CHAPTER III

A Uniform Bound in a Combinatorial Central Limit

Let (X;;) be an mme pendent random variables with
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1) Zﬂz’j = Z[Ef(,-j]

1
=== E[Xy— i —p;+p]
Vd? +0% <

- Zm. - Z,U.j + nu. ]
i i

By the same proces ghowj/that A W ery j.

2) Noting that,

Then Y 2 = -
J

iF |

To proveﬁeﬂ,,ﬂ w@ﬂ;ﬂqﬁ Wﬂg-rﬂmsnon from Ho and

Chen(1978).
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{1,2,.. n} and 7 = (7(1),7(2),...,7(n), p = (p(1),p(2),..,p(n)) and 7 =
(r(1),7(2),...,7(n)) are random permutations of {1,2,...,n} ie.,

P(r = (i, lgy 1)) = Plp = (I, lay b)) = P(r = (I, gy s 1)) = % fot all
(h,l2,...,1n) € Sy, where S, is the set of all permutations on {1,2,...,n}.

Assume that



{I,K,L,M,x,p,7} is independent of X;;'s, (3.1)
(I,K) and (L, M) are uniformly distributed on{(3,k) | ¢,k =1,2,...,n
and i # k}, (3.2)

(1,K),(L, M) and 7 are mubia gpendent, (3.3)

(I, K) and p are ind i_______ (3.4)
Yri{(M),
p(e) 7] 5 W\ (3.5)
where p(p~(a)) ] f;r
We note that there =.1! ists a system which satisfy thel@bove conditions. (see for
e N A INYINT
Let S(p) = M Xipt, S Xratny — Xicotr) + Koty + Xkpr) and

Wﬁﬂﬁﬁﬂ‘imlﬁm’mmﬁﬂ

Prop051t10n 3.2 (S(p),S(p)) is an ezchangeable pair, in the sense of
P(S(p) € B,S(p) € B) = P(S(p) € B,S(p) € B)

for every Borel measurable subsets B and B of R.

Proof.
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Let a,b € R and S, be the set of all permutations of {1,2,...,n}. Then

=Z Z P(ijljSaaxlll+"'+Xilk+"'+Xkli+""+an,.Sb,
.‘l;kk (11,12 ..... ln)GSn J

(I, K) = (i, k), p

ik (11,02,0001ln ) ESn
(Ia K) = (z',k),p

= Z Z / - - = . \ | ann <a, Z lej <b,

lz;ﬁ: (11,0240 )ESR 4]
(I, K) = (i,k),p

= P(5(p) < a,5(p) <b)

S0 (5(6),S(4) i e 0

X

Lemma 3.3 Let B b i a o-algebra generated by p and \;;s. Then

! B ﬂm@wmw%m »
. RRARIATHURNING A Y

3. E[S(p) - S(p) =

n—l[l (d2+02)]

where EB(X) is the conditional expectation of X with respect to B.

Proof.



1. If I and {X,;j, p} are independent, we have

EXiny =Y E(Xipxs:)

where B; = {w|I(w) =4} ; .nu.r 7
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So, to prove 1 it suffices#o s 'o £, i7» ) are independent. To show I

K ‘{; ¥

—P(anEA) =1, [ ..

Wﬁﬁﬁ‘nﬁmﬁﬁﬂ"rhﬁ
ﬂ”ﬁ’fﬁﬁ“ﬁ"mﬁmﬁ'wmﬁ% .

= P(an € AP(p= (I, 1y, ..., 1 ZP (1, K) = (i,k))
;e
=P(Xmn €A, p=(l1,lg,.... 1)) P(I = 3).

Then I and {X;j, p} are independent.



