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CHAPTER I 

INTRODUCTION 

 

1.1 General 

Small defects and flaws are unavoidably introduced in components 

during the manufacturing and fabrication process or initiated during applications as a 

result of external excitations. Defects and flaws present in the component act as the 

stress riser and, in turn, the strength reducer due to the high stress concentration 

introduced in their neighborhood and this can eventually lead to progressive failure of 

such component once certain critical conditions have been attained. Fracture and 

fatigue analysis and assessment have therefore become essential ingredients in the 

design of engineering components to ensure their safety and integrity under service 

conditions. To aid such analysis, physically admissible, mathematical models and 

powerful solution techniques must be developed in order to capture and predict 

responses of interest with acceptable level of accuracy.     

In general, fractures can be classified as either brittle fractures or ductile 

fractures depending on their dominant failure characteristic and behavior of fields in the 

vicinity of the fracture front. Behavior of the ductile fracture is dominated primarily by the 

significant plastic deformation induced around the front while the brittle fracture is 

characterized by a rapid rate of crack advance with relatively row energy release and a 

localized plastic deformation, i.e. small-scale yielding pertains (see for examples, 

Anderson, 2005; Gdoutos, 2005). Common mathematical models used in the modeling 

of the latter type of fractures are established within the context of linear elastic fracture 

mechanics (LEFM). For this particular case, a localized zone of plastic deformation is 

discarded and the entire body including a region of high stress concentration is 

assumed to be linearly elastic. A single parameter, either the stress intensity factor or 

the strain energy release rate, can be used to completely describe the dominant or 

asymptotic field in the neighborhood of the crack front (K-field). For ductile fractures, the 
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size of a region with inelastic deformation is relatively large when compared with the 

crack dimension and the K-field predicted by LEFM does not exist. Various models 

based on elastic-plastic fracture mechanics (EPFM) have been proposed instead to 

improve the response prediction (see Anderson, 2005). For this type of fractures, two 

different parameters, one associated with the J-integral and the other corresponding to 

the crack opening displacement, have been widely used to measure the extent of fields 

around the crack front. It should be remarked that while LEFM-based analysis yields 

certain unrealistic aspects of the fields near the crack front (e.g. singularity of the stress 

and strain field at the crack front), results from such analysis have been used 

successfully in the response prediction for various engineering applications (e.g. fatigue 

analysis, prediction of crack growth initiation and propagation direction, etc.). The 

present study is focused only on brittle fractures.    

The stress intensity factor is a fundamental quantity in linear elastic 

fracture mechanics that provides a complete measure of a dominant field in the vicinity 

of the crack front and, in particular, indicates the extent or magnitude of an asymptotic, 

singular stress field (e.g. Williams, 1957). In general, the stress intensity factor depends 

on several factors such as loading conditions, material properties, geometries of both 

bodies and cracks and the location along the crack front, and determination of such 

quantity requires solving a complete boundary value problem associated with the entire 

body. Supported by evidences from various experiments (e.g. Krishna Rao and Hasebe, 

1995 and Xin et al., 2010 ), a body containing pre-existing cracks, when loaded, only 

deforms without creating any new surface for a certain range of applied loads. Once the 

applied load reaches a critical value (i.e. the corresponding stress intensity factor 

reaches its critical value), crack growth initiation is observed. The critical value of the 

stress intensity factor at the onset of crack advance is termed the fracture toughness. 

This quantity, generally taken as a property of materials, indicates the ability of the 

constituting material to resist the formation of a new surface. Fracture toughness can be 

determined from experiments following various well-known standards such as the British 

standard (BS), the American Society for Testing and Materials (ASTM), a series of 
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International Standard (ISO) and the European Structural Integrity Society (ESIS). 

Among several types of specimens and crack configurations found in earlier 

experimental studies (e.g. single-edge notched bending (SEB), compact tension (CT), 

arc-shaped tension (AT) and disk-shaped compact tension (DCT) specimens), the two 

most common specimens widely used to determine the fracture toughness are the 

single-edge notched bending (SEB) specimen and the compact tension (CT) specimen 

as shown schematically in Figure 1.1 according to ASTM E399-90 (1997). 
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Figure 1.1 Schematic of specimen configuration and crack: (a) single-edge notched 

bending (SEB) specimen and (b) compact tension (CT) specimen 

Results from many experiments revealed that the fracture toughness 

exhibits strong dependence on the thickness of a specimen used as shown in Figure 1.2 

(e.g. Anderson, 2005). A thinner specimen generally yields larger fracture toughness. As 

the specimen thickness increases to a certain value, the fracture toughness converges 

to a constant value termed the plane strain fracture toughness and denoted by ICK . The 

plane strain fracture toughness represents a true material property since it is 

independent of the specimen thickness and this situation can be achieved only when 

the specimen thickness is sufficiently large to render the behavior over the majority of 

the crack front dominated by a plane strain condition. The ASTM E399-90 (1997) 

recommended the minimum specimen thickness to obtain a valid ICK  by  
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where B  is the specimen thickness, ICK  is the plane strain fracture toughness to be 

determined, and yσ  is the yield strength of constituting material. Inequality (1.1) was 

developed based on the assumption that the plastic zone size must be relatively small 

compared to the specimen thickness (i.e. / 50pr B≤  where pr  is the plastic zone size 

along the crack front) and its applicability is still restricted to fractures at room 

temperature and high-strength materials. In addition, the estimation of the specimen 

thickness by (1.1) involves ICK  which is unknown a priori. 
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Figure 1.2 Relationship between fracture toughness Kc and specimen thickness B 

An alternative to the above recommended empirical formula is to apply 

linear elastic fracture mechanics to perform comprehensive three-dimensional stress 

analysis along with an extensive parametric study on the specimen thickness. 

Knowledge of the distribution of the stress intensity factor along the entire crack front for 

various specimen thicknesses should at least provide useful information for selecting a 

proper specimen thickness to ensure that the plane strain condition is dominated and, 

as a result, the plane strain fracture toughness is obtained. More specifically, the 
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thickness of the specimen can be increased in the simulation until the stress intensity 

factor over the majority of the crack front attains the value corresponding to the plane 

strain condition.   

1.2 Background and review 

A mathematical model formulated within the context of two-dimensional 

boundary value problems has been widely used in the stress analysis of a body 

containing defects and flaws due to its simplicity and cheap computational cost while 

still predicting results with an acceptable level of accuracy for several engineering 

applications. On the basis of an extensive literature survey, various studies on two-

dimensional crack problems based on both the plain stress and plain strain 

assumptions were recorded (e.g. Chang and Mear, 1995; Dirgantara and Aliabadi, 

2002; Khraishi and Demir, 2003; Freese and Baratta, 2006; Kutak et al., 2007). It should 

be noted first that the former assumption is well-suited for modeling a body of a 

relatively small thickness in comparison with other dimensions whereas the latter is 

appropriate for components of comparatively large thickness. Here, details of some 

selected studies from this category are given. Dirgantara and Aliabadi (2002) applied 

the dual boundary element method to solve an elastic thin plate containing three types 

of cracks (i.e. centered crack, edge crack and cracks emanating from a hole). In their 

study, the crack surface displacement extrapolation (CSDE) technique was utilized 

along with the J-integral scheme to determine the stress intensity factors. Numerical 

results obtained were found to be in excellent agreement with existing benchmark 

solutions. Freese and Baratta (2006) thoroughly investigated a single edge-cracked 

specimen by using the weight function method and the modified mapping collocation 

technique. In their parametric study, the full range of crack length to specimen width 

ratio and various loading conditions such as three-point and four-point bending, pure 

bending, eccentrically loaded tension were considered. General explicit expressions for 

computing the stress intensity factors were also deduced. Recently, Kutak et al. (2007) 

proposed explicit formula for approximating the mode-I stress intensity factor for center 

crack, single edge crack, and double edge crack in a linearly elastic thin plate under 
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the normal traction. In their work, the neural networks and the displacement 

extrapolation method (DEM) were employed to determine the stress intensity factor and 

a commercial FEM-package, ANSYS, was utilized to validate their numerical results. 

Expressions of the stress intensity factors for two-dimensional cracked bodies with 

various geometries, crack configurations, and loading conditions can also be found in 

many textbooks of fracture mechanics (e.g. Barsom and Rolfe, 1999; Anderson, 2005; 

Gdoutos, 2005). While use of a two-dimensional mathematical model to perform fracture 

analysis gains popularity from its simplicity, it still poses several drawbacks. As already 

been known, a two-dimensional model with the plane stress assumption is well-suited 

only for modeling a body of a relatively small thickness in comparison with other 

dimensions whereas that based on the plane strain assumption is appropriate for 

components of comparatively large thickness. In practices, there are various situations 

that both plane stress and plane strain assumptions do not apply (e.g. components with) 

and, for those cases, fracture data (viz. stress intensity factors) exhibits strong 

dependence on the component dimensions. To gain more insight into such complex 

boundary value problems, a comprehensive three-dimensional analysis must be 

performed. 

