CHAPTER II
CERTAIN PROPERTIES OF

GENERALIZED TRANSFORMATION SEMIGROUPS

%gfmatlon semigroups (J(X,Y),6),

sente \ be used for the next chapter.

The properties of ;
(PT(X,Y),8) and (I(X
All of their proofs r appings and cardinalities of
sets.
Proposition 2.1. L _ A\ ) denote any one of T(X,Y),
PI(X,Y) or J(X,Y). L V% sl t 6] < min{|X|, [V]}.

(l) If X orY is finite, : a € 8(X,Y), Vo = Vo imp/ies that

there exts J &l ) VB> |V | and 08 = fa.

f A
(i) f X an aES(X,Y) there exists

B € 8(X, Y) such that |VB| = min{|X|, |Y'|} and 68 = 6a.

Proof. (i) Si u EJ ?vn gj n < mmﬂ(’]ﬂ, it follows that V0 C X |
= TR AT AN A TR 7o

both finite. Let zo € X \ V6 and yo € Y\ Va. Define 8: Aa U {zo} = Y by

Yo if z = To,
zf ={
za ifz € Aa\ {zo}-

It is clear that 8 € §(X,Y’) for the case that §(X,Y) = T(X,Y) or PT(X,Y).

And it is also true for the case that S(X,Y) = J(X,Y) since yo € Va. The
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equality 68 = 6o holds because zo ¢ V6. Claim that V8 = Va U {yo},

which implies that |V8| > |Va| since Va is finite. By the definition of g,
VB = (Aa~ {zo})aU{yo}. If zo & Aa, we have that V3 = Va U {yo}. As-
sume that zo € Aa. Then zoa € Va = Vla = (VN Ad)a, so roa = za for

some z € VO N Aa. But zo € V0, so z € Aa \ {zo}. These imply that

Hence V(3 = (Aa \qz Y =)V aill | o we have the claim.
(ii) We hav sumption, tha |X| and |V6| < |Y|. Since

|VOa| < |VO|, we have that |Vét i {:2Sinc and Y are infinite, it follows

Case 1: |X| __ Then | Vfa|, and so there exists

A€ I(X,Y) with Ax= X N\ ¥ 3 "Then |[A)| = |VA|. Define

B: AN U (V6 N Aa) 7 Y by Blax = /\ and f(|vénaa = a|venaa- Then

B €8(X,Y) ﬂ fhé EL’J}%E]W)‘% FEETT b PILX,Y). Since (AN =

(AN = 9A € ¥ < Ve and (v8 N Aa)= (V6 N Aa)a, = Vba, we have
(o A S Elad T YN iﬂﬁ)&lr the case that
S(X, Y) J(X,Y). Also |VB| > |[VA| = |AN| = |X~ V6| = [X]. But |v8]| < |X],
S0 |Vﬂ | = |X| = min{|X|, |Y|}. We have that 63 = 6o from the following equal-
ities:
A6 = (V8N AB)E!
=[v6N (ANU(VON Aa))] 67!
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=[(VONAX) U (V8N Aa)] 67!
= (V6N Aa)f~! (since AN = X \ V§)
= Aba

and for z € A6f (= Aba),

26 = ()8
= (z6)a  (sincezb e V| d Blvenaa = @|venaa)
= 20 - L ; :
Case 2: |[X|>|Y|. T — L ":'-2 hus there exists A € J(X,Y")
with AN C X \ V6 an %’ \\\ :
Subcase 2. R }1% y PIR.Y). Define

B: AAU((X N AXN) N Ag

or
N\
k‘ dB|(x~annaa = al(x<annaa-

Thus 8 € 8(X,Y). Sincgl| B HANBIE (AN = |vA| = |V ~ V6a] = |V,

\

it follows that |V8| = miy , ‘ ollc

ing equalities yield 68 = fa:

ABB = (V8N AB) g LN
_ [v6 1;——;,'

N AN N Aa)lo!

- yuéﬁwa&ﬁwwm\w
= (V6N Aa)f™!  (since AN C X V6 impliesV,C X ~ A))
QEAAINIUAMINGTAE

and for z € A6S (= Aba),

(Ve N\ U (V6N (X

268 = (z6)
= (z0)a (since z6 € VAN Aa C (X N\ AN) N A«
.

and B|(x<axnaa = a|(x<arnaa)

= z0a.
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Subcase 2.2: §(X,Y) = J(X,Y). Since AN\ C X \ V6, we have
that AAN (V6N Aa) = @. Define B: AANU (V6N Ac) = Y by Blax = A and
Blvenaa = a@|vonaa- Since X\, a € j(X, Y) and (AN)BN (VN Aa)B = (AN
(V6N Aa)a = VAN Vla = (Y \ Vla) N Véa = @, it follows that 3 € AX.Y).

