CHAPTER IV

MAXIMAL COMMUTATIVE SUBSEMIGROUPS OF MATRIX SEMIGROUPS

Let S be a commu ring with 0,1 and n a positive
.integer;”If n > 1, then: ._ group M_(S) is not commutative
sihc_e 0 #1. Let ; _ Hd C S)@e set of all diagonal nxn
matriees over S an ' /da 4 e et fiun matrices over S,

in the form

‘ :'Kim'Jin.Bai proYEBin b5 8) a -'C' S) are maximal'cemmutative
subsemlgroups of tHe.matrix semigre (s) if s is the semiring

n,,,.axﬁq um:.qbg 3. wmm i s

(S) are maximal commuiatlve subgemigroups of the matrix semi-

| ’éi &8 mmummma El

In this chapter we shall 1ntroduce three other max1ma1 commuf
r:tetive SubsemigrOupe‘of‘thefmatrix:semigreup Mn(S) with s any commu-
tative eemiring Qith 0,1 and h'anyApesitiVe integer. Also, we give
one diffefeﬁt maﬁimal.commutétive subsemigroqp ofethe metrix semigroup‘
Mé(R)jwith R any Commutative‘ring wiﬁhxidentity ap&:n‘ahy positive

integer. -
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‘Theorem 4.1, Let S be a commutative semiring with -0_,1 énd n a poéitive

integer. Then the set of all nxn inatrices,over S in the form

a, 0% 3 wawin 0 b1
0 a2..v.bv2 0

is a maximal comnm semigroup: o = matrix semigroup M (S).

atriceSIFOVer S in the
above form. If n =1 ¢ are done. Assume n > 1

and let

Th’en e My ry ‘ l' (n-i)+1 (n-i),'+1’

i, nei)41 T Pncidi,i NS A} - o for a1

,] e {1, 2,...,n}, ]‘# i and j " ( 3 b1 Clearly, aI_ e‘LL for all

el HUHINHY ?%Nxﬁlﬂﬂ‘i

- T6 sh ' - that ‘U, is afommutatlv subsemlgro f the matrlx ‘
eemaiap {3 Mﬂiﬁu lIWTJ ‘V]Eﬂ &i El
- 5 _ -
al_ »1 é’T 0 -l b1
0 §2 S b2 0 0 . a2 52 0
A = et T i el e SRR T T F} K = F WU L T e e e Tty N
0 pz a2 0  0 : b2 »éz | 0“
b1 (6 P IK  o a‘i b,1- 0 N ) 31




 Then

be elements of Us.

.',matrlx sem:.group M (S) 5
"M (s) such t At A
)“‘e M (’s,),

( )

‘[1et A be the “I

: (k)
13 o=
2 é(re 1
8 TJ ¢ kqand 3 # n—k +1, th

A

| A(k)

(n—k)+1‘ ”t o

C—Stu

n matrix over S defined *

‘L{ﬂ’?ﬂWiW 4

"za?' ﬁﬁmwm

ke '(k),:;,_-
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or u'tat,i,\‘_ze‘ '_s‘uﬂbs,emigroup of the

P o show thét if X‘bi's" 'an]el"em'ent of

3 e Xe °U.

1”‘ E‘lM

: r!’ 2l
. T

ﬂﬁThen A ECU, for -
E],f]ﬁ’lﬁ ,3 € {1 2,...n}

Let X =

. For each keA 3

¥ AR e kY

O TS t #n-k+1 5

"_0 - for eVer‘y t E__{1>A‘,2,.-‘.,n}.
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N R e

+1, t t] =>x(n—k)+1,j s

(k)
Atj = o .

kj \ and for all
'73 §\{1‘2f""n}f " & 3 "T -k) 41 which implies that Xij = 0
. foralli e {1:24 <P # A and j "Bei+1. Now we have