In past decades, work related to three-dimensional linear fracture 

analysis has increasingly gained attention from various researchers due to the 

significant progress of powerful numerical techniques and personal computers and the 

need of more sophisticated mathematical models to better predict responses of 

complex physical problems encountered in practices. Here, we summarize a series of 

earlier studies relevant to the present study. Alam and Mendelsen (1983) utilized the 

method of line to study the mode-I stress intensity factor along the curved crack front of 

the compact tension specimen (according to the ASTM standard) under pure tension 

loading. Results from their study revealed that the distribution of the stress intensity 

along the crack front exhibits strong dependence on the difference between the crack 

length at the center of the crack front and the crack length at the boundary of the 

specimen, termed the crack tunnel depth. In particular, the stress intensity factor 
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decreases in the central region of the crack front while increases over a small region 

near the intersection between the crack front and the outer boundary as the crack tunnel 

depth increases. Although such analysis was performed within the three-dimensional 

context, the specimen thickness was fixed and, as a result, the influence of this 

parameter on the distribution of the stress intensity factor cannot be addressed.  

Later, Sukumar et al. (1997) developed a numerical technique based on 

the coupling between the finite element method and the element-free Galerkin method to 

solve an isotropic, linearly elastic, single edge cracked specimen subjected to the 

uniform normal traction at its top and bottom surfaces. The element-free Galerkin 

method was employed specially to model the crack surface and the stress intensity 

factor along the crack front is calculated using the volume and planar domain integral. It 

can be concluded from this study that the stress intensity factor attains its maximum 

value at the middle of the crack front and decreases very rapidly in the region where the 

crack front meets the boundary. In addition, the complete distribution of the stress 

intensity factor along the crack front obtained from such analysis shows significant 

discrepancy from the plane strain case and this additionally supports the need of the 

three-dimensional model. It should be noted however that this study is restricted only to 

a specimen of fixed thickness and an isotropic material with Poisson’s ratio equal to 0.3. 

This is still insufficient to describe the influence of the thickness on the distribution of the 

stress intensity factor along the entire crack front. Next, Li et al. (1998) presented highly 

accurate numerical solutions of an identical problem by using a powerful numerical 

technique based on a weakly singular, symmetric Galerkin boundary element method 

(SGBEM). However, the main focus of this work was to develop the computational 

procedure and this particular problem chosen in their analysis was only for verification 

purpose. 

Next, Wu (2006) explored the influence of thickness on the distribution of 

the mode-I stress intensity factor for the center-cracked specimen subjected to uniform 

normal traction at its top and bottom surfaces. In the analysis, a finite element software 

ANSYS was utilized to model the associated boundary value problem and the quarter-
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point displacement method was employed to extract the stress intensity factor along the 

crack front. Results from this study indicated that the stress intensity factor in the central 

region of the crack front starts to attain a converged constant value (i.e. the plane strain 

condition) for a specimen with the thickness larger than four times of the crack length. It 

should be noted that their study is still restricted only to a center-cracked specimen 

made of an isotropic material with Poisson’s ratio equal to 0.3. Later, Kotosov (2007) 

applied the first order plate theory to investigate the influence of the plate thickness on 

the value of the stress intensity factors for a through crack embedded in a linearly elastic 

infinite plate of finite thickness and subjected to both remote uniaxial tension and remote 

shear. Results from this study suggested that when the thickness of the plate increases, 

the stress intensity factors decreases and finally converges to the value associated with 

the plane strain condition. While the analysis has taken the thickness of the plate into 

account, use of the plate theory provides no information of the distribution of the stress 

intensity factors across the thickness. In particular, a single value of the stress intensity 

factor was obtained and it should represent only the average of such quantity over the 

entire crack front. Recently, Rungamornrat and Mear (2008b) revisited the same 

problem as that studied by Li et al. (1998) by incorporating material anisotropy. In their 

analysis, the weakly singular SGBEM based on a pair of weakly singular, weak-form 

integral equations for the displacement and traction proposed by Rungamornrat and 

Mear (2008a) was utilized. Similar to the work of Li et al. (1998), the key objective of this 

study was to develop an efficient and accurate numerical technique capable of 

performing three-dimensional linear fracture analysis. The distribution of the stress 

intensity factors along the crack front was reported and discussed for an isotropic 

material with Poisson’s ratio equal to 1/3 and two types of transversely isotropic 

materials, i.e. zinc and graphite reinforced composite. However, the study did not 

consider the influence of the thickness on the value of the stress intensity factors.  

From an extensive literature survey, the studies of the influence of the 

thickness of the body in the direction along the crack front on the value and distribution 

of the stress intensity factors are still restricted to certain geometries, crack 
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configurations, loading conditions, and certain types of constituting materials. For 

instance, complete investigation in the case of isotropic materials is limited to certain 

values of Poisson’s ratio and specimen geometries while results for anisotropic case are 

available only for a specimen with a fixed thickness.    

1.3 Research Objective 

The key objective of this research is to explore the influence of the 

thickness of specimens, commonly used in the determination of the fracture toughness, 

on the distribution of stress intensity factors along the crack front.   

1.4 Research Scope  

The main focus of this research is to perform a stress analysis of a 

compact tension (CT) specimen of various thicknesses and under pure mode-I loading 

condition. Dimensions of the specimen and loading characteristics are chosen to be 

consistent with those specified in ASTM E399-90. Two types of materials, one 

associated with an isotropic elastic material and the other corresponding to a 

transversely isotropic elastic material, are considered in this study. For the latter type of 

material, the axis of material symmetry is taken to be perpendicular to the crack surface.  

1.5 Research Methodology  

A computational procedure based on a weakly singular, symmetric 

Galerkin boundary element method (SGBEM) is utilized to perform the comprehensive 

stress analysis of a three-dimensional, homogeneous, generally anisotropic, linearly 

elastic medium containing cracks. The stress intensity factor is computed using a 

special formula in terms of the gradient of the relative crack-face displacement data 

along the crack front which is obtained directly from the SGBEM.    

1.6 Research Significance  

Results from the present study provide the profound understanding of 

the behavior of the mode-I stress intensity factor along the entire crack front of the CT 
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specimen of various thicknesses for two important classes of linearly elastic materials, 

i.e. isotropic and transversely isotropic solids. The knowledge of the specimen thickness 

that yields the plane strain condition over the majority of the crack front has a direct 

application to the optimal design of a CT specimen used in the determination of the 

fracture toughness.    



 

 

CHAPTER II 

THEORETICAL BACKGROUND 

 

This chapter devotes to the fundamental background in linear elastic 

fracture mechanics and the formulation of the boundary value problem associated with a 

cracked body. First, a stress field in the vicinity of the crack front and the definition of the 

stress intensity factors are briefly summarized. Next, a pair of weakly-singular weak-form 

boundary integral equations for the displacement and traction is presented. Finally, a 

symmetric weak formulation governing the three-dimensional crack problem is 

established.  

2.1 Stress field near the crack front 

Consider a crack embedded in a linearly elastic body as shown 

schematically in Figure 2.1. A reference local Cartesian coordinate system is chosen, for 

convenience, such that its origin is located at the crack front, the 1x -axis is normal to the 

crack front, the 2x -axis is normal to the crack surface and the 3x -axis is tangent to the 

crack front.  Let ),,( 3xr θ denote a local cylindrical coordinate system defined based on 

the local ( 1x , 2x , 3x ) system as shown in Figure 2.1. By following the previous work by 

Westergaard (1939), Sneddon (1946), Irwin (1957) and Williams (1957), the stress field 

in the neighborhood of the crack front takes the following form   

∑
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where ijσ  denote the Cartesian stress components; k  is a constant depending on 

applied load, geometry of the body and crack, material properties, and location along 

the crack front; r  is the distance from the crack front to a point of interest;  ijσ~  is an 

angular dependent function; m  is a non-negative integer; mC  are constants; and 
)(ˆ m

ijσ are angular dependent functions. 
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Figure 2.1 Schematic indicating stress field in the 1x- 2x  plane near the crack front 

As apparent from above equation, the stress field near the crack front 

can be decomposed into two different parts where the first part (i.e. the second term on 

the right-hand side of (2.1)) remains finite and possesses a zero limit as r approaches 

zero and the second part (i.e. the first term on the right-hand side of (2.1)) is 

proportional to the inverse square-root function 1/ r  which becomes infinite at the 

crack front. As approaching the crack front, the stress field is clearly dominated by the 

first term and, within the context of linear elastic fracture mechanics, the second term is 

typically discarded. The asymptotic stress field (generally known as the K-field) exhibits 

the singularity of order r/1  and its characteristic can be completely determined by a 

single parameter k . Influence of loading conditions (including the magnitude and 

loading direction), properties of constituting materials, and geometry of the body and 

cracks on such local stress field is reflected through the constantk .     

2.2 Stress intensity factors 

The stress intensity factor, denoted by K , is an essential parameter in 

linear elastic fracture mechanics that is known to completely characterize the dominant 

stress field in the neighborhood of the crack front. This fracture data is directly related to 

the constant k  in the expansion (2.1) via a simple relation:  
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π2kK =                     (2.2) 

By inserting (2.2) into the first term on the right-hand side of (2.1), the dominant stress 

field now becomes  
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From the eigen analysis, the above asymptotic stress field can be decomposed into 

three independent modes, i.e. the opening mode or mode I, the sliding mode or mode II 

and the tearing mode or mode III, corresponding to the different behavior of the relative 

crack-face displacement. More specifically, the component of the general relative crack-

face displacement perpendicular to the crack surface, parallel to the crack surface and 

normal to the crack front, parallel to the crack surface and tangent to the crack front 

corresponds to the mode I, mode II and mode III, respectively, as shown in Figure 2.2. 

