl a
A3t bnrAREay AR AT UNNA U UN AU ENAUTAN L. 1.09 5 WAL ANATT T8

AN ANAUS I U UNATALAANINTAINTR 1A2TATIAFILNTLNT ANEIT WBWELLN

d‘ [ - dd‘

sUAmAENdRTa H¥eulareuAn1sduEATiauNAAINULLAS CCCC, CCSS way SCSF 4

[ o K tallddl o K A o ZJ/ dliz o K dlddll o K
WunnsdugianNtenlanisquiinuilauiuwieddnu nnsauianNkawlan1squgauuLNgy

1 1 v
=< a A o o

-dl o t:ll o =K A o -éj -dl Y
ZQ@QL\?@LLVL?.I LL@?JﬂW?@‘LIEIﬂ‘V]NL\?’ﬂublﬂ.lﬂ’]?@‘]_lf;lﬂLLUUN@N@WNL\?@Hi%WWN@WﬂU Neidiiva 19



78

= = &l o K dl 1 lﬂl o =K
nsAn i Raulareuwanisduiaivainuatagiuuy  lusdszReulanisquiinazmn
FrAaaRaTTTRneyuae rad/s 2ecuruaen InANTIRAALEUNTIa ekl lauLL
[0/90],., [+45],, ua [45/-45/45] uwazutnineiidanandiuuylelasila Inannauiiinag

navadlATaFupuLan Ansnduldanuiotad 74 waziansunnisduasinanivamausn

YBAIWEIULNN NANITAN S IWEAS LR399 7-2

P3N 7-2 ANAYIND89INTAR (rad/s) IanTAseaFeuRnLsiNa lFAwunNATn danyEAY

1 v
Wi UGN AWFILET 0195 WAl

Stacking Number of N term
Boundary condition
sequence 1 2 3 4 5
Isotropic 103.64 | 103.60 | 103.60 | 103.60 | 103.60
(0/90],¢ 723.95 | 723.93 | 723.93 | 723.93 | 723.93
CCCC
[+45].¢ 703.36 | 693.78 | 693.60 | 693.59 | 693.58
[45/-45/45] | 263.26 | 238.30 | 236.87 | 236.75 | 236.71
Isotropic 77.90 77.89 77.89 77.89 77.89
[0/90].4 510.31 | 513.30 | 513.30 | 513.30 | 513.30
CCSS
[#45].¢ 560.05 | 551.83 | 551.65 | 551.64 | 551.62
[45/-45/45] | 210.02 | 186.98 | 184.65 | 184.03 | 183.84
Isotropic 36.53 | 36.53 | 36.53 | 36.53 36.53
[0/90],¢ 27218 | 27218 | 272.18 | 272.18 | 272.18
SCSF
[+45].¢ 248.74 | 246.03 | 245.95 | 245.93 | 245.92
[45/-45/45] | 85.50 ¢} 7798 | 77.25 | 77.03 76.95

=8 dl 1 = ' dld u/a | a
AIANANIIAN AL UAN NN 7-2 Wugnatiuk UL i A s AL wleTaTnstla
ANATAN TS s TN LR ngLingen m@‘umummﬂmmmuwwﬂmu AT UETNAY

v
WNEa1 vi3a. 2 walllvall L*ﬁumﬂfmumtﬁmmLLﬁJum@u‘EwawﬁﬁmmwﬁwmLﬁulﬂLLuu

aldo [

cross-ply A8 LWL TR & WL eEaweeldle iy [0/90]25 Aot lunstiuiuanuin

o

a o

aninnisanaszeadulawuy angle-ply Ag UL TR AN A UF 1N 3919 [+45],¢ AT

WL [45-45/45]  azfesldduaunaidauyRadadusuduielidineuicngdn

Gip?!
It

' dd‘tz | 1 a dld
mﬂmﬁn?mmumum @m@u‘um L‘]’jui‘ﬂisﬂ%?ﬂﬂ wasnIduINKduLivAan Inannng



79

neareadulauun crossply 1iaeannen D,, waz D, yesurunenInanizin1mMasa
waadulanuy angle-ply HAnldwinAuAue v‘iﬂﬁmumsﬁawﬁuﬁmﬂmLL@mmmiﬁfaﬂm
ﬂmummﬁlﬁuﬁﬁfymmLfmmqmmumi (4-58) LATANNIT (4-60 D9 4-63) dvsugaui
auyA InsuAAeTFuluA Y. WaZANNNS (4-74) BAZANNNT (4-76 D19 4-79) fvsudud

AnyA InsuAieiduluia X Haoududaunannag

'
a %

V1 QI o rdl 2/ a 6o o Yo dl a
LLN'JWﬂ’]ﬁ‘L‘WN@unuW@uVIIﬁjiuﬂ’]?@NHﬁ]ﬂ'\ﬁ\‘iﬂ‘ﬁuwu[ﬂu@i‘ﬂ’]%ﬂﬂ’?ﬂ’ﬂmﬂﬁﬁ‘?wﬁ’]lﬂ

Y

guingdAmeuNNAWWEN T NRAIRuNATAInaenIN TFaNnaen A tinAaash 19 Tuns

a

% = o 49( = o/ 4 v ! b4
LLﬂﬂﬁyﬁWN@’]uQuN’]ﬂﬂluLLﬂgNﬂQWN%UGﬁﬂuNWﬂqu1ﬂﬁQﬂ A9nalinnslszutanaann
a -2 ¥ ¥ 1 o é{ o ZJ/ =2
ldsunsupauiaimadsag ldnanuag luun e AaN_ AN TN muulummnmﬂmmm@

ul/ = 1 a = a rdgj 2 o e‘d‘ £ a 6 o nal U
AUAZNAUIDINNLARN INAN TRANBBNUE T A2 THAVRIUNA LN MTE NN A ATV IATULTN AL

q

wWinfiu 2 way 4uFunnsfinenulupan InAnNin19 e Rlauuy cross-ply 9L

g

dl EZ dl Qd‘ 1 o 9 1 © o =) 1 a dld
W@W@ZIﬁﬂWﬁ’J’]Mﬂﬁﬁ‘ﬁ‘Mﬂ]’]MW@L%WQ@’]L‘]@ULL@Q WA MTLANE AN UE LA IWANNRNNNT

a

| [ %

o ¥ v o rdl ¥ a & o QI v 1 e
119597804 W KL angle-ply Az ldaauaunALn ldanyRAReTduEFusuWNAY 3 wall

!
v A = o

Aotunuane AN I lWwnasAN U MuAaTIaUAYTLNS ER M UNAL I any AAHeriEu

q

1 1
= ¥ 1 ¥

BuAuwingy 3 wadl Tduaninaatlsyanns 10 Wah - usda ldanuunain g aunRe

q

6 o

=

| ]
a K '

a ¥ 1o c ¥ o ] A 1 ¥
FuAuWNaL 4 wal agldnarlunisAiuniuaazsautssunn 30 N B90ad1AaREN9NN

WasannluntamualaasradilywiusazAtazsasldnisauanminndnuilesay wazan

A 1

UszLAunile e AIAIND 99N Lann1 g g W unan 14a sy f A e fduisa s

Windu 3 waz-4 wasdudpoanunna1eielduanidn aanmn1sen 7-2 wud1A1AIND

1 U v
¥ cao a £ o

89901 AR 1A LIUNALR AN AR ATUENWINARIAY- AN LANG 19N Nga T

1 £2 ]
o o o ¥ =

NTEUNNTILUE ALY CCSS  Ma1sudun1snesataddule iy [45/-45/45]  @alAAIN

WANGINNWINAL 0.34 Lafidus dourpauuansesgapanstin1sdutiawul CCCC 7

8

v
AANFuN 797195 a L du Tl 2451 TaaiiAaAnanlans 19w ed 0.001 e fidus

v 1
' o 1 a o

Wity agnlsAn N Tt UG AN TR U N 1T i ArfAuud Nl 2ansuaene iy

' ' \
a % ' =) =L o !

FRAUAIgAAUTan 1A vagaaiiny At zasdliangLin Tafoat191a989 WU

Auilsz@Ansaesilerduiasdiusani sg s s ngacdanuurasuanelilusilin 5.6 faun

|
=

[NaAMURNFadI09A IR alIasAn il ua e EeNa v AasAnHI91 W uE Nles AN T aeile rTdu

a
' |
a v

o PR A Y v
L?NW‘MVI‘W’]EL‘VIV’WL@WZ@QNV’]WQL“D’]@"JH



80

7.4 NATDINUIUANL 52 RNEURININTUITNAUARNTFLLNUDIANAIZA

1 1 |
o a v oa IS v A

% = ° o a £ o ° v | v
N9aUAANIANUIUANL TEANTARININTULTN muquiﬂﬂqL@qzquﬁWQL‘ﬂqLW@iu

De

Taauaududsz@ndnuunzan luniauniyminisduas inewsasuniuaau ingnluusaznaol

oA o b Wi ) & = N = )
LL[?]LH@Q"V]ﬂN@ublsﬂsﬂﬂumeﬂq?@UﬂﬂLLﬁgﬁluq@ﬁ@@quﬂﬂqsﬁuﬂquﬂuﬂqﬂﬂ?m AILNAP

1
a ¥ { U7

= o o a & oo d‘ o 9 = 14 A o 9:/
m?ﬂﬂmmmmuﬂa‘zmwﬁﬂlmﬁqnmuwumumwﬂummﬁmwmmmﬂmmunﬂm‘m AN

a

= o o =y P o = Y o = ° calg o
ﬂqﬁ‘ﬁﬂjﬁqiuﬂ']mﬂu@\u@@ﬂL\‘]@uisﬂﬂ'ﬂumeﬂq?@(ﬂﬂmLﬁULmﬂ')ﬂUﬂq?ﬁﬂﬂq@quqquumisﬁ

' ' ' 1
T A a i aa A

a D] 1y =l o A A = &
@NHWWqWQ Uk Nmuluﬂq ANNIUN WQHLMG‘!N@L@ﬂQﬂuﬂ@LW@ﬁﬂ‘HqsﬂU\iquw N'ﬂu1°ﬂ

o 2 N = = o = \ Py
2UWANIIAUTAN VA WAL e WA N AN T ANE TUnT R L AN 99 UE AL US89 9A A1
pinel ANNSULNUARN INANN 1A NEIN A NELEN1999962 1994 1 e de U UAe N19919621849

Wilawuy cross-ply. wagnasanefizesdilewiy angle-ply lnsudazuuu@nsniauim

o

AAIUUDITUIIINHA R UL AR AZIUAR 0.5 1.0 1.5 WAy 2.0 Natliva lFiuANNANALS

10971104 A4IUFBA 1 UANANL s AnB 2RI T UBNF UV Winaaas dAgidnresusias

I
6 o a

Anenizni9faaadi Ll TnaAneNng e waL NN I a N L R AT T T uE U AR 1

Q

09 3 wail wannsAnEadusaznauanslaluns gl 7.1 delsenausaansWiisinn g

A NNeulareauIIANIIdutinAe CCCC, CCSS, SCSF WAy SSSS usazna v

=&

= = ;oA = ~ = X pRp
ﬂqﬁ‘ﬁﬂiﬂfqﬂ@ﬂl,ﬂu@@\‘]@quﬂ@ ﬂ?MﬂqﬁquMQﬂﬂQLﬁuiﬂLLUU CI’OSS-p|y FIANBHITUINUNNNIT

' v
aa o o o &

esaaasidulanuy [0/90], haZILL angle-ply ANENFUIILNNAALTUN99 1951 9Ldw
lawuy (451, aannsanwugadiniunasldanuauieiduEususiaiuns e sudunann

anninnsesareadulanwny angle-ply Auwaldunisldanuaudulscdnsaasieidu

' '
! -

A o A e ooy o . Aala oz ]y
L?Nﬁ]uLW@IﬁiﬂﬂqL@q::@\ﬂ/]llﬂq@LmqﬂqﬂﬂquLUﬂ?mVlNﬂf]?')f]\?ﬁlqm'ﬂ\ﬁL@ulﬂLLUU cross-ply

a

1
T Aa k% 1 =

oemsNandngiunstintsAnEAuIunNatin IdanyR A ieriduEuiunaane Tunstiueiu

= dld o/ 14 4 a ' ! o o o ZJ/
paxlWANY AN 99 9A9mevduleLuL anglesply A1 Dyg wag: D, WA kuiwindueus Aol
Tunnsudtuirenzasaaeil i dur@nluwsasawdsanaumsnd [F] luannian

5-2) agiaualunindinstiniadn D, uar D,, Hatwiniuaue inlilunsiiuiunauingni

—

I
o a

N19219AUD AU LU L. angle-ply. ABN NI W UEN U TEANTL A WA TUIEHAUNINNGD

2D

=

R P, " A By aer. L. L
Walilaaatzasnniliannasaanadesiuawlare s lulguinnas@ne ot

U

=< o a 1 d’ o rd‘ ¥ a & o A‘ ¥ A‘ ds{ L4 v o
ﬂ’]ﬁ‘ﬂﬂi&f’]ﬁl\iWU’ﬂﬂ’]’]LN@@WHQHW@MWEL%ZQNHﬁ]ﬂqﬂ\ﬁﬂﬂjuLﬁ‘NIF]‘LALWN‘LIUQﬁWﬂ\?EL‘ﬁ@’]‘LA’Ju

1 7 VAR |
co Aa % o a A

Autse@ndresilariduBnduninaudas Retliliasainuagmaeiss

T X (X) wasianidu
d

1 v 1
Y (y) luderidunisimdaauiuenssuny luannig (4-7) Januaunaililuaunuanaunaiin



81

1 '
o a %

TanyRAferduEnsiu s liwesnd [F] TunisudilyuiAianzasdaunaaeaussnd

WnWl AN x 4N fetiuasfasni1sanuiuduilssdntrasieiduEusuuinaunalilsan

1
4 o A

lwrzasinn lifann1raanadesiutanlare UL

! i 2
=R dVLD

andaagiuilen

'
o rva?)lll

ﬂ"ﬂ’mﬂ’]ﬁ‘ﬁﬂi:f’?iﬂﬁ’)‘ill'ﬂﬁﬁﬂﬂ’]ﬂﬁﬂ@WuQuW@‘LI“II‘ﬂ\’i‘IN\m"ﬂuL?N (RRYSN

RNt sz AnaresilaiTuGuruniniaaaizaeliAingunaesau ndndaunils o 8

a

1 1 A 2 1 o 1 dz dld o ¥
mmnmﬁm@u@ﬂmﬂmu@iﬂ N IGINRI LAY G Lo TR X e e K O G LN K RN KT ST [i45]2S UBN

I
a v '

ReaulrauAnNIgauBALLL SCSF 1A UIUNANTN M ANNRAINI AT UEN AUV 2 Naid

q

o % % !

