'CHAPTER 1

PRELIMINARIES
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since |(Va N AB)B| < [VanN AB| < |Va|. If a € PTx and A C X, we define

have that

and in

Aa = (ANAa)a. It then follows that
Aa C Ve, (AUB)a= AaU Bae,

Vaf = (Va)B, Aaf =(Aa)B



for all a,3 € PTx and A,B C X. Under the product defined above, PTx is

a semigroup with identity ¢x and zero 0 where :x is the identity mapping on
X. By a transformation semigroup on X, we mean a subsemigroup of PJTx.
Let Jx denote the set of all 1-1 partial transformations of X. Then 0 € Jx
and Tx and Jx are both transformation semigroups on X containing ix. The

semigroups PT x, Tx and Jx areé ce }’ ctively as the partial transformation

semigroup on X, the fi 2 Vrrrnraiu jgroup on X and the symmetric
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3. If X is fin1 @ = X, then a € Gx.

4. If X is finite ::Ix‘pd a,B € PTx are such that a8 € Gx, then o, € Gx. |
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?T(Y’Q) E%ﬂ)ﬂmimmlqm&dlﬁf &1’0 elements in
fP‘.T(X Y) UPT(Y,X)UPT(X,X)U ?‘J’(Y Y) as their product in PTxyy. If
S is a nonempty subset of PT(X,Y) and 6 € PI(Y, X) such that a3 € S for
all a,3 € S, then (5,*) with a * 8 = af for all o, € S, is a semigroup and
‘we denote this semigroup by (S, 6) which is called a generalized transformation

semigroup of X into Y.



Let 7(X,Y) and 3(X,Y’) be the set of all mappings from X into ¥ and
the set of all 1-1 mappings from subsets of X into Y, respectively. Then T7(X,Y)
and J(X,Y') are subsets of PT(X,Y). If §(X,Y) is any one of T(X, Y), PT(X,Y")
or J(X,Y), 8(X,Y)# @ and 0 € 8§(Y,X), then aff € (X, Y) for all o, €
$(X,Y), that is, (8(X,Y),0) is a generalized transformation semigroup of X into

Y. In this research, we consi transformation semigroups of these

types. Necessary and suffi¢ient it1 ,Y)# @ and 8§(Y, X)# @ are
as follows: |
(1) T(X,Y)# fX £ andY # @ or
X=Y=

(2) All of PT( ,X) always contain 0.

The following theore n :‘ Vor [11].

then Tx = (Gx U {3}) the nerated by GxU{a}. -
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We recall thﬂfo lowi son sﬁnigroups. A congruence on

a semigroup S is an equiyalence relatign p on S such that for all a,b,c € S,

apb implies @ru :EJdgz mﬁmﬁ mtﬂnﬂ;up of S modulo the
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(ap)(bp) = (ab)p (a,b €5).

The semigroup S/p is a homomorphic image of S by the natural homomc;rpbism
pi: S — S/p defined by

ap' = ap (a €S).



If T is a semigroup and ¢: S — T is a homomorphism, then the relation p on S

defined by

apb<<=>ap=by (a,b € S)

is a congruence on S and S/p = S¢ by the isomorphism ap — ayp.

Let U be a sub of a semigroup S. For any element

d € S, d is said to be domi. dommates d if for any semigroup
T and for any homo = 9|y implies dp = di. The
set of all elements s called'the dominion of U in S and

is denoted by Do

€ Wyelp) = lpa)jp=

mce U is dense i m S, it follows that mp = m on S and

(zm)yp = z(w¢).

thus for eacﬁ uﬁ@%ﬂws BNEJ ﬁ](ﬂ)ﬁ Hence ¢ = 1 on S.

From this proﬂf and the relationship between 1 congruences d homomorphisms
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Proposition 1.2. Let U be a dense subsemigroup of a semigroup S. If S’ is a
semigroup and ¢:S — S' is a homomorphism, then U¢ is a dense subsemigroup
of S¢. Equivalently, if p is a congruence on S, then {zp |z € U} is a dense

subsemigroup of the quotient semigroup S/p.

ch that ¢|uxr = Y¥|ux. Then



Let U be a subsemigroup of a semigroup S. A zigzag of length m in S

over U with value d € S is a system of equalities
d=uoy1 ,. U = Tr1u1

U2i—-1Yi = U2iYi+1 , TiU2i = Ti4+1U2i41 (i =1,...,m— 1),
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We give a reﬂ\ark here that ifa zigzag 1n over U th ue d exists, then

o sl Ao G eneb il Ve @%ﬂ%ﬂ:&r the case that

desS \ U, we have that all z;,y; for the zigzag Z are in S\ U.

A very important tool for this research is the Zigzag Theorem given as

follows:

Theorem 1.3. [4] Let U be a subsemigroup of a semigroup S. Then d €

Dom(U, S) if and only if d € U or there is a zigzag in S over U with value d.

1 Tm—1U2m—2 = T U2m—1,



The following corollary follows directly from the Zigzag Theorem and

the remark given above.

Corollary 1.4. Let U be a subsemigroup of a semigroup S andd € S\ U. Then

d € Dom(U, S) if and only if there exists ug,u1,...,Uz2m € U,T1,..., T, Y1, - -, Ym

€ S\ U such that

It is clear that 4 or every u € U, there exists

a zigzag in S over the Zigzag Theorem under the

assumption that S has a ted as follows:

“ Let S be a semig a_subsemigroup of S.
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L'there exists a zigzag
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such that z = a:yz Using the Zigzag Theorem, Hall has proved the following
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Theorem 1.5. /fU is a proper regular subsemigroup of a finite semigroup S, then

Then for d -y‘
in S over U wmh value o —

Dom(U, S) # S.

The next theorem is a special case of a theorem given by Howie and

Isbell in [3] which is also an application of the Zigzag Theorem.



Theorem 1.6. If G is a subgroup of a semigroup S, then Dom(G, S) = G.

Since every subsemigroup of a finite group G is a subgroup of G, the

following corollary is obtained from Theorem 1.6.

Corollary 1.7. IfU is a subsemi, f a finite group G, then Dom(U, G)="U.
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