CHAPTER III

REGULAR MATRIX SEMIGROUPS . = . .~

over some semirings.

It is kno/ 3 F & or any positive integer

n, the matrix semigrc s regular (that is, for any nxn matrix

In this chapter w ' W/egularity of matrix semigroups

: ‘such‘ that A = jAéA) 5

ing R va”nd fq: ény’ ‘positive

'intege'r"n',‘.th'e matri c gular if and 6nly if R ié

: - oA his result, we :charactéri‘zé
regu}l'ar-matrig s’e’mi‘c‘au '-‘_ * : Vg ,ad@itiveiy cbmgtative semi-
ring ‘wit‘:h 0 and % -‘74-‘-—:-‘-"7*--' : > idempoterit / We also cha,faéterize

: regulér matrix se S "-’ attice semiring with-
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A group M (s) & 1somorphlc to the multlpllcatlve structure of the semi-

‘5] W'ﬁ\ 545 5844 NG 2/ G s

M (S) :|.th S an additively commutative semlrlng with 0 and n , 2.

Th’e first theorem sh_qws that the regularity of an additively
_ comxﬁu_tati'v_'é s‘,emirihg S with 0 is a necessary condition for the matrix
semigroup Mn(s) to be reé;\ilar where n is any positive integer n 3 2.

However this condition is not a sufficient one.
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~ Theorem 3.1. Let S be an additively commutative semiring with 0, na

positive integer and n > 2. If the matrix semigroup Mn(s) is regular;v

then S is a regular semiring.

Proof. Let a be an element of S, and let A be the nxn matrix

over S defined by

‘ammnwumwmaﬂ

ot f'slnce A‘l - ABA, we have that

gl _a(b o b W b o+ b )2
Ll M v'aj(b‘l'f’" bn‘t') ,,j"’.
BRI by

‘_Since abiia‘=v0,’the,second equality and the third eqﬁality'give
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a

aBnia and a = abina, respectively. Then the first‘equality gives
as= a+abnna+a; This shows that a = axa and a = a+y+a‘for'50me X,y € S.

Hence S is a regular semiring.

Example. Let S be the semiring ({0,1,2,3}, max,min). Then S is an

additively commutative semiring with zero 0 and identity 3 and S is a

regular semiring. We denote and min {a,b} by a+b and a‘b,

respectively.

We shall show ¢ _the | e ﬁ&;;ﬁh\'°up M, (s) is not regular.
B N,

Suppose it is regul

SQméj B s_MZ(S),‘_

-awqaqz'
lThen 1[b 2 = O and'(z-“ -1+(2 ,.~ Slnce,

“’_]s-b»f Vﬁb2+b)3 :
mln'{1?b4’2} f.J'b4'?'f-olgbéé 0. 1§inceva '

L KR Bl T i 1k Bk €1
and |

.(2fb2+ 34)73  =  2fbé =:min {2,b2}‘§‘2gﬁ;;~
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we have that

3= (20b + b )14(20by+ by)*3 = max {(2°b,+ by)*1,(2'b,+ b, )*3} ¢ 2

a contradiction.

The next theorem gives a necessary and sufficient condition

for an additively commutati ”“:~ ¥ring S with 0 to have the property ,

Theorem 3.2, Let S b 3 it 'v \ ,tlve semiring with 0 and n

a positive integer & : ;;‘ v x semigroup M (S) is
regular if and onl a“régular K\\\\\

n(S) is regular. To show

that S is a regular /ri t o e ' i be an nxn matrix defined

by

AuEANENINNNL. .

that is, % Since the

mgm@ [e1 HR) mmm

B = (b J + . “Then
a(b11+ b21) a(b12+ b22) a(b13+ by i a(b1n+ b2n)

AB
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so ABA = (AB)A =

r , — , g e

.a(b11+b21+b1n+b2n)a a(b, ,+b, +b12+b22)a P a(b1,n-1+b2,nw1fb1n+b2n)a
a(b21+b31+b2n+b3n)a a(b +b +b22+b32)a « o alb ,n-1+b3,n 1+b2n+b3 )a
a(b 1+P, +b1n+bnn)_ a(b11+bn1+b12+bn2)a A a(b1,n-1+§n;n-1+b1n+bnn)a

Since A = ABA, we have'
| ‘ s wum (X0
g gt 0
Eoe b 1Y

i 5y RN

a
0 = 'h)a_. ST VA

0 <

G0,

5]“")a'

respectlvely.g. ﬁ 1 n_f* 2,n-1 ;