For general geometries and loading conditions, all three modes exist and the local 

stress field (2.3) can further be written in a form  
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Figure 2.2 Schematics indicating the relative crack-face displacement for (a) mode I or 

opening mode, (b) mode II or sliding mode, and (c) mode III or tearing mode 
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where IK , IIK  and IIIK  are mode-I, mode-II and mode-III stress intensity factors, 

respectively, and I
ijσ~ , II

ijσ~  and
 

III
ijσ~  are corresponding functions describing the angular 

dependent behavior in the local region surrounding the crack front. The stress intensity 

factors for all three modes can be obtained from the local stress field resulting from 

solving a complete boundary value problem via following formulas 

( ))0,(2lim 220
==

→
θσπ rrK

rI                              (2.5) 

( ))0,(2lim 120
==

→
θσπ rrK

rII                              (2.6) 

( ))0,(2lim 230
==

→
θσπ rrK

rIII                    (2.7) 

It is remarked that the definitions (2.5)-(2.7) apply to both isotropic and generally 

anisotropic materials. Barnett and Asaro (1972) and Xu (2000) proposed an alternative 

expression for determining the mixed-mode stress intensity factors for generally 

anisotropic media in terms of the relative crack-face displacement: 
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where ik are related to the stress intensity factors by IIKk =1 , IKk =2 ,
 

IIIKk =3 ;  luΔ  

are components of relative crack-face displacement with respect to the local coordinate 

system ( 1x , 2x , 3x ) defined in Figure 2.1; and ilB  are constants involving all elastic 

constants and the geometry of the crack front by  
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where a and b are orthonormal vectors contained in the plane defined by 03 =x ; φ is 

the angle between the vector a and the 1x -axis; the operator ),( ⋅⋅  is defined in terms of 

the elastic constants ijklE  by ( ) nmijnmij bEa=ba, ; and ( ) 1, −bb  denotes the inverse of 

( )bb, . The formula (2.8) can be used, when supplemented by positive features of the 

selected numerical scheme, to accurately and efficiently compute the stress intensity 

factor along the crack front for both isotropic and anisotropic cases. The explicit form of 

the angular dependent functions I
ijσ~ , II

ijσ~  and
 

III
ijσ~  for certain special cases (e.g. two-
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dimensional problem with both plane stress and plane strain assumptions, anti-plane 

shear problem, etc.) can be found in textbooks for fundamental fracture mechanics (e.g. 

Anderson, 2005; Gdoutos, 2005; Barsom and Rolfe, 1999; Kanninen and Popelar, 1985; 

Hellan, 1984 ). 

2.3 Boundary integral equations for cracked body 

It is evident from sections 2.1 and 2.2 that the asymptotic and eigen 

analysis provide only information about the form of dominant elastic fields in the 

neighborhood of the crack front but leaving several important information such as 

loading conditions, geometries and material properties in terms of unknown constants 

termed the stress intensity factors. This essential fracture data can be determined once 

the complete boundary value problem associated with the entire body is solved. The 

local stress field in the region surrounding the crack front and the relative crack-face 

displacement resulting from such comprehensive stress analysis can be used to extract 

the stress intensity factors via the relations (2.5)-(2.7) or (2.8). In the present study, a 

numerical technique based on the weakly-singular, symmetric Galerkin boundary 

element method (SGBEM) is selected to perform such stress analysis. In this section, we 

briefly summarize a set of boundary integral equations essential for the development of 

the SGBEM.    
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Figure 2.3 Schematic of three-dimensional cracked body 
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Consider a three-dimensional, finite, cracked body that is made of a 

generally anisotropic, linearly elastic material as shown in Figure 2.3. The boundary of 

the body can be decomposed into three surfaces C CS S+ −∪ , uS , and tS  where C CS S+ −∪  

represents two geometrically coincident crack surfaces, uS  is a portion of the regular 

boundary on which the displacement is fully prescribed, and tS is the remaining regular 

boundary on which the traction is prescribed. It is remarked that on the crack surface 

the traction is assumed to be known. 

A pair of completely regularized boundary integral equations for the 

displacement and the traction applicable to a cracked body made of a generally 

anisotropy material was proposed by Rungamornrat and Mear (2008a). The final form of 

those two equations are given by 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1  
2

o o o

o

o

p
p p p j j

S S S

p
p mj m j

S S

p
p i ij j

S S

t u dS t U t dS dS

t G D v dS dS

t n H v dS dS

= −

+ −

− −

∫ ∫ ∫

∫ ∫

∫ ∫

y y y y ξ y ξ ξ y

y ξ y ξ ξ y

y ξ ξ y ξ ξ y

     (2.10) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

 

o

o

tk
k k t k mj m j

S S S

j
t k tk j

S S

j
k l lk j

S S

c v t dS D v C D v dS dS

D v G t dS dS

v n H t dS dS

− = −

+ −

+ −

∫ ∫ ∫

∫ ∫

∫ ∫

y y y y y ξ y ξ ξ y

y ξ y ξ ξ y

y y ξ y ξ ξ y

    (2.11) 

where tuo SSS ∪= , +∪∪= ctu SSSS , pt  and kν  are admissible test functions, 

jijmim nD ξε ∂⋅∂=⋅ /)()(  denotes a surface differential operator, ijmε is a permutation 

symbol, )(yc  is a geometric dependent function defined by 2/1)( =yc  for oS∈y and 

1)( =yc  for +∈ cSy , )(ξit  denotes the traction at point ξ  on the boundary, )(ξiv  is the 

boundary data defined by  
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with )(ξiu  and )()( )( ξξξ −+ −=Δ iii uuu  denoting the displacement on the regular 

boundary and the jump in the displacement across the crack surface. All four kernels 

appearing in above two integral equations are given explicitly by  
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where ijδ is a Kronecker delta and the constant tkoe
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where yξr −=  denotes the position vector, rr ⋅=r , z is a unit vector, 

pmklpmkl zEz=),( zz , and the closed contour integral is defined on a unit circle on a 

plane normal to the position vector r (i.e. 0=⋅rz ). It is worth noting that the kernels 

)( yξ −p
iU , )( yξ −p

mjG  and )( yξ −tk
mjC  are material dependent and possess the same 

structure in terms of the line integral whereas the kernel )( yξ −p
ijH  is independent of 

elastic constants. In addition, all four kernels are singular only at yξ = and are of order 

O(1/r) (see details of derivations and extensive discussion of these kernels in the work of 

Rungamornrat and Mear, 2008a). For the special case of isotropy, i.e. 

[ ])21/(2 νδνδδδδδμ −++= klijjkiljlikijklE  where μ  is the elastic shear modulus and ν  

is Poisson’s ratio, the closed contour integral (2.18) can be integrated explicitly and the 

kernels )( yξ −p
iU , )( yξ −p

mjG  and )( yξ −tk
mjC  now simply reduce to a closed form 

identical to those obtain by Li and Mear (1998) and Li et al. (1998):  
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The boundary integral equations (2.10) and (2.11) possess several 

positive features useful for the present study including that (i) they are cast in a weak 

form well-suited for establishing the symmetric weak formulation for the SGBEM 

discussed in the following section, (ii) all kernels are only weakly singular of O(1/r) 

allowing all involved integrals be interpreted in an ordinary sense and only requiring 

displacement data on the regular boundary and crack of the type C0 for those integrals 

to be valid, (iii) they are applicable to cracks of general geometries and under arbitrary 

loading conditions, and (iv) they apply to both isotropic and generally anisotropic 

linearly elastic media.        

2.4 Symmetric weak formulation for crack problem 

To construct a symmetric weak formulation associated with the boundary 

value problem for a cracked body, a standard procedure similar to that employed by Li 

et al. (1998) and Rungamornrat and Mear (2008b) is employed. In such procedure, a 

pair of weakly singular, weak-form integral equations for the displacement and traction 

(2.10) and (2.11) is employed as follows. On the surface uS , the displacement integral 

equation (2.10) is applied by choosing a test function such that 0~ =pt  on tS  and on the 

surface tS , the traction integral equation (2.11) is applied with a special choice of test 

function satisfying 0~ =pv  on +∪ cu SS . Finally, on a single crack surface +
cS , the 

traction integral equation (2.11) is again applied by choosing a test function pp uv ~~ Δ=  

on +
cS  and 0~ =pv  on tuo SSS ∪=  . A set of weak-form equations resulting from 

appropriate applications to each surface is given in a concise form by (also see Li et al., 

1998; Rungamornrat and Mear, 2008b)    
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                             (2.22) 

 

where the linear operators PQA , PQB  and PQC  (with { }, , ,P Q u t c∈ ) are given in terms of 

weakly singular, double surface integrals by 

 
( ) ( ) ( ) ( ) ( ) ( )

P Q

k
PQ k i i

S S

X U Y dS dS= ∫ ∫y ξ - y ξ ξ yA X,Y                                                     (2.23) 
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                                              (2.24) 

 

( ) ( ) ( ) ( ) ( ) ( )
P Q

tk
PQ t k mj m j

S S

D X C D Y dS dS= ∫ ∫y ξ - y ξ ξ yC X,Y                                            (2.25) 