-

-

P It o :;;;Zi”’“’
' .T“e'*ziﬁﬁmﬂ%nlﬁmmma /N




X4n 0 DR X414
0 xz’n_.1 s e Xy, .‘0
and XB = - .. Y L T L
2 n-1,n-1 iy 0
X 0 ot a0 X
nn ) nl
=X F all i € A, X,

we havg that X.. ,i;(n-i)+1‘=

(n—1)+1,i for all

Theorem 4.2. Let S

in_teger«L Then the s

—

‘*#

6 is a maximal ‘commu

UL () 041 e

>-"fébo“ve form’, ;|
be %r'mm ne “T&T zi
ﬂg@ every a :2 .
'I'c show that °’Vls acommutatlve subsémlgroup of the matrlx .

ces over S 1n the ;

only 1f A

‘1+k-1 q: n._:v Then al

V "‘semlgroup M (S), let :
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matrlx sem:.group M, (S). "
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,so AB eW and AB —‘PA since S is commutatlve.
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— - = g -
a1‘ a, ag - - - a, b1 §2 b3 b B hn
0 _a1 a2 ol an;1 0 b1 b2 § i bn;1
A= 0 0 aj_. % I an_2 o B = 0 0 b1 L bn—2
0 0 s s 0 RN A
& | * ! w0
be elements of “V . Then
a1b1 _:é b“+ a sk 1D ) 5 = a1bnf;..+ éﬁb1
0 % 1bn- +...+ an-1b1
AB = 0 & a1bn;2+...+ an-2b1 5
o g b i Rl
?b‘raI b a of -B¥ | Paa s+ baa, ‘. ' b1an*""“+ bl-n;1 i
| : QV .‘bjén;}ffd.+bn_1a1‘,_
33~= i,O, ffb1anf2fff’+pn;2a1
2] 2 "b a . j.
<45 o -+

23 To ﬁ % 9,3 ;ﬁ(%ngnw%{]sﬂsﬁjmroup of the matrlx.‘

semlgroup M ﬂl), let X eM &S) be such that XA = AX for every A e“V

~ IR wwﬂmaﬂ

1 _1f i -k+1 »

that is,



: 5 i)j € {1‘,2,-._.,“}'

~ Since D
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(k)

0 0 ST 0. e 1 S EE row;

Then‘XD‘k);= D

To show th X drialing., v 1 32555 gnky 15 9§, et

(3)

)in (D X, -

Slnce 1 > J > . ‘f 2 - '.‘ ’:‘. . o ,n} ) SO we have :

G T M

(n 1+1)

"..,n}, 1+k-1 < n.’ Let 1,k ‘ ;2,00 0k Atk-1 ‘¢ mJ. Then D X =

oA AR ‘imuiﬂ?}%ﬂ 'sz e

‘ (n-1+1) 3f IJ 1f t o n-(n—1+1)+1 = 1, A
s ol ,
AT Af t #1Iy.'f'

‘( “"_“’”x) 2 2 D(n-—1+1)x ; o %

’1+k- = t_ 1t .: )l+k— i :i+k—1: ‘

,1+k 1 ' ‘

If isk-1 = n-(n-isD)st then € = k. Thus D g
j ; S = LO‘ ift#kz,.

- al T
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, Mn'(s), then the

‘group M '(S), 'then £6x)

_BTAT erT hence ff
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e _ v
{(n-1+1) = (n-i+1) _
AR S T T S R o T B

Hence x1,1+k-1 = x1k, as required.

Therefore, X € *V.
utative subsemigroup of the matrix

I,

e ——

Hence W is a maximal c

gem;.group Mn(s) . on il

and n a positive integer.
1f M is a maximal™ : sul ai group of the matrix semigroup
0 a maximal commutative

subsemigroup of

Proof. .

- emlgroup of the matrlx semi- i

7, so 28" = (80T = )T =

Mn(s')' whére T L2

L_et M B group of the matrlx

henM lS -3 comrnutatlve ‘bsemlgroup of the matrlx

semlgroup Mﬂsu Eran VSJEJ»TI’J? a commutative sub-

semigroup ofgthe matrlx semlgroup M Then M_ (Wir ) e ﬂ P

~ ARTAINT Wﬁﬁﬂmﬁ E'l‘s’ gy

maximall commutatlve subsem:.group of M (S) . Therefore, ' (’JT)T = '5.