+ a(b31+ b, + )a + a(b 1t b + b )a = 0 Hence a+x. 0 for some

18] JIRBAN WY

.-we have thaéik is a regular ring. A ,“
- RIENTR %mqwmﬂﬁ o i ;

Let S be ao addltlvely commutatlre semlrlng w1th 0 If S 1s

: a regular rlng, then the matrlx semlgroup M (S) 1s regular {3 Theorem 24
of Part II]. If the matrlx semlgroup M (S) is regular, by Theorem 3y 1, S 1§,
a regular aem;rlng.‘ The follow1ng example shows that 1f the matrlx

semigroup M2(S) is regular, S is not necessaryAto be a ring -
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Example. Let S be a Boolean algebra of 2 elemehts 0,1. Then 0+0 = 0,
0+1 = 1+0 = 1+1 = 1 and 0.0 = 0'1 = 1'0 = 0, 1.1 =V 1- Then S is not a
ring. We shall show that the matrix Sémigroup M2(s) is regular. The

matrix semigroup Mz(S) has exactly 16 elements and they are

o o] |1 o o} [+ o]
) ) ] )
0 0 0 i 1J 1 0
= o K R o
0 1 1 1 1 r1 1
b b} ] .
0 1 0 1 OJ 1 1
It is easy to cheg ) ‘ Ko\ ' : \&\\\, ices are all of idempotents

of the matrix semif

o of |1 11150

* )
Lagm i3y AR
SO 1 B o

,.
L1. 1 0
e B i 3

' slnce

= ; '_,
ke X J go ¥ 0‘ g1 OJ
* b0 5 e %
0 1 6. 1}l0 1110 1
= 3
1 ¢ 1 Orid--: Ol1 % 0
- - - 4 = 4« R
0 5 “1Hy  aifo g
o= .,
1 1 1 TrEL " OJ 1 1
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and

It follows that each of element of the matrix semigroup MZ(S) 18

regular.

Corollary 3.3. et ’%semlrlng with 0 and |S| > e
Then the matrix sem ular ifn > 3

Proof.

an additive idempotent
and |s| > 1, s i , the matrix semigroup

Mn(S) is not re

In any rind R 0 igd the or additive idempotent of R.
3 = : ¥
However an additively comimutative ring with 0 which 0 is the only

additive idempotent i not necess e a ring. The semirings

3*) lare examples. Then
additively commugtive s€ ch 0 .&ving 0 as the only

addltlve 1demp0teni @are a generaldzation of rings. Next, we charac-
terize reﬂauﬂg mxﬂom a(w ﬂ:]"'ﬂ ﬁand § an additively

commutatlve semiri ﬁWlth of havn}g] 0= as the onlyfadditive idempo-

) WIRNTIIUNWIINE 1A E

vTheorem 3.4, Let S be an additively commutative semiring with 0 and
assume that 0 is the only additive idempotent of S. Then for n 2 2,

the matrix semigroup Mn(S) is regular if and only if S is a regular

ring.
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Proof . Let n > 2 and assume that the matrix semigroup Mn(S)
is regular. By Theorem 3.1, S is a regular semiring. Then fs,+) ls
a regular semigroup containing exactly one idempotent 0. Hence (S,+)
is a group with identity 0, so S is a ring. The?efore S is a regular

ring.

The converse follows fro 3; Theorem 24 of Part II].

- Corollary 3.5. ‘ ‘ ' ; t@ng semirings : (N v {0},+,¢),

(@*v {0},+,*), R v

reqgular for ever

neceSsary and Suff _‘eﬁ_atticewsemiring S‘with

0 1 such that f-lmatrlx semlgroup M (S) is

regular is glven by ther o

"°“°‘““gﬁ12fEJ’J1ﬂEJVl§WEJ’]ﬂ‘§
e mn':mwﬂwma ‘El masre

tlve Qnteger and N> 2. Then the matrlx semigroup M (S) is regular

1fvand'only‘1f n = 2 and S is a Boolean algebra.