v - '
ANNTUILAFARAUBRIT LI 1.5 Ay ldaruiudnilse@nauaananiduizuAuaInngn

' '
= a %

14 1 !
TuUNRIUIAdAdaNT BTNV 2.0 usiialdRauounai lany AR AariduE s

De

4
a K o

AN 3 WA AUTUTUIIUARIRIAFARI UYL 1.5 azlFauudulscAnsaas

v !
a =

v v
WA F TN A UTAININTUINRARN VLA AZLUBITUI1YVINAL 2.0 fatTulun19n11ue

o—

a ¥

SunudulsAnsradileimuELEu e 141N 196 150 AUAN AN T 83T T AR NNTEANS
TRssnvausiunadTndndouss daudaneuinlsisasarntie s udnilssAnsaasiaray
Budulidan aenelsfinunna ¥ uandulss@va e s duBy dunnnifull Adealdioan
TuNAILANNNNT NalRenA LR s ANEYe T TG L AT L e e s ana s
N17g11N109AANZAY AZABINANTUNANHULFN ] vasiusuilszneniu ldun deule
POLIIRNNNILENI99T 1971 RIFLFUN299FTedEle soaPsrunadadanaeTiay Te
Tumiﬁﬂmﬁm&jmmizﬁum:lﬁ@mmLLNuﬂ@uTwaluﬁmmﬁwuﬁﬁ avldanuonduilszang
geals T TuFLEUmINAY 150 fa dmsuusuAeuINANATANeFae AL ley cross-ply
o

wAaz I EANUIUA N ANBURIHNATUENAWYAGTL 200 Fin &350 LEUAAN TNANTIHN13971959

1a9ldulaluy angle-ply



82

I term
] o AR (#4505 IR
-t = AR = === = AR =]
160 4 ceewr ARC1E ceear ART1E
1411 4
120 4
100 4
&l
&
a0
a1
I

W h

¢ IVTEN T

AR S0 S

ﬂfg'

{el) B - ssss

317 7.1 nluansannduiusassundadouuasyunisnedaresduloresaula

20UARNN 7] sesuindnlsrAnsresiaiduEusiumin WnaeasiAngudn



83

7.5 WANTTNNITRUALLNAUUDIULLUADNTNEN

nsfnEngAnssNNIsduaziienetuauren ndn luiddetiutiveaniduaindou

=]

AR ANHIHAL03AN Dy UaT D, HENDANTINNNIFUAZITIEUNTUNAZY | ANHIHNATEITUA

1
! aAa

dndiure9siuauuazesdINI I NAozedldultaatutunan In@nnisengAnssunas

| 4
9 =R

A 1 = o o dl P23 1 a rai a
AuazinauaaLNuAaNIngn duALLInINauansIFiiudaldsunsumantamasNlss AL

&

a

mNmm@z@iﬂvﬂ,mfmnmmmﬁmmuwwmlmu RNt TuGY F Az s wauduLs<Ana

S.Idl |

m@qﬁqﬁﬁuﬁmmuiuzﬁmﬁfm@mmummmmmmmmmu ANAYTNEETTU TR el

ﬂﬂth@ﬂiﬁ@ﬂ’NuﬁWﬂﬂﬂ mimimmmm’mnﬁﬁmﬁ A

[

Auanulsannldsnnsy
ﬁ@uﬁfaLﬁ@ﬁ?ﬁﬂi:awﬁmﬂ?wLﬂﬂuﬁummaﬁ?ﬁﬂﬂﬂumﬂmié’w%q [22, 25, 26] @ lAAN®

n3dud s e uin InNn w2 aduEt AN Ind@NNHN17909R9129L& 1 iU cross-ply WA

a

LI angle-ply HAN13ANHAUIAN A1 819D IMAAIAINL DS TUTAR A 83T 1T m e g
n3ANHTRIaNd1981984 [22] THexidleniA Element free Galerkin Method &9un13@n:N
29AUBNA1981984 [25, 26] Idrzinapandiulaniuusauysiidun1sARa unuaNsz W
~ Y o A oy e el b = Y a y o

Raanpdesiudawlrraunn s udar1eil tnsnsAnenlenansenaas [25] Tdieridu
P098ynINEne daunasdAnmalulena9d198e [26), Agldiedduinaluion Aradnud
sesuaANITaUnUeg lugUnastwefuuatnnannis (5-3)  wanisAnmuanly

AN997 7-3 WAL 7-4 IaeIAneNn 7-3 LAANAIANNDETINTNAURIT U UN N NI LE AL

dN8RIAAN U HANITANEIAINLANANTEN9B [22, 25, 26] uanslugag Ref.[22], Ref.[25] uaY

o o P ] A a = N o = '
Ref.[26] ANHNAAAL ANTINN 7-8 LAANANIAINNNEITNINAUDNIT U1 UNNNITA L ALLLILIEI AL

v
o 2

NIAAU Nﬂﬂ’]i‘ﬁﬂﬂ’]@’]m{ﬂﬂ'&’]i‘ﬂ’maﬁ " LaAS LT Ref.[22] W@z Ref.[26]

AINANAL @Quﬂ'}ﬁfl’]&mﬁ??i}ﬂ’] o’]u’)m%ﬁﬂiﬂﬂm?}ﬂﬂ@NﬁQLﬁ]@§ wanglugas Present

mmﬁmmmma

o

i~ A | = aa 2 o &
ANANINTN 7-3 WA 7-4 WUIANANNND 3TN AN AL LA bunstlud upaN InEN Y

= o o P, ! = o p
Nﬂq?QWQWQﬂ@QL@ulﬂLLUU cross-ply @:ﬁllﬂqu@ﬂﬂqqmﬂﬂq?ﬂﬂﬂqmuqﬂqLﬂ?ﬂULWﬂUWﬂtuﬂJﬂ

uI/ A ] 1 dl a =l 1 a dld o
N8 UAZLNAY AOUAIAIINDTIINTAR bUNFULNBABN INRNNHNATAIAIFIAIUBI LA 1 bEI L LI

%

; | ° - 0 Ao =
angle-ply neidaus A lann13A WA F149nd e s AN A eN L et T

u/ o

Timansdiuge WNauga - wigsilAnlndiAeiu daduuanadinisudtlaymnisduazinensog

suillausuaninisisainimAuuAtAND sssNTALar e luuannsduazinauTes



84

1 a dld o 9 ] 4 1 1 d‘ A o o o o
W RAANINANNRNIT19A e AR g LU U AN ] VL@@EI’]\‘IM”IL‘I]@G@ ‘Lummuamiﬂ%m

TsunsupeniiomeflFlUAnwmgAnssunisduazinenzeuduneningn

A ! A a o o = ) ¥ oy =
A7NN 7-3 ﬂr]ﬂ'ﬂf]llﬂﬁﬁ‘ﬁ‘lmqﬁl.ﬂqHIMﬂqﬁ‘@UﬂmLLUUQqﬁWQ@mqu RAMNNNTANBIUR

\aNa1981984 [22, 25, 26] Wieuntiataantlsunsupenianesnsyfngau

Mode

Stacking sequence Solution
1 2 3 4 5

Ref. [22] 15.18 | 33.34 | 44.51 | 60.79 | 64.80

Ref. [25] 15.19 | 3330 | 44.42 | 60.77 | 64.53

Ref. [26] 15.19 | 33.31 | 44.52 | 60.78 | 64.55

Present 1517 | 33.25 | 44.39 | 60.68 | 64.46

Ref. [22] 156.41 | 34.15 | 43.93 | 60.91 | 66.94

Ref. [25] 15.43 | 34.09 | 43.87 | 60.85 | 66.67
[15/-15/15]

Ref. [26] 1537 | 34.03 | 43.80 | 60.80 | 66.56

Present 15.40 | 34.03 | 43.83 | 60.75 | 66.62

Ref. [22] 15.88 | 35.95 | 42.63 | 61.54 | 7212

Ref. [25] 15.90 | 35.86 | 42.62 | 61.45 | 71.71

[30/-30/30]
Ref. [26] 15.86 | 35.77 | 4248 | 61.27 | 71.41
Present 15.86 | 35.77 | 42.58 | 61.31 | 71.88
Ref. [22] 16.11 | 37.04 | 41.80 | 61.94 | 78.03
Ref. [25] 16.14 | 36.93 | 41.81 | 61.85 | 77.04
[45/-45/45]
Ref. [26] 16.08 | 36.83 | 41.67 | 61.65 | 76.76
Present 16.10 | 36.87.| 41.82 | 61.68 | 78.57
Ref. [22] 15.18 | 33.82 | 44.14 | 60.79 | 66.12
Ref. [25] N/A N/A N/A N/A N/A
[0/90/0]
Ref. [26] N/A N/A N/A N/A N/A

Present 15.17 | 33.73 | 44.02"| 60.68 | 65.77
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Mode

Stacking sequence Solution
1 2 3 4 5

Ref. [22] 2927 |0861.21 | 67.94 | 86.25 | 87.97

[0], Ref. [26] 29.13 | 50.82 | 67.29 | 85.67 | 87.14

Present 29.08 | 50.78 | 67.26 | 85.59 | 87.06

Ref. [22] 29.07 | 51.82"| 66.54 | 85.17 | 90.56

[15/-15/15] Ref. [26] 28.92 | 51.43 | 65.92 | 84.55 | 89.76

Present 28.89 | 61.39 | 65.89 | 84.49 | 89.68

Ref. [22] 28.69 | 53.57 | 63.24 | 84.43 | 96.13

[30/-30/30] Ref. [26] 28.55 | 83.15 |.62.71 | 83.83 | 95.21

Present 28.51 | 63.11 | 62.67 | 83.79 | 95.42

Ref. [22] 28.50 | 55.11 | 60.91 | 84.25 | 103.2

[45/-45/45] Ref. [26] 28.38 | 54.65 | 60.45 | 83.65 | 102.0

Present 28.33 | 54.64 | 60.47 | 83.62 | 103.9

Ref. [22] 29.27 | 61.93 | 67.40 | 86.25 | 89.76

[0/90/0] Ref. [26] N/A N/A N/A N/A N/A

Present 29.08 | 51.48 | 66.72 | 85.59 | 88.82
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Nas T U undrun adagauiafunils mMealinenlrreuiaanisdutinanuuuuae
CCCF, SCSC uay CSSC lunstiuiunaulndnAnmmuiauiianaudunisnesnasdule
WANGINSAUATNULLABT0/90],e, [£45],. WAz [45], TR0 D uax D, 189lAsai19ninig
% v 1 dl ar a = I e & ) |
I9FLLL [0/90],¢ WATIAZIAT I UERLN W AR Talainstlala infuaug douen D
Az D,, F1FUNIANTINAANLL [45], HANGINIANIIN199NE UL [+45], 191971 7-5
a . 2 LA L AN B Y .
04 7-7 ULAASATAN KN BTINTN A el rad/s Aviutuanuid ReulavauannisdutinuiL
CCCF, SCSC uag CSSC mua1nu a3 KM fluAoanaiisssngasin ldainnisatuansae
Tsunsupeniameiivssdugaulne ldaruannauilunisduanuyiniy 3 wail daudes Ritz
a4 = aay v N acka e dgyo ° o
Method ABAIAANNDEFINEN AN Iaanseitien A s5nd N danuannallunisAua ity

100 WA [N LLFLLIALIUAIAITN T BIINTTRAINN A0 97D

- . 4 a . o . <
A13799 7-5 ANAIND 595N (rad/s) 2aalaseddiaueiuieng i denluraunn1sduiin

WU CCCF MNStuANHIsuILIsiag 7|

Mode
Case study Solution
1 o 3 4 5
KM 68.89 | 115.19 182.03 220.87 232.00
Isotropic

Ritz Method 69.06 | 115.23 182.57 220.89 232.26

KM 581.76 | 746.21. | 1332.78 | 1584.60 | 1698.81

[0/90] .
Ritz Method | 581,77 | 746.211| 1332.78 | 1584.65| 1698.83
KM 42338 | 81165 | 1093:31 | 1461.34 | 1642.47

[ 45]
Ritz Method | 428:81 | 812.97 | 1108.09 | 1459.29 | 1684.13
KM 360.24 | 641.00°| 97048 | 1076.88 | 1484.44°

[45],

Ritz Method | 365.84 | 646.06 | 982.68 1080.80 | 1477.78
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UL SCSC NFAUANEIULLIAN

Mode
Case study Solution
1 2 3 4 5
KM 83.35 157.60 199.59 272.31 294.28
Isotropic
Ritz Method 83.35 157.61 499489 272.32 294.29
KM 505.52 | 1130.15 | 1197.22 | 1626.72 | 2276.08
[0/90] ¢
Ritz Method | '505.52 | 1130.15 | 1197.22 | 1626.72 | 2276.08
KM 575.22 | 1080.75 | 1329.40 | 1841.83 | 2039.31
[+45]
© Ritz Method | 575.79 | 1082.20 | 1329.92 | 1842.04 | 2039.01
KM 500.39 | 833.13 | 1275.34 1859.57b 1966.47°
[45],
Ritz Method | 504.85 | 842.59 | 1265.07 | 1301.94 | 1822.51

A3 7-7 ANAINNDBIINTG (rad/s) 184iRaTuNuLNIne i Reulave LmnIsA U A

UL CSSC AINTELANEILLLANG 7]

Mode
Case study Solution
1 2 3 4 5
KM 77.89 174.29 175.02 267.28 330.02
Isotropie
Ritz Method 77.89 174.29 175.00 267.29 329.81
KM 510.30 | 1044.37 | 1342.16 | 1679.86 | 2005.97
[0/90] ¢
Ritz Method | 510.30 | 1044.37 | 1342.15 | 1679.85 | 2005.96
KM 549.16. |- 1129.09.| 1240.65 |- 1870.16 2176.81d
[+ 45] 4
Ritz Method | 549.96 | 1129.53 | 1239.86 | 1871.29 | 2124.69
KM 465.48 | 845.45 | 1218.48 | 1922.97° | 2101.11"
[45],
Ritz Method: | 471.90 | 855.45 | 1202.84 | 1309.23 | 1843.83

N 5 B p = & ) o - '
ﬂNqﬂLﬂﬁli superscript 1 a o fluﬁl’lﬁ‘ﬂ\m T-50R7-7 AR gﬂ?'NTMNﬁ]ﬂq?@uﬂzLW@uVlLLﬁlﬂﬁlq\?ﬂu@’]ﬂﬂflT

o :J/ = as 1 y P dl 1 o dﬂl b4 dl
ANUIUNABNTTLLIEILAE Imﬂgﬂiwiﬁﬂmm?ﬁumm@mLLMﬂmqnuuvLmmelummw 7-8




88

g L

AMNA1919 7-5 D9 7-7 wudnTaseaiisueunenden Dy uaz D, winduAud

u

1 dl a ! aI/ P dl dl 4 = aa a a
ﬂ’]ﬂ’ﬂﬁdﬂﬁiﬁ‘ﬂdﬁ’]ﬁlLL@Z;ﬂ@WQﬂW?@u@ZLW@uV}IMNﬂ@ﬂ i W1®@Wﬂﬁ‘3LUEIlI’)ﬁLLﬂuIVII’i’J‘T]Nﬁ’ﬂﬁd

| o

= | =~ = . o = Ay v v =
‘LA’]Lmﬂﬂ’ﬂLu’ﬂ\‘]’ﬂﬁﬂﬂﬂﬂ'ﬁlmﬁﬁ‘ﬁ‘ﬁ\lﬁﬁ[ﬂLL@Z;‘]J?’NT]’]?ZQH@Z?W]@‘LM1®Nﬂ’ﬂ,ﬂ@Lﬂf;lxim_lﬂ'?’j‘
o ¥ = aca ¢ ©° 1% 1 a dld o 13 '
ANUILAR DRI EINT AL RARNINE NN HAN I 19ATeaL &L e UL [+ 45]28 NN

: o a . o 40 A X Lo =
m@mmmmaﬁiimﬂmLL@:gﬂmqmmumm'ﬂuﬂuuMwumuﬁlwmmmumm

IS DU

oA A A ! A . ° = N ad e v A o A
u’]lﬂj@ﬂ@Lu@\‘]@qﬂﬂqﬂqqﬂﬂﬁﬁ‘?ﬂsﬁ’]m@']ﬂﬂqﬁ‘ﬂquqm%\‘]@‘ﬂﬂﬁ‘zLUﬂUrJﬁﬂ\‘]ﬁﬂN@'\Iﬂ@Lﬂﬂ\‘]ﬂu N,

