CHAPTER 1I

Preliminaries
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used in our work. T but can.be fotnd in [4].
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In this chapter, we in probability which will be

A probability spa€e i D ;) for which P(Q2) = 1. The

Q will be referred to as a

measure P is called a i% Fme

sample space and its r elementary events. The

'

elements of F are called A, the value P(A) is called the

probability of A.

M

X Q - Ris called a
i
random variable i‘mor every Borel set B in R, X! ’J-" belongs to F. We shall

use the notaﬁnﬂ{; % Wﬁﬂﬁf&wg@ﬂﬂﬁ In the case where

B = (~00,a|¥r [a,8], P(X € Byis denoted by P(X < a) oPa < X < b),
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defined by

Let (Q,F,P) hé'a proba

F(z) = P(X < z)

is called the distribution function of X.
Let X be a random variable with the distribution function F. X is said to be

a discrete random variable if the image of X is countable and X is called a



continuous random variable if F' can be written in the form
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for some nonnegative integrable function f on R. In this case, we say that f is

vith parameter p and o2, written
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Moreover, if X ~"N(( is.8ai ve a standard normal random
We say that ;_-___-_ Jparameter n if there exist
' A
1 1,2,...n and denoted by
)

variable.

T1,Tg, ..., T, such the
J
X ~ U(n).
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tﬁﬁlla}ja r%a ili ﬁaﬁapf?ﬁ l).i-ﬁg of F for all
a € A. We say atTlJa € 1s independent 1g]nd only if for any subset

J={1,2,..,k} of A, K

P(n Am) = HP(Am)

m=1
where 4., € Fpp, for M =1, ..., k.
Let £ C F for all @ € A. We say that {&,|a € A} is independent if and

only if {o(€,)|a € A} is independent where o(€,) is the smallest o-algebra with



&, Cally) .
We say that the set of random variables {X,| @ € A} is independent if
{o(Xa)| @ € A} is independent, where o(X) = {X~!(B) | B is a Borel subset

of R}.

Theorem 2.1 Random variab are independent if for any Borel

=z

sets By, By, ..., B, we havesss.

: "y
. ; )
Proposition 2.2 If g \\' <wyin; are independent and
fi : R™ — R are mez 3 [ , Xiog -9  =1,2,...,n} is inde-

pendent.

2.3 Expectation, Var
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If / | X|dP < oo, then ye define its expected value to be
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E(¥)= | XdP,
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Proposn',lon 2.3

1. If X is a discrete random variable, then E(X) = Z sP(X =g).

z€ImX
2. If X is a continuous random variable with probability function f, then

E(X) = /R s



Proposition 2.4 Let X and Y be random variables such that E(|X|) < oo and
E(]Y]) < 0o and a,b € R. Then we have the followings:
1. E(aX +bY) = aB(X) + bE(Y).

2. If X <Y , then E(X) < E(Y).

3. |E(X)| < B(X]). W\,

4. If X and Y are independé ; ' @)E(Y)
Let X be a randomy ¢ iy '

k-th moment of X 4 /

of X about the mean.

We call the second s X @ba e Inean, the variance of X, denoted

by Var(X). Then

We note that

L Var(X) = E( 2

|
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2. If X ~ N(u,02) then E(X
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Propos1tlonﬁfru)tl ﬁ(wﬂmﬂﬁﬁﬁ fori=1,2,.
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2. Var(a1X1 4+ +a,X,) = a¥Var(X;)+---+a2Var(X,) for any real number
Q) 5 ey Ao
The following inequalities are useful in our work.

1. Holder’s inequality :

E(XY]|) < E7(|X[P)Es(|X|)



i O
where 0 < p,g <1, =+ - =1and E(|X|P) < 00,E(]Y|?) < 00
P q

2. Cauchy-Schwarz’s inequality :

E*(|XY|) < B(X*)E(Y?)

where E(X?) < co and E(Y?) _

P({|X" <\ all e>0

where E(X?) < oo

Let X be a fini ble on a probability space

(Q,F,P) and D be probability measure Pp :

D — [0,1] by

and sign-measure @

Then, by Raﬂ: ﬂy:latheorem wlelhave g;]) an djxere exists a unique

measurable function EP(X) on (Q4F, P) such that
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X)dPp = Qx(E)= | XdP for any E € D.
E

We will say that EP(X) is the conditional expectation of X with respect to

.

Moreover, for any random variables X and Y on the same probability space

(8, F, P) such that E(|X|) < oo , we will denote E°(Y)(X) by EY(X).



Theorem 2.9 Let X be a random variable on probability space (2, F, P) such
that E(]X|) < oo, then the followings hold for any sub o-algebra D of F.
1. If X is random variable on (2, D, Pp), then EP(X) = X a.s.[Pp].

2. F(X)=2X as[P]

3. If o(X) and D are independ ) a.s.[Pp).

the same probability space

(Q, F, P) such that EM (1Y ) aré fini hen for any sub o-algebra

2. EP(aX +bY)=a BER(XN 5. [Bal\ortany o, b € R.
n the same probability space

(82, F, P) such that E(|X¥]) anc e and D;, D, be any sub o-

algebra of F. If X i 0 Py, then

]

r
|
¥

2. EP(XY) = va‘gvl ) a.s. [Rpy.
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Let (Q, F, P be a robablht ace and D b&a sub o- a’ljebﬂof F. For any
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P(A|D) = EP(L4).
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