CHAPTER 2

Qualitative Survey

In this chapter we present the basic idea of the path
integrals. As an introduction to the mathematical formalism of the
path integral, we construct the path integral in the manner used by

Feynman and Hibbs in their books.

2.1 Feynman'é Path Integral

Let'us considergthe motion of a particle startihg'from one
point to another. Iﬁ»quantum mechanics,ﬁwe cannot specify its exact
positioh at a given tihe wefcan.only 1ndiéaté the probability of
findingrit at any given time and p1ace5 Therefore there will be
.many possib]e paths that the particle can take. However, c]assica]]y,‘
we can specify that particlg is moVing along a particular path for
which the action S = .SL dt  is minimum (whére L is the
1agrangihan of the system).° For simplicity, we sﬁa]] restriét our-
selves to thé case 6f the particle moving ,in one dimension with the
bosition at any given'time specified by a coordinate ‘x and fhe path
x(t). 1If the’bartic]e at an initial . time ta sfarts from‘the point
Xq and goes to a final point Xy at time tb; then the classical path
x(t) is that for which the principle of least action is satisfied,

i.ec S =0, and the classical action is giVen by
t\, o

%0 - Lxdy, 7b, tydt (2.1)
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As we mentioned, in the quantum mechanical picture, there -
are many possible paths which the particle can take due to uncer-
tainity inherent in the probabilistic interpretation of Quantum
‘Mechanics. The probability that the particle goes from a point Xa-
at time ta to the point X at time'tb is given by the absolute square
of an amplitude K(Xb’ tb; X3 ta) which jis the sum of thg contri-

butions @ [x(t)], one from each path x{(&), viz.,

Cbew by o S L (2.2)
K(X..‘:’ tb’x'a’ a) : ever a bl ?a\»{\?s ‘l
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where the contributionfof @ path x(t) has a phase proportional to

the action s,

: y%fé[x]
Pl xbr} = Comol. € : (2.3)

To determiné the probab11ity amplitude K(xb, ts H *a’ ta),
we have to compute the-sum in eq: (2.2) over-all paths of infinite
number, and it becomes appropriate, to, replace ;the infinife summation
by path integration.” In order to do this, we first bhoose a subset
of all paths by dividing the independent time variable into a series

of sma]]iinterVals € . This gives a set of values ta, tl, t2""’

ty = tb. At each time ti we select some special point X; with
Xog = X3 s -XN .= X, and then construct a path by connecting all

the points with straight line as shown in Fig. 1.



A sum over all paths constructed in this manner can be

defined by taking a multiple integral over all values of X; for i

between 1 and N-1 so that the propagator in eq. (2.2) becomes
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where the integrations over X5 and Xy are-not involved since these

are the fixed end points.x and,xb. A more representative sample of

a
the complete set of all possible‘paths’ between X and Xpcan be
obtained by making € infinitesimal and by introducing some norma-

1izing factor, which S expected to depend on € , into eq. (2.4).

The probability amplitude would then be written as

o)
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where K = {QﬁTE;é X

The integration! in 'eq.(2.5)" ‘can be written-in a!less restrictive

notation as

xdyy = %,

K(xb,l:b;xa,tq) e S%tx(tﬂpr};la%[x]% (2.6)

xity): X, -
which is called a "path integral", and the probability amplitude of

this form is known as the Feynman propagator.



3 = . iy
L1k [

LY

AugIMiMANnS

Fig.'1 The construction of the path integral
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