 

and the operators 1R , 2R  and 3R  involving the prescribed data on the boundary are 

given by  

 

1( ) ( ) ( ) ( )u ut uu= − −R F A Bo o ot t,u t,t t,u                                                                        (2.26) 
 

2 ( ) ( ) ( ) ( )t tt tu= − − −R F B Co o ou u,t t ,u u,u                                                                    (2.27) 
 

3 ( ) 2 ( ) ( ) ( )c tc cu= − − −R F B Cc o oΔu Δu,t t ,Δu Δu,u                                                      (2.28) 
 

in which the integral operator PF  (with },,{ tcuP∈ ) are given in terms of a regular 

single surface integral by      

 
1( ) ( ) ( ) ( ).
2

P

P i i
S

X Y dS= ∫ y y yF X,Y                                                                               (2.29) 

 

The symmetry of the weak formulation (2.22) should be obvious from the form of the 

integral operators PQA  and PQC  and the symmetry of the kernels  )( yξ −p
iU  and 
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)( yξ −tk
mjC . This set of integral equations forms a complete boundary value problem for 

a body containing cracks in terms of unknown boundary data such as the traction on the 

surface uS , the displacement on the surface tS  and the relative crack-face 

displacement on the crack surface +
cS . For a special case of pure traction boundary 

value problems (i.e. φ=uS ), the weak formulation (2.22) simply reduces to 

 

)~(R),~(C),~(C
)~(R    ),~(C    ),~(C

3

2

uuuuu
uuuuu
Δ=ΔΔ+Δ

=Δ+

ccct

tctt                                                                           (2.30) 

 

where 2R  and 3R  are now given by 

 

 )~,(B),~(F)~(R 2 uttuu ottot −−=                                                                                   (2.31) 
 

)~,(B),~(F2)~(R3 uttuu Δ−Δ−=Δ otccc                                                                            (2.32) 
 

The formulation (2.22) is employed later as a basis for the development of the weakly 

singular SGBEM. 

 



 

 

CHAPTER III 
SOLUTION PROCEDURE 

 

In this chapter, we summarize a numerical technique utilized to solve the 

boundary value problem associated with a cracked body, the post-process to extract 

the stress intensity factor from the data along the crack front, a meshing procedure for 

the CT specimen, and the mesh refinement and study of convergence of numerical 

solutions.  

3.1 Weakly singular SGBEM 

 To solve the boundary value problem for a cracked body governed by a 

set of integral equations (2.22), a weakly singular SGBEM developed by Li et al. (1998) 

for cracks in isotropic media and by Rungamornrat and Mear (2008b) for cracks in 

generally anisotropic media is adopted. Due to the weakly singular nature of the 

governing integral equations and the symmetry of the formulation, this numerical 

technique is superior to other standard boundary integral equation methods in several 

aspects. For instance, C0 interpolation functions can be used in the discretization of all 

boundary data, all singular integrals exist in an ordinary sense and can be integrated 

accurately and efficiently using some standard quadrature, and it finally results in a 

symmetric system of linear algebraic equations. It should be remarked also that the 

discretization is required only on the boundary of the domain and the crack surface and 

this renders the reduction of the spatial dimension from 3 to 2 for three-dimensional 

problems. Unlike the standard finite element method (e.g. Hughes, 2000), the 

discretization is required for the entire domain and the meshing effort is non-trivial 

especially in the region near the crack front where an extremely fine mesh is required to 

accurately capture the singularity of the stress field (e.g. Swenson and Ingraffea, 1988; 

Martha et al., 1993; Ayhan et al., 2003). For the SGBEM developed by Li et al. (1998) 

and Rungamornrat and Mear (2008b), the asymptotic behavior of the field near the 

crack front as discussed in sections 2.1 and 2.2 is directly and properly integrated into 
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the near front approximation allowing relatively coarse meshes be employed to 

construct reasonably accurate numerical results. Here, we only summarize some 

important aspects of the SGBEM adopted in the present study while details of the 

development can be found in the work of Li et al. (1998) and Rungamornrat and Mear 

(2008b).    

3.1.1 Discretization 
The unknown displacement and traction on the regular boundary of the 

domain are approximated by using continuous interpolation functions defined in an 

element-wise fashion on standard, two-dimensional, isoparametric, C0 elements (e.g. 

Hughes, 2000) resulting from the discretization. The relative crack-face displacement 

along the crack front is approximated by special continuous interpolation functions via 

the use of special crack-tip elements developed by Li et al. (1998) and Rungamornrat 

and Mear (2008b). The relative crack-face displacement on the remaining of the crack 

surface is approximated by the interpolation functions from standard, two-dimensional, 

isoparametric, C0 elements. It should be noted that for the CT specimen considered in 

this study, the crack front intersects the regular boundary at two particular points known 

as vertices. Since shape functions on the crack-tip elements and on the standard 

elements are different, an element on the regular boundary which contains the vertex 

and is adjacent to the crack-tip element must be modified to maintain the continuity of 

the displacement field. This can be achieved by using a special element developed by 

Li et al. (1998).     

3.1.2 Evaluation of kernels 
For an isotropic case, all four kernels )( yξ −p

ijH , )( yξ −p
iU , )( yξ −p

mjG  

and )( yξ −tk
mjC are given in an explicit form in terms of fundamental functions. Thus, 

evaluation of these kernels for every pair of source and field points ( yξ, ) is trivial. For 

the case of generally anisotropic materials, the kernel )( yξ −p
ijH  can still be directly 

calculated while the evaluation of the kernels )( yξ −p
iU , )( yξ −p

mjG  and )( yξ −tk
mjC  by 

directly integrating the closed contour integral (2.18) for every pair ( yξ, ) can lead to 

massive computational cost. In this study, the interpolation technique proposed by 

Rungamornrat and Mear (2008b) is utilized to avoid such direct integration.     
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3.1.3 Numerical integration 
All regular, single surface integrals are accurately and efficiently 

integrated by using standard Gaussian quadrature. For double surface integrals, three 

types of integrals including regular integrals, singular integrals and nearly singular 

integrals are encountered after the discretization. All regular integrals can be efficiently 

evaluated using standard Gaussian quadrature while both singular and nearly singular 

integrals are integrated numerically using special quadratures developed by Xiao 

(1998). Positive features of those special quadratures are that the integration can be 

performed in the computational domain (i.e. master element), the singularity and rapid 

variation behavior are removed via using proper variable transformations, and the 

accuracy of the scheme finally controlled by adjusting the number of Gauss points.     

3.1.4 Solution of system of linear equations 
A final system of linear algebraic equations resulting from the 

discretization is symmetric and also positive definite for pure traction boundary value 

problems as considered in the present study. It is worth noting that proper constraints 

must be introduced in order to eliminate the rigid body translations and rigid body 

rotations or, equivalently, to ensure that the system of linear equations possesses a 

unique solution. For three-dimensional, pure traction boundary value problems, six 

constraints are needed. To solve such a symmetric, positive definite system of linear 

equations, a standard conjugate gradient method with Jacobi-preconditioning is utilized 

(e.g. Hamming, 1987; Chapra and Canale, 1990). The obtained solution (for pure 

traction boundary value problems) contains nodal displacements on the regular 

boundary, nodal relative crack-face displacements on the crack surface, and extra 

degrees of freedom along the crack front resulting from the use of crack-tip elements. 

The last quantities are associated with the gradient of the relative crack-face 

displacement along the crack front and they can be used in the determination of the 

stress intensity factors as discussed in the following section.        

3.2 Determination of stress intensity factors 
 It is apparent that a solution obtained directly from the weakly singular 

SGBEM contains nodal quantities (displacements, tractions, and relative crack-face 
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displacement) on the regular boundary and the crack surface. The elastic field within the 

body (e.g. stress and displacement) can also be computed using the integral relations 

proposed by Rungamornrat and Mear (2008a). If only the stress intensity factors are of 

interest, the definition (2.8) offers a better candidate comparing to the definition in terms 

of the stress (2.5)-(2.7) in order to avoid the computation of the field within the body. It is 

noted however that the direct use of the definition (2.8) still requires the evaluation of the 

limit and this calculation may affect the accuracy of the stress intensity factors. To 

enhance the accuracy, Rungamornrat and Mear (2008b) employed a special feature of 

the crack-tip element along with (2.8) to develop an explicit, limit-free formula for 

determining the mixed-mode stress intensity factors as follows  

)()(
sin2

)( )(
1

)( cn

N

n

e
nlcilci uB

J
k xxx ψ

β
π ∑

=

=                  (3.1) 

 

where cx  is any point on the crack front; J  and β  are parameters depending on the 

geometry of the crack-tip element at point cx (see more details in the work of 

Rungamornrat and Mear, 2008b); N  denotes the number of nodes in the crack-tip 

element; e
nlu )(  is the nodal degree of freedom associated with the nth node; and 

)()( cn xψ  is the value of the nodal shape function at point cx . It is worth noting that 

)()( cn xψ  is zero for all shape functions associated with nodes not located on the crack 

front; as a result, the summation appearing in the expression (3.1) involves only extra 

nodal degrees of freedom along the crack front. In addition, components of all quantities 

in the formula (3.1) are referring to the local coordinate system defined in section 2.1. 