Similary we can show that EX Ip(K) = Z E(X 1p(k)
1#k

2. EBS(p) = EB[S(p) 0 XIp(I) = )A{KP(K) SF le(K) + XKp(I)]

2

s
— E”[Xipn) C1o(k) = Xkcon)

1l
(;0)]2

ﬁwmw TNYINT
Q w_ﬁ% [)% Koty = §p(z) o gklp(:)]zaual

- n(n—1) Z[EX (i) T Esz(k) + EXw(k)ka(z) L Esz(z)ka(k)]
A

Z[EXw(k)Xw(t) + Eti(k)ka(k)]

'L#k

3. E[S(p) -

4
T n(n-1)
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1 Y EXip Xeoty

2 SBX )Xot

(k) Xko(k)

x§ i

0 wﬂ;a@wnmﬂmﬂﬂ

l#m

Noting by Lemma 3.1 that ,
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Z EXEJ = Z(VG’I‘X,'J' =t ﬂfj)
1,]

i,J
1 2 ~2
= Fr Qo oh+ )
i,J i,J

= +(n—-1)

d? + o2

(3.7)
i,zk l,m
itk I#
d2
D d? + o2
(3.8)

ﬂﬁﬂ?ﬁﬁﬂﬁﬂﬂ’lﬂ‘i

ammmmwﬂwmaﬂ =
and, Z Z EXuXu = Z Zuzzuu

z;ék t#k

= Z it bt — Z Hil

ikl
2
=—-(n-1) &

m. (3.10)
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From (3.6)-(3.10), we have that
- 4 d? 4 d? 8 d?
9 - Rl .
E[S(p) - S(p)] - ng(n d2 +0,2) + nz(n _ 1) d? +0'2 F n2(d2 +0-2)

4 d? 4, &

+n2(n— 1) d? + o? +;L§(d2+0'2)

Proposition 3.4(( 8 «'"\; an exchangeable pair and

F:Q? - Rbeana ~' he sense that F(z,2') =

' ; ’\\ e, M) =1

Cisds

—Fle', ) for dll 3,4
Proposition 3.5
a +0’2

Proof. Lo ‘
Let F(w,w') = (w')2du

’roposition 3.2 Lemma

3.3 and Proposition 34 we have

- Ep(ﬁgummmwmm
RIFNIUAMINeaY

SE{25(0)[S(p) - S(p )] +S(p) — S(p))*}
=2E{E®[S(p)[S(p) — S(p)]]} + ElS(p) — S(p))?

= 2ES(p)[E®3(p) — S(p)] + E[S(p) — S())?
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= 285(p)[(1~ —2)5() + -ﬁﬁ XJ:X] ~ ()] + E8(0) ~ S(o)
N _nflEsz(p) n(n“ E[S(p ZX,,]+E[S 0) - S(o)P. (3.11)
ol |
IS) Y X,| BSOS AA 7150 - 5o
)

(3.12)

where we have use the f ' ¥ =1 in the second equality. O

Lemma 3.6. Let§ = ,H her

Y =3 X + Xigir ' +Xko(k) = Xiptk) = Xio(i)])-
i#k e — 3

K v: |~' ‘

Then AY

,LI dF

Proof. ﬂuﬂqvlﬂﬂjwﬂ’]nﬁ

By thﬁaﬁl’?ﬁ\aﬂ im;’lﬁq gm EJ m ‘&I

< 64E|X,M|3

i,J

_ 648

’
n
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2
min(a,b) > b — i— for a,b > 0 (see Appendix 2) and Lemma 3.3(2), we have
a

EY = n(n—1)E|5(p) — S(p)| min(4,15(p) = S(p)|)

To prove Lemma in ¢ the follow nstruction. Let
I,K,L, M be uniform#di ted, FAndom, variable N {1,2,...,n} which satisfy

the followings.

(I,K)and(L, M)are uniformly:

{(i,k)li,k=1,2, ,, " (3.13)
S e i I

(1, K),(L,M)] is u £ mly on {[(z, ) s 1,2,..,n

o AN TNYING o

and [(I,K), j’lM)] and p are mutually independent. (3.15)

Hencﬂﬁﬂaﬁﬂimﬂﬁ’]?mﬂa d

1
n(n—1)[n(n —1) — 1]

for i,k,{,m =1,2,...,n,i # k,l # m and (5,k) # (I, m).

P([(IvK)v (LvM)] = [(i’k)’ (l,m)]) =

Also,let

Zi xy,0m)) = | X + X — Xim — Xy min(8, | Xy 4+ Xim — Xim — Xu),
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Zi(i.k),@m) = ZiGk),tm)] — EZ10k),(o0),0(k)]»

Z(p) = Z Zi(Je)(p(a) (kD)
ot
and

~ ~

Z(p) = Z(p) = 210 By, (B) — ZI(T.H).(o(T) 0(3D))]
N |

A7), (o(T),0(K)))-
The following lemmas#ig

operties of Z(p) and Y where Y

is the random variab

Lemma 3.7

1) EZ*(p) = VY

Proof.

