CHAPTER II

INVERTIBLE MATRICES

The purpose of thi. : is to characterize any invertible

‘matrix over a commutati 0,1 which has some special

it preperties-
It is kno> : sguas ;3«1 ix A over a field iS’invertible
bif and:QnLy if det The ;i"“u e" ices over a ring glves a
féeﬁeializatiQPVOI # ;: ‘1':f;“f ]a:f',j: R¢ls a commutat;ve ring
Qith‘idenfity; tséﬁ_;eSFéﬁiég 24 ;:hwll; is ihﬁertihle ifjahd,enly
: iﬁ_detA is-ah invertib ""'.'; SR (sde [2]). 7 ‘
If R ia a cemﬁutji ‘ g 1dent1ty, detA det A - det A

for‘any_square': ':_Aqwn results may,be

: : » et R e E‘f
- restated as follow: = il

:i_ ;‘ s (1)'A”squlné:matrix A over a fiéidhfﬂalnvertlble if and enlyv. ;
A N3, M"Iﬂmy' o
. mﬁﬁ’ﬂ‘ﬁ‘m ﬁmﬁ‘ﬂ mﬁ F_l”‘det ”"_

Note that (1) 1s a spec1al case of (2), and the condltlon that

' (det A)x = 1+(det A)x for some x e R in (2) 1mp11es that det A # det A‘
_1f R contalns more than one element, but the converse 1s not true.
_Unfortunately, each 1mp11cat;on 1n‘(2) 1s‘not_true‘;f R is a'

 commutative semiring with 0,1, as shown by the following example.



Exam Ele. Let S be the Boolean algebra {0,1} with 0»+,0‘ . 0, 0+1 % 140= 141"

R

= 1 and 0°0 = 0*1 = 10 = 0, 11 = 1, and let A = | E'Mz(s),
« 0
B = e M(5)«
0 1 .2
"S‘ince AR = [ -, A is 1nvert1ble over S
Because (det A)ex A)ex = 1+1°x = 1 for any x € S,

/

7 W y X € S
_ Since deE:i"”?'?fr' ?‘kwf.' ctp) -1 - 1+(det™B)*1. 1If
L Tee ) e ' Y B '
R | AT ) i | ;
[a+c b+d] 1 ¢ N e
i e T ' hich is impossible since
Coon G g T 3 L i

ver S.

&
 The flrst theorer 52 y cénditibn_ for a .'squ'are- e
matrix over an) v Lative semiring with 0, J to be- 1nvert1ble in

. terms bf the _po_s‘e 3

WHANENSH gqmme A

; w1th 0 s q.!f A is 1nvert11#.e over S, en det A

amammumm;, @

‘the 1nverse of A, By Lemma 1 of [8](,’\:there‘ ‘e'xlsts,:ax‘;x element e

g lat_ﬁev determl_nant %

: 'Théorei’n 2.

'such that
det* (AB) = (det A)(det B)+(det Ve B)+r, ot 7

| Get™(aB) = (det* 2) (dot B)+(det™ A)(det B)4r.
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G s i sl
Since' AB.= In’ det In_ 1 andvfiet In— 0. Then
1 = (det’n) (det'B)+(det™n) (det™B)+r,
0 = (det*a) (det™B)+(det™a) (detB)+r.

Because 1 # 0, it follows _frorn these two equalities that det+A # det—A.#

The above example shows at the converse of Theorem 2.1 is

not true.
: 'Ceneider‘rth' ers: .(N v {0},+,°), :
(o*v {O},-F,'), _(IR+ evthe usual addition and
the us‘ual multiplicati . semlrlngs have the
: followingb two prfe » 1sorsv and 0 is the only
; »él‘ément 'whieh ’h‘a's ha: ac;erlée an‘rlnver‘tiblev ¥
matrix over eech of thes@ senifingsy ‘generally ch'efacteriZe an
'ir'nler_tible ‘mati.z_jik ve’\:rer a & 1r1ng with 0,1 which has the :
ebe'Ve 'twe preper"' es 3 V.

- — ~ |
‘Thebrem‘ 2:2e Let%é 8 S—— 1r1n1th 0 L Assume that G
. has Be: 280 dlv"sc”éﬂ‘d 0 is themly element of S whlch has an

i B AN WS i e

only if every row and every chumn of A Has exact "i Jhé nonzero

| ele,,.enaamﬁ SURRIEE R (K ﬂlement ;f’s

: vl_gge_e_f_. By the assnmntlon, we have‘ that for x, y € S; xy = 0
! igb;v\_plie_s_‘)é' =0ory-= 0,_and x+y = ‘ 0 1mp11es X =y v='_0>.‘ : ‘

‘Le‘t A be‘an nxn fnetrix ‘over S. _ Flrst we assume A 1s- 1nvert1ble-
Slnce A is 1nvert1ble, every row and every column of ‘A has at least

one nonzero element. Let B be the 1nverse of A. Then AB = BA = In" so



1

n Volf ety i : VAR Y,
2 A:;;B . =« and I B. A ., =
h=1 1h'hj 0 otherwise h=1 et ) 0 otherwise.