By using the crack-tip elements to approximate the relative crack-face 

displacement near the crack front along with applying the explicit formula (3.1) in the 

determination of the stress intensity factors, Rungamornrat and Mear (2008b) found that 

highly accurate results can be obtained by using only relatively coarse meshes. With 

such attractive feature, the formula (3.1) is therefore utilized in the present study. 

3.3 Geometries of CT specimen 
In the present study, we focus only on a particular cracked body with its 

configuration similar to a compact tension (CT) testing specimen. ASTM E399-90 (1997) 
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has recommended the geometries of the CT specimen in the experiment for the plane 

strain fracture toughness ICK  as shown in Figure 3.1. The ratio between the crack 

length a  (measured from the center of each hole to the crack front) and the specimen 

width W (measured from the center of each hole to the back face of the specimen) must 

be chosen in the range of 0.45 to 0.55 and the thickness is recommended to be W5.0 . 

The entire width (measured from the back face to the front face) is equal to 1.25W .       

A pair of equal and opposite loads is to be applied at the holes of radius W25.0  to open 

the crack. The distance between the center of each hole and the crack plane is equal to 

W275.0  and the distance from the crack plane to the top and bottom surface of the 

specimen is equal to W6.0 . Details of a small starter notch in front of the crack plane 

can be found in ASTM E399-90 (1997).  
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Figure 3.1 Configuration of compact tension (CT) specimen recommended by ASTM 

E399-90 (1997) 

In the modeling, we choose a configuration as shown in Figure 3.2 to 

represent the CT specimen shown in Figure 3.1. The difference between this model and 

the actual CT specimen is due to the removal of the notch and then replacing it by a 

X1 

X2 

X3 
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through-the-thickness crack. It is worth noting that this simplification should not 

significantly alter the behavior of the problem but substantially reduces the meshing 

effort. In the analysis, we choose 5.0/ =Wa  and the thickness of the specimen is 

varied in order to investigate its influence on the distribution of the stress intensity factor. 

The applied loads at both holes are assumed to be uniformly distributed over the upper 

part of the upper hole and the lower part of the hole.   
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Figure 3.2 Configuration of compact tension (CT) specimen used in the analysis 

3.4 Mesh generation 
In the construction of a finite element mesh on the boundary of the CT 

specimen and the crack surface, the number of distorted elements and elements with a 

large aspect ratio is minimized, a finer mess is utilized in regions where fields are 

anticipated to be complex such as regions near the crack front and vertices, and a 

mesh with smooth transition is employed to connect the fine mesh region and the coarse 

mesh region. Three types of elements are utilized in the discretization of the CT 

specimen: (i) standard 6-node triangular elements and standard 8-node quadrilateral 

X1 

X2 

X3 
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elements shown in Figure 3.3(a)-(b), (ii) 9-node quadrilateral crack-tip elements shown 

in Figure 3.3(c), and (iii) special 9-node quadrilateral elements shown in Figure 3.3(d). 

More specifically, elements in the second category are utilized only along the entire 

crack front whereas on the front and back faces of the specimen, two elements of the 

last type must be used to connect the crack-tip element and the standard elements. The 

remaining boundary and crack surface are discretized by elements in the first category. 

     

 
               (a)                              (b)                                (c)                              (d)  

Figure 3.3 Schematic of elements utilized in the discretization of CT specimen:             

(a) standard 6-node triangular element, (b) standard 8-node quadrilateral element,       

(c) 9-node crack-tip element, and (d) special 9-node quadrilateral element       

 

An example of a mesh for the CT specimen of a particular thickness 

/ 1t a =  is shown in Figure 3.4. By exploiting the symmetry of its geometry, the mesh 

generation effort can be significantly reduced. For instance, only one of the top and 

bottom surfaces, one of the two holes, one half of the two side-faces, and one half of the 

crack surface are required to be meshed. Meshes for the remaining boundary and crack 

surface can simply be obtained by the reflection about a plane of symmetry. It is evident 

also that only a region on the crack surface close to the crack front (see Figure 3.4(b)) 

and a region on the two side-faces surrounding the vertices (see Figure 3.4(c)) have a 

relatively finer mesh when compared with the other regions. Most of the effort and care 

is therefore spent to achieve a good mesh in such region and the corresponding 

transition zone. A good quality mesh with sufficient refinement is anticipated to yield 

accurate stress intensity factors along the entire crack front.   
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                            (a)                                                                  (b) 

          

                                  (c)                                                                     (d) 

                                                                                                 

                                  (e)                                                                     (f) 

Figure 3.4 Example of mesh for CT specimen of thickness / 1t a = : (a) mesh for entire 

specimen, (b) mesh for crack surface, (c) mesh for side faces, (d) mesh for top and 

bottom surfaces, (e) mesh for back and front faces, and (f) mesh for holes 

3.5 Convergence study 
The main focus of this section is to explore the convergence of the stress 

intensity factor along the crack front using a series of meshes with different levels of 
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refinement. Results from this convergence study are very useful in the selection of a 

mesh that yields accurate numerical solutions while requiring relatively cheap 

computational cost.  

In the study, three meshes, a coarse mesh denoted by Mesh-1, a 

medium mesh denoted by Mesh-2 and a fine mesh denoted by Mesh-3, are constructed 

as shown in Figures 3.5-3.7 for a specimen of thickness / 1t a = . The number of nodes 

and elements on the crack surface and the remaining boundary for the three meshes is 

reported in Table 3.1. In the analysis, we consider three different materials, one 

associated with an isotropic material with Poisson’s ratio 0.30ν =  and the other two 

corresponding to the transversely isotropic material with elastic constants chosen to be 

those for zinc and cadmium as given in Table 3.2. It should be noted that for the last two 

materials, the axis of material symmetry is chosen to direct perpendicular to the crack 

surface.                   

 

 

Figure 3.5 Coarse mesh or Mesh-1 for CT specimen thickness / 1t a =   

Crack surface Holes 



 

 
30

 

 

Figure 3.6 Medium mesh or Mesh-2 for CT specimen thickness / 1t a =   
 

 

 

Figure 3.7 Fine mesh or Mesh-3 for CT specimen thickness / 1t a =   

Crack surface Holes 

Crack surface Holes 
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Table 3.1 Number of nodes and elements for three meshes shown in Figures 3.5-3.7 

   

Mesh Number of nodes Number of elements 

Total Boundary Crack Total Boundary Crack 

1 927 829 98 324 298 26 

2 2892 2425 467 1050 900 150 

3 7614 6781 833 2704 2436 268 

 

Table 3.2 Elastic constants (GPa) for zinc and cadmium (e.g. Freund and Suresh, 2003). 

The axis of material symmetry is taken to direct along the x3-coordinate direction. 

 

Materials 
1111E  1122E  1133E  3333E  1313E  

Zinc 161 34.2 50.1 61 38.3 

Cadmium 115.8 39.8 40.6 51.4 20.4 

 

Numerical results for the mode-I stress intensity factor along the crack 

front are reported for three materials and three meshes in Figure 3.8. It is evident that 

results obtained from the Mesh-2 and Mesh-3 are almost identical while those from the 

Mesh-1 exhibit slight difference especially very near the vertices where the stress 

intensity factor drops very rapidly. This should imply the rapid convergence and the 

weak dependency on the level of mesh refinement for both isotropic and anisotropic 

cases. Next, we investigate the convergence behavior of numerical results for the same 

specimen but with the thickness / 4t a = . Meshes used in the analysis for this particular 

case are obtained by simply scaling coordinates in the direction along the thickness of 

the three meshes shown in Figures 3.5-3.7. Again, results of the mode-I stress intensity 
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factor (see Figure 3.9) lead to the same conclusion as the previous case and, in 

particular, stretching meshes in the thickness direction by four times still does not alter 

the convergence characteristic of the numerical solutions. It is worth noting that 

approximate solutions of this high quality can be achieved via the use of relatively 

coarse meshes due mainly to the application of special crack-tip elements along the 

crack front. 

       

Figure 3.8 Normalized mode-I stress intensity factor along the crack front for CT 

specimen thickness / 1t a = . Results are reported for three meshes and three materials 

and s denotes the distance measured from the center of the crack front. 

Since the medium mesh and the fine mesh yields results of comparable 

accuracy while the latter consumes substantially more computational time, a level of 

refinement similar to that for the former mesh will be used in the construction of meshes 
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for a CT specimen of other thicknesses in the parametric study to explore the behavior 

of the stress intensity factor along the entire crack front.   

       

Figure 3.9 Normalized mode-I stress intensity factor along the crack front for CT 

specimen thickness / 4t a = . Results are reported for three meshes and three materials 

and s denotes the distance measured from the center of the crack front. 

3.6 Verification of numerical results 
To verify the numerical results obtained from the weakly singular 

SGBEM, comparisons with existing benchmark solutions for a two-dimensional plane 

strain case and for isotropic materials are performed. Consider a CT specimen of 

sufficiently large thickness to ensure the existence of a plane strain condition in the 

central region of the crack front. Numerical results obtained from a mesh with the same 

level of refinement as the medium mesh shown in Figure 3.6 are reported along with the 

plane strain solution proposed by ASTM E399-90 (1997) in Figure 3.10 for Poisson ratio 
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1.0=ν  and in Figure 3.11 for Poisson ratio 3.0=ν . It is evident that the SGBEM 

solutions (in the region exhibiting the plane strain condition) show very good agreement 

with the benchmark solution. Besides this verification, it should be noted that extensive 

verification of the weakly singular SGBEM and its formulation used in the present study 

was already performed by Li et al. (1998), Rungamornrat (2006), and Rungamornrat and 

Mear (2008b) for various crack problems associated with both isotropic and transversely 

isotropic media.    

