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CHAPTER V

CALCULATION AND RESULTS

In this chapter we will show how the screening factor $ (%)

and the function h(r) can be calculated from McMillan’'s curve

(Fig.5.1) and'Puoskari’s curve (HNCE sc¢aling-in Fiq.5.2). The

(&S]

ground state eneray and.the condensate fraction in liquid 4He
at 0 K are determined fromsthe expression involving the in-
teratomic potential vI(T) , /thé screening factor $(¥), and the func-
tion h(r). In the caleulation, we have used the computer (number
252558, BASIS (MAD-FLY), 130 columns) for determining $(¥), h(Z)

and the areas under curve of function Ia and Ib. In the last section,
we have compared the numerical value of the ¢round energy and the
condensate fraction at 0 K obtained when various interatomic po-

tential of our calculations with the results of others in Table I and II,

5.1 The Screening Factor $(¥) and The Function h(¥)

The numerical wvalue of the |[ground state energy and the con-
densate fraction in liquid 4He J.at 0 K is determined from equations
;(4—23) and)|(4+55) )}, iwhen the screening factor Sl(?), $2(?) and the
function h(Y) are known. If we assume that,$1(?) = $2(?) = $(7)

equation (4-23) becomes,

> ->
mqo’ = 4ngfIbdr + 4wpradr ,
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V(O S(Z,T = 0 K) 2 (5-1)

—
I

where

v(r)$(Z,T 0 K)h(?,T =0 K)r2 (5-2)

]

5
Q,
1

$l(?) at 0 K is known from the works of 1'clillan(2) and
Puoskari et.al(6) while 52(;) is unknoewn, but is presumed to be similar
Sl(?). McMillan has calculated a quanti&y which he calls the X-space
pairing function

_ > > > > > >
m()QN’ XN+1 = f...flll(xl,...,m_l)w(xl,...,i ? ’xN‘l"l)dxl,.’.’dx

N-1'"N N-1

(5-3)
where ¥ is the groundistate (real) wave function,

The ;—space pairing "function m(;N - % +l) can be expressed

N

in terms of the particle destruction operator y(X) in the ground

state for N and N+2 particles. .as
> > 2"
mx~ Xg,q) = < le(xN)w(xN+l)|N+2 > ' (5-4)

According to_the‘'definition of 92 and_the conditions for 92

as well as to'a plausible form~for Qz, Q. 'ean be identified, in the

2

] 1
limit when_the.pair (X., ¥.).is taken to beé far.from tle.pair (X , ¥ ),

as
LI L _>l ! +u +ll
Qz(x WY X ,Y) — m(x -y Im(x -y ) (5-5)
L} 1 " 1]
X = 7 , and ¥ = v
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In the bulk system, the cquation

2
2, ——> $l(_f)pc (5-6)

.
" [ ] " L " ] ol

t
for (X ' X ) taken to he far from (? ’ ? ),

(5-7)

ated as a Jastrow

Gf (- p \\e (5-3) reduces

The ground wav
product of the tri

to
(5-8)
where el = oxp G e (5-9)

and r is units of Anostrom.

™ < I TSN

and equations {5-7) and (5-8) glve

ANAY mm EJM;]'AVIEJW U o

!

In the bulk system, Ql(;) can be written as
-> >

= +
Ql(r) e pdh(r)

P. + Pgh ()
p p

=)
Ry
1}
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() - P (5-11)

thus h(r) = ] {
p p

d

o

o
At O K, Ql(f) approaches o and h(r) approaches zero when r>>4.5 A

5.2 Calculation and Results

First, look at McMillan's curve, (l/p)Ql(?) vs r (Fig.5.1)
and substituting eguation (5-9) into’equation (5~10) we obhtain
numerical values of $(7) and h(¥) (equations (5-10) and (5-11)).

We have plotted the curve_of $(£,T = 0 X) vs.x for pc/p = 0.11
and h(¥,T = 0 K) vs & shewn in Fig.5.3.

Secondly, from Pliogkari's curve, (l/p)Ql(?) vs ¥ (Fi¢.5.2)
and substituting equation (5-9) into equation (5-10) also gives
numerical values of $(#) and h(r) (equatien (5-10) and (5-11). We
have plotted the curve of $(Z,T = 0 K) ‘ys r for pc/p = 0.14 and
h(?,T = 0 K) vs r shown in Fig.5.10,

Next we consider the interatomic potential or the two-bhody
potential interatomic between neutral helium atoms, which have
been proposed (7,8,9). Three form are chosen to calculate the
numerical value of| the ground state enexrav. and the ‘condensate
fraction,

