CHAPTER 6

Non-local Harmonic Oscillator

In this chapter we apply our techniques to the calculation of
the non-local harmonic oscillator propagator; In the first section
we discuss briefly the non-local harmofic-6scillator propagator.
-In sec. 6.2 we calculate«the non-local harmonic oscillator propagator
using our techniques. The conciusions and discussions are presented

in the last section.

6.1 Preliminary

In chapter 1 we mentioned the non-lecal harmonic oscillator
path ﬁntegra1 and in chapter 3 we presented the Feynman's method of
solving the Gaussiqn.Path Integral. Since the non-local Hrmonic
oscillator path integral is the Gaussian Path Tntegral it can bé
written as the product-of the prefactor and the exponent ofrthe
classical action. In order to_optaih the non-local harmonic
osci]]étor propagator one’ has/to solve-for the classical action and

the prefactor.

To obtain the\classical action one needs to find the classi-
cal path whﬁch can be obtained by making a variation on the action
function in eq. (1.2) and then obtain a classical equation of motion.
Unfortunately, this equation has the form of an integro-differential
équation.' To solve this equation Sa-yakanit (95 introduced the equa-
tion of motion for the non-local harmonic oscillator in the external

field f(t) ;



28

T
Xy 4+ w As[zub-xcc)] - b - (6.1)

with the boundary condition x(0) = Xq s x(T) = Xp oo

By rearranging eq. (6.1) as
T

Kéz ' v&] xiby = EZSX(GMG + E(b - (6.2)
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he obtained the compound soittion of the eg. (6.2) as

Xc(t) o l ixbm'mvot ¥ xa(&/vwo('r-t)“ - (6.3)
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The particular solution’of/the eq. (6.2). can be obtained by

introducing the Green function which

{X +m2}ﬂ(t;6) % ieles (6.4)
At |

where g(0 ; ) = g(T :S) = 0 . The particular solution .can be

written in the fonm

T Y y .
2 .
x?(t) 4 BAG %(T; Q) [ "_—? | ds TS +£M(G)] (6.5)
where g(t ;8) = -1 \f“{MNlT-t)nmelt-cHa{mw(-GM EHG-t)
W BT | (TQIromie

‘whith H denotes  the heaviside step function.
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The solution of eq. (6.1) can be written as

Xy = oy o aPtb
= %‘.MM[ X dmuwt 2,0m vo(T-t)]
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&A_G %(t g)‘ d6 sy + '(')LG) . (6.6)
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From this equation we seesthat by performing the integration

over t, we obtain
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" The classical path' ¢an Beé written a8

x (t)
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.~ Since we know the classical path, the classical action.

can be obtained by substituting the eq. (6.8) into the action

function _
\ T3 Y f
QCQ = '%*X & *Atydt ~@?SAtXc\S[ ity -)um] ] %jf‘t)x‘bdt
' 27 ’
) ) | A (6.9)
The classical action now has the form
7 .- ! .
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the required classical action can be obtained by setting f(t‘) =0

~in eq. (6.10) ;

(6.11)
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_ To ebtain the prefaetor Sa-yekanit '(9_) generated the non-
local harmonic. oscillator path jntegra'l from a shifted-origin of the
simple harmonic oscillator propagator and used the free-particle limit.
He found the prefactor of the non-local harmonic escﬂ]ator propa‘gatdr

to be
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The non-Tlocal harmonic oscillator propagator can then be written

as
|

A . ‘/2
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(6.13)
In the followings€ection we shall calculate the non-local

.harmonic oscillator propagatory by using our techniques.

6-2 Calculating the Non-lecal Harmonic Oscillator Propagator

Since we are restnicted: :onrselves to the discrete-time

assumption, we can‘rewritqneq B=1) 35
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By representing the paths‘as a ‘cosine seriés we have

‘ . ——— Nl oo -
L o= =4, + |1 Z acwomdi 4 19 (6.15)
3 INe jke ) ’,:,'j jﬁe'a“’ .

The kinetic-energy and the potential-enerygy terms can be

transformed to become ( the derivations are presented in Appendix A)
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and
N 7 - . N \ ?

. xé N z .éam , (6.17)
g=o - w0

For the memory terms we have
N \ n N
Z. % = 2 'Z:. a° + jZ \ZCOOM%Q] 4 3»2_1(.;) (6.18)
y2o 3 ~INe iso De mxy d=o N Ne d¢o

Using the identity
?: CooAX = Gon N ra{/w(ro+|)gc csex (6.19)
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We get

N ' b . ’ »
= COOM7’
£booimd o | (6.20)

Eq. (6.18) can néw be written as
z. 75 ' |
Zo X, = UL L) F I j_ 7. b4
4o d NE | Ne m.a‘“co_"“}j + O, (6.21)

JRe
where
1 for N = even integer
-o(N) = . ' (6.22)

=
n

0 for odd integer
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The memory terms become

N
Z %

deo
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Eq.,' (6.14) can be further transformed to become

K LT3t

where
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is the Jjacobian of transformation (the

der‘ivations‘are presented-in—Appendix B).

and (5.

ex?} -

Us1ng the properties of Dirac delta function eqs. (5.7)

8) we can_linearizesthe memory terms by using the fact that
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Thus we get
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S1nce the exponent «Can be -separated into factors, the mte-

gral over each a, can be done separately. The results of such

1ntegrat1ons are
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_ Before performing the 1'ntegrat1‘on'oyer P, g, and k we take
the 1imit of N. épproaching infinity, using egs. (5.19) and
(5.20) we obtain ‘
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The ;ntegral parts of eq. (§.31) become
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We now rearrange eq. (6.34) as
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Performing the integration over k ;
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Performing the integration over p ;
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Then eq. (6 37) becomes
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- On substituting &\IA) = (A”'/Z'/M'Aé); 1; (f)rw aM&l, eq. (6.39)

into the eq. (6.31) we obtain
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Since we know from the prewious chapteristhat
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One can see that the non-local harmonic oscillator
propagator can be obtained directly by using the same technidue

which we have developed in'.the previous c_hapter'°

6.3 Conclusions

In this chapter we
of the non-local harmoni
the memory term in the

“using-an idea introduced by
N

Stratonovich (12). A tegrations and taking the

limit N— 0 the esult can be obtained.
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