”N"“”‘“’Fluﬁ"mw%’wmm
Z(p) = Zéﬁ!k) (0(a)p(k))]

ARIAINTUNRINYI8 Y

i > (ko000 = EZiG ) to61061)

ik
i#k

=D 1Koty + Kooty — Kipiry — Koty min(8, | Xipt) + KXoty — Xiote) = Xipta)
i,k

ik

— EQQ_ 1 Xioy + Koty — Xiptr) — Koty min(8, [ Koy + Koy — Xior) — X))
i,k
i#k
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=Y - EY.

Then we have EZ*(p) = E(Y — EY)? = VarY.

2) D EZiwam) = Y, ElZiwm.am) = EZ6m 0.0

n B

3) By the same techniqu
Lemma 3.8 ' %

= 2, TN
1) E%(Z() = 1 =

-r" f/_,f

£k l#m

e ﬁﬁmﬂﬂiwmﬂi
P’"""Qﬁ’mﬁﬂ‘iﬂﬁm’]?ﬂmﬁﬂ

_ B ;S o 7 -

= E°[Z(p) - Z[(I,K),(p(I),p(K))] = Z[(L,M),(p(L),p(M))]
+ 21 R (oD o)) T LTI (D)0 RN

_ B[y 7 ey gy

= Z(p) = E° (21 R (o)) T ZIT30), (00,0 (BI)]

= ZIIR) (D)o (31))] — LT (oD @)



=2Z(p) - n(n——l Z EP Zy(s k) (o0 000
z;ék
+n(n_1 - —112 Z E® Z16.) o0t
i;ék l;ém
(k)£ (Lm)
; _
=g}~ n(n—1) (v
- J A
+ ) ). - Z[(i k), (oli),
o p— ( ‘ _f, Dty p(m)] Xk: (k) (i) o]
i#k

Z > Z gy, am-

ik Im

i#k l;ém

2) E[Z(p) - Z(p))*
= E[Z[(T,'z?),(p ; \;r

) | :
= ZI1.R),(o(T). 56 ))1 ~ ZYT.30).(p(T), p('f?m

- E”“ﬁ”ﬁﬁ g ’ﬁ’ﬁ!?’l@'ﬂ g3

+E [Z{ (TR)(p(E),o(81))] + 21D (o). o

AN aATi T A nenay

4+ B7-

2
(K)ot T £

(Z,M),(p(1),p(K ))])

=4EZ>.

(TR eo@y T AEZ

(1K), (p(L).p(M))]

- 2

= _—n(n =) > EZ{sky (ot 000
T,k
itk



25

E'Z

z;ék l;ém

(4,k)#(l,m)
4 011
n_lzzZEZuk)amn ZZEZ[@wm)]
% ,m i,k lm
z;ékk ll;ém z#k l#m
8.011 \
n?(n—1
8.01162
n2(n — 1)2

= 8.0116°E| )
3204.45° =
n—1
Lemma 3.9.Assume that
779n°(n — 1)B.
Y
Proof. 8
Note that
B [..,J"L (:; n [g;@:§1)1 ﬂg:a@ 2, (p(p),p(q))]
1k l,m P,q
T aln—1 gg g E g‘lzw k),(;m)] [(p,q) )
ik l#m PEQ ris
1 Z . .
= E(Zi(i ), 0.m) Z((p.a) (r5))
n(n = 1) (i,k,l,m,p,q,r,5)EA
(3.16)

where A = {(i,k,l,m,p,q,7,5)/i #k,l #m,p#qand r # s} and



Ay = {(i,k,l,m,p,q,r,s) € A [r #1,m and 5 # |, m}

A2={(i’k’l7m7paQ7T73) GA/TZl,T#m,S#l ands=m}
A3={(i,k,l,m,p,q,r,3) GA/T?él,T*:m,S=l U,ndS-?ém}
Asz{(i,k,l,"”{,_ o _ﬂl,s#landsaém}
3= [ and s # m}