Since VA C Vg and |VA| = |Y Vba| = |Y|, we have that |Vg| = |V| =

min{| X, |Y|}. We get that 666l béghute of the following equalities:

and for z € AGB (= A8
z68 = (z6)p ‘

= 7';):;’

y "
Lemma 2.2 @Hﬂrgf ﬂ gl nﬁ,ﬂ) a generallzed transformatlon semi-
group Q/Wﬁamwgwwﬁm a Elya € afd~l. Let

c be an infinite cardinal number and let

INAa = alvﬂﬁAa)

= z0a.

U={a€es | [Aan (Y N {ya |a € A})| < c}.

Then for all o, € U, a8 € U, that is, if U # @&, then U is a subsemigroup of
(S,6).
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Proof. First we note that {y, |a € A} = A. Let o, € U. Then
|[AaN (Y N {ya |a € A})| < c and |48 N (Y \ {ya |a€ A})| < c. To prove
that a8 € U, we consider the following equalities and inclusions:

A(abB) N (Y N\ {ya | a € A})

= (A0)88 N (Y ~ {ya | a € 4})
=[(Aen (Y ~{ya|a € A})U W €ANI6BN (Y N {ya |a € A})
g[(Aaﬂ(Y\{ya|a€7 Iy, aé’.\(lf\{yalaex‘l})
C[AaN (Y N\ {y. | a-cm ‘ \ (Y\{yalaeA})l
=[Aan (Y ~{y. | a a € AD)].

Since |[AaN(Y \ {ya

¥ : {ya |a € A})| < c, it follows
that |A(a88) N (¥ <] ' 3})& 3 ﬂ\\\

96 € U, as required. #

Proposition 2.3. Le 3 i e sets, S(X,Y) denote any one of
T(X,Y), PT(X,Y) or (X, Pi-and et B€ S(Y, X) be such that V8 is infinite.

Assume that A C s / | = |Vé|. Foreacha € A,

i
ﬂhﬁ‘ﬁ‘hb’?“ﬂfwmﬂ?““@'
fa ”W"Tﬁ”ﬂsﬁﬁf"ﬁf fneas

Proof. B y Lemma 2.2, it suffices to show that U # @& and S(X,Y)\U # . We

let yo € a1, Let V

have by the definition of U that U contains every a € §(X, Y') with |Va| < oo
since A is infinite. Then U # @. It follows from the assumption that |A] <
|V8] = |V A|. But [VONA| < [(VONA)G!| = |AON A7 < |V \{ya|a € A}
since A C Y and {y. [a € A} C A671, 50 |A| < |Y ~{ya |a € A}|. Then there

exists A € J(X,Y) such that AA=A and VAC Y \ {y, |a € A}, and thus
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|AA| = |A]. Let X € J(X,Y) be an extension of A\. Then AN = A\ = V) C
Y'~{yala € A}. Therefore |[ANN(Y \{yala € A})| = [AM(Y \ {ya |a € A})| =
|AA| = |A|. Hence X’ ES(X, Y)\U if §(X,Y) = J(X,Y), and for the case that
S$(X,Y) = PT(X,Y) or I(X,Y), we have A € §(X,Y) ~ U. This proves that

T(X,Y)\U # @. | #

PIX,Y) or HX,Y).
(i) If a € S(X, (4, X') are su hat Aa C A and for every

z € Aq, (za ’ ; ) \ 4 then there exists v € $(X,Y )such

(za)a™! = (zB)B Ao for all o e Ao s el “ ned. Let 7.: X — Y be
an extension of v axﬂ let , %’, Y)orJ(X,Y)and v = v,

if 8(X,Y) = T(X,Y). @hen v € 8(X, ¥3),and for each z € A, za = (z0)y1 =

(=81 -xﬂvﬁmﬂfﬁ‘iﬂ:ﬂﬂﬂ\lﬂ’m‘i

et qﬂﬁ fﬁ%ﬂ ﬁ ﬂ@‘@wj ARy <

yGVa

for all y1,y2 € Va,y1 # yz, it follows that there exists 7v:Aa — Y such
that (ya=')y C yB~! for all y € Va. Then Ay = Aa,Vy C ASB and
(za)a™!)y C (za)B7! for all z € Ac. It is clear that v € §(X,Y) for
every case of §(X,Y). We have that y8 = «a because of the following equal-

ities and inclusions: Ay8 = (VyN AB)y™! = (Vy)y™! = Ay = A« and for

Tbab4356
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-:every z €~Aa,x(;7,3) € ((za)a™) (vB) = ((ze)at)7)B < ((za)ﬁ‘l)ﬂ =
{za}. #
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