semlgroup M (S) P

Thebrem' 4.4. Let S be a commutative semiring with 0,1 and n is

positive integer. Then the set of all nxn matrices over S in the form

bsemigroup of the matrix semigroup »
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a, 0 0 5w e g 0
a, a, 0 sl e ‘ 0_
§3 | a, a, sle a0
%n qh-1 B * &, Sy
o ié a maximal commutative St N1g =8 matrix semigroup Mn(S)‘. '
Proof . WL set of .all nxn matrices over S in the
above form. Then Wi sofhé set of all n¥n. matrices over S in the

form

o Theorem 4.2,

_ »B(s') = ("W") 1; a.max:u‘nal
°°“'““““Frmmwwfwmf‘ri om
=2 ,,ma:sfmwm"ﬂw*rﬁ’ i

nxn matrices over in the form

semlgroup of the :

iy
]

-.matr:.x semlgroup Then by Lemma 4 2 "

aTv 0 . % . 0 b»1
0- aL2 s el b2 0
- 0 ‘—_b2 ST a2 0
:'—bT_.' 0 5 et 0 a, |
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n+1 n+1 '
with (——— —5—)- entry arbitrary for n being odd, is a max1mal commu-

tative subsemigroup of the matrix semigroup Mnfs).

“Proof. Let X be the set of all nxn matrices over R in the
above form, that is, for A e M (R), A e X if and only if A, =

Mn=1)41, (=041 4, (-3 )a G 17,4 S0 814 3 € K dna A, = 0

for all i,j e {1,2,...,0000 Fil AdGS, -3 where

b2 o e , a, 2
Dt s
bﬂw omma'w Qﬂ*ﬁ---o ;
M st
( a1 s b1 1 SR : a, B 1 b 1
azaz- b2b2 P N a2b2+ b2a2 0
AK= - ---.--‘o..ooo.o-.c.-.t'--. I
0 —bzaz- azb2 5 -b2b2+ aza2 0
-b1a1— a1b2 0 S e 0 —b1b1+ a,a,;
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I aja,- b b1 0 0 a,b,+ b a1-
0 aja,- Hébz oF |15 % déb + Héaz 0
KA =
0 ~Héa2— ézbz g —Héb2+ ééaz 0
—51a1- é1b1 0 —H1b1+ d1a1J

so AKX = AA € X since
To show tha

matrix semigroup ) be such that AX = XA

ative subsemigroup of the
Q\H\:::Hnﬁs

for every A eX n the proof of Theorem 4.1,

(n-k)+1,
that is, Ai“;) - than &5 o o

for every k € A, so k € A. As in the proof

of Theorem 4.1, we havelthat oMall i,j € {1,2,...,n}, 5 # i

or j # (n-i)+1, thus _ dchu/i 2l

... .

ﬂ EI’JVIEJ‘Vlﬁ‘WEl’lﬂ‘i '

n-1,n-1

ol NS NN &Y

1 if ieA and j=(n-i)+1,
Let B be thenxn matrix over R defined by'Bij= «1  If jJeh and f={n-)+1,

0 otherwise.

Then B e X, so BX = XB. If i € A, then

‘L
¢ . .
J‘] it =1 .4

B . =
tf(n—1)+1 [0 T T I
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f 1 if t = (n=i)+l .
At 0 if t# (n-i)+T

fat ' R £ = ATl

0 if t # (n-i)+1 ,

‘s°‘ | v(XB)l,(n;1I)+1 /1)+1 ‘=, 13
i %
‘H(Bx) ' ‘

i, (n-i ' x,('n-i)+1_v.'(n+i)+1

e ! Fnei)ir,i?

Rt v ey R o

.+ Hence

whish 1mply,xii:=-* ,‘ )4 ’*“" )4 ()41 = Mn-i)et,i

x EXI fﬁp'
Theref e_’,____ s a maximal c i v -ubsemi'groub of the
 matrix s‘e_mxg‘_rcu D ﬁ] (g
1y

ﬂ‘lJEl’J‘VIHVI?WEI’Iﬂ’i
Qﬁﬂﬁﬂﬂiﬁuﬂﬁﬂﬂﬂ’lﬂﬂ
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