The, Lennard~Jones 12-6/ potential

. 12 6
v(r) = 4€{(r0/r) - (ro/r) } (5-12)
O
where € = 10,22 K and ro = 2.556 A

The Morse—VDD potential
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The Morse—vDD potential

o
s[%xp{ZC(l - r/re)} - 2exp{c(1 - r/re)}] r<3.6 A

V(r) =
--C6r“6 - C8r_8 r»3.6 g
(5-13)
(0] 06
where € = 9.25 K , ¥ = 2.94: A, C=6.2059 , c, = 6842 K.&
and Cq =a269307 KR

The HFDHE-2 petential

i

4 3 6 8 10
v(x) = e{}exp(- lx) - {C6/x + C8/x + Clo/x }F(x{]
(5-14)
exp —{(D/x)—1}2 for x < D
F(x) =
1 for x> D

o
1l

1.241314 , x = r/rm s, A=0,544"850 4(6), “l = 13,353 384,

C = 1,373 241 2, C_=30.425 378 5,0, = 0,178 100, € = 10,8 K

6 8 10

and r_ = 2.9673 2

3
For the other constants, we_ have used mp ="0,149 g/cnm

24 Y- -
p = 2.2x10 ] em X and“the Planck ‘constant'h== 1,054x10 27 erg-sec,

The quantities mu _ can be calculated from (4-23), We have determined

0

the area under curves of Ia vs r and I, vs r (we will be shown in

b

Fig.5.5 for the L-J 12-6 potential) in equations(5-1l) and (5-2)in

which fIadr and fIbdr are determined bv Simpson’s rule method.
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All the calculation of fIadr and I dr, we were obtained by numerical

b
method and are given in Table III.
The numerical value of the condensate fraction was calculated
from equation {(4-55). The values « and B can be calculated from
equations (4-24) and (4-44) respectively,
Our results of the ground state emergy and the condensate
fraction calculated from the various interatomic potential in

equations (5-12), (5-13), and=(5-14) are shown.in Table I and II,

respectively.

5.2.1 From McMillan’s curve
In this section, we will show how to calculate the numerical
value of the ground state energy and the condensate fraction of

liguid helium I at O K using the:various interatomic potential,

5.2.1.1 The Ground State Enerqgy and The Condensate Fraction

From equation (4-23), we have

b V() $(D AT + pafVID)§ (1) Ar + pafV(X) S (I h(r)d'x

u -
m m m
2 2
u = 4mp/v(xr)$(xr)xr"dr + 4mp.pg/V(r)$(r)h(xr)rdr
> 4
From Table III,
fI‘L‘}Jdr = [V(r)$(r)h(r) r2dr = 0.1x677.5628x10" 2% = -22.5854x1o'24

L-J
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|8 2 -24 -
J1 Tar = fV(rSS(r)r dr = 0.1x(-1112,78424)x10 = -37.0928x10
L-J L-

24

Therefore, the ground state energy mu due to interatomic L-J po-

I~J

tential

=24 22 ~
4x22}2.2x1022x(-37.0928x10 ) + 4x22x2,2x10  x0.89x22.5854x10 24
7 7

my

4x22x2.2x10" % (37,0928 + 0.89x22,5854)
7

-4,7 K/atom
For the condensate fractdon pc/p, we have equations (4-24) and (4-44)

4anfV(r)$(r)h(r)r4dr
3h2

R
i

4nmpfv(r)$2(r)h(r)r4dr
3n2

™
1

From Table III

f1,__dr = V() $(r)h(r) ridr = 0.1x2016.06819x10 20 = 67.20227x10 0 k-cm®
’ -4 -4
fIL_Jdr = JV(r)SZ(r)h(r)r4dr = 0.1x(-925,29259)x10 0 = -30,.84308x10 0K—cm5
Therefore
-40 -16" '
« = 4x22x0.149%x67.20227x10 xl.38xlO = 0,52 .
7x3x(1.054x10~27) 2
-40 =16
B = 4x22x0.149x%x(-30.843x%x10 ) x1.38%10 = -0,2375

7x3x (1.054x10-27) 2

From eqguation (4-55)

Oc = o« = 0.52 = 0.42
1-8 1-(~0.2375)
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e[;xp{ZC(l-r/re)} - 2exp{C(l—r/re)}] r < 3.6
V(r) =
-6 -8 }
—C6r - C8r r > 3.6
From Table IIT
-24 -
qul dr = IV(r)S(r)h(r)rzdr = 0,1x497.6349x10 = 16.5878x10 24
VDD 3
I ar = fv(e) s (o) riar = 0.1x(<935.4573)x107%% = _31.1822x10"2%
M-v L
dd 3
From equation (4-23)
thus the ground state energy mu due to interatomic Morse—VDD potential