      

 
 

Figure 3.10 Normalized mode-I stress intensity factor along the crack front for CT 

specimen for sufficiently large thicknesses along with the plane strain solution from 

ASTM E399-90 (1997). Results are reported for isotropic material with 1.0=ν  and s 

denotes the distance measured from the center of the crack front. 

ASTM E-399 

/s t

IK t W
P t/a=10 

t/a=20 

t/a=40 



 

 
35

      

 

Figure 3.11 Normalized mode-I stress intensity factor along the crack front for CT 

specimen for sufficiently large thicknesses along with the plane strain solution from 

ASTM E399-90 (1997). Results are reported for isotropic material with 3.0=ν  and s 

denotes the distance measured from the center of the crack front. 

3.7 Mesh for CT specimen with different thickness 
To construct meshes for the CT specimen of various thicknesses, the 

medium mesh for / 1t a =  shown in Figure 3.6 is used as a prototype. Two following 

simple strategies, (i) mesh stretching along the crack front direction and (ii) adding an 

inner layer, are employed. The mesh stretching is applied first to obtain a series of 

meshes for several thicknesses without adding nodes and elements but simply scaling 

the coordinate along the crack front. However, this strategy can be used up to a certain 

thickness in order to avoid elements of large aspect ratios and produce too coarse 
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meshes. For a specimen with too large thickness to use the first strategy, the second 

strategy is employed instead by adding a layer of elements and nodes in the central 

region of the crack front. With this particular means, the mesh for the two side-faces 

does not alter. With the proper combination of these two schemes, a series of meshes 

can be constructed for the CT specimen of thickness ranging from 1/ =at  to 40/ =at . 

Examples of meshes for CT specimen of certain thicknesses are shown in Figures 3.12-

3.13. 

       

 

(a) 

 

(b) 

Figure 3.12 Meshes for CT specimen: (a) 1/ =at  and (b)
 

5/ =at  
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Figure 3.13 Mesh for CT specimen for
 

/ 10t a =   



 

 

CHAPTER IV 

NUMERICAL RESULTS AND DISCUSSION 

In this chapter, results from an extensive parametric study to investigate 

the influence of the thickness on the distribution of the stress intensity factor along the 

crack front of the CT specimen are reported and discussed. In the analysis, the 

specimen thickness is varied from 1/ =at  to 40/ =at  to ensure that the plane strain 

condition dominates the majority of the crack front of the specimen with the maximum 

thickness 40/ =at . Two important classes of linear elastic materials, one associated 

with isotropic materials and the other corresponding to transversely isotropic materials, 

are examined in the present study. Meshes generated using the strategy described in 

section 3.4 and section 3.7 are utilized in the analysis for the stress intensity factor.    

4.1 Results for isotropic materials 

To explore the influence of the specimen thickness and material 

constants on the behavior of the stress intensity along the crack front for the isotropic 

case, we perform the analysis for various thicknesses { }/ 1, 2,3, 4,5,10, 20, 40t a ∈  and 

several values of Poisson’s ratio ∈ν {0, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, 

0.45, 0.50} for each thickness. It should be noted that the stress intensity factor exhibits 

material dependence only on the Poisson’s ratio ν  not the Young’s modulus E . The 

normalized mode-I stress intensity factors, denoted by PWtKI /  where P is the total 

applied load and t and W are the specimen thickness and width, respectively, as 

indicated in Figure 3.2, is reported as a function of the normalized distance along the 

crack front, denoted by ts /  where s is the distance measured from the center of the 

crack front, in Figure 4.1 for 0=ν , Figure 4.2 for 10.0=ν , Figure 4.3 for 30.0=ν , and 

Figure 4.4 for 50.0=ν  (results for other values of Poisson’s ratio are shown in Appendix 

A). For each plot, the plane strain stress intensity factor proposed by ASTM E-399 is also 

reported to allow the comparison and discussion. From this set of results, following 

findings are summarized. 
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Figure 4.1 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0 

 

Figure 4.2 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.1 
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Figure 4.3 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.3 

 

Figure 4.4 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.5 
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• For Poisson’s ratio 0=ν , the plane strain condition dominates the 

entire crack front with no regard of the specimen thickness and, in 

addition, the computed results exhibit excellent agreement with the 

benchmark solution except in the region close to the surface breaking 

points. The slightly oscillated behavior of numerical solutions 

observed in that region is due to the fact that the (reduced-order) 

special crack-tip element and the adjacent modified boundary 

element containing the vertices cannot accurately capture the 

asymptotic field. Note in addition that the stress field at the vertex, for 

this particular case, is singular of the same order as that for the 

interior point of the crack front. 

• For small Poisson’s ratio (i.e. 1.0≤ν ), the stress intensity factor varies 

along the crack front but such variation is still insignificant for all 

thicknesses considered. The rapid decrease of the stress intensity 

factor is observed in the neighborhood of the surface breaking point. 

This implies that the singularity of the stress field at the vertex is of 

order less than r/1 . 

• For moderate and large Poisson’s ratio (i.e. 2.0≥ν ), the variation of 

the stress intensity factor across the thick becomes more significant 

and depends primarily on the specimen thickness. For a specimen 

with small thickness (i.e. 5/ ≤at ), the stress intensity factor attains its 

maximum value at the center of the crack front and monotonically 

decreases to zero at the two vertices. The slight rate of decrease is 

observed for the majority of the crack front except in a layer near the 

outer boundary where the rapid drop occurs. In addition, the three-

dimensional analysis yields the stress intensity factor higher than the 

plane strain value for a large portion of the crack front. For a specimen 

with sufficiently large thickness (i.e. 10/ ≥at ), the stress intensity 

factor starts to converge to the plane strain value in the central region 



 

 
42

of the crack front and the converged zone spreads towards the 

vertices as the thickness increases. 

• For a specimen with the maximum thickness 40/ =at , the plane 

strain dominated zone covers more than 70% of the crack front for all 

values of Poisson’s ratio treated. 

To additionally demonstrate the influence of the Poisson’s ratio on both the distribution 

and magnitude of the stress intensity factor across the thickness, we create different 

plots between PWtKI /  and ts /  by fixing the specimen thickness but varying the 

Poisson’s ratio. Results are reported in Figure 4.5 for a thinnest specimen ( 1/ =at ), in 

Figure 4.6 for 5/ =at , in Figure 4.7 for 10/ =at , and in Figure 4.8 for 40/ =at . It can 

be concluded from these plots that the thickness of a specimen significantly affects the 

characteristic of the distribution (i.e. shape) of the stress intensity factor along the crack 

front while the Poisson’s ratio only influence its magnitude. More specifically, the larger 

the Poisson’s ratio, the higher the stress intensity factor is observed.                     

 

Figure 4.5 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 1/ =at  
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Figure 4.6 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 5/ =at  

 

Figure 4.7 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 10/ =at  
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Figure 4.8 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 40/ =at  
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where )( 1sKI , )( 2sKI  and )( 3sKI  are stress intensity factors at nodes along the crack 

front of the same crack tip element and 1s , 2s , 3s  are distances from the center of the 

crack front to those three nodes. To demonstrate the influence of the specimen 

thickness on the existence of the plane strain dominated zone and its size, we plot the 

average stress intensity factor IK , normalized by the plane strain solution PSK                

( obtained by taking the converged stress intensity factor at the center of the crack front 

of a specimen with the thickness 40/ =at ), versus the normalized specimen thickness 

at /  as shown in Figure 4.9. It is evident that for all Poisson’s ratios greater than zero, 

IK  monotonically decreases and asymptotically converges to PSK  as the specimen 

thickness increases. This finding along with results shown in Figures 4.1-4.4 implies that 

once the plane strain dominated zone exists along the crack front, its size becomes 

larger as the specimen thickness increases. Furthermore, the rate of convergence to the 

plane strain solution decreases as the Poisson’s ratio increases. This clearly indicates 

that a specimen made of a material with higher Poisson’s ratio requires larger thickness 

to achieve the same level of plane strain condition along the crack front.  

 

Figure 4.9 Normalized average stress intensity factor versus normalized thickness for 

various Poisson’s ratios 
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In addition, an empirical relation between the normalized average stress 

intensity factor /I psK K and the normalized specimen thickness at /  for any Poisson’s 

ratio can readily be obtained from a standard curve-fitting technique. Based on the data 

shown in Figure 4.9, a hyperbola function form is suggested in the curve fitting 

procedure and the final empirical formula is given by 

2

4 3 2

0.4008 0.0591 0.0011
197.05 298.69 167.57 42.76 4.7006

I

PS

K
tK
a

ν ν

ν ν ν ν

+ −
= +

+ − + − +
                            (4.3)  

where ν  is the Poisson’s ratio. Figure 4.10 shows plots between /I psK K and at /  

obtained from the formula (4.3) and from the analysis by the SGBEM. It is evident that 

the formula (4.3) shows excellent agreement with numerical results for a wide range of 

the Poisson’s ratio and, as a result, can be used confidently to predict the average 

stress intensity factor for a given specimen thickness and Poisson’s ratio.     