Lir#m,s#1 and s # m}

A4 = {(7/1 ka la m,p,q,T,

N
A7={(i,k, o D ' X "1‘""& ands:m}
T =m,5=1and s = m}
$=1and s=m}
,s#lands=m}
An ={(i, k,1,m,p, f;-_ s r=m,s=1and s #m}

o
LY

A ={(@ L:,m;‘.r‘r.n;;_;:.‘;.—.'_ms,— | and s # m}

A = {(i, k

A“ﬁ‘ﬁ“éﬁ"ifl EW\W gne

ik, 1, mp,q,rs eA/raélr#m s—lands—

q m{aemmwnmgm E}n}

m,,, ; —landsaém}

Observe that Ag — A are empty sets.

Firstly, consider the sum on A;.
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> EZwamZivaea) = 2. 9 . Y BZGwem)Zipars)

= z;é,;c l;Tn :?’éqq ;:?%n
s#lm
=), (EZx(z ), (1m) Z > Eipa) ) )

Wk Im # 1;:3

z;%k I#m p#q b

i s#l,m

) L) Z Z EZ(p0),r9)
— 57 173

Next, we consider th

=222 ElZm tnf - £ S5, @) (p.o 0m) ~ EZi6.0 6w o)

i,k Im Pq
i#k l#m P#

D P

i,k lm P9
1¢k l;ém P#q F

SR EZy )(,,(,) oD EZ|(p,g),(1,m)]

i,k lm P9
1;ék l#mP#q

-T¥ ummm W3

i,k lmP

gﬁﬁﬁmﬂﬂ %‘P"% NYIQY

lm P9
i#k l#m P#q

<D ElZmyamnZipaamy]

L,k lm P9
1;&k l#m P#q

+ Z D> (EZi ) 06),060) (B Zi(p0) 010t (3.17)

i,k Ilom P9
i#k lm P#q
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Consider the first term on the right hand side of (3.17). Follows from Holder

inequality and the fact that a®b® < aa+ Bb (a,b,a, 8 >0, a+ B =1) we have

0 ElZamamnZiwa.am)l

i,k l,m P94
z#k [;emp;éq

= ZZZE(lX"‘ L | min(8, [ X + Xem — Xim — X))
ik lm P4 :
i#k l#m PAQ

1k l,m P4
zk l,m P9

i,k Im P4
i#k 1£m PFq

(EIsz|3+E|qu| + L, f':ﬁ?

160 .
<3222

‘lk lm b,qg -
ik I#m PAq II

325%% EZl® + E| Ryl gy Bl X +E|qu|
W INBNIWEING

‘ Ef% FNIUUTINGRY

<16 n(n—l 4n22E|X,J|

,J

= 640n*(n - 1)8

< 3.048n%(n — 1)B. (3.18)

Next consider the second term on the right hand side of (3.17). We observe that
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2
[ B Zl(i,kup(i),p(k))]]

ik
i#k

" . 5 R ' . . R " 2
= [Z E|Xip(s) + Xiot) = Xintk) — Xpn)| min(0, [ Xipg) + Xicptr) = Xiptr) — ka(i)l)]
B!
< 62[2 EIX,-p(i) S ka(k) — X 2

ik
itk

<22 —1) S E| Xy E

o

= 62[2(n — 2)ZE \
<82 Bl
<2 :4"2(2 ElXipy
<2 L4"3 Z B|Xipio | +4 —'"
< 26 4n3 Z(
.7)

=35 4n3 Z EX ,,() + 4n’ Z EXZa which by

- 252 um ﬂﬂnﬂﬁ%ﬂ’] ﬂ ﬁ

<2ﬂ4mmnifuum'mmaa

Hence
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2
S0 EZiky o0 EZipa) (oto)o@n) = 11— DD~ EZi w0000

i,k l,m P9 i,k
i#k I#m P#4 i#k
< 7.6204n*(n — 1)8. (3.19)

From (3.17)-(3.19) we have

> E(Z
Az

4(n “ 1)B. (3.20)

We can use the same B 8 20) to find theswms on A3 — A7 and get the

bounds as follow:

