CHAPTER I
PRELIMINARIES
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A tr:.ple (S,+,') 1s called a semlrlng if
; ., (i) (S,+) is a semlgroup, ‘
b( 11) (S »*) is a semlgroup,
(1ii) x-(y+z) = X'y + Xez and' (y+z)ex _=_=‘y'-xr + Zox . for all

X»YsZ € S.



If (S,+,°) is a semiring, the operations +'ahd * are usually called

the addition and the multiplication of the semiring (S,+,*), respec-

‘tively. A semiring (S,+,*) is said to be additively [multiplicatively]
commutative if (S,+) [(S,+)] is a commutative semigroup, and it is said
to be commutative if it is beth additively commutative and multiplica-

tively commutative.

An element 0 of S.is ca lle%f the semiring S if x+0 =
04x = x and x°0 = 0 21 ery e €"Su-. An element 1 of S is called

= x for every x € S. An |
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X,y €S are”such tha Y ;‘ - = yex = 1}; then'y is called

an addltlve [multlpllc_ ‘ ers -f'xa If the semiring S has
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1dent1ty 1, an,
tlble iE x has a= : : } - If the semlrlng S has

a zero 0 then a nonzero element x e S is ca 1led a zero d1v1sor of

the semmﬁ uﬁqﬂﬁﬂﬁwg ﬂeﬂlﬁy e S such that

Xy = Then a semlrlng S with zero has no zero d1v1sors if and
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: L we say that S is a semlrlng with 0 [w1th 1},‘we mean S is a
a'semiring haVing 0 [1] as‘its zero [1dent1ty}. If a,semlrlng S,has
a zero 0 and an 1dent1ty 1, then 0. 1 1f and only'lf lsl = 1 where
Ist denotes the cardlnallty of - e if we say that S is a semiring

: Qith:0;1 we‘aiwaysmean S iS‘Q semiringehaying 0 and 1 as a zero‘and

an idehtity, respectively, and 0 # 1.



A semixing'(s,+,°) is/célled'a regular éemiring if (S,+) and

(S, *) are regular semigroups. Also, a semiring (S,+,*) is called a

semilattice semiring if (S,+) and (S, +) are semilattices.

A Boolean algebra is a triple (B,+;‘) such that

(1)  (B,+) andb(B,') ere'commutatiVe semigroups,
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(iii) thefe xist » el ments i,';i 1 of B such that 0 # 1,

(ii) a<(b+c) = = (a+b)+(a+c) for all

a,b,c E B,
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ZekiSts'an‘element g n;‘—-gfﬁg_m;r . 1 and a+4 = 0.

: %nlrlng and n is a pos:Lt:Lve, :
1nteger, let M. (S)‘be the set of all nxn matrices over S, ‘so M (S) is

a semrouﬂw’m&kmawm g

be an addltlvgly commutative semlrln nd n a p051t1ve
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denot the element of. the matrix A in the ith row and Jth column,
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For A € Mn(s); AT_denotes the transpose of A. Thea,,(AT)T = A for
every A € Mn(S). And, if S is a commutative semiring, then for

_ DI,
A,Be M (S), (aB)T = B'A".

It is known that if R is a ring and n is a positive integer,

then the matrix semigroup M‘(R) is regular if and only if R is a

‘ :reg_uiar; ring [3, Theorem 24 ’/ In particular, any'matrrixn-

51t1ve integer is always

regular.

If n is > 2, letd  denote the

permuta;ion‘gro degree n, let 44 denote

{d € 5 l ¢ is an

ng and n a p031t1ve 1nteger such

that n 2 2;.,E4f:v' M 15)5 the ye dete rmlnant of A det™ A, and,b
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det'A = _2£ 0“.& 20(2)-°f no(n 10(1) 20(2)"' no(n)
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Then det'ngs det (A7) and det

;:J 'n‘ed by

),detA—_-Z A

e M (S). For
n

is a: 1%1.

w E

matrfk over S, let det’A be the element of A and det A = 0. Therefore,

: If'R is_a commutative ring and A is a quare matr;x OVef R, then the

determinant of A, det A, is det'A - det’A.

Let S be an additively commutative semiring with 0,1 and n a
positive integer. Let In denote the nxn identity matrix over S@ Then

In is the identity of the matrix semigroup Mn(S); For A € M (S), A is
, n



if and only if dety )

_of Chapter 5].

" then forvany ’Av,B €

called a permutation matrix over S if every element of A is either 0
or 1 and evéry row and e{rery column of A has exactly one element which

is 1. For A € Mn(s), A is called an invertible matrix over S if AB =

BA =1 for some Be M (S).
n n

We know from the theory of matrices over a field that a square

matrix A over a field is invemt and only if detA # 0. The

i ﬁeralization of this result
that a square matrix . omrl‘tam with 1dent1ty is invertible

theory of matrices ove

3 of the ring R [2 Theorem 4
Reutenauer Lemma 1] that if s is
a’¢o_uu_nutative’semiri 1ve integer and N 32

" ement r ¢ S such that
: det+(AB) = {de: o _ € +(det™A) (det™B)+r,

“A)(det’B)+r,
-
and then they proved an eorém concerning invertible

e semiring with 0,1

:nd n is a pﬁ;ﬂaﬁﬂ Wﬁw M'ﬂ)‘jAB = I implies

orem
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natural numbers (the set of all positive integers), the set of all

matrices which sta s that if 5 ié a commutat

positive rational numbers and the set of all positive real numbers,

respectively.
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