UReulrrevunnasdtdnnAAIN D6 INT BN IUNAZY P aaAN1TA I AR LT

ada ¥ L i o - . o PR o =
ATNANLANFAINNUNDRANAQS VL@LLﬂ ﬂ’]?@u'&gLV]@uIVNﬂV]ﬂq@’]ﬂ?Uﬁ]u\jqumNﬂq?“ﬁ_lﬂﬁLLUU

o |

= ' & ~ X o A sl A o
CSSC sﬁ\igﬂ?’]\ﬂ:ﬁﬂﬂﬂ"]?’&u@gﬁLV]@uluﬂ?muqqﬂﬂqﬁ‘ﬂquqmﬂ\imﬂ\?'}ﬁﬂ NI TUSELFINAINN L

a

e Aaudaslunnl d Wmngnei 7-8 danduudupan wdynidnisesaesdulauny [45],

1 I
{ o

2~ A = het ok - X
AINAN DlG LN & D26 NqﬂW@ﬂiuﬂq?ﬂﬂHqu WUQ’]LN@IVIN@ﬂq?’&u@?&LVI@uQ\?ﬂluﬂq?V’]

' A ay A aa a = i AN P A o 4 Al
ﬁ’Wﬂﬂl’]&lﬂﬁiilﬂ]’]MmQHEZLUHUQﬁLLﬂuIVIT?’MNﬂQWNuWLﬂiﬂﬂﬂuﬂﬂmLum@'mm\l@uqﬁwﬂmﬂ

¢ a

= o 1 dl Qd‘ ¥ o Y = aca 1 o
L‘LrﬁJ‘E‘LI MEUNUAIAAINNADTTNTN G]Vliﬁ]@']ﬂﬂﬁ?ﬂﬁuQMQQﬂizLUﬂUfJﬁﬁ‘Weﬁ@$3Jﬂ'? ANAINNLE

! o . b = o 4 [y o =
ARAUAINHNIN LL@zgﬂﬁ"wiﬁﬂﬂﬂq?@u@5W]'ﬂun3~l@ﬂ7ﬂ’m5umnmq\iﬂu imLLﬂ ﬂq?@u@ZLVIQUiMNﬁ

o

v o Y S o = = o = P by
PR VMTUT U UNTNI9LE ALYL CCCF wapslunatl a = NN9duasinauliuanauazii

)

o o R

X Ry = o = A
NMITULUINUNHNITALEALLLL-SCSC LmesLuﬂ?m b llay c LL@zﬂq?@uﬂtLV]@utﬁﬂJ@‘V]@LL@?J

1% 1
o a = o K

WA UFUTUINUNRNNIAUEARUL CSSC wandlunstl e uas f Tnadnmnizgildnanig

RNo

FUALINAUN AN AINAUAINNITATUIUAEIF LT LA TNIABILA AT 1A 7199 7-8 ANNA

a

nsAnun Tuadeiainisnagyiidalassasisunnunsidien Dy, waz D, 49vinlinnsun
! = P . ; = > N aa a A

A1ANDaTTNTR kAT INNANIsduazInaundtseLTa uaTLAUInTsTanTunannsg
o ~ oy y X P N aal = ° ' =
duaziiougs g1 ldanau n1sazldssidauisuauinisdalunisAiuinmnainaud
8951 ATRguEuAaN INER NHNN3a kU laLUL angle-ply NyNANTIduAZII OGS 7]

Toiugiug azfiavlda uonnadnldannfan e ifususunaza U uinlsgdvaaasiaridu
QI » % 1 1 1

FUFUNNIUNIA AR MU TWNdeT 7.3 1A% 7.4 AaUATAINND 87T TR URaLE AN TNAY

a

PR o o a . PRy o )y
VINm?fn\‘IWJ‘ﬂ@\‘]L@uMLLUU cross-ply ‘mﬂLLN‘LM?JNTW@V]WJM?QNM‘MQL@‘LLIEILL‘LI‘LI angle-

a

ply Nunan1ednazthaus ) liuaaqeiddnihmenoa Inansdnuluiadadnllay

S GRMLITEIMTIC G Rl KTt A o I L ML IR PRI ET it TR KL TRtV E i)

1 14
a

Avua ludiaden 7.3 0 7.4 a9 nazAneaa1e9 U AR A AU 89T U ULAZRIANNIT

asreadulasangAnssunsduazinauna N vuauInyntu



89

P \ y A A Vo ° Iy N aa a o
MTNN 7-8 gﬂ?q\?ﬂqﬁﬁuﬂgwmuwLLmﬂ[5]q\?ﬂuqf]ﬂﬂ']?ﬂunMﬂQﬂT:L‘UﬂUQﬁLLﬁuI‘V]I‘J\Q?]ﬂU

= acka g
ICLUYUIBTNG

case

Ritz Method

N
\:

IEX
'

0lg
x

s m\

h

-,

\IL

@




90

A13719% 7-8 (s|)

v U
7.5.2 NAT9IUIAA AR UIBN TR UHRNEFNIINNSAUATIT U uARN TNEN

Tuiadelidaduanpisfnengingsunosduasiion Araa 1N D899I ALAT L9
TunannsduazineueduEunan INGN NTW AFREIMLRITUIWANN | Tuinaundadiune
1.0 2.0 3.0 4.01az 50 nrelfRenlageunnIsdnE paeLULRe NoulreLIIANIISL

tonidauiunadsiulaziiaularauannisaUin uuUNgN TAgNANTNARLLAANITALE A

'
a o

U1 CCCC WAL CSSC AL A U8l AANIgaLE AR AN HITUINWN AN ALTUN1T9196 21D
Y A =X o Y dy a aI/ A
Wuleaasiuufae wull [0/90], uaztiill [45], n1sAnm luiadaiaziansannisduazinan

ANUTVUALIN ANT199 7-9 LAPIAIANIND 8 FTNTIRAUAIT UL AN d lundagl rad/s an

o 1% a '8 1 al/ P ¥ 1 asj
n1gAuasellsnINAR LRI mugﬂmﬁuummmummmwuLmugﬂmwmmumu

o

NM9AUEALLL CCCC  LazNaALdun1semnaad e i [0/90],,  wazuLIL [45],

[ [ %

wanalun13199 7-10 uaz 7-11 manaau gudeiunanisduasimenuuuidugilingaes

4 1 2
o o o

Tuaundn1eUEALLL CSSC  hazdaAUTUNI9a 195 tas&u ey [0/90],, LAZULIL

[45], uaasTUATINNT 7-12 WAz 7-13 AINAIAL




91

AN9197 7-9 ANANNDEITNTINALa L TNANTAuAL N UTaLEUAR N TN AN N AU AR AR

VRITUINUAN 7] U

Mode 1 Mode 2 Mode 3
Boundary | Stacking | Aspect
condition | sequence | ratio \/ mode 2 mode @ mode
(rad/s) (rad/s) (rad/s)
1.0 723.93 | [1,1]{1310.26| [1,2] | 1660.22 | [2,1]
20 44317 | [1,1]1+} 592.29-{2,1] | 906.88 | [3,1]
(0/901.¢ 3.0° 1 419.54 | [1,1].|459.79| [2,1] | 558.83 | [3,1]
40 /141456 | [1,4] | 480.37 | [2,1] | 469.64 | [3,1]
50 412.86 | [1,1] | 420.78 | [2,1] | 439.71 | [3,1]
CccC
1.0 | 643.78 |' [1,1] | 1306.64 | [1,2] | 1441.15 | [2,1]
2.0 419.81 | [1,1] | 526.73 | [2,1] | 679.54 | [3,1]
[45], 3.0 [397.21 | [1,1] | 436.69 | [2,1] | 504.93 | [3,1]
4.0 390.93 | [1,1] | 410.856 | [2,1] | 445.43 | [3,1]
50 |1388.36 | [1,1].| 400.27 | [2,1] | 420.83 | [3,1]
T e 510.30 | [1,1] | 1044.37 | [1,2] | 1342.06 | [2,1]
2.0 |310.07 | [1,1] | 463.28 | [2,1] | 757.95 | [3,1]
[0/90].¢ 3.0 |[291.29| [1,1] | 332.78 | [2,1] | 436.59 | [3,1]
4.0 |[286.91| [1,1] | 304.00 | [2,1] | 347.53 | [3,1]
5.0 285.30 | [1,1] | 294.17 | [2,1] | 315.89 | [3,1]
CSSC
1.0 46548 | [1,1] | 84545 | [1,2] | 1218.48 | [2,1]
2.0 304.084. [151] |+414.55 | [2,1] |-648.40. | [3,1]
[45], 3.00 |280.28 | [1,4] | 326.95 | [2,1] | 400.70 | [3,1]
4.0 273.01 | [1,1] | 297.27 | [2,1] | 337.77 | [3,1]
8 Ol 259090 & I 4] L282RSE T2 ] o 20980 | E¥F ]
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## Kantorovich Program ##

## Buckling of Symmetrically Laminated Plates ##
##%# using Extended Kantorovich Method ##

## Iteration No.1l known function Y(y) ##

> restart;

> Digits:=100:

> N_term:=1: # Number of N term #

> i_term:=150: # Number of 1 term #

>

> Ny:=0: Nxy:=0: beta[x]:=1: beta[y]:=0: beta[xy]:=0:
>

## Input of all material properties ##

>

> ratio:=3: # ratio is E1/E2 #

> E1:=131e9: # Longitudanal modulus, GPa #
> E2:=El/ratio: # Transverse modulus, GPa #
> v12:=0.25: # Poisson ratio #

> (G12:=0.5*E2: # Shear modulus, GPa #

> v21:=v12*E2/E1: # Poisson ratio #

>

## Defind geometry of a plate ##

>

> aspect_ratio:=1.0: # _is a/b #

>

> a:=0.9: # Length of the plates, m #

> b:=a/aspect_ratio: # Width of the plates, m_#

> 1:=0.000127: # Ply thickness, m #

> h:=t*N: #  thickness of the plates, m #
>
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## Boundary condition for study ##

>

> Boundary_X:=C_S: # - satisfy boundary condition on edge®s x - #
> Boundary_Y:=S C: # - satisfy boundary condition on edge"s y - #
>

> save Boundary X, ""D:/Kantorovich/Vibration/Boundary/Boundary X.txt':

> save Boundary_Y, ""D:/Kantorovich/Vibration/Boundary/Boundary Y.txt':

>

## Calculate ABD matrix ##

>

> N:=8: # Number of ply #

> phi:=vector([0,90,0,90,90,0,90,0]): # Stacking sequence #

> theta:=0: # Angle of rotation #

> read "C:/ABD.txt": # Find ABD matrix # # (subr.l)
>

> Hf ———— S == PART 1 —-—=--——o e ———— Hit

>

# --- Assume function Y(y) ——- #

>

> YY[1]:=y"6:

>

## Calculate [S] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/[S].txt": # (subr.2)
>

## Calculate [A] Matrix ##

# Defind ldentity Matrix (N_term*N_term) #
with(LinearAlgebra): IM:=1dentityMatrix(N_term):

Al:=evalm( (2*a*D16/D11) * (S1_i1&*(S3-S3_t)) ):
A2:=evalm( ((a”2*D12/D11)*(S1_i&*(S2+S2_t))) -
(4*an2*D66/D11)*(S1_1&*S6_1t)) ):
A3:=evalm( (2*an3*D26/D11) * (S1_i&*(S5-S5_t)) ):
Ad:=evalm( (an4*D22/D11) * (S1_i&*S4_t) ):
A5:=-1IM:
A6:=evalm( -a * (S1_i&*(S3-S3_1)) ):
A7:=evalm( a2 * (S1_i&*S6_t) ):
A8:=evalm( (D11/an2)*S1 ):
A9:=evalm( (2*D16/a)*S3 ):
Al10:=evalm( D12*S2 ):
All:=evalm( (-D11/a”3)*S1 ):
Al2:=evalm( (-2*D16/a”2) * (S3-S3_t) ):
Al3:=evalm( ((4*D66/a)*S6_t) - ((D12/a)*S2) ):
Al4d:=evalm( (D11/an3)*S1 ):
Al5:=evalm( (2*D26)*S5_t ):
Al6:=evalm( (D11/a"2)*S3 ):

~V VVVYVYVYV
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## The recurrence formula ##

AA[O]:=array(1..N_term,1..1):
AA[1]:=array(1..N_term,1..1):
AA[2]:=array(1..N_term,1..1):
AA[3]:=array(1l..N_term,1..1):

for i from 1 to N_term do
AA[O][i,1]:=aa[#,0];
AA[1][i,1]:=aa[i,1];
AA[2][i,1]:=aali,2];
AAL3]LT,1]:=aa[T,3]:
od:

for i from O to i_term-4 do
AAL[i+4] :=evalm(simplify(expand(-1*((AL&*AA[1+3]*(1/(i+4)))
+ (evalf((A2-1ambda*beta[x]*A5)&*AALi+2]*(1/(1+3)/(1+4))))
+ (evalf((A3-lambda*beta[xy]*A6)&*AA[1+1]*(1/(i+2)/(i+3)/(i+4))))
+ (evalf((Ad-lambda*betal[y]*A7)&*AALI]*(1/i+1)/(1+2)/(i+3)/(i+4))))))));
od:

for i from 0 to i_term-4 do
AAA[T+4] :=(evalm(simplify(AA[1+4])));
od:

AAA[O]:=array(l..N_term,X._1):
AAA[1]:=array(l..N_term,1..1):
AAA[2]:=array(l..N_term,1..1):
AAA[3]:=array(l..N_term,1..1):

for i1 from 1 to N_term do
AAA[O][i,1]:=aal[i,0];
AAA[1][N,1]:=aali,1];
AAA[2] [T ,1]):=aali,2];
AAA[3][1,1]:=aali,3];
od:

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYV

## Calculate [X] Matrix ##

>

> read 'D:/Kantorovich/CalculateMatrix/N_term=1/[X].txt": # (subr.3)
>

## Calculate diff [X] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/diff[X].txt": # (subr.4)

>
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## Natural Boundary condition ##

>

> My:=evalm((A8&*X_ 2x)+(A9&*X_1x)+(A10&*X)):

> Qy:=evalm((AL1&*X_3x)+(A12&*X_2x)+((Al3-(lambda*beta[x]*A14))&*X_1x)
+((A15-(lambda*beta[xy]*A16))&*X)):

>

## Boundary Condition for on edge®s x ##

>

> read

"D:/Kantorovich/Boundary/N_term=1/Boundary X.txt": # (subr.5)

## Solve eigenvalue problem ##

S:=array(l..4*N_term,1._4*N_term):
for i from 1 to 4*N term do
for j from 1 to 4*N_term do
S[i,j]:=diff(BC[i].Ca[j-1]):
od:
od:
with(linalg):
aaaa:=evalf(det(S)):

VVVVVYVVYVYVYV

## determine eigenvalue ##
## satisfy total energy minimization ##

>
> plot(aaaa, lambda=80..150);

> read "C:/newton.txt":
resultl:=Newton ([aaaa=0], [lambda=100],output={variables,functions});

>

> lambda:=subs (%, lambda) ;

> Nxx:=((beta[x]*1ambda*D11)/a”2); # Buckling load (N/m™2) #

> non:=evalf(b"2/(D22*Pi"2)):

> Nondi_Buck:=Nxx*non; # Nondimension buckling load #
>

## determine eigenvector ##
## consider from boundary condition®s case study ##

for z from 1 to 4*N_term do
eq[z] :=BC[z]-=0:
od:

€af0]#s=0; Ca[d]>=0s "Caf3):=1;
sols:=solve({eq[4]1}):