> EZm.amiZipghed (3.21)
A3
ZE(ZI(i,k),u,ng[(p, G or i =4,5,6,7 (3.22)
A; |

From (3.16) and (3 O

Y

Ll
Lemma 3.10. For &= IOﬁ, we have

FI‘LIEJ’J WEWI?W@’]ﬂ‘i
Pm@maqmmum'mmaﬂ

Let F deﬁned as in Proposition 3.5. So by Proposition 3.4 and Lemma 3.7 (3),

we have B2 (p) —~ 2 (p)) = D (3.23)

Hence, by Lemma 3.8 and Lemma 3.9,
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0= E[(Z(p) - Z(p))(Z(p) + Z(p))]
= E[(Z(p) - Z(p))(2Z(p) + Z(p) — Z(p))]

= 2E[EB(Z(p) - Z(p))Z(p)] + E[Z(p) — Z(p))*

0] [ —
3204.45°
_7 ]
T~ D 0] Ear——
4
T an-1)- ;%;Z[(z k), (Lm)]
19ék l;l:m
3204.4/32
+ v
n—1
el b 7,‘ &
Then EZ*(p) < BiZtn) )\' iR, (L,m)] +3.805n3

T “iﬁ*wﬂlﬁ%’ 15 “
" RRIRII T INY N

If
3 < 910 ° , then for a < b we have

Pla<S(p)<b) < %g(b _ a) +85.6378.
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Proof. Let f: R — R defined by

fW)=9t-1(b+a) if a—0<t<b+4

and

Let F(w,w) = (0 — w)
Since (S(p), S(p)) is an ex@ha 1gZeab : ;‘-_ antisymmetric, by Proposition

3.4 we have EF(S(p), S(p
0= EI5(s) - S
) J
= B[S(p) - 5(p)] f}S(p) + f(S(p)) - f(S(P))]

-2f WHANBHINEA Do
LG IO gL A

= 2Bf(S(p)[(1 - —)S(p) +

+ E[5(p) - S(p)]1£(5(p)) = F(S(p))]

= S ESOASO + —= s EL(S() )3 Xl

+ E[S(p) - S(0If(S(p) — f(S(p)))-
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Let Ry = %E[ 7(S(p)) 3" Xy). Then

1"1.7.

E[S(p)1(S()]
= EIB() - SOIAS() - 1(S(e))] + R

T 5(p)-5(p)
= (T)E[S(P) = S(p)][

=1 . \

T ES(e) ~ Sl

'(S(p) + t)dt] + Ry

=

(3.24)

By definition of f and th fAct
{z,y)la<z<bA -

we have

E[I(a<S(p) <b 6 < S(p)+t<b+06)M(t)dt

"“ (t)dt].

- S(py'mamw 4N
AR UANINEAY

> (2 5 —2)ElI(a < S(p) < B)13(6) = ()| min(5,15(p) - S(P)I)] + Ro

n—1

_—_(4

)E[I(a < S(p) < b)lXIp(I) . o XKp(K) — er(x) = XKp(I)l

min(57 IXIp(I) I XKp(K) - XIp(K) = XKP(I)I)] g3 RO
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= ZE[I a < 5(p) < ) Kip(i + Kot = Koty = Xt

z#k

min(4, lXi,?(i) + Xtk — Kooy — X)) + Ro

(3.25)

By Proposition 3.5, y @

which implies

ﬂumngmggnm
ammﬂmum?wmﬂ

—\/:( (b—a)+0). (3.26)

Hence, by (3.25)-(3.26),
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< D Bis() (s + PEY =Y 2m) = TFo
<Olp-ay+a+ L2 2Ry

Proof of Main

In this section, wg v using Stein’s method. In

1972, Stein gave a ng urler transformation to find

an error bound in no th od based on the differential

equation
E(h(Z)) (3.27)
. R — R is a test function and Z

where f : R — R is a ca

is the standard E’ Ii:'fﬂ (3.27) Stein’s equation

i —
4 « i A o . .
I ation. For any real number z, lgf h be an indicator function

deﬁnedbyﬂuthwﬂ iwlaﬂ:]ni

ammninju Vg8

then Stein’s equation (3.27) has a unique solution f, : R — R defined by

(3.28)

omesv’ ®(w)[l — (2)] if w <z,
fe(w) = (3.29)

omesv’ ®(2)[1 — ®(w)] if w>z

where @ is the standard normal distribution function.
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By (3.27)-(3.29) we have

which implies that

@W FW). (3.30)

So, we can find a boundfof £ f (W) & I )imstead of P(W < z) — @(z).