To show that every row of A has exactly one nonzero element, suppose

not. Then there exists k,2,2 € {1,2,...,n} such that £%2 and Asz 0,
n

# 0. For & £ 12is.0F 3-# K we have I Ak B, .= 0 which
: : - Sis toey

V/ ..,n}. 1In particular, _Ak282j= 0

for every j # k since

A, # 05 'Becausef " ‘—“or every t # k, we have

Akl'

implies AktBtj= 0 for eve

for every L e, >

that B, . A e

okPke™ ZB, A ,+ =0, so

2t7tR’
'is‘ebcontradiCtioh ecalisi 7490 ar A WA Thls proves that

every row of A has esacgly e’ s nze Smer It can be shown

‘ inVertibie elem:' and assume that A, is

ik

: i Y | 14 n 3
a unique nonzerd ; ,Theo,l O ) ,AihBhi‘
' ! » ~ h= Iv h,

51nce A e 0 for all o €3 # k. Hence A is an 1nvert1ble

1k k

~emmdﬂuﬂqwﬂﬂﬁwawﬂi

sely, assume t?at A has the propertles that every row
ﬂ“ﬁ%‘ﬁ AFHINS @ﬂ‘ﬁf@rﬂ = pcs R
~ zero e ment of A is an invertible element of S. Since every row of
A has exactly one.nonzero element, it follows that for every

s il {1 2,...,n}, there ex1sts a unlque k e {1 2,...,n} such that

ik,

k £ 0 Then each A, is an 1nvert1ble element of 5 because”every.

'hOnZefo'element of A is invertible. Since every column of A has

exactly one nonzero element, we have that Ajk = 0 for all i,j in
i o
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{1,2,...,n},3 # i. Let B be a square matrix over S defined by

S e 0, : :
B n I Claim that AB = I (= BA). Since A, = 0
1] 0 otherwise .

for all 1,8 ¢ §1:2;00-00)5 % # ki’ it Tollows that for 1,30 &8 11.2sanvunl

- . <
= = .. Then (AB)..= A, B.. .= A.. KA. =i 9
T s t§1 RitBej Aikinij e T e S e P
for every i € {1,2,...,n} ’ ’”/1 »2,-..,n} with i # j, then
= 1-e-¢g$==;' 0.
Ajk. 0, so Bk.j ; 1 b "
i i

Corollary 2.3. A

invertible if an

Proof ' It wg d: eorem 2.2 and the fact that

1 is the only inverti _ > -: rlng (N v {0},+,).

R &

#

Corollary 2.4. Let S b~;;" g of the semiring (R*v {0},+,+)

containing 0,1, A 5 is (multiplicatively)

invertible. i&"invertible if and only
_—
: . : '

ery column of A has exactly one nonzero element

_&uﬁ%ﬂﬂmiwemﬂi escicing (5,4,

is 1nvert1ble, this corollaxy is obtained by Theorem/2.2.

Q RINNIUUARIINYIAY °

Corollary 2.5

if every row and -

Let S be the semiring (@*v {0},+,

*) or the semiring

R*y {0},+,¢). Then a square matrix A over S is invertible if and

only if every row and every column of A has exactly one nonzero ele

element.

Proof. It follows directly from Corollary 2.4.
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Let S be a set of real numbers with a minimum element m and a
maximum element M. Then (S,max,min) is a commutative semiring with

~zero m and identity M. For X,y € S, if min {x,y} = m, then x = m or

y = m, and if max {x,y} = m then x

]
L

= m. Also, for x,y € S,

min {x,y} = M implies x =y

Hence by Theorem 2.2, we have the

V//

following corollary.

Corollary 2.6. Let S.be.a
and a maxlmum 'elemen(' e

(S,max,min) is inve

rs W1th a minimum element

atrix A over the semiring
a permutation matfix,
 In particulas : *lj‘fl_ A, o the semiring

([0,1] ,max,min) is igvegtible 4if ‘an _‘_vi Ais a permutatlon matrix.

'Let Stbe_a sem' L i in vhf'f", .. Since X+X = X and
f:xzé x for every x in S, it = easily seen that Svhas_the fo;lowing<

: propertles.

Ry e, et
¢ _ZZZ,; you ﬁﬂﬁ' T

“an 1nvert1b1e matrlx over a 51m11att1ce semlrlng w1th o, %

more than two

to'charaeterize

The next theorem glves a characterizatidﬁ'of an invertible
1matr1x over a semllattlce semlrlng w1th 0, 1 1n terms ofthe pos1t1ve
determlnant, negatlve determlnant and the product of any two elements

~ in the same column.
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. Th_eoz_‘ein 2.7 . Let S be a semilatticé sen{iring with 0,1 and A a sqﬁa’re‘
matrix over S. Then A is invertible if and only if det+A + det ™A = 1

and the product of any two elements of A in the same column is 0.

Proof. Let A be an nxn matrix over S.