Ca[0]:=0;
Ca[1]:=0;
Ca[2]:=subs(sols,Ca[2]);
Ca[3]:=1;

VVVVVVVVVYVYVYVYV
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## Find X(x) for calculate next iteration ##

>

> read "D:/Kantorovich/CalculateMatrix/find[X].txt": # (subr.6)
>

> XXla:=XX[1]:

>

> save XXla,"D:/Kantorovich/Buckling/Function/N=1/SSSS/XX1_1.txt":
>

## Out-of-plane displacement ##

>

> wi=XX[1]1*YY[1]:

>

## plot mode shape ##

>

> plot3d(w,x=0..a,y=0..b):

>

'
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## Kantorovich Program ##

## Buckling of Symmetrically Laminated Plates ##
## using Extended Kantorovich Method ##

## Iteration No.2 known function X(X) ##

> restart;

> Digits:=100:

> N_term:=1: # Number of N term #

> i_term:=150: # Number of i1 term #

>

> Ny:=0: Nxy:=0: beta[x]:=1: beta[y]:=0: beta[xy]:=0:
>

## Input of all material properties ##

>

> ratio:=3: # 'ratio is E1/E2 #

> E1:=131e9: # Longitudanal modulus, GPa #
> E2:=El/ratio: # Transverse modullus, GPa #
> v12:=0.25: # Poisson ratio #

> (12:=0.5*E2: # Shear modulus, GPa #

> v21:=v12*E2/E1l: # Poisson ratio #
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## Defind geometry of a plate ##

>

> aspect_ratio:=1.0: # is a/b #

>

> a:=0.9: # Length of the plates, m #

> Db:=a/aspect_ratio: # Width of the plates, m #

> t:=0.000127: # Ply thickness, m #

> h:i=t*N: # thickness of the plates, m #

>

## Boundary condition for study ##

>

> Boundary_X:=C_S: # - satisfy boundary condition on edge®s x - #
> Boundary_Y:=S _C: # - satisfy boundary condition on edge"s y - #
>

> save Boundary_X, "D:/Kantorovich/Vibration/Boundary/Boundary X.txt":
> save Boundary_Y, "D:/Kantorovich/Vibration/Boundary/Boundary_Y.txt":
>

## Calculate ABD matrix ##

>

> N:=8: # Number of ply #

> phi:=vector([0,90,0,90,90,0,90,0]): # Stacking sequence #
> theta:=0: # Angle of rotation #

> read "C:/ABD.txt": # find ABD matrix # # (subr.1)
>

> ## ————————— N ___ 488 PART S 2% ___________ #it
>

# --- Read function X(x) ¥from previous calculate --- #

>

> read "D:/Kantorovich/Buckling/Function/N=1/SSSS/XX1_1.txt":

>

> XX[1]:=XX1la:

>

## Calculate [R] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/[R].txt": # (subr.7)
>

## Calculate [B] Matrix ##

>

> # Defind Identity Matrix (N_term*N_term) #

> with(LinearAlgebra): IM:=ldentityMatrix(N_term):

>

> Bl:=evalm( (2*b*D26/D22) * (R1_i&*(R3-R3_t)) ):

> B2:=evalm( ((b22*D12/D22)*(R1_i&*(R2+R2_t))) -
((4*bN2*D66/D22)*(R1_1&*R6_1T)) ):

B3:=evalm( (2*b"3*D16/D22) * (R1_i&*(R5-R5_t)) ):
B4:=evalm( (b~4*D11/D22) * (R1_i&*R4 t) ):
B5:=-1IM:

B6:=evalm( -b * (R1_i&*(R3-R3_t)) ):

B7:=evalm( b”2 * (R1_i&*R6_t) ):

B8:=evalm( (D22/b"2)*R1 ):

VVVYVVYV
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B9:=evalm( (2*D26/b)*R3 ):

B10:=evalm( D12*R2 ):

B1l:=evalm( (-D22/b"3)*R1 ):

B12:=evalm( (-2*D26/b”2) * (R3-R3_t) ):
B13:=evalm( ((4*D66/b)*R6_t) - ((D12/b)*R2) ):
B14:=evalm( (D22/b"3)*R1 ):

B15:=evalm( (2*D16)*R5_t ):

B16:=evalm( (D22/b"2)*R3 ):

The recurrence formula ##

BB[O]:=array(1..-N term,1..1):
BB[1]:=array(d-.-N_term,1..1):
BB[2]:=array(1l..N_term,1..1):
BB[3]:=array(l.-N_term,1..1):

for i from 1 to N_term do
BB[O][i,1]:=bb[i,0];
BB[1]1[i,1]):=bb[i,1];
BB[2][i,1]:=bb[i,2];
BB[3][i,1]:=bb[1,3];
od:

for i from 0 to i_term-4 do
BB[i+4] :=evalm(simplify(expand(-1*((B1&*BB[i+3]1*(1/(i+4)))
+ (evalf((B2-alpha*betafy]*B5)&*BBLi+2]*(1/(i+3)/(i+4))))
+ (evalf((B3-alpha*beta[xy]*B6)&*BBLi+1]*(1/(1+2)/(i+3)/(i+4))))
+ (evalf((B4-alpha*beta[x]*B7)&*BBL11*(1/(i+1)/(i+2)/(i+3)/(i+4)))))))):
od:

for i1 from O to i_term-4 do
BBB[i+4]:=(evalm(simplify(BB[i+4])));
od:

BBB[O] :=array(1.-N_term,1..1):
BBB[1]:=array(l.-N_term,1..1):
BBB[2]:=array(1.-N_term,1..1):
BBB[3]:=array(l..N_term,1..1):

for i from 1 to N_term do
BBB[O][i,1]:=bb[i,0];
BBB[1][i,1]:=bb[i,1];
BBB[2][i,1]:=bb[i,2];
BBB[3][i,1]:=bb[i,3];
od:
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## Calculate [Y] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/N_term=1/[Y].txt": # (subr.8)
>

## Calculate diff [Y] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/diff[Y].txt": # (subr.9)
>

## Natural Boundary condition ##

>

> Mx:=evalm((B8&*Y_2y)+(B9&*Y_1ly)+(B10&*Y)):

> Qx:=evalm((B11&*Y_3y)+(B12&*Y_2y)+((B13-(alpha*betaly]*B14))&*Y_1ly)
+((B15-(alpha*beta[xy]*B16))&*Y)):

>

## Boundary Condition for on edge"s y ##

>

> read

""D:/Kantorovich/Boundary/N_term=1/Boundary.Y.txt': # (subr.10)

## Solve eigenvalue problem ##
>

> R:=array(l..4*N_term,1l..4*N_term);

> for i from 1 to 4*N_term do
for j from 1 to 4*N_term do

R[i,j]:=diff(BCLi],Cb[j-11);
od:
od:
with(linalg):
bbbb:=evalf(det(R)):

VVVYVYVYVYV

## determine eigenvalue ##
## satisfy total energy minimization ##

>
> plot(bbbb,alpha=50..180);

> read "C:/newton.txt":
resultl:=Newton ([bbbb=0], [alpha=90],output={variables,functions});

>

> alpha:=subs(%,alpha);

> Nxx:=((beta[x]*alpha*D22)/b"2); # Buckling load (N/m"2) #

> non:=evalf(b"2/(D22*Pi"2)):

> Nondi_Buck:=Nxx*non; # Nondimension buckling load #
>

## determine elgenvector ##
consider from boundary condition®s case study ##

eq[z]:=BC[z]=0:
od:

Ht
>
> for z from 1 to 4*N_term do
>
>
> Cb[0]:=0; Cb[3]:=1;
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sols:=solve({eq[3].eql41}):

\\3!!44,,

ate Mgr ix/ ffﬂﬁ

Cb[0]:=0;
Cb[1] :=subs(sols,Cb[1]);
Cb[2] :=subs(sols,Cb[2]):
Cb[3]:=1;

find Y(y) for cal

read "D:/Kant #(subr.11)

YY1b:=YY[1]:

VVVﬁVVVﬁVVVVVVV#VVVVVVV
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## Kantorovich Program ##

## Vibration of Symmetrically Laminated Plates ##
## using Extended Kantorovich Method ##

## lteration No.1l known Tunction Y(y) ##

> restart;

> Digits:=100:

> N_term:=3: # Number of N term #

> i_term:=200: # Number of i1 term #

>

## Input of all material properties ##

>

> ratio:=2.45: #. ratio is E1/E2 #

> E1:=131e9: # Longitudanal modulus, GPa #
> E2:=El/ratio: # Transverse modulus, GPa #
> v12:=0.23: # Poisson ratio #

> (12:=0.48*E2: # Shear modullus, GPa #

> density:=8000: # density, kg/m"3 #

> v21:=v12*E2/E1: # Poisson ratio #

>

## Defind geometry of a plate ##

Boundary condition for study ##

>

> ‘aspect_ratio:=1.0: # is a/b #

>

> a:z=10: # Length of the plates, m #

> b:=as/aspect_ratio: # Width of the plates, m #

> t:=0.06: # Ply thickness, m " #

<« RLEE % E # thickness of the plates, m #
>

#H#

>

> Boundary_X:=S S: # - satisfy boundary condition on edge®s x - #
> Boundary_Y:=S_S: # - satisfy boundary condition on edge"s y - #
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> save Boundary X, "D:/Kantorovich/Vibration/Boundary/Boundary X.txt':
> save Boundary_Y, "D:/Kantorovich/Vibration/Boundary/Boundary_ Y. txt":
>

## Calculate ABD matrix ##

>

> N:=3: # Number of ply #

> phi:=vector([30,-30,30]): #  Stacking sequence #

> theta:=0: # Angle of rotation #

> read "C:/ABD.txt": # Find ABD matrix # # (subr.l)
>

> B e PART 1 =——==e——=e———————— Hit
>

# --- Assume function Y(y) --- #

>

> YY[1]:=sin(Pi*y/b):

> YY[2]:=sin(2*Pi*y/b):

> YY[3]:=sin(3*Pi*y/b):

>

## Calculate [S] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/[S]-txt'": # (subr.2)
>

## Calculate [A] Matrix ##

>

> # Defind ldentity Matrix (N_term*N_term) #

> with(LinearAlgebra): IM:=1dentityMatrix(N_term):

>

> Al:=evalm( (2*a*D16/D11) * (S1_i&*(S3-S3_t)) ):

> A2:=evalm( ((an2*D12/D11)*(S1_i&*(S2+S2_t))) -
((4*an2*D66/D11)*(S1_i1&*S6_t)) ):

A3:=evalm( (2*a”3*D26/D11) * (S1_i&*(S5-S5_t)) ):
Ad:=evalm(C (a”4*D22/D11) * (S1_1&*S4 t) ):
A5:=evalm( (a”4*density/D11)*IM ):

A6:=evalm( (D11/a”2)*S1 ):
A7:=evalm(.(2*D16/a)*S3 ):

A8:=evalm( D12*S2 ):

A9:=evalm( (-D11/a”3)*S1 ):

Al0:=evalm( (-2*D16/a”2) * (S3-S3 t) ):
All:=evalm( ((4*D66/a)*S6_t) - ((D12/a)*S2) ):
Al2:=evalm( (2*D26)*S5_t ):

The recurrence formula ##

AA[O]:=array(1..N_term,1..1):
AA[1]:=array(1l..N_term,1..1):
AA[2]:=array(1l..N_term,1..1):
AA[3]:=array(1..N_term,1..1):

VVVVVV%VVVVVVVVVVVVV
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for 1 from 1 to N_term do
AA[O][i,1]:=aa[i,0];
AA[1][T,1]:=aa[1,1];
AA[2][i,1]:=aa[i,2];
AAL3]LT,1]:=aa[1,3];
od:

for i from 0 to i_term-4 do

AALi1+4] :=evalm(simplify(expand(-1*((AL&*AA[T1+3]*(1/(i+4)))

+ (evalF(A2&*AATI+2]*(1/(i+3)/(i+4))))

+ (eval F(AS&*AATT+1]*(1/(i+2)/(i+3)/(i+4))))

+ (evalf((Ad-lambda*A5)&*AALi]*(L/(i+1)/(i+2)/(i+3)/(i+4))))))));
od:

for i from O to i_term-4 do
AAALT+4] :=(evalm(simplify(AA[1+4])));
od:

AAA[O]:=array(l.-N_term,1..1):
AAA[1]:=array(1..N_term,1..1):
AAA[2]:=array(1..N_term,1..1):
AAA[3]:=array(1l..N_term,1..1):

for i from 1 to N_term do
AAA[O][1,1]:=aali,0];
AAA[1][i,1]):=aa[i,1};
AAA[2][i,1]:=aa[i,2];
AAA[3][i,1]:=aa[i,3];
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od:
## Calculate [X] Matrix ##
>
> read
"D:/Kantorovich/CalculateMatrix/N_term=3/[X].txt": # (subr.3)
>
## Calculate diff [X] Matrix ##
>
> read "'D:/Kantorovich/CalculateMatrix/diff[X].ext": # (subr.4)
>
## Natural Boundary condition ##
>

> My:=evalm((AB&*X_2x)+(A7&*X_1x)+(A8&*X)):

> Qy:=evalm((A9&*X_3x)+(AL10&*X_2x)+(A11&*X_1x)+(A12&*X)):

>

## Boundary Condition for on edge"s x ##

>

> read

*D:/Kantorovich/Boundary/N_term=3/Boundary_X.txt": # (subr.5)
>
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## Solve eigenvalue problem ##

S:=array(1..4*N_term,1._.4*N_term):
for i from 1 to 4*N_term do
for j from 1 to 4*N_term do
S[i,j]:=dvff(BCLi],Ca[j-1]):
od:
od:
with(linalg):
aaaa:=evalf(det(S)):

VVVVVYVYVYVYVYV

## determine eilgenvalue ##
## satisfy total energy minimization ##
>
> plot(aaaa, lambda=0. .400);

> read "C:/newton.txt":
resultl:=Newton ([aaaa=0], [lambda=200],output={variables,functions});

>
> lambda:=subs(%, lambda) ;
> ome2:=lambda;
> ome:=sqrt(ome2/h); # Natural frequencies (rad/s) #
> D00:=((E1*h"3)/(12*(1-v12*v21))):
> beta:=sqrt(density*ome2*a”4/D00) ; # dimensionless frequency parameter #
>
## determine eilgenvector ##
## consider from boundary condition®s case study ##

for z from 1 to 4*N_term do
eq[z]:=BC[z]=0:
od:

Ca[0]:=0; = Ca[4]:=0;  Ca[8]:=0;  Ca[3]:=1;
sols:=solve({eq[5].eq[6]1.eq[7]1.eq[8]1.eq[9].eq[10].eq[11].eq[121});

Ca[0]:=0;
Ca[l1l]:=subs(sols,Ca[1]);
Ca[2] :=subs(sols,Ca[2]);
Ca[i3] =1%

Ca[4]:=0;
Ca[5]:=subs(sols,Ca[5]);
Cal6] :=subs(sols,Ca[6]);
Ca[7]:=subs(sols,Ca[7]):
Ca[8]:=0;
Ca[9]:=subs(sols,Ca[9]);
Ca[10] :=subs(sols,Ca[10]):
Ca[11] :=subs(sols,Ca[11]):

VVVVVVVVVVVVVVVVVYVYVYVYV
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## Find X(x) for calculate next iteration ##

read "'D:/Kantorovich/CalculateMatrix/find[X].txt": # (subr.6)
XXla:=XX[1]: XX2a:=XX[2]: XX3a:=XX[3]1:

save XXla,'D:/Kantorovich/Vibration/Function/N=3/SSSS/XX1_1.txt":

save XX2a,'D:/Kantorovich/Vibration/Function/N=3/SSSS/XX1 2.txt":
save XX3a,''D:/Kantorovich/Vibration/Function/N=3/SSSS/XX1 3.txt":