  

Figure 4.10 Normalized average stress intensity factor versus normalized thickness 

obtained from equation (4.3) and from analysis data  
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4.2 Results for transversely isotropic materials 

A brief description of a constitutive equation and independent material 

constants for transversely isotropic materials is given here first to clearly identify some 

parameters chosen in the parametric study. The six stress components { 11σ , 22σ , 33σ , 

12σ , 23σ , 13σ } and the six strain components { 11ε , 22ε , 33ε , 12ε , 23ε , 13ε } for this 

particular class of materials (with the axis of material symmetry directing along the 3X -

axis and perpendicular to the crack plane) are related by five independent material 

constants via following two equivalent constitutive equations (e.g. Staab, 1999 and 

Singh, 2007) 
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where 1111E , 1122E , 1133E , 3333E and 1313E   are five independent elastic constants; pE  and 

pν  are the Young’s modulus and Poisson’s ratio in the 21 XX −  symmetry plane; zE , 

zpG  and  pzν  (or zpν ) are the Young’s modulus, shear modulus and Poisson’s ratio in 

the 3X direction; and the two Poisson’s ratios are not independent but related through 

zzpppz EE // νν = .  

In the parametric study, we first investigate the influence of the specimen 

thickness on behavior of the stress intensity factor along the crack front for two particular 

transversely isotropic materials (i.e. zinc and cadmium) and then the influence of the 
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Poisson’s ratio pν , the modulus ratio zp EE /  and the modulus ratio /zp pG E  are 

thoroughly examined.  
4.2.1 Results for zinc and cadmium 
For this particular case, we perform numerical experiments for various 

thicknesses { }/ 1, 2,3, 4,5,10, 20, 40t a ∈  by using the same meshes as those employed 

in the isotropic case. The elastic constants for zinc and cadmium used in the analysis 

are given in Table 3.2. The normalized mode-I stress intensity factor ( PWtKI / ) are 

reported as a function of the normalized distance along the crack front ( ts / ) in Figure 

4.11 for zinc and in Figure 4.12 for cadmium. The average stress intensity factor 

(computed based on equations (4.1) and (4.2)) normalized by the plane strain solution 

(obtained by taking the converged stress intensity factor at the center of the crack front 

of a specimen with the thickness 40/ =at ) is shown in Figure 4.13 as a function of the 

normalized thickness. From this set of results, it can be concluded that 

• The computed stress intensity factors for zinc and cadmium exhibit 

only slight difference, both in terms of the distribution and magnitude, 

for all thicknesses considered in the analysis. In addition, the average 

stress intensity factor for zinc is slightly higher than that for cadmium. 

• For thin specimens ( 5/ ≤at ), the distribution of the stress intensity 

factor possesses the same characteristic as that for the isotropic 

case. For instance, the maximum stress intensity factor still occurs at 

the center of the crack front and drop rapidly at the region close to the 

vertices. In addition, the stress intensity factor is higher than the plane 

strain solution for the majority of the crack front and no plane strain 

dominated zone is observed in this range of thickness.  

• For sufficiently thick specimen ( / 10t a ≥ ), the plane strain dominated 

zone is observed in the central region of the crack front. Similar to the 

isotropic case, as the specimen thickness increases, this zone 

expands towards the outer boundary.  

• As clearly demonstrated by Figure 4.13, the average stress intensity 

factor decreases monotonically and asymptotically converges to the 

plane strain solution as the specimen thickness increases. In 
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particular, for a specimen with the thickness 5/ ≥at , the difference 

between IK  and PSK  is less than 2%  whereas a specimen with the 

thickness 10/ ≥at , the difference reduce to a fraction of 1%.  

 

Figure 4.11 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for zinc 

 

Figure 4.12 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for cadmium 
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Figure 4.13 Normalized average stress intensity factor versus normalized thickness for 

zinc and cadmium  

4.2.2 Influence of Poisson’s ratio pν  

Next, we investigate the influence of Poisson’s ratio pν  in the 21 XX −  

symmetry plane on the distribution of the stress intensity factor for various thicknesses. 

In numerical experiments, all other four material constants are fixed except the Poisson’s 

ratio pν  that is varied over its entire range. The fixed material constants (i.e. pE , zE , 

zpG  and pzν  (and zpν )) are taken from those for cadmium as given in Table 4.1. Seven 

values of Poisson’s ratio, i.e. { }0.00,0.10,0.20,0.30,0.40,0.50,0.60pν ∈ , are 

considered and the corresponding elastic constants employed in the SGBEM are shown 

in Table 4.2. 

Table 4.1 Material constants for cadmium used in the investigation of pν    

                        

Material pE (GPa) zE (GPa) zpG (Gpa) pν  pzν  zpν  

Cadmium 83.0 30.0 20.0 0.10 0.70 0.26 

Plane strain 

Cadmium 

Zinc 

/t a

I

P S

K
K
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Table 4.2 Elastic constants (GPa) associated with different values of Poisson’s ratio 

( pν ). The axis of material symmetry is taken to direct along the x3-coordinate direction.                        

 

Materials 
1111E  1122E  1133E  3333E  1313E  

pν =0.00 106.8 23.8 33.9 47.2 20.0 

pν =0.10 115.2 39.7 40.3 50.4 20.0 

pν =0.20 129.8 60.6 49.5 55.0 20.0 

pν =0.30 155.4 91.6 64.2 62.5 20.0 

pν =0.40 205.5 146.2 91.4 76.3 20.0 

pν =0.50 332.8 277.5 158.7 110.3 20.0 

pν =0.60 1178.7 1126.8 599.4 333.3 20.0 

 

Results obtained from this extensive analysis reveal that the distribution 

of the stress intensity factor along the crack front for both thin and thick specimens 

possesses the same characteristic as that for zinc and cadmium as clearly 

demonstrated in Figures 4.14-4.16 for 6.0 ,3.0 ,0=pν  (results for other values of are 

shown in Appendix B). The Poisson’s ratio pν  only influences the magnitude of the 

stress intensity factor for a given specimen thickness as indicated in Figures 4.17-4.20 

for 40 ,105, ,1/ =at . It is important to point out that results for 0=pν  possess totally 

different behavior from those for the isotropic case with 0=ν . No independence of the 

specimen thickness is observed for the case of transversely isotropic materials.  

The average stress intensity factor IK  for different values of pν  is also 

reported as a function of the normalized thickness in Figure 4.21. Similar to the isotropic 

case, obtained results confirmed that as the Poisson’s ratio pν  increases, IK  

monotonically converges to the plane strain solution with a slower rate. Note in particular 

that the difference between IK  and PSK  is less than 2% for a specimen with the 

thickness 5/ ≥at  and less than 1% for a specimen with the thickness 10/ ≥at . 
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Figure 4.14 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0 

 

Figure 4.15 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0.3 
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Figure 4.16 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0.6 

 

Figure 4.17 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 1/ =at  
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Figure 4.18 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 5/ =at  

 

Figure 4.19 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 10/ =at  
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Figure 4.20 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various Poisson’s ratios and 40/ =at  

 

Figure 4.21 Normalized average stress intensity factor versus normalized thickness for 

different values of pν     
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4.2.3 Influence of modulus ratio zp EE /  

Next, the influence of the modulus ratio zp EE /  is investigated. In the 

analysis, five modulus ratios / {0.25,0.5,1,2,3}p zE E ∈  are considered while other 

elastic constants remaining fixed. Again, those fixed material constants are taken from 

cadmium as shown in Table 4.1. Elastic constants associated with each modulus ratio 

employed in SGBEM are given in Table 4.3. It is important to emphasize that the value of 

pzν  can readily be computed from the relation ( / )pz zp p zE Eν ν= . 

The normalized mode-I stress intensity factor is reported along the crack 

front for various thickness { }/ 1, 2,3,5,10, 20, 40t a ∈  in Figures 4.22-4.26 for 

/ {0.25,0.5,1,2,3}p zE E ∈ , respectively. The plots between the normalized stress 

intensity and the normalized distance along the crack front for various modulus ratio 

/ {0.25,0.5,1,2,3}p zE E ∈  are also shown in Figures 4.27-4.30 for 40 ,105, ,1/ =at , 

respectively. The modulus ratio zp EE /  only slightly influences the distribution of the 

stress intensity factor along the crack front but significantly affects its magnitude. In 

addition, as the ratio zp EE /  increases, the stress intensity factor tends to decreases. 

The average stress intensity factor along the crack front is also reported 

for different values of zp EE /  in Figure 4.31. It is obvious that the average stress 

intensity factor exhibits strong dependence on the modulus ratio and, in particular, as 

zp EE /  increases, IK  increases and it requires larger specimen thickness in order to 

achieve the same value of IK .  

Table 4.3 Elastic constants (GPa) associated with different values of modulus ratio 

zp EE / . The axis of material symmetry is taken to direct along x3-coordinate direction. 
 

