aal oa [ dl o o ¥ o o 02’ dlgj R aa
Qﬁﬂ’]L@‘ﬂ‘i‘ﬂu1ﬂﬁl‘ﬂLu‘ﬂ<lLLUUﬂﬁ“Llﬁlqblﬂ@’]ﬂﬁ?u@ﬂﬂ’]?u’]muﬂuﬂﬂﬂ

PNAIEAN WIARIIUAY

31/1mﬁwuﬁﬁﬂudqwfiwmmiﬁm:mmwﬁﬂzﬂmlﬁfyfyﬁmmmm AINULTUT
AT AR ANAATLTEYNARATANENITATULN
NIANTNATIAANAATLAYINEINITABN NIRRT
ANYANENAIERT  AWNAINTINMINENAE
fnnsAnen 2554

-

A1ANTVRI9AINIINMNIN Y

unAndauazuindeyaariuifinaasdnenfinussausdnisdnm 2554 AluEnnsluadsloyauiqing (CUIR)
Wuusdayaresddnidnaednednusideiumiaingsningas
The abstract and full text of theses from the academic year 2011 in Chulalongkorn University Intellectual Repository(CUIR)
are the thesis authors' files submitted through the Graduate School.



ADAPTIVE DISCONTINUOUS GALERKIN METHOD FOR ONE-DIMENSIONAL
SHALLOW WATER EQUATIONS

Miss Thida Pongsanguansin

A Thesis Submitted in Partial Fulfillment of the Requirements
for the Degree of Master of Science Program in Applied Mathematics
and Computational Science
Department of Mathematics and Computer Science
Faculty of Science
Chulalongkorn University
Academic Year 2011

Copyright of Chulalongkorn University



Thesis Title Adaptive Discontinuous Galerkin Method for One-Dimensional
Shallow Water Equations

By Miss. Thida Pongsanguansin

Field of Study Applied Mathematics and Computational Science

Thesis Advisor Khamron Mekchay, Ph.D.

Thesis Co-advisor  Assistant Professor Montri Maleewong, Ph.D.

Accepted by the Faculty of Science, Chulalongkorn University in Partial
Fulfillment of the Requirements for the Master’s Degree

....................................... Dean of the Faculty of Science

(Professor Supot Hannongbua, Dr.rer.nat.)

THESIS COMMITTEE

....................................... Chairman

(Associate Professor Pornchai Satravaha , Ph.D.)

....................................... Thesis Advisor

....................................... Thesis Co-advisor

(Assistant Professor Montri Maleewong, Ph.D. )

....................................... Examiner

(Assistant Professor Vimolrat Ngamaramvaranggul, Ph.D.)

....................................... Examiner

....................................... External Examiner

(Puntip Toghaw, Ph.D.)



a 4 a ax Ia [ A v W Y o [ %,' j’ &
A1 WIATIUAU ‘ﬁﬂ1LaE)'iﬂulliJG]’E]Lu’ENLHJU‘JJﬁJG]’J]lﬂﬁﬁ/TiUﬁ’llﬂﬁ'l.lW]u‘ViuQ
1a. (ADAPTIVE DISCONTINUOUS GALERKIN METHOD FOR ONE-
DIMENSIONAL SHALLOW WATER EQUATIONS) 8.7115a¥3neniinusnan :

o A a a J ~ = r{ Y
AT. AMTU LUNRY, ’E].VIT.I%T‘IHTJT]?HHWHTJ?’J?J THAL AT, WUAT WA NA, 64 YU,

a a o’dy o0 Aax Ja [N A 9
Tuaneninusi Lsmnﬁmmmﬂu'lm@!,u@mﬂ%mwamaﬂiﬂﬂﬂizmmmmﬁumi
) %‘ Ay * aa A A a A Qddy o [ ] @ 9
HOANATULAZ AUMTUIAUKHINA uazmemulseansnInuoaIsil LﬁWl!'lWﬁﬂﬂ'lﬁﬂﬁUﬂ']ulﬂ
Yy 1 v [ a