BD
24

oM . -
4x22}2.2x1022x(—31.1822x10 )+ 4x22x2°2x1022x0.89x16.5878x10

o
*=Vpp 7 ~

It

-4.54 X/atom
For the condensate fraction pc/p

4mmp SV (£) $ (r) h (x) oidx
3ﬁ2

R
il

™
[

4ﬂmpr(r)$2(r)h(r)r4dr
K)ol

From Table III

fI; var = fV(r)$(r)h(r)r4dr = 0.1x1525,3768x10 20 - 50.8458x10" 0 K=cm>
-Vpo =
- -4
/1B ar = v s? (oM riar = 0.1x(-645.5889) %1020 = —21,5196x10 O k-cm’
M— VD D "-3'
-40 -16
« = 4x22x0.149x50,8458x10 x1538x10 =" 0394
7x3x(1.054x10-27)2 :
-40 -16
B = 4x22x0.149x(-21,5196x10 ) x}.38x10 = =-0.167
7x3x(1.054x10-27) 2
From equation (4-55)
Pe = « = 0.394 = 0.33
0 1-8 1-(-0.167)
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V(r) = E[Aexp(-ulx)— {C6/x6 + C8/x8 + Clo/xlo}F(x)

From Table IIIX

24 24

fI:}2dr = SU(D)$(r)h(r)ridr = 0.1x783.4349x10" = 26.1145x10
’ 3
flgﬁzdr = fV(r)s(r)rzdr = O.lx(—694.9097x10—24) = —23.1636}(10—24
) 3
From equation (4-23) 5 5
mu = 4mp U r) ${r) r dr +4Tp.pg/V(r)$(r)h(r)r dr
D
thus the ground state energy muE due to interatomic HFDHE-2 potential
22 -24 22 -24
muH 5 = 4x22x2.2x10 (=23.,1686%10 )+ 4x22%2.2x10 "x0.89x26.1145x10
- 5 5
= 0,22 K/atom
For the condensate fraction DC/D
) 4
« = 4mmpfV{r)S$(r)h(r)r dr
3RZ
2 4
B = 4mmpfV(r)$ (r)h(r)r dr
3R<2
From Table IIXT
« 4 -40 -40 5
fIH_Zdr = JV(xr)S(ryhlx) ¥ dd /= (0% 1%2687.1594%10 =% 89.5719x10 K-cm
2 4 -40 -40 5
/1 _2dr = fV(r)$ (r)h(r)r dr = 0.1%x(-509.5625%x10 ) = =16§9854x10 K-cm
g
_ ~16 .
« = 4x22x0.149x89.5719x10 ° x1.38x10 ° = 0.69
7x3x(1.054%x10-27) 2
=40 =16 .
B = 4x%22x0.149%(-16.9854x10 x1,.38x10 = -0,132 .

7x3x(1.054x10"<7) 2

From equation (4-55)

i
o
.
[e)]
o

It
R
]

0.69
1-8 1-(-0.132)



69

5.2.2 From the work of Puoskari et.al (HNCE scaling curve)
Now, we will use the results ohtained byv.Puoskari et.al(6)
in replace of those obtained from McMillan’s curve.
5.2.2.1 The Ground State energy and The ‘Condensate Fraction
‘From Table III

24

X465.601%x10 = 15.52x10 24

]
]

IIEEJdr fv(r)$(r)h(r)r2dr

fV(r)$(r)r2dr =_0 lx(—1498.3795x10-24) = -49,9459x10

.1
3
Hn ; 24
I a
/ Legdr : )
From equation (4-23) 2
mpy = 4wp fVAE) $(xr)r dr + 4ﬂp.gﬁfV(r)$(r)h(r)r2dr
P . .
thus the ground state energy T 5 due’ to.interatomic L-J potential

mi = 4x22x2.2x10%° (449 8459410721y '+ 4%22 %2, 2%10° %0, 86x15..52x10” 2%
7 7
= =10.12 K/atom
Since
4
« = 4mmpSfV(x)$(r)h(r)r dr
. " 3n2
) 4
B = 4mmpSV(r)$ (r)h{r)r dr
3R2
and since
« 4 g - 5
fIL_Jdr = Sfv(r)$S(r)h(r)xr dr = 0.1%1336.877x10 P = 44,5625x10 40 K-cm
' " - 5
ITo_dar = Ivir) $heors (0) rhae me0s1x (66 7.288x10 #) 0 £ 22, 2496x107%° x-cm
3
we get 7 -40 -16
« =  4x22x0.149x44.5625x10 - x1.38x10 ="0,345
7x3x(1.054x10-27) 2
~40 -16 :
B =  4x22x0.149x(-22.2496x10  )X1,38x10 = =0,17

7x3x0.149x(1,054x10-27) 2
Equation (4-55) yields

= « = 0.345 = 0.29
1-8 1-(-0:17)