VVVVVYVVYVYVYV

## Out-of-plane displacement ##

>

> wi=XX[1T*YY1]+XXE2T*YY[ 2] +XX[31*YY[3]:
>

## plot mode shape ##

>

> plot3d(w,x=0..a,y=0..b):

' 1
o a v

doultlsunsufiaesuaadniavingilusasndeslagdaleidudusmu X, (x) ldann

[ %
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## Kantorovich Program ##
## Vibration of Symmetrically Laminated Plates ##
## using Extended Kantorovich Method ##

## lteration No.2 known function X(X) ##

G12 := 0.48*E2:
density := 8000:
v21 := v12*E2/E1:

Shear modulus, GPa #
density, kg/m"3 #
Poisson ratio #

> restart;

> Digits:=100:

> N term:=3: # 'Number of N term #

> i_term:=200: # Number of ¥ term #

>

## Input of all material properties ##

>

> ratio:=2.45: ratio is E1/E2 #

> E1 := 131e9: Longitudanal modulus, GPa #
> E2 := El/ratio: Transverse modulus, GPa #
> v12 = 0.23: Poisson ratio #

>

>

>

H OH OH OH H H



## Defind geometry of a plate ##

#

#
#
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# (subr.1)

>
> aspect_ratio:=1.0: # is a/b #
>
> a:=10: # Length of the plates, m #
> Db:=a/aspect_ratio: # Width of the plates, m #
> t = 0.06: # Ply thickness, m #
> h:i=t*N: # thickness of the plates, m
>
## Boundary condition for study ##
>
> Boundary_X:=S_S: # - satisfy boundary condition on edge®s x - #
> Boundary_Y:=S_S: # - satisfy boundary condition on edge"s y - #
>
> save Boundary_X, "D:/Kantorovich/Vibration/Boundary/Boundary X.txt":
> save Boundary_Y, "D:/Kantorovich/Vibration/Boundary/Boundary_Y.txt":
>
## Calculate ABD matrix ##
N := 3: # Number of ply #
phi := vector([30,-30,30]): # Stacking sequence
theta:= O: # Angle of rotation
read "C:/ABD.txt": # find ABD matrix #
HE -4 __ PART 1
--— Read function X(x) from previous calculate --- #

VVVVVVV¥VVVVYVYVYVYV

## Calculate [R] Matrix ##
>

XX[1] :=XX1a: XX[2]:=XX2a: XX[3]:=XX3a:

> read "D:/Kantorovich/CalculateMatrix/[R]-txt":

>
## Calculate [B] Matrix ##

VvV VVVYVYV

((4*b"2*D66/D22)*(R1_i&*R6_t)) ):
> B3:=evalm( (2*b"3*D16/D22) * (R1_i&*(R5-R5_t)) ):
> B4:=zevalm( (b~4*D11/D22) * (R1_i&*R4 t) ):

> B5:=evalm( (b™M*density/D22)*IM ):

> B6:=evalm( (D22/b"2)*R1 ):

# Defind ldentity Matrix (N_term*N_term) #
with(LinearAlgebra): IM:=1dentityMatrix(N_term):

Bl:=evalm( (2*b*D26/D22) * (R1_1&*(R3-R3_t)) ):
B2:=evalm( ((b”2*D12/D22)*(R1_i&*(R2+R2_1))) -

read "D:/Kantorovich/Vibration/Function/N=3/SSSS/XX1_1.txt":
read "D:/Kantorovich/Vibration/Function/N=3/SSSS/XX1 2.txt":
read "D:/Kantorovich/Vibration/Function/N=3/SSSS/XX1_3.txt":

# (subr.7)
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3+

#
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134

B7:=evalm( (2*D26/b)*R3 ):

B8:=evalm( D12*R2 ):

B9:=evalm( (-D22/b"3)*R1 ):

B10:=evalm( (-2*D26/b”2) * (R3-R3_t) ):
Bll:=evalm( ((4*D66/b)*R6_t) - ((D12/b)*R2) ):
B12:=evalm( (2*D16)*R5_t ):

The recurrence Fformula ##

BB[O]:=array(1..N_term,1..1):
BB[1]:=array(1.-N_term,1..1):
BB[2]:=array(1..N term,1..1):
BB[3]:=array(d-.N_term,1..1):

for i from 1 to N_term do
BB[O][i,1]:=bb[i,0];
BB[1][i,1]:=bb[i,1];
BB[2][i,1]:=bb[i,2];
BB[3]1[i,1]:=bb[i,3];
od:

for i from 0 to i_term-4 do
BB[i+4] :=evalm(simplify(expand(-1*((B1&*BBLi+3]1*(1/(i+4)))
+ (evalf(B2&*BB[i+2]*(1/(i+3)/(i+4))))
+ (evalf(B3&*BB[i+1]*(2/(Ci+2)/(i+3)/(i+4))))
+ (evalf(B4-alpha*B5)&*BB[i]*(1/(1+1)/(i+2)/(i+3)/(i+4)))))));
od:
for i from O to i_term-4 do
BBB[i+4]:=Cevalm(simplify(BB[i+4]1)));
od:

BBB[O]:=array(l..N_term,1..1):
BBB[1]:=array(1..N_term,1..1):
BBB[2] :=array(1..N_term,1..1):
BBB[3]:=array(l.-N_term,1..1):

for i from 1 to N_term do
BBB[O][i,1]:=bb[i,0];
BBB[1][i,1]:=bb[i,1];
BBB[2][i,1]:=bb[i,2];
BBB[3][i,1]:=bb[i,3];
od:
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## Calculate [Y] Matrix ##

>

> read

"D:/Kantorovich/CalculateMatrix/N_term=3/[Y].txt": # (subr.8)
>

## Calculate diff [Y] Matrix ##

>

> read "D:/Kantorovich/CalculateMatrix/diff[Y].txt": # (subr.9)
>

## Natural Boundary condition ##

>

> Mx:=evalm((B6&*Y_2y)+(B7&*Y_1ly)+(B8&*Y)):
> Qx:=evalm((B9&*Y_3y)+(B10&*Y_2y)+(B11&*Y_ 1ly)+(B12&*Y)):

## Boundary Condition for on edge®s y ##

> read
"D:/Kantorovich/Boundary/N_term=3/Boundary_ Y .txt": # (subr.10)

3+
;,_tV

Solve eigenvalue problem ##

R:=array(1l..4*N_term,1.._4*N_term);
for i from 1 to 4*N_term do
for j from 1 to 4*N_term do
R[Li,j]:=diff(BC[i],Cb[j-11);
od:
od:
with(linalg):
bbbb:=evalf(det(R)):

VVVVVYVVYVYVYV

## determine eigenvalue ##
## satisfy total energy minimization ##

>
> plot(bbbb,alpha=0..400);

> read "'C:/newton.txt":
resultl:=Newton ([bbbb=0],[alpha=200],output={variables,functions});

alpha:=subs(%,alpha);

ome2:=alpha;

ome:=sqgrt(ome2/h); # Natural. frequencies (rad/s) #
DO0:=((E1*h"3)7(12*(1-v1i2*v21))):

beta:=sqgrt(density*ome2*a”4/D00); # dimensionless frequency parameter #

VVVVYVYVYV
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## determine eilgenvector ##

## consider from boundary condition®s case study ##

od:

Cb[0]
sols:

Cb[0]
Cb[1]
cb[2]
Cb[3]
Cb[4]
Cb[5]
Cb[6]
Cb[7]
cb[8s]
Cb[9]

VVVVVVVVVVVVVVVVVVYVYVYV

3
H*

find

read

YY1lb:

save

save
save

VVVVVYVYVYVYV

for z from 1 to 4*N_term do

eq[z]:=BC[z]=0:

:=0; Cb[4]:=0; Cb[8]:=0; Cb[12]:=1;
=solve({eq[5].,eq[6]1.eq[7]1.eq[8]1.eql9].eq[10],eq[11],eq[12]1});

:=0;

:=subs(sols,Cb[1]D);
:=subs(sols,Cb[2]);
:=subs(sols,Cb[3]);
:=0;

:=subs(sols,Cb[5]);
:=subs(sols,Cb[6]);
:=subs(sols,Cb[7]);
:=0;

:=subs(sols,Cb[9]);

Cb[10] :=subs(sols,Cb[10]);
Cb[11]:=1;

Y(y) for calculate next iteration ##
"D:/Kantorovich/CalculateMatrix/find[Y] . txt": #(subr.11)
=YY[1]:  YY2b:=YY[2]: YY3b:=YY[3]:
YY1lb,"D:/Kantorovich/Vibration/Function/N=3/SSSS/YY1 1.txt":

YY2b,"D:/Kantorovich/Vibration/Function/N=3/SSSS/YY1 2.txt":
YY3b, ""D:/Kantorovich/Vibration/Function/N=3/SSSS/YY1 3.txt":

## Out-of-plane displacement ##

>

> wz=XX[1]*YY[1]+XX[2T*YY [2]+XX[3]*YY[3]:

>
## plot
>

mode shape ##

> plot3d(w,x=0..a,y=0..b):
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#m— =& (Subrottine 1) —=———-———+-——=——— #
#Calculate the lamina stiffness matrix [Q] in material axis
Q11:=E1"2/(E1-Vv12/2*E2):
Q12:=v12*E1*E2/ (E1-Vv12/"2*E2):
Q22:=E1*E2/(E1-Vv12/"2*E2):
Q66:=G12:
#Calculate invariants U
Ul:= (3*Q11+3*Q22+2*Q12+4*Q66)/8:

U2:= (Q11-Q22)/2:

U3:= (Q11+Q22-2*Q12-4*Q66)/8:
U4:= (Q11+Q22+6*Q12-4*Q66)/8:
U5:= (Q11+Q22-2*Q12+4*Q66)/8:

#Calculate the distance from midplane : z[1]to z[N+1]
for i from 1 to N+1 do
z[i]:=t*(i-1-N/2)
od:
#Calculate the invariants V (a total of 15 invariants)
VAO = N*t: VBO:=0:
VDO:=(N*t)"3/12:
VA1:=0:
for 1 from 1 to N do
VAl:=VAl+cos(Pi/180*2*phi[i1)*(z[i+1]=z[i]);
od:
VA2:=0:
for 1 from 1 to N do
VA2:=VA2+sin(Pi/180*2*phi[i1)*(z[i+1]-z[i]);
od:
VA3:=0:
for i from 1 to N do
VA3:=VA3+cos(Pi/180*4*phi[i]D*(z[i+1]-z[i]);

VVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYV
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od:
VA4:=0:
for 1 from 1 to N do
VA4:=VA4+sin(Pi/180*4*phi[i]D*(z[i+1]-z[i]D);
od:
VB1:=0:
for i from 1 to N do
VB1:=VB1l+cos(Pi/180*2*phi[iPD*((z[1+11)"2-(z[i1)"2);
od:
VB1:=VB1/2:
VB2:=0:
for 1 from 1 to N do
VB2:=VB2+sin(Pi/180*2*phi i) *((z[i+11)*2-(z[i1)"2);
od:
VB2:=VB2/2:
VB3:=0:
for 1 from 1 to N do
VB3:=VB3+cos(Pi/180*4*phi[i]D*((z[i+1 D 2-z[i])"2);
od:
VB3:=VB3/2:
VB4:=0:
for i from 1 to N do
VB4:=VB4+sin(Pi/180*4*phi[1i D *((z[i+1 D 2-(z[i]D"2);
od:
VB4:=VB4/2:
VD1:=0:
for i from 1 to N do
VD1:=VDl+cos(Pi/180*2*phi[1D*((z[i+1D"3-z[i]D"3);
od:
VD1:=VD1/3:
VD2:=0:
for i from 1 to N do
VD2:=VD2+sin(P1/180*2*phi [1D*((z[1+11)"3-(z[i1)"3);
od:
VD2:=VD2/3:
VD3:=0:
for i from 1 to N do
VD3:=VD3+cos(Pi/180*4*phi[i1)*((z[i+11)"3-(z[i1)"3);
od:
VD3:=VD3/3:
VD4:=0:
for i from 1 to N do
VD4:=VD4+sin(Pi/180*4*phi [11)*((z[i+11)/"3-z[i1)"3);
od:
VD4:=VD4/3:

#This are the results: [ABD] w.r.t. the rotated axis.
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All:=evalf(U1*VAO+U2*VAl*cos(2*theta*Pi/180)+U2*VA2*sin(2*theta*Pi
/180)+U3*VA3*cos(4*theta*Pi/180)+U3*VA4*sin(4*theta*Pi/180)):
A22:=evalT(U1*VAO-U2*VAl*cos(2*theta*Pi/180)-U2*VA2*sin(2*theta*Pi
/180)+U3*VA3*cos(4*theta*Pi1/180)+U3*VA4*sin(4*theta*Pi/180)):
Al12:=eval f(U4*VAO-U3*VA3*cos(4*theta*Pi/180)-U3*VA4*sin(4*theta*Pi
/180)):

A66:=eval F(U5*VAO-U3*VA3*cos(4*theta*Pi/180)-U3*VA4*sin(4*theta*Pi
/180)):

Al6:=eval f(U2*VA2*cos(2*theta*Pi/180)-U2*VAl*sin(2*theta*Pi/180)+2
*U3*VA4*cos(4*theta*Pi/180)-2*U3*VA3*sin(4*theta*Pi/180))/2:
A26:=eval T(U2*VA2*cos(2*theta*Pi/180)-U2*VAl*sin(2*theta*Pi/180)-2
*U3*VA4*cos(4*theta*Pi/180)+2*U3*VA3*sin(4*theta*Pi/180))/2:
o Matrix [B] —-=----—=———— e
B1ll:=evalf(U1*VB0O+U2*VB1l*cos(2*theta*Pi/180)+U2*VB2*sin(2*theta*Pi
/180)+U3*VB3*cos(4*theta*Pi/180)+U3*VB4*sin(4*theta*Pi/180)):
B22:=eval f(U1*VB0-U2*VB1l*cos(2*theta*Pi/180)-U2*VB2*sin(2*theta*Pi
/180)+U3*VB3*cos(4*theta*Pi/180)+U3*VB4*sin(4*theta*Pi/180)):
B12:=eval f(U4*VB0-U3*VB3*cos(4*theta*Pi/180)-U3*VB4*sin(4*theta*Pi
/180)):

B66 :=eval f(U5*VB0O-U3*VB3*cos(4*theta*Pi/180)-U3*VB4*sin(4*theta*Pi
/180)):

B16:=eval f(U2*VB2*cos(2*theta*Pi/180)-U2*VB1*sin(2*theta*Pi/180)+2
*U3*VB4*cos(4*theta*Pi/180)-2*U3*VB3*sin(4*theta*Pi/180))/2:
B26:=eval f(U2*VB2*cos(2*theta*Pi/180)-U2*VB1*sin(2*theta*Pi/180)
-2*U3*VB4*cos(4*theta*Pi/180)+2*U3*VB3*sin(4*theta*Pi/180))/2:
e Matrix [D} ---———----———

D11:=evalf(U1*VDO+U2*VD1*cos(2*theta*Pi1/180)+U2*VD2*sin(2*theta*Pi
/180)+U3*VD3*cos(4*theta*Pi1/180)+U3*VD4*sin(4*theta*Pi/180)):
D22:=eval T(U1*VD0O-U2*VD1*cos(2*theta*Pi1/180)-U2*VD2*sin(2*theta*Pi
/180)+U3*VD3*cos(4*theta*Pi/180)+U3*VD4*sin(4*theta*Pi/180)):
D12:=eval f(U4*VD0O-U3*VD3*cos(4*theta*Pi/180)-U3*VD4*sin(4*theta*Pi
/180)):