Proef. "A§sﬁme that the matrix semigroupSMn(S)ais regular.
Since Isl 3 by Corollary_3;3, n * 3. Butn3 2,s6n=2.
Claim that a+1 = 1 fof eVery a.c-8. Lot ae 8. Sincerthe
a 1

matrix aemigroup Mn(s) is regular and 1 & 3057, fhers adist
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 elements x,y,z,w € S such that

Then

<F g o
since a"= a, so

-
[l

Then (1)+(2)+(3)+(4
“a+1_i:f*

’¥T_”slnce s+s s".‘-’>every s € %. Hence

= iy o

(ax+ay+z+w)+(ax+az+y+w)+(x+y+z+w)

ammnmnwwmaﬂ

Next, we want toAshow that S 15 a Boolean algebra, that ls,
} [we want to show that
 ‘(i5;a+b¢'=_€a+b)(a+c)’ for all a,b,c €S,
(ii) for every a € S, there exists an element & € S such that

a+d =1 and ad = 0.
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~ To prove (i), let a,b,c € S. since x+1 = 1 for every x € S,

(a+b) (a+c) a24 ac + ba + bc

]

= a+ ab + ac + bc
= a(1+b+c) + bc

= 'a1 + be

To prove (iile. the matrix7sehigroup M, (S)

‘isvfegular and

elements X,y¥,Z,W € S

"sueh that

v
i i¥ .= »‘.v:‘ ‘A. (1l)

AuEamE N

2. (3

amaﬂﬂmmfa wmaﬂ

-,'From 4 ) and (33, we. have that ax = a. Then

 Then ':‘f=f“ax + az

o ‘-—-'.'ax vayiawsz  (from (1))

= a+ay + aw + 2

il

alley+w) + z

al + z (since s+1’= 1 for,eve:y,s € Sff

a+ z.

]
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Then a+z = 1,‘and_ai % 0 (from (55);
Hence S is a Boolean élgebra;
To prove the converse, assumerthét S is a Boolean algebré and
a- 'b : : _ :
let_A“= % d:ve.Mz(s);kAThgn there_exists an ele@egt_k € S such that

(ad+bc) + k = 1 and (ad+

ince s is‘a'éemilattice semiring
" and adk + bck = (ad+bc)k = we v that adk = bck O. Let

d+k bk

ja(d+k)+b(c+k))b+(a(b+k)+b(a+k))d .‘

|(ct@rrracerk) art datk) e (c(d+k)+d(c+k) )b+ (c(brk) +d(atk))d

-‘ji a(d+k+bc+bk+ck) + bck

ﬂUBﬁ‘ﬁﬁfﬂ'ﬁWﬂﬁﬁT’

= a(ad+bc+k+bk+ck)

FV_ : : (51nce x+1 = 1 for every X € S) ::b
.kAéA)' g (a(d+k)+b(C+k))b+fé(b¥k)4b(a+kifa' v
b(ad+ak+c+k) x abd * bdk + abd + adk =

b(ad+ak+c+k+dk) + adk

= b(ad+bc+k+ak+dk)" (slnce Bdk = 0
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“m b(1+ak+dk) P (since ed+bc¥k = 1)
=b (since x+1 = 1 for every x e S)
™ R s
(aBA), = (c(a+k) +a(ctk) as (o (brk) +d(atk) )
= c(c(b+k)+d(a+k))'¥‘adc‘+ ack + acd + adk
= c(c(b+k)+d 3 +ad+ak+ad) +'edk
* ince,adk =0)
(sﬂbaﬂc =. i) 5

"";;HN\\-r every x € s)

(‘?‘BA)’22= '*»\- (a+k))d

Kbdk + bck
+ bck'
ince bck ' 0)

f-evad+bc+k = 1)

_every x e S)

 Hence A 18 regular.

ﬂTJEl’le‘iwmﬂ‘i

'Corollary 3 - Let S be. a set of real numbers w1th the minimum

& ele“@“ﬁ‘“fﬁ 'ﬁ’ﬂ“‘i f‘ré%i W %ﬂﬁfﬁﬂ“ Semgmé

: M ((S, ax,mln)) is ‘not. regular for every %32

In partlcular, the matrix semigroup M (([0 1],max,min)) is

" not regular for every n %2
Proof . Let m and M be the minimum element and the maximum

'elements of S, respéctively. Then m and M are the zero and~the

identity’of‘the‘semiring (s,max,min), respectively.
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Td show éﬁe ngilattiéevsémiring (S;max,min) ié‘hdt 6A36019§n_
aléebra,‘sUpéosé itbis'a éoélean algebra. Since ISI > 2, there exists
an element a e>S such thaﬁ m { a < M. Thgn théreveXisﬁs an.element, l
d € S such that a+d = M and ad = m. Since a < M and M = a+d =
max ,{3»5}'{ it follé‘ﬁs: th.at' -é = M. Then m = ad = min {a,d} = _min.‘. {a,M}

= a, a contradiction. | ilattice semiring (S,max,min) is

not a Booleah algebra. the matrix semigroup

- M_((s,max,min)) is

Nyt
R
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