First assume that A is an invertible matrix over S with the

inverse matrix B. By L 3t bl ;sthere exists an element r of S

such that

dett(aB) = (et ’ B)+( jki"'q-t“a)+r,'
det™(aB) = ' B).sr ]

But det'(AB) = de

‘ Frbm'thq’lgst équéi' v(dég_B)'=}(det;A)(det+B)
=r = ('):.\v',v"I“hen
"aS(det*B)}»

B) (et ‘ '-;-(t.iet'—_i&) (det™B)

%et A(det B+det B)+det A(det B+det B)

- Uﬂ’}‘i‘l“&mﬁ Wﬂ’ﬁ’ﬂ 9

whlch 1mp11eﬂ that det” A+det°ﬁ =,

ammmmmﬂmmﬂ

_whlch 1mp11es that A B Thls proves that A, B_.= 0 for all

i B o it tj
; 1,J,t e {1 2,...,n}. i # j. If 1,1 “iE {1 2,...,n}, i #£ i e then

‘.A.ijBJ.,-OandA J]-—Oforeveryteﬁ 2,...,n} t#l,so

- N NS TN e ©
1313 13713

(R, KA. .:}(BRY. . ;
85 b : )JJ

n



P o UHINUNSNINRS s+ e e

“ that A

- TR ““mnazj

15 ;
e n
= (a A0 R B Aoy
Rt Fat Jtrtj
n
= A A AP - ’
P B J Jt ?J
' n
m K, Ay, B R s 4 B &, B, A"
ETAY A t§1 6 5 Bl i e |
41
n;
i JBjt)At.
This proves that t( M. ts of ‘A in the ‘some
column is zero.
Conversely, and AIJAl = 0
L il o )
for all i,i ,j € AR'= 1 . S;nce
< x‘z,%'x Lo -évéry_’ 2 in :
3 . » , R Begc o R ‘
(aa%)  (AA7) AL . ACAK 8, ) 2 A2t 2t)...( z AntAnt)
e DR —_— t= ot =
___.__;__,__.i t)---( z A t)
..,J _ t=1
i B : £
~ W e B
t (e el1, 2,...,n} Sre s, ?tp

'£1,...,t 5{1 2,...,n}:1ti»__2 % e 9 10(1) 20(2) na(n) ;
| 59;§AA,’11(AA )zz“:f‘éA 'an” oxg A1o(1) 20(2)"' no( 2 - aet? Avdet A = B

Thus'(AAT)ii= 1 for“eyery 1 {1;2,;..,n}; If i,j_s'{1;23..,,n};i e e

. YA ‘ P
ho = ] y L e e e : o B A
then AitAjt 0 for every te $1,2, 540 and hence (AA") t§1 ltAjt

009228

i B214704



 two elements of A
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= 0- #
If A is a square matrix over a comutétive semiring with 0,1,
then det’a = det* AT and det™A = det “a¥ » and A is invertible if and only

if AT is invertible. From these facts, the following éo:ollary is

clearly obtained.

Corollary 2.8. Let S

/miriﬁg with 0,1 and A a square

- _,J_ : PR 3
matrix over S. Then" ave ib]qo,nly if det'A + det A = 1

and the product of 3

ts the same row is 0.

\ \ matrlx over a semllattlce

semiring with 0,1 i ) : “\u O any two elements 1n the

\u‘ each row. :

‘Theorem 2.9, Let S be a J "miri‘ng with 0,1 and A a squaré.-» :
matrix over S. en A is inve ble Aly if the product of any
e sum cf all elements .

of A in eaeh row

_o@ w 3 %In&lx‘iﬂ«@w &L’]sﬂ 9

3 Flrst assume A is inyertible. ,Then by Theoxem T Al A & % B
JQW'] B A 3 113&’1’3 3%1'%&3;1 1 vhich imply
that bt ) , : o “ :
».n Bh? 3 h_- : : o ; v
_<t§1A1t?(t§1A2t)‘.i; : (t§1A.nt) 2 LIEREE .tn_§{1 4L éean ,n}-A1€1A2t2" .“.Antn‘

i 9 10(1) 20(2) ; no(n)

det™a 4+ dat™s

=1 .



)

: n o R
“Hence I K, = f for all i € 11,2, 50}k
1t : !
t=1 . .
Conversély, assume Aijai'j= 0 for all i,i',j € {1,2,...,n},
n =
if£i“and LA, =1 for every i € {1,2,...,n}. Then
‘ ; t=1 it .
n n n

t=1 t=1 t=1

By Theorem 2.7, A i

Corollary 2.10 : \“>:hg,With‘O!1fand'A a
. ' 5 ‘ 3 : : L
~ square matrix over S. Then4A'is 3 tible if and only if the product

f“;-ﬁ- g "J

of any two elements of A -Q_is O_and thenSum,of»a11
elements of A in“ea

: Prodf I8 1 Theorem 2.9 and the fact that
: : ST e g x :w 1
'_A is 1nvert1ble if é?d only if AT 1s 1nvert1ble.

ﬂuﬂawﬂwswawnﬁ
ammnimumfmmaﬂ
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