To do this, we also neéd tiie & pr Solution f, of Stein’s equation

if w+rs<z,w+t>z,

(3.31)

Flutl NUNTWENAT 2oe<
”’Wﬁ% e inieh (Do I

otherwise,
(Chen and Shao (2001) ,pages 246-247)

|fo(w)] < 1, (3.33)

(Stein(1986) .page 23)
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Ef/(S /M it — Ef/(S(r)) /M dt|<— (3.34)
and |Ef.(S ZX,,| o % (3.35)

( Ho and Chen(1978) ,pages 243-245).

We also use the same notatio " cevious section and, without loss

of generality, we assumfie { 3~ —— . Using th&same argument in the proof of

E[S(p)£.(S(p)) i (1)t ZX”] (3.36)

and

E[S%(p)] = ::: 5§ Eesl. (3.37)

Hence r
|
’ l_E M(t)dt+ —E[S(p) Y X5 (3.38)

ﬂ'L!EJ'J‘VIEJﬂ?WEJ’mi
TN Il INed

— (W) - EW £.(W)
= BF(S(7) - E(S(0)£(S(p)))  ; which by (3.38)
= Bf(S)E | M(tat+ LEIS( )5 KBLS() - PSSO

- which by Proposition 3.5,(3.33),(3.34) and (3.36)
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<E/f'(S(T) M) dt+——E/f
= —E[ (8 ZX,] : which by (3.35)

SEAmmv»<uam+mMmﬁ+§

N\ 18
= B [ (5S(r) SRSt/ et + -
R T = _"- - n

; which by (3.31)

+E / BN NS V() dt + —. (3.39)
NS+t <4 f g \ )

:'i N {w|AS(w) +t > 0}

we have

ﬂﬂﬂ?ﬂﬂﬂﬁﬂﬂﬂﬂi
M(t)dt
ét ﬁﬁ\‘iﬂ‘ifﬂﬂﬁ’l’)ﬂmﬁﬂ

-AS—-t< S(r

AS+t>0
= E(BAS / [(z— AS — t < () < ) M(t)dt)
AS+t>0

=F / M@)EASI(z — AS —t < S(1) < 2)dt
AS+t>0

=E P(z— AS —t < 8(1) < 2| AS)M (t)dt,
AS+t>0
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we have

P(W < z) - ®(2)

=E P(z— AS —t < S(1) < z|AS)M(t)d

AS+t>0

- AS-ASO('S(T)I K

— E/ P(Z -t _-__ L)
‘ AS+t>0

+E / (| (&S| which by Proposition 3.11
AS+t<0. ; / \

<Bp / (ASHE 10 1 @) ar85 6378 |\ S EM (t)dt

127 Jasieso s (7 Y AS4t>0

"> " 18
+E / sl a S| ghaleyar S|+ lH)M (@)t + —
= 12 /IASIM t)dt f ) ’r}: -a-é‘t‘:-
|
+E / RQIRY HA B 18 = (3.40)

F;-
Noting that

t{M(t)dt = (2e) E|S(p)

ﬂuﬂé'ﬂﬂﬂ ﬂ&l’]ﬂ’i
Qﬁﬁﬂﬂﬂﬁmﬂﬁl%ﬂﬂmﬁﬂ @49

E /R IS()[EME)dt = BIS()|E /R HM()dt < 8.
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By the fact that  EJAS|® = E|Xo-1(1yr(r) + Xe-ranyr) + Xin + Xkr
¥ Y Y Y 3
= X1ry — Xkr(x) — Xe-1(0)L — X1l

< 512E| Xy |?

5123
< —

we have
E [ |AS|M
R
S}
(3.42)
and “‘
B [ 1SeasIM( < (o ERERELEIS o) EIS () ~ S
———_..:f—— (3.43)

17

g
|
i

Hence, by (3.40)-(3.43),w# have that

quBaneningans
L AEIAsN TRl INg8

P(W < z)—®(z) > zma-;;

18
Thus, We have sup |F,,(z) — ®(2)] < 2108 +— O
R



	Chapter III A Uniform Bound in a Combinatorial Central Limit Theorem