Materials 
1111E  1122E  1133E  3333E  1313E  

0.25p zE E=  7.7 0.9 2.3 31.2 20.0 

0.50p zE E=  15.8 2.2 4.7 32.4 20.0 

p zE E=  33.2 6.0 10.2 35.3 20.0 

2p zE E=  74.9 20.4 24.8 42.9 20.0 

3p zE E=  131.9 50.1 47.3 54.6 20.0 



 

 
57

 

Figure 4.22 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and zp EE /  = 0.25 

 

Figure 4.23 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and zp EE /  = 0. 5 
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Figure 4.24 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and zp EE /  = 1 

 

Figure 4.25 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and zp EE /  = 2 
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Figure 4.26 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and zp EE /  = 3 

 

Figure 4.27 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios zp EE /  and 1/ =at  
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Figure 4.28 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios zp EE /  and 5/ =at  

 

Figure 4.29 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios zp EE /  and 10/ =at  
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Figure 4.30 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios zp EE /  and 40/ =at  

 

Figure 4.31 Normalized average stress intensity factor versus normalized thickness for 

different values of zp EE /     
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4.2.4 Influence of modulus ratio /zp pG E  

Finally, we explore the influence of the modulus ratio /zp pG E . In the 

analysis, four values of the modulus ratio / {0.25,0.5,1,2}zp pG E ∈  are considered while 

other elastic constants remaining fixed. Again, those fixed material constants are taken 

from cadmium as given in Table 4.1. Elastic constants associated with each value of the 

modulus ratio employed in analysis by the SGBEM are given in Table 4.4. It is important 

to emphasize again that the value of pzν  can readily be computed from the relation 

( / )pz zp p zE Eν ν= .  

The normalized mode-I stress intensity factor is reported along the crack 

front for various thickness { }/ 1, 2,3,5,10, 20, 40t a ∈  in Figures 4.32-4.35 for 

/ {0.25,0.5,1,2}zp pG E ∈ , respectively. The plots between the normalized stress 

intensity and the normalized distance along the crack front for various modulus ratio 

/ {0.25,0.5,1,2}zp pG E ∈  are also shown in Figures 4.36-4.39 for 40 ,105, ,1/ =at , 

respectively.  From these obtained results, similar behavior to the case of Poisson’s ratio 

pν  and modulus ratio zp EE /  (e.g. the variation of the stress intensity near the vertex, 

the existence of the plane strain dominated zone in the central region of the crack front) 

is deduced when the thickness of the specimen increases. In addition, the modulus ratio 

/zp pG E  only slightly influences the distribution of the stress intensity factor along the 

crack front but strongly affects its magnitude. The stress intensity factor tends to 

increases as the modulus ratio /zp pG E  increases.  

The average stress intensity factor along the crack front is also reported 

for different values of /zp pG E  in Figure 4.40. It is obvious from this set of results that the 

average stress intensity factor exhibits only slightly dependence on the modulus ratio 

/zp pG E  and it decays monotonically to the plane strain value as the specimen 

thickness increases. 
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Table 4.4 Elastic constants (GPa) associated with different values of modulus ratio 

/zp pG E . The axis of material symmetry is taken to direct along the x3-coordinate 

direction. 

 

Materials 
1111E  1122E  1133E  3333E  1313E  

0.25zp pG E=  116.6 41.2 41.0 51.3 20.8 

0.50zp pG E=  116.6 41.2 41.0 51.3 41.5 

zp pG E=  116.6 41.2 41.0 51.3 83.0 

2zp pG E=  116.6 41.2 41.0 51.3 166.0 

 

 

Figure 4.32 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and /zp pG E  = 0.25 
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Figure 4.33 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and /zp pG E  = 0.5 

 

Figure 4.34 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and /zp pG E  = 1 
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Figure 4.35 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and /zp pG E  = 2 

 

Figure 4.36 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios /zp pG E  and 1/ =at
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Figure 4.37 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios /zp pG E  and / 5t a =
 

 

Figure 4.38 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios /zp pG E  and / 10t a =
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Figure 4.39 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various modulus ratios /zp pG E  and / 40t a =
 

 

Figure 4.40 Normalized average stress intensity factor versus normalized thickness for 

different values of /zp pG E     
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CHAPTER V 

CONCLUSIONS AND REMARKS 

 

An extensive parametric study has been conducted to thoroughly 

investigate the influence of the thickness and material properties on the behavior of the 

stress intensity factor along the crack front of the compact tension (CT) specimen. A 

numerical technique based upon the weakly singular, symmetric Galerkin boundary 

element method (SGBEM) has been adopted to perform three-dimensional stress 

analysis of the corresponding boundary value problem. The stress intensity factor has 

been accurately computed using an explicit formula in terms of the nodal data along the 

crack front. In the modeling of the relative crack-face displacement in the local region 

surrounding the crack front, special crack-tip elements with a square-root function 

embedded in the shape function have been utilized. Use of these crack-tip elements 

renders the stress intensity factor being captured accurately using relatively coarse 

meshes.  

Geometry of the CT specimen and the loading condition considered in 

the present study has been chosen to be consistent with ASTM E399-90 except that (i) a 

notch in front of the crack plane has been removed to simplify the meshing procedure 

and (ii) the specimen thickness has been varied to investigate its influence on the stress 

intensity factor across the thickness. A level of mesh refinement has been investigated 

to ensure that converged numerical results have been obtained for various thicknesses 

and material properties. To reduce the meshing effort, a simple strategy based on the 

coordinate stretching and insertion of an interior layer has been exploited to generate 

meshes for larger thicknesses. In addition, benchmark solutions for some special cases 

have been compared to verify both the numerical technique used and the meshing 

scheme. 

Extensive numerical experiments have indicated that the specimen 

thickness shows very significant influence on the value of the mode-I stress intensity 
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factor across the thickness both in terms of the distribution characteristic and the 

magnitude. In particular, the stress intensity factors predicted by a three-dimensional 

model exhibit substantial discrepancy from the plane strain solution for almost the entire 

crack front when the thickness of the specimen is relatively small compared to other 

specimen dimensions. However, when the thickness of the specimen is sufficiently 

large, a plane strain dominated zone has been observed in the central region of the 

crack front and the size of this zone increases with the specimen thickness. It is 

important to remark that the behavior of the singular stress field near the vertex (a point 

where the crack front meets the outer boundary) has been found very complex and the 

stress intensity factor in this local region generally exhibits the rapid drop when moving 

towards the vertex. Such complex behavior cannot be captured by using two-

dimensional mathematical models. Based on numerous results from a parametric study 

of material properties for both isotropic and transversely isotropic cases, it has been 

found that the distribution of the stress intensity factor along the crack front exhibit very 

weak dependence on the material properties but show significant impact on its 

magnitude. In addition, material properties have been found to strongly influence the 

value of the average stress intensity factor across the thickness and the rate of 

convergence to the plane strain solution. This implies that specimens made of different 

materials may require different thickness in order to gain the same level of plane strain 

condition across the crack front. 

Results obtained from the present investigation should provide better 

insight into the behavior of the stress intensity factor along the crack front for brittle 

materials where the small-scale yielding pertains. This knowledge can be used directly 

as a useful guideline in the design of test specimens to determine the fracture 

toughness, an essential material property in fracture mechanics. In general, fracture 

toughness obtained from experiments can be thickness-dependent if the specimen 

thickness is not chosen properly. To obtain the fracture toughness that represents the 

true material property, the specimen thickness must be chosen sufficiently large to 

ensure that the behavior along the majority of the crack front is dominated by a plane 

strain condition. A comprehensive, three-dimensional stress analysis (similar to that 
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employed in the current study) may be performed in advance for various thicknesses 

to gain an insight into the distribution of the stress intensity factor along the crack front 

and help to choose proper specimen dimensions.                      

As a final remark, fracture toughness depends not only on the specimen 

thickness but also on the temperature, loading rate and the extent of inelastic 

deformation near the process zone. It has been known that the variation in temperature 

and loading rate and the plastic zone size ahead of the crack front can have the strong 

impact on the fracture toughness. Modeling of such influences is not included in this 

study but still requires further rigorous investigation.             
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Appendix A 
The normalized stress intensity factor ( PWtKI / ) versus the 

normalized distance along the crack front ( ts / ) for various specimen thicknesses 

{ }/ 1, 2,3, 4,5,10, 20, 40t a ∈  is reported in Figures A.1-A.7 for ν  = 0.05, 0.15, 0.20, 

0.25, 0.35, 0.40 and 0.45, respectively. 

 

 

 

 

Figure A.1 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.05 
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Figure A.2 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.15 

 

Figure A.3 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.20 
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Figure A.4 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.25 

 

Figure A.5 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.35 
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Figure A.6 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.40 

 

Figure A.7 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and ν  = 0.45 
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Appendix B 
The normalized stress intensity factor ( PWtKI / ) versus the 

normalized distance along the crack front ( ts / ) for various specimen thicknesses 

{ }/ 1, 2,3,5,10, 20, 40t a ∈  is reported in Figures B.1-B.4 for pν = 0.10, 0.20, 0.40, and 

0.50, respectively. 

 

 

 

 

Figure B.1 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0.10 
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Figure B.2 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0.20 

 

Figure B.3 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0.40 
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Figure B.4 Normalized mode-I stress intensity factor versus the normalized distance 

along the crack front for various thicknesses and pν  = 0.50 
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