D66:=eval f(U5*VDO-U3*VD3*cos(4*theta*Pi/180)-U3*VD4*sin(4*theta*Pi
/180)):

D16:=eval f(U2*VD2*cos(2*theta*Pi/180)-U2*VD1*sin(2*theta*Pi/180)+2
*U3*VD4*cos(4*theta*Pi/180)-2*U3*VD3*sin(4*theta*Pi1/180))/2:
D26:=eval f(U2*VD2*cos(2*theta*Pi/180)-U2*VD1*sin(2*theta*Pi/180)-2
*U3*VD4*cos(4*theta*Pi/180)+2*U3*VD3*sin(4*theta*Pi/180))/2:

e T e Matrix [ABD] --——--—=——-—o— oo
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ABD:=linalg[matrix](6,6,[[A11,A12,A16,B11,B12,B816],[A12,A22,A26,B12,822,B826]
,[A16,A26,A66,B16,B26,B66], [B11,B12,B16,D11,D12,D16], [B12,B22,B26,D12,D22,D2
6], [B16,B26,B66,D16,D26,D66]1):
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Tusunsugiaan 2 gnaniuldin D/Kantorovich /CalculateMatrix/[S].txt Ttlsunasiiyia

utfAaLEENdMIIUAT [S,] anuannig (4-9) Tnaseaazidanaasldsunsui

sapialilil

B (Subroutine 2) —----—-———=-———— #
with(linalg): Y:=array(1..N_term,1..1):
Y_y:=array(l._.N_term,1..1):
Y_yy:=array(1l..N_term,1._.1):
for i from 1 to N term do
Y[i,1]:=YY[i];
Y_y[i,1]:=difF(YLF,1).Y);
Y_yy[i,1]:=diff(Y[F,11.y.Y);
od:

Y_t:=transpose(Y):
Y_y t:=transpose(Y_y):
Y_yy_t:=transpose(Y_yy):
ssl:=evalm(Y&*Y_t):
ss2:=evalm(Y&*Y_yy t):
ss3:=evalm(Y&*Y_y t):
ss4:=evalm(Y_yy&*Y_yy t):
ssb:i=evalm(Y_yy&*Y_ y t):
ss6:=evalm(Y_y&*Y_y_t):
Sl:=array(1..N_term,1..N term):
S2:=array(l..N_term,1..N_term):
S3:=array(1..N_term,1._:N_term):
S4:=array(l..N_term,1._.N_term):
S5:=array(1..N_term,1..N_term):
S6:=array(l..N_term,1._.N_term):
for i from 1 to N_term do
for j from 1 to N_term do
S1[i,§}:=evalf(int(ssi[i,j].y=0..b));
S2[i,j]:=evalf(int(ss2[i,j],y=0..b));
S3[i,j]:=evalf(int(ss3[i,j].y=0..b));
S4[i,j]:=evalf(int(ss4[i,j],y=0..b));
S5[i,j]:=evalf(int(ss5[i,j],y=0..b));
S6[1,j]:=evalf(int(ss6[i,j].y=0..b));

o

o

)
o

S1 t:=transpose(Sl): S1_i:=inverse(Sl):
S2_t:=transpose(S2):
S3_t:=transpose(S3):
S4_t:=transpose(S4):
S5 t:=transpose(S5):
S6_t:=transpose(S6):

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYV
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P (Subroutine 3) —-—=—————=———— #
# case using N term=1 for calculate #
Xh[1]:=0:

for i from O to i_term do
Xh[1] :=expand (Xh [1]+AAALT][1,11*xi” i) ;
od:

# case using N term=2 for calculate #
Xh[1]:=0: Xh[2]:=0:
for i from O to i term do
Xh[1] :=expand (Xh[1]+AAALT][1,1]*xiNi);
Xh[2] :=expand (Xh[2]+AAALI][2,1]*xiM1);
od:

# case using N term=3 for calculate #
Xh[1]:=0: Xh[2]:=0: Xh[3]:=0:
for i from O to 1I_term do
Xh[1] :=expand (Xh[1]+AAA[Li][1,1]*xii);
Xh[2] :=expand (Xh[2]+AAALT][2,11*Xi™i);
Xh[3] :=expand (Xh[S]+AAALI][3,1]*xi™ 1) ;
od:

# case using N term=4 for calculate #
Xh[1]:=0: Xh[2]:=0: Xh[3]:=0: Xh[4]:=0:
for 1 from O to i_term do
Xh[1] :=expand(Xh[1]+AAALI][1,1]*xii);
Xh[2] :=expand (Xh[2]+AAAL[I][2,1]*Xxi” 1) ;
Xh[3]}:=expand (Xh[3]+AAAL[I][3,1]*xiNi);
Xh[4] :z=expand(Xh[4]+AAA[T][4,1]*XiN);
od:

# case using N term=5 for calculate #
Xh[1]:=0: Xh[2]:=0: Xh[3]:=0: Xh[4]:=0: Xh[5]:=0:
for 1 from O to i_term do
Xh[1] :=expand (Xh[1]+AAALT][1,1]*xi™Ni);
Xh[2] :=expand(Xh[2]+AAA[I][2,1]*xii);
Xh[3] :=expand(Xh[3]+AAA[i][3,1]*xi"i);
Xh[4] :=expand (Xh[4]+AAA[I][4,1]*XiNi);
Xh[5] :=expand (Xh[5]+AAAL[T][5,1]*xiNi);
od:

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYVYV
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> # case using N term=6 for calculate #
> Xh[1]:=0: Xh[2]:=0: Xh[3]:=0: Xh[4]:=0: Xh[5]:=0: Xh[6]:=0:

>

VVVYVYVYVYVYV

for 1 from O to i_term do

Xh[1] :=expand (Xh[1]+AAALT][1,1]*xiNi);
Xh[2] :=expand (Xh[2]+AAALI][2,1]*xii);
Xh[3] :=expand (Xh [S]+AAALI ] [3,1]*xiMi);
Xh[4] :=expand (Xh[4]+AAA[i][4,1]*Xi i) ;
Xh[5] :=expand(Xh [5]+AAALT][5,11*Xii);
Xh[6] :=expand(Xh[6]+AAA[i]}[6,1]*xi i) ;

od:

Tilsunsusiaai 4 gndauuldn Di/Kantorovich /CalculateMatrix/diff[X].txt Ttlsunasilyin
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e (Subroutine 4)

with(linalg): X:=array(1l..N_term,1..1):

for i1 from 1 to N_term do
X[i,1]:=Xh[i];

od:

for 1 from 1 to N_term do
for j from O to 3 do

aa[i,jl:=Ca[(4*(i=1))+jl;

od:

od:

for i from 1 to N_term do
XX[i):=X[i,1];

od:

X _Ix:=array(l..N_term,1..1):
for i1 from.1 to N_term do

X Ax[i,1]:=diffXX[i],xi);
od:

X 2x:=array(1l..N_term,1..1):
for i from 1 to N_term do

X 2x[i,1]:=difFFXX[i],xi,xi);
od:

X_3x:=array(l..N_term,1..1):

for i from 1 to N_term do

X 3x[i,1]):=difF(XX[i],xi,xi,xi);
od:
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B =g (Subroutine 5) —————==F——————= #
# case using N term=1 for calculate #
read "D:/Kantorovich/Buckling/Boundary/Boundary_X.txt':

iT (Boundary_X=C C)
then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=evalT(subs(xi=0,X_1x[1,1])):

BC[3] :=evalf(subs(xi=1,X[1,1])):
BC[4]:=evalf(subs(xi=1,X_1x[1,1])):

end if;

if (Boundary X=C_S)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=eval f(subs(xi=0,X_1x[1,1])):

BC[3]:=evalf(subs(xi=1,X[1,1])):
BC[4] :=eval f(subs(xi=1,My[1,1])):

end if;

if (Boundary X=S S)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=eval f(subs(xi=0,My[1,1])):

BC[3}:=evalf(subs(xi=1,X[1,1])):
BC[4]:=evalf(subs(xi=1,My[1,1])):
end if;

# case using N term=2 for calculate #
read "D:/Kantorovich/Buckling/Boundary/Boundary_X.txt'":

if (Boundary X=C_C)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=evalf(subs(xi=0,X[2,1])):
BC[3]:=evalf(subs(xi=0,X_1x[1,1])):
BC[4] :=evalf(subs(xi=0,X_1x[2,1])):

BC[5] :=evalf(subs(xi=1,X[1,1])):

BC[6]:=evalf(subs(xi=1,X[2,1])):

BC[7]:=evalf(subs(xi=1,X 1x[1,1])):

BC[8] :=evalf(subs(xi=1,X_1x[2,1]):
end if;
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if (Boundary X=C S)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=evalf(subs(xi=0,X[2,1])):
BC[3]:=evalf(subs(xi=0,X_1x[1,1])):
BC[4] :=evalf(subs(xi=0,X_1x[2,1])):

BC[5]:=evalf(subs(xi=1,X[1,1])):
BC[6]:=evalf(subs(xi=1,X[2,1])):
BC[7]:=evalf(subs(xi=1,My[1,1])):
BC[8]:=evalf(subs(xi=1,My[2,1])):

end if;

iT (Boundary_X=S_S)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=eval f(subs(xi=0,X[2,1])):
BC[3]:=eval f(subs(xi=0,My[1,1])):
BC[4]:=eval f(subs(xi=0,My[2,1])):

BC[5]:=evalf(subs(xi=1,X[1,1])):

BC[6]:=evalf(subs(xi=1,X[2,1])):

BC[7]:=evalf(subs(xi=1,My[1,1])):

BC[8]:=evalf(subs(xi=1,My[2,1])):
end if;

# case using N term=3 for calculate #
read "D:/Kantorovich/Buckling/Boundary/Boundary_X.txt":

if (Boundary X=C _C)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2]:=evalf(subs(xi=0,X[2,1])):
BC[3]:=eval f(subs(xi=0,X[3,1])):
BC[4] :=eval f(subs(xi=0,X_1x[1,1])):
BC[5] :=evalf(subs(xi=0,X_1x[2,1])):
BC[6] :=eval f(subs(x1=0,X_1x[3,1])):

BC[7]:=evalf(subs(xi=1,X[1,1])):
BC[8]:=evalf(subs(xi=1,X[2,11)):
BC[9] :=evalf(subs(xi=1,X[3,1])):
BC[10] :=evalf(subs(xi=1,X 1x[1,1]1)):
BC[11] :=evalf(subs(xi=1,X_1x[2,1])):
BC[12]:=evalf(subs(xi=1,X 1x[3,1])):

end if;

if (Boundary_ X=C_S)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=eval f(subs(xi=0,X[2,1])):
BC[3] :=evalf(subs(xi=0,X[3,1])):
BC[4] :=eval f(subs(xi=0,X_1x[1,1])):
BC[5]:=eval f(subs(xi=0,X_1x[2,1])):
BC[6] :=eval f(subs(xi=0,X_1x[3,1])):
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BC[7]:=evalf(subs(xi=1,X[1,1])):
BC[8] :=evalf(subs(xi=1,X[2,1])):
BC[9] :=evalf(subs(xi=1,X[3,1])):
BC[10] :=eval f(subs(xi=1,My[1,1])):
BC[11] :=evalf(subs(xi=1,My[2,1])):
BC[12] :=eval f(subs(xi=1,My[3,1])):

end if;

ifT (Boundary_X=S_S)

then BC[1]:=evalf(subs(xi=0,X[1,1])):
BC[2] :=evalf(subs(xi=0,X[2,1])):
BC[3] :=evalf(subs(xi=0,X[3,1])):
BC[4] :=eval f(subs(xi=0,My[1,1])):
BC[5]:=evalf(subs(xi=0,My[2,1])):
BC[6] :=eval f(subs(xi=0,My[3,1])):

BC[7]:=evalf(subs(xi=1,X[1,1])):

BC[8] :=evalf(subs(xi=1,X[2,1])):

BC[9] :=evalf(subs(xi=1,X[3,1]1)):

BC[10] :=eval f(subs(xi=1,My[1,1])):

BC[11] :=eval f(subs(xi=1,My[2,1])):

BC[12] :=evalf(subs(xi=1,My[3,1])):
end if;

# case using N term=4, 5 and 6 have form similar N term 1, 2 and 3 #
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= (Subroutine 6) —-————=——=—————- #
for i from 1 to N _term do

for j from O to 3 do

Caf(4*(i-1))+j]:=aali.j]:
od:

od:
xi:=x/a:
for i from 1 to N_term do

XX :=X[1,1];
od:

VVVVVVVYVYVYVYV
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B (Subroutine 7) —----————=-———— #
with(linalg): X:=array(1..N_term,1..1):
X x:z=array(l._.N_term,1..1):
X xx:=array(1l..N_term,1..1):
for i from 1 to N term do
X[i,1]:=xX[i];
X x[1,1]:=diff(X[i,1]},Xx);
X xx[i,1] :=difF(X[F§,1],.X%X,X);
od:

X_t:=transpose(X):
X_x_t:=transpose(X_X):
X_xx_t:=transpose(X_xx):
rrl:=evalm(X&*X_ t):
rr2:=evalm(X&*X_xx_t):
rr3:=evalm(X&*X_x t):
rr4d:=evalm(X_XX&*X_xx_t):
rr5:=evalm(X_xx&*X_x_t):
rr6:=evalm(X_x&*X_X_t):
Rl:=array(l..N_term,1._.N term):
R2:=array(1..N_term,1.-N_term):
R3:=array(1l..N_term,1._N_term):
R4:=array(1..N_term,1.._.N_term):
R5:=array(1l..N_term,1..N_term):
R6:=array(1..N_term,1.._.N_term):
for i from 1 to N_term do
for j from 1 to N_term do
Ri[i,§):-=evalf(int(rri[i,j].x=0..a));
R2[1,j]:=evalf(int(rr2[i,j].x=0..a));
R3[i,j]:=evalf(int(rr3[i,j]1,x=0..a));
Ra[i,j]:=evalf(int(rr4[i,jl1.x=0..a));
R5[1,j]:=evalf(int(rr5[i,j],x=0..a));
R6[N,j]:=evalf(int(rr6[i,j],x=0..a));
od:
od:
R1 t:=transpose(R1l): R1 _i:=inverse(Rl):
R2_t:=transpose(R2):
R3_t:=transpose(R3):
R4_t:=transpose(R4):
R5 t:=transpose(R5):
R6_t:=transpose(R6):
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> e (Subroutine 8) —--=--———=————- #
> # case using N term=1 for calculate #
> Yh[1]:=0:

for i from 0 to i_term do
Yh[1] :=expand(Yh[1]+BBB[i][1,1]1*eta™i);
od:

# case using N term=2 for calculate #
Yh[1]:=0: Yh[2]:=0:
for i from O to i_term do
Yh[1] :=expand(Yh[1]+BBB[i][1,1]*eta™i);
Yh[2] :=expand(Yh[2]+BBB[Li]}[2,1]*eta”i);
od:

# case using N term=3 for calculate #
Yh[1]:=0: Yh[2]:=0: Yh[3]:=0:
for i from O to i_term do
Yh[1] :=expand(Yh[1]+BBB[i][1,1]*eta"i);
Yh[2] :=expand(Yh[2]+BBB[i][2,1]*eta™i);
Yh[3] :=expand(Yh[3]+BBB[Li][3,1]*eta™i);
od:

# case using N term=4 for calculate #
Yh[1]:=0: Yh[2]:=0: Yh[3]:=0: Yh[4]:=0:
for i from O to i_term do
Yh[1] :=expand(Yh[1]+BBB[i][1,1]*eta™i);
Yh[2] :=expand(Yh[2]+BBB[i][2,1]*eta™i);
Yh[3]:=expand(Yh[3]+BBB[i][3,1]*eta™i);
Yh[4] :=expand(Yh[4]+BBB[i][4,1]*eta™i);
od:

# case using N term=5 for calculate #
Yh[1]:=0: Yh[2]:=0: Yh[3]:=0: Yh[4]:=0: Yh[5]:=0:
for 1 from O to i_term do
Yh[1] :=expand(Yh[1]+BBB[i][1,1]*eta™i);
Yh[2]:=expand(Yh[2]+BBB[i][2,1]*eta™i);
Yh[3]:=expand(Yh[3]+BBB[i][3,1]*eta’i);
Yh[4] :=expand(Yh[4]+BBB[i][4,1]*eta™i);
Yh[5] :=expand(Yh[5]+BBB[i][5,1]*eta™i);
od:
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> # case using N term=6 for calculate #
> Xh[1]:=0: Xh[2]:=0: Xh[3]:=0: Xh[4]:=0: Xh[5]:=0: Xh[6]:=0:

>

VVVYVYVYVYVYV

for 1 from O to i_term do

Xh[1] :=expand(Xh[1J+AAALT][1,1]*Xxi™Mi);
Xh[2] :=expand (Xh[2]+AAALI][2,1]*xii);
Xh[3] :=expand (Xh [S]+AAALI ] [3,1]*xiMi);
Xh[4] :=expand (Xh[4]+AAA[i][4,1]*Xi i) ;
Xh[5] :=expand(Xh [5]+AAALT][5,11*Xii);
Xh[6] :=expand(Xh[6]+AAA[i]}[6,1]*xi i) ;

od:

Tulsunsusiasi 9. gninuyld DiKantorovich /CalculateMatrixidifTY].txt Tilsunsailiin
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N7 SR N (Subroutine 9) ---

> with(linalg): Y:=array(l..N_term,1..1):

for i from 1 to N_term do
Y[i,1]:=Yh[i];

od:

for i from 1 to N_term do
for j from O to 3 do

bb[i,j1:=Cb[(4*(i-1))+j];

od:

od:

for i from 1 to N_term do
YY[i}:=Y[i,1]};

od:

Y_ly:=array(l..N_term,1..1):
for 1 from-1 to N_term do
Y_1ly[i,1]:=diff(YY[i],eta);
od:

Y_2y:=array(1l..N_term,1..1):
for i from 1 to N_term do
Y_2y[i,1]:=diff(YY[i],eta,eta);
od:

Y_3y:=array(l..N_term,1..1):

for i from 1 to N_term do

Y 3y[i,1]:=diff(YY[i],eta,eta,eta);
od:
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B =g (Subroutine 10) ————==F———_———== #
# case using N term=1 for calculate #
read "D:/Kantorovich/Buckling/Boundary/Boundary_Y.txt':

ifT (Boundary_Y=C C)
then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2] :=evalT(subs(eta=0,Y_1y[1,1])):

BC[3]:=evalf(subs(eta=1,Y[1,1])):
BC[4]:=evalf(subs(eta=1,Y_1y[1,1])):

end if;

if (Boundary_Y=C_S)

then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2] :=eval f(subs(eta=0,Y _1y[1,1])):

BC[3]:=evalf(subs(eta=1,Y[1,1])):
BC[4]:=evalf(subs(eta=1,Mx[1,1])):

end if;

if (Boundary _Y=S S)

then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2]:=evalf(subs(eta=0,Mx[1,1])):

BC[3}:=evalf(subs(eta=1,Y[1,1])):
BC[4]:=evalf(subs(eta=1,Mx[1,1])):

end if;

if (Boundary_Y=S C)

then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2] :=eval f(subs(eta=0,Mx[1,1])):

BC[3]:=evalf(subs(eta=1,Y[1,1])):
BC[4] :=eval f(subs(eta=1,Y_1y[1,1]1)):

end if;

if (Boundary_Y=C F)

then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2] :=eval f(subs(eta=0,Y_1y[1,1]1)):

BC[3]:=evalf(subs(eta=1,Mx[1,1])):
BC[4] :=evalf(subs(eta=1,0x[1,1])):
end if;
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> # case using N term=2 for calculate #

> read "D:/Kantorovich/Buckling/Boundary/Boundary_Y.txt":

>
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if (Boundary_Y=C C)

then BC[1]
BC[2]
BC[3]
BC[4]

BC[5]
BC[6]
BC[7]
BC[8]
end if;

:=evalf(subs(eta=0,Y[1,1])):
:=evalf(subs(eta=0,Y[2,1])):
:=evalf(subs(eta=0,Y_1y[1,1])):
=evalf(subs(eta=0,Y_1y[2,1)):

:=evalf(subs(eta=1,Y[1,1])):
:=evalf(subs(eta=1,Y[2,1])):
:zevalf(subs(eta=1,vY 1y[1,1])):
=evalf(subs(eta=1,Y_1y[2,1]1)):

if (Boundary_Y=C_S)

then BC[1]
BC[2]
BC[3]
BC[4]

BC[5]
BC[6]
BC[7]
BC[8]
end if;

=evalf(subs(eta=0,Y[1,1])):
:=evalf(subs(eta=0,Y[2,1])):
s=zevalf(subs(eta=0,Y_1y[1,1])):
:=evalf(subs(eta=0,Y_1y[2,1])):

:=evalf(subs(eta=1,Y[1,1])):
:=evalf(subs(eta=1,Y[2,1])):
:=evalf(subs(eta=1,Mx[1,1])):
:=evalf(subs(eta=1,Mx[2,1])):

if (Boundary _Y=S S)

then BC[1]
BC[2]
BC[3]
BC[4]

BC[5]
BC[6]
BC[71
BC[8]
end if;

:=evalf(subs(eta=0,Y[1,1])):
=evalf(subs(eta=0,Y[2,1])):
:=evalf(subs(eta=0,Mx[1,1])):
:=evalf(subs(eta=0,Mx[2,1]1)):

:=evalf(subs(eta=1,Y[1,1])):
:=evalf(subs(eta=1,Y[2,1])):
=eval f(subs(eta=1,Mx[1,1])):
:=evalf(subs(eta=1,Mx[2,1])):

if (Boundary Y=S C)

then BC[1]
BC[2]
BC[3]
BC[4]

BC[5]
BC[6]
BC[71
BC[8]
end if;

i=evalf(subs(eta=0,Y[1,1])):
:=evalf(subs(eta=0,Y[2,1])):
:=evalf(subs(eta=0,Mx[1,1])):
:=evalf(subs(eta=0,Mx[2,1])):

zevalf(subs(eta=1,Y[1,1])):
=evalf(subs(eta=1,Y[2,1])):
:=evalf(subs(eta=1,Y_1y[1,1])):
:=evalf(subs(eta=1,Y_1y[2,1])):
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> if (Boundary Y=C F)

> then BC[1]:=evalf(subs(eta=0,Y[1,1])):

> BC[2] :=evalf(subs(eta=0,Y[2,1])):
BC[3]:=evalf(subs(eta=0,Y_1y[1,1])):
BC[4] :=evalf(subs(eta=0,Y_1y[2,1])):

BC[5]:=evalf(subs(eta=1,Mx[1,1])):

BC[6]:=evalf(subs(eta=1,Mx[2,1]))=

BC[7]:=evalf(subs(eta=1,0x[1,1])):

BC[8]:=evalf(subs(eta=1,0x[2,1])):
end if;

VVVVVYVYVYVYV

> # case using N term=3 for calculate #

> read "D:/Kantorovich/Buckling/Boundary/Boundary_Y._txt":
>

> if (Boundary_Y=C_.C)

> then BC[1]:=evalf(subs(eta=0,Y[1,1])):

BC[2] :=evalf(subs(eta=0,Y[2,1])):

BC[3] :=evalf(subs(eta=0,Y[3,1])):
BC[4]:=evalf(subs(eta=0,Y_1y[1,1])):
BC[5]:=evalf(subs(eta=0,Y_1y[2,1])):

BC[6] :=evalf(subs(eta=0,Y_1y[3,1])):

BC[7]:=evalf(subs(eta=1,Y[1,1])):
BC[8]:=evalf(subs(eta=1,Y[2,1])):
BC[9] :=evalf(subs(eta=1,Y[3,1])):
BC[10] :=evalf(subs(eta=1,Y_1ly[1,1])):
BC[11] :=evalf(subs(eta=1,Y_1ly[2,1]1)):
BC[12] :=evalf(subs(eta=1,Y_1y[3,1])):

end if;

ifT (Boundary_Y=C_S)

then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2] :=evalf(subs(eta=0,Y[2,1])):
BC[3]:=evalf(subs(eta=0,Y[3,1])):
BC[4]:=eval f(subs(eta=0,Y_1y[1,1])):
BC[5]:=evalf(subs(eta=0,Y_1y[2,11)):
BC[6] :=evalf(subs(eta=0,Y_1y[3,1D):

BC[7]:=evalf(subs(eta=1,Y[1,1])):
BC[8] :=evalf(subs(eta=1,Y[2,1])):
BC[9]:=eval f(subs(eta=1,Y[3,1])):
BC[10] :=evalf(subs(eta=1,Mx[1,1])):
BC[11]:=evalf(subs(eta=1,Mx[2,1])):
BC[12] :=eval f(subs(eta=1,Mx[3,1])):

end if;

if (Boundary Y=S S)

then BC[1]:=evalf(subs(eta=0,Y[1,1])):
BC[2] :=evalf(subs(eta=0,Y[2,1])):

VVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYV



BC[3]
BC[4]
BC[5]
BC[6]

BC[7]
BC[8]
BC[9]

end if;

then BC[1]
BC[2]
BC[3]
BC[4]
BC[5]
BC[6]

BC[7]
BC[8]
BC[9]

end if;

then BC[1]
BCL2]
BC[3]
BC[4]
BC[5]
BC[6]

BC[7]

BC[8]
BC[9]

end if;

VMVMVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYV

:=evalf(subs(eta=0,
:=evalf(subs(eta=0,
:=evalf(subs(eta=0,
:=evalf(subs(eta=0,

:=evalf(subs(eta=1
:=evalf(subs(eta=1
:=eval f(subs(eta=1

ifT (Boundary.Y=S C)

:=evalf(subs(eta=0
:=evalf(subs(eta=0
-=eval f(subs(eta=0
:=evalf(subs(eta=0

s=eval f(subs(eta=0,
:=evalf(subs(eta=0,

:=eval f(subs(eta=1,
:=evalf(subs(eta=1,

:=evalf(subs(eta=1

if (Boundary_Y=C_F)

:=eval f(subs(eta=0
:=evalf(subs(eta=0
=eval f(subs(eta=0
:=evalf(subs(eta=0
:=eval f(subs(eta=0
=eval f(subs(eta=0

=evalf(subs(eta=1
:=evalf(subs(eta=1
i=evalf(subs(eta=1

Y[3,1D):

Mx[1,1D):
Mx[2,1])):
MX[3,1])):

»Y[1.11)):
s A2LATD -
.Y[3.1D)):

BC[10] :=evalf(subs(eta=1,Mx[1,1])):
BC[11] :=evalf(subs(eta=1,Mx[2,1])):
BC[12] :=evalf(subs(eta=1,Mx[3,1])):

LY 1))
,Y[2,11)):
,Y[3,11)):
,MX[1,17)):
Mx[2,1])):
MX[3,1])):

YI1,11D):
Y[2.11D):
. Y[3,11)):

BC[10] :=evalf(subs(eta=1,Y 1y[1,1])):
BC[11] :=evalf(subs(eta=1,Y_1ly[2,1])):
BC[12] :=evalf(subs(eta=1,Y_1y[3,1])):

.Y[1,11)):
.Y[2,11):
.Y[3.,11)):
-Y_1y[1,11)):
.Y_1y[2,1])):
-Y_1y[3,1D):

,MX[1,17)):
,Mx[2,1]))+
,Mx[3,11)):

BC[10] :=evalf(subs(eta=1,0x[1,1])):
BC[11]:=evalf(subs(eta=1,0x[2,1])):
BC[12] :=evalf(subs(eta=1,0x[3,1])):

# case using N term=4, 5 and 6 have form similar N term 1, 2 and 3 #
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Tisunsusiasd 11 gndminli D/Kantorovich /CalculateMatrix/find[Y].txt Ttlsunsail

o £ ndl o 1 tall 4 o tﬂl dl dll b4
NMIUUINATUITUITAN Y(y) NaanpfesiuReulareuaniaay y=0 WLag y=b uaziivaen 1y

o

@ 1] Tneisnaavidsnuadlilsunsudsasalilil

od:

eta:=y/b:

>

>

>

>

>

> od:
>

>

>

> od:
>
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Abstract

In this study, the extended Kantorovich method using a multi-function expansion is applied to
vibration analysis of symmetrically laminated rectangular plates with arbitrary boundary conditions. Natural
frequencies and mode shapes of laminated plates are investigated using the variational principle of total
energy minimization and the iterative Kantorovich method. The out-of-plane displacement is assumed in
form of a series of a sum of products of functions in x and y directions. With this form of assumed
functions, it is possible to solve the problem of plate with angle-ply stacking sequence where the classical
single-term extended Kantorovich method is ineffective. The formulation for variation of total energy is
reduced to be a governing equation and a set of boundary conditions. The unknown displacement
functions are assumed as an infinite power series. The formulation is finally reduced to be an eigenvalue
problem where the eigenvalue and the eigenvector represent the natural frequency and vibration mode
shape of plates, respectively. Accuracy and reliability of the technique are demonstrated by comparing the
obtained solutions with available solutions from the literatures. The extended Kantorovich is proven to be
a powerful semi-analytical-numerical method which could potentially be used. in other structural problems.

Keywords: Vibration, laminated plate, composite, Kantorovich method

1. Introduction

Dynamic and stability of structures have
been studied during the past decades. The
studies include both numerical and experimental
approaches. Recently, the Kantorovich. method
which is a semi-analytical numerical method was
employed to a buckling problem of plates. Yuan
and Jin [1] applied the extended Kantorovich

method to determine buckling load of rectangular

isotropic plates. Eisenberger and Alexandrov [2]
applied the Kantorovich method to the buckling
problem of variable thickness thin isotropic plates.
The technique was applied to the buckling
problem of symmetrically laminated composite
plates by Ungbhakorn and Singhatanadgid [3].
However, the out-of-plane displacement was
assumed as a single-term function in that study.

Thus, the technique was applicable for only



specially orthotropic plates. Later, Shufrin et al.
[4] solved the buckling of angle-ply plates using
the Kantorovich method with a multi-term
displacement function.

The Kantorovich method was also applied
to study vibration behavior of plates. Application
of the technique to vibration of ‘isotropic plates
can be found in Ref. [5-6]. Unlike the buckling
problem, studies on vibration of composite plate
using the Kantorovich method are limited. Bercin
[71 and Dalaei and Kerr [8] employed the
Kantorovich method to solve vibration of clamped
orthotropic plates using a single-term function. It
is interesting to apply the technique to rectangular
plates with angle-ply lamination. In this study, the
multi-term  Kantorovich method is applied to
vibration of symmetrically angle-ply laminated
plates.

2. Vibration of Composite Plate

In the past decades, composite materials
are increasingly used in mechanical, civil, and
marine engineering applications due to their high
specific stiffness (stiffness per unit weight) and
high specific strength (strength per unit weight).
Recently, vibration of composite thin plates is in
the interest of many ‘researchers. A lot of
theoretical and numerical studies are available in
the literatures. In"this study, vibration problem of
symmetric composite plates is investigated using

the variational principle of total potential energy

minimization and the iterative Kantorovich method.