70

V(r) = E[Aexp(~<ix)- {C6/x6 + C8/x8 + Clo/xlO}F(xq

From Table III

-24 -
fI:}zdr = fV(r)$(r)h(r)r2dr = 0.1x533.799x10 = 17.,7933x10 24
2 -24 -2
fI:HZdr = fv(r)s{x)r dr = 0.1x(-1208.0418x10 ) = =-40.2638x10 4
e
From equation (4-23), becomes the ground state.eneray my due to
interatomic HFDHE=2 potential
2 -2 2 ' -
mUH 5 = 4x22x2.2%10 2x(—40.268x10 4) + 4x22%2.2x10 2x0.86:<l7.7933x10 24
- % =
= -6.9 K/atom
To ohtain the condensate fraction pc/p, we adqain note that
4
« = ATmpV(r)S{r)h(r)z dr
3R<
' 2 4
B = 4dmmp/Vv(r)S$ (r)h(x)r dr
3R2
From Table III
ITL ,dr = SU(D$(Dh(rridr = 0.1x1775.4697x10" %0 = 59.1823x10" Px-cm®
4 =4 -4
IIS_zdr = fV(r)Sz(r)h(r)r dr = 0.1x(-461.4117x10 o) = -15,38x10 OK—cm5
3
we get 4 \ 12
x = 4%22x0.149%x59,1823x%10 x1,38x10 =| 0.467
7%3x(1.054x10-<7) 2
-40 ~16
B = 4x22x0.149x(-15,38x10 ) x1,38x10 = -0.12
7x3x(1.054x10-27) 2
Equation (4-55) now yields
= « = 0.467 = 0.41

ogo
|

1-8 1-(~0.12)
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g[exp{ZC(l—r/re)} - 2exp{C(1—r/re)}] r < 3.6
v(r) =
~6 -8
- - > 3.6
C6r C8r r
From Table III
1 2 ' -24 -24
JI dr = fv(r}$S(r)h(r)r dr = 0.1x337.6235x10 = 11.2541x10
) 3
U 2 ~-24 - -24
fI"1 0 dr = gv(n)S(prdr = 0.1x(-1226.6324%10 “') = -40.8877x10
From equation (4-23), we get the ground state enerqgv my,, . due to
; =V .

interatomic potential as

=24 22 -24
M™Mhevpp = 1x22%2. 210 %% (=40 B807x10 2 ) 4%22%2.2%10° “x0.86x11.2541x10
7 7
= —8.63 K/atom
The condensate fraction pc/o is obtained by again‘noting that
4
« = 4nmgfv(r)$(r>h(r)r dr
3h
2 4
g = 4mmpfV(r)$ (r)h(r)r dr
3R2
From Tahle ITI
=40 ~40
1 dr = fV(r)$(r)h(r)r4dr = 0.1x989,8217x10 = 32.994x10  “K-cm®
M-VDD
-40 -40
1B dar = p0s? (mireTar = 0iaxd=498.6733%10 D) = 5916.6224x10" Ok oS
M-Vpp 3 -
we have 40 -16
« = 4x22x0.149X32,994x10 x1.38x10 = 0.256
7x3x(1.054x10-27) 2
. -40 =16
B = 4x22x0.149x(-16.6224x%10 ) x1.38x10 = -0.129
7x3%(1.054x10-27) 2
and so
p = = = 0.256 = 0.20
—C —— ————
o 1-8 1-(-0.129)
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4
The ground state energy of liquid He [

Reading curve Interatomic Ground state energy
potential mH { K per atom )
1~J412=6 -4.7
McMillan curve Morse—VDD -4.54
( Fig el HFDHE=2 0.22
Our results
I~J 12-6 -10.12
HNCEf scaling Morse—vDD -8.63
( Figh 1) HFDHE -2 -6.90
Other theoretical result due to
McMillan (2) L-J'12-6 -5.65%0.65
Cummings (14) L-J 12-6 -7.1

Ground state energy mu

0
Variational Perturbation GFMC
Method Theory Method
1-J 12-6 -5.68 - -6.85
Kalos et al (13)
HFDHE-2 -5.87 -6,98 L=7.12
Masserini et.al L-J 12-6 -6.10 - -5.76
(33)
Experimental value from Ref (2) -7.16




Table II The condensate fraction of liquid
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4
He I at o K

Reading curve | Interatomic Condensate
potential fraction pc/p
= [“/(1-8)] p./P
I~g#12-6 0.42
McMillan curve - Morse-VDD 0.33
(S I, 0.63
Our results
L-J 12-6 0.29
HNCE' s¢aling Morse—VDD 0.20
Frig 1) HEDHE-2 0.41
Other theoretical /iesults duevto
McMillan (2) 0.11
Lam and Ristig “(11) 0,113
Penrose and Onsager (19) 0.08
Schiff and Verilets (1) 0.105
Francis et al (31) 0.25
Kalos et fal (13) 03090
whitlock (32) 0.115
Visoottiviseth (25) 0.21*0,05
Puoskari et.al (6) 0.14
Experimental result due to :
V.F Sears (26) 0.139+0.023
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