2.1 Energy formulation

The total potential energy of a vibrating
symmetrically laminated composite plate, shown
in Fig. 1, is the summation of the strain energy

and the kinetic energy [9]. It can be written as:
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n :% [} [} [DuW2, +2D,w, W, + D, W2, + 4D,
+4(DyW,, + DyeW )W, — pheo’W” | dxdly (1)
where Dj are plate bending stiffnesses, w is the
out-of-plane displacement, p is the density in term
of mass per unit volume, and o is the natural

frequency of vibrating plate.

y

a

Fig. 1 Plate configurations
2.2. The Kantorovich method
To determine the natural frequencies
using the multi-term Kantorovich method, the out-

of-plane displacement w is assumed in form of:

W)=Y % () ={x ) vy @)

where X;(x) are functions of x which satisfy the

N
=1

boundary conditions at x=0 and x=a, and Y;(y) are

functions of y which satisfy the conditions at y=0

and y=b. If Yj(y) is priorly specified, the total
potential energy can be written as:

H=2 (01X, [8](x.0}+ 20, (X, [8,)(x]
+D, (X7 [S.](X)¥4D, {X, ] [S,]{X,}
£4D, (X} [S:]{X ) +4Dy (X [Ss]{X )
=i )" (8] 3¢ ox

where

[S]=J, 03 ay, [8.]=[ Y, e
(5= [ ¥ . [8.0=[7 17, (") o
[S=J, {00 Iscd=fy v o

The © variational

@)

principle  [10] * requires the
stationary condition for the functional Eq. (3), i.e.
8IT = 0. The variation of potential energy I1 can

be written as:



5H:.[oa((Dn{X,xx}T[Sl]+Dlz{X}T [SZ]T
+2D, ¢ X }T[S ]T){ }+(4D66{X,X}T[SG]
+2D,

X T @)
o {X o} [8:]+2D5 (X7 [S,]){0X .}

{

{

+(D

12

X [8:]+Da{X}[s,]

X} [S]){oX })ox

f—/‘q\—v_/

+2D,, XX} S] - phe’
={0}

Eq.(4) is consisted of N equations where N is the
number of terms in the assumed displacement
function, Eq.(2). By performing integration by part
to Eq.(4), the governing equations are . obtained
as:
Dy [S,] {X e} +2D;5 ([33]—[83]T ){x}
+(D12([sz]+[sz]T)*4D66[se]T){x,xx} (5)
+(2D26([55]_[85]T)){X-x}
+(Da[8] - phe? [s] ) {x}£10}.
which may be rewritten as:
X o) HATX o+ A X (AT ()
+([A]-o"[A]){x}={0}

where
[Al= Tl ([s:)-[s.T)
[A]= 18] (Pu([5:]+[5.] )-4afseT)
[A)= 52 (s (S48
[A]- D[S ] (5. and (A )= 2]

The boundary conditions along x = 0 and x = a

edges are:
Either
D [8]" {X .} +2D [Sa]{X..] (7a)
+D,, [S,]{X}={0 }
or
(=0l ¥ &
and, either:
Dy 8] { X} =204 ([S:]-[S] )X )
. (7c)
~(Da[8.]- 4D [Se] )X}
+(2Dze[ss]T){X}:{o}
or
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(x}={0} (7d)
These boundary conditions correspond to the
following edge supports:

Simply supported edge: Eq.(7a) and Eq.(7d)

Clamped edge: Eq.(7b) and Eq.(7d)

Free edge: Eq.(7a) and Eq.(7c)
With assumed functions Yi(y) and appropriate
boundary conditions, the governing equations can
be solved for natural frequencies and associated
mode shapes.

With a similar procedure, the other set of

governing equations and boundary conditions can
be derived for priorly assumed functions X;(x).

The governing equations are obtained as:
D[ RU{Y y }+ 2025 ([Rg]_[RS]T){YW}
+( D[Rl [ReTT) - 4D [RT )Y, (8)
(204 ([RI-IRT )Y,
+(Du R - phe’[R] ) {Y} = {0}

where
[R]- Ia Vo [R]=[{X)
[R]= [ {x "k, [R]=]{x " dx
[Rl=[; (XX 0%, [R]= J{X.x}{ ,x} dx

The governing equatlons, Eq.(8) are simplified as:
{YWW}+[Bl]{YVYW}+[BZ]{Y‘yy}+[BS]{Y,V} (9)
+([Bu]-?[B, Y} = {0}

where
[B]==2[R]"([Rd=[R])
BJ=*{&](1JWAﬂ&T}4%J&T)
()= 5 (R (RI-[RT)
[B.1- 3R] (R end o] < J211]

The boundary conditions along y = 0 and 'y = b

2D26 [

edges are:
Either

Dzz[R1] { yy}+2D26[R]{ } (103)
+Dy, [RJ{Y} ={0}



or
{Y,y}:{o} (10b)
and, either:
Dz [Ri]T {Y,yyy} —2Dy ([RS] _[R3]T ){Y,w}
) (10c)
~(D.[R.]- 4D [RT){Y, }
+2D,[Rs] (Y} ={0}
or
{vi-{o} (10d)

Similar to the previous case, the boundary
conditions for each edge support are:

Simply supported edge: Eq.(10a) and Eq.(10d)

Clamped edge: Eq.(10b) and Eq.(10d)

Free edge: Eq.(10a) and Eq.(10c)
2.3. Solution procedure

The governing equations, Eq. (6), can be

solved using the assumed displacement functions
Yi(y) and the boundary conditions, Eq. (7). The
displacement functions {X} are assumed in form

of the infinite power series as:

2 el QUL 11
:Z * Xi:Z{AA}uxi ( )

aa,

N
where {AA}; are unknown coefficients to be
determined. By substituting the assumed function
from Eq. (11) in the governing equations, the
unknown coefficients {AA}i+4 can be written as:

[A]{AA}, (i+1)(i+2)(i+3)

+[AJ{AA} (i+1)(i+2)

H[ATAAR, (i+1)

Aot (A (A (14)
A 2) (i 9)(i+4)

With this formulation, the number of unknown

coefficients is reduced to 4N. The displacement

functions {X} are written in term of the unknown
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coefficients {AA}s, {AA},, {AA}; and {AA}, These

unknown coefficients can be solved using the
boundary conditions shown in Eq.(7). At this point,
the iteration using the assumed displacement
functions Yj(y) is concluded.

The next iteration involved the governing
equations and boundary condition in Egs. (9) and
(10), respectively. The obtained functions {X}
from the first iteration are used as the assumed
functions.  Similarly, the displacement functions

{Y} are assumed as infinite power series of:

Y.(y) ;bbuyi

CRE T W,
W) H$hen, v
AR -
3= Uyies e y (15)
i=0 bb i=0

where {BB}; are unknown coefficients of functions
{Y}. With similar procedures as the previous case,
the unknown coefficients {BB}i.4 can be written
as:

[B,]{BB} ,(i+1)(i+2)(i+3)

+[B,]{BB}, ,(i+1)(i+2)

+[B,]{BB] ,(i+1)
(

_ [B.]-»°[B,]){BB}, (16)
= (i+1)(i+2)(i+3)(i+4)

Again, the unknown coefficients {BB},, {BB},

{BB}

{BB}, and {BB}; are determined from the
boundary conditions shown 'in" Eq.(10). The
obtained functions {Y} can be applied as an
assumed function for Eq. (6) for the third iteration.
These iterative calculations can be repeated until
the obtained natural frequency converges to a
particular value.

Table 1 presents the solution procedure
used in this study. A [45]s composite plate with
simply supported boundary condition along four

edges is chosen as an example. Material used in



this study is graphite-epoxy composite with

mechanical and physical properties shown in
Table 2. The dimensions of the specimen are a =
60 cm and b = 30 cm. The number of term used
in the displacement function are 2, i.e. N = 2 for
the displacement function shown in Eq. (2). The
first iteration begins with assuming functions {Y}
as Yi(y) = y® and Y,(y) = sin(zy/b). These functions
can be assumed arbitrarily. . The _natural
frequencies and displacement functions in term of
X are obtained from governing equations, Eq.(6),
Eq.(7).

and boundary conditions, In' the = first
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iteration, the fundamental natural frequency is
obtained as 209.790 rad/s with the displacement
functions {X}={X;}. The vibration mode shape is
determined from the assumed function {Y} and
the obtained functions {X;} by utilizing Eq. (2).
The vibration mode shape is presented in form of
a 3-D surface plot and shown in the table. It is
seen that the vibration mode in the first iteration
is incorrect because the assumed function {Y},
specifically y6, are not satisfied the boundary

conditions.

Table 1. Iterative calculations for the natural frequency and vibration mode shape.

Iteration No./ Iteration No./
Assumed Mode shape Assumed Mode shape
Functions. Functions.
1. 24
Assume Assume
v}~ Y’ =0}
- sin% @ =209.790 rad/s  {X}={X.} W =228.472 radls  {Y}={Y.}
3. 4.
Assume Assume
{Y}={Y1} =X}
@ = 220.249 rad/s  {X}={X:} @ = 220117 rad/s’ = {Y}={Y,}
O 6.
Assume Assume
{Y}={Y2} 3={Xs}
W =220.109 rad/s {X}={Xs} @ =220.109 rad/s {Y}={Ys}




The obtained functions {X;} are employed
as assumed functions in the second iteration
which involves Eqg. (9) and boundary conditions
shown in Eq. (10). The natural frequency
obtained in this iteration is 228.472 rad/s with the
displacement functions {Y}={Y,}. It should be
noted that the boundary conditions of  the
displacement functions obtained in this iteration
satisfy the boundary conditions of the problem.
Similar to the second iteration, the displacement
functions {Y}={Y,} are employed as the assumed
function in the third calculation. This calculation
procedure is repeated until natural frequency and
vibration mode converges to a particular value. In
this example, the natural frequencies from the

fifth and sixth iterations are virtually identical.

Table 2. Ply properties of graphite-epoxy

composite
En | Ex | G| Vi P | Thickness
3
GP GPa)| (GP
(GPa)| (GPa)| (GPa) (kgim’) |

132 | 10.8 | 5.65 |0.24 | 1540 0.127

3. Convergence Study

A convergence study was performed to
determine the appropriate number of term used in
the displacement function, i.e.. value of N in
Eq.(2). Fundamental natural frequencies of 30x30
cm2 laminated plates with different stacking
sequence and boundary conditions are presented
in Table 3. Material used in_this convergence
study is graphite-epoxy composite with' material
properties shown in° Table 2. Specimens with
three different boundary conditions are included in
the study. They are SSSS, CCCC, and CCSS
boundary conditions. The symbols “S” and “C” are

referred to “simple support” and “clamped
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support” boundary conditions, respectively. The
specimen with “CCSS” boundary conditions is
clamp supported on x = 0 and y = 0 edges, and
simply supported on x = a and y = b edges. The
fundamental natural frequencies of all specimens
are calculated using displacement functions with
different values of N. For [0°/90°],, specimens,
the natural frequencies converge to the desired
solutions in the first iteration, as shown in the
table. The solutions are practically constant
although the number of term used in the
displacement functions is increased. Thus, for
specially - orthotropic

plates, a single-term

displacement. function is sufficient to get
converged solutions. This result is conformed with
the conclusion from Ref. [3].

On the other hand, a single-term
displacement function is not efficient to achieve
the correct solutions for the case of angle-ply
laminate. From the table, the displacement
functions with a number of terms at least 3 are
recommended to obtain-an accurate solution. The
specimens with angle-ply stacking sequence
require  multi-term . _displacement  functions
because of the inclination of their vibration mode
shapes. Vibration mode shapes of [45°/-45°/45°]
SSSS specimen obtained from the iterations
using different number of N in the displacement
functions are presented in Fig. 2. It is seen that
only a symmetric vibration mode shape is
obtained if a single-term displacement function is
used. Since the vibration mode shape of an
angle-ply 'specimen is inclined because of the
inclination of the fiber direction, vibration mode
shape of this type of laminates is inclined and

unsymmetrical, hence, a multi-term function is



required. In this study, the displacement function
with N = 3 are used in the iterations.
4. Numerical Verification

After the convergence study, natural
frequencies of laminated plates determined from
the multi-term Kantorovich method are compared
with available solutions of Chen et al. [11] and
Leissa and Narita [12]. The first five natural
frequencies of the specimens with stacking
sequences of [0°];, [30°/-30°/30°), [45°/-45°/45°],
and [0°/90°/0°] is presented in Table 4. The width
and length of specimens used in this verification
are 10.0 m with 0.06 m thickness. Material
properties used in this part of the study are:
E,/E,=245 G,/E,= 048, v, =0.23, and
£ = 8000 kg/mS. Natural frequency is presented
in term of a dimensionless frequency parameter

which is defined according to:

_ |pho®a’ (17)
B=] D,

where  __ EM
0
12(1_\/12\/21)

From a comparison in the table, the frequency

parameters determined from the multi-term

161

Kantorovich method are compared very well with
solutions from other studies. Most of the natural
frequencies from the proposed technique are
slightly lower than the benchmark solutions. Thus,
the derived governing equations and boundary
conditions are verified.
5. Conclusions

The natural frequency and mode shape
of symmetrically composite plates are determined
using the Kantorovich method with multi-term
assumed displacement function. The concept of
the solution procedure is based on the variational
principle of total energy minimization. The
obtained natural frequencies corresponded very
well with other available solutions. It is also
shown that, with multi-term assumed functions,
the vibration behavior of angle-ply plates can be
determined. This type of problem is not possible
to deal with using the conventional single-term
Kantorovich method. It is interesting to apply the

technique to other types of structural problems.

Table 3. Fundamental natural frequencies in rad/s of laminated plates

Value [0°/90°],s [45°/-45°/45°]

of N SSss cccce ccss SSSS cccc ccss
1 339.2027.|.723.9547 | 510.3102 | 164.6403 | 263.7581 | 210.0205
2 339.2027 | 723.9333 | 510.3010 | 142.2653 | 238.3993 | 186.9836
3 339:2027 | 723.9333+|510.3006 | 139.7492 |+236.8738 | 184.6462
4 339.2027 510.3004 | 139.0017 | 236.7477 | 184.0323

=

N=1

N=3 N=4

Fig. 2 Mode shapes of [45°/-45°/45°] SSSS specimen determined using different value of N
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Table 4. Frequency parameters [ of laminated composite square plates (BC:SSSS)

Mode [0°]5 [30°/-30°/30°] [45°/-45°/45°] [0°/90°/0°]
Ref.11 | Ref.12 | Present |Ref.11|Ref.12 | Present |Ref.11 | Ref.12 |Present| Ref.11 | Present
Mode 1 | 15.18 | 15.19 | 15.17 |15.88 | 1590 | 15.86 | 16.11 | 16.14 | 16.10 | 15.18 | 15.17
Mode 2 | 33.34 | 33.30 | 33.25 |35.95| 3586 | 35.77 | 37.04 | 36.93 | 36.87 | 33.82 | 33.73
Mode 3 | 44.51 | 4442 | 4439 |42.63 | 42.62 | 42.58 |41.80 | 41.81 | 41.82 | 44.14 | 44.02
Mode 4 | 60.79 | 60.77 | 60.68 |61.54 | 61.45| 61.31 ./61.94 | 61.85| 61.68 | 60.79 | 60.68
Mode 5 | 64.80 | 64.53 | 64.46 7212 | 71.71| 71.88 | 78.03 | 77.04 | 78.57 | 66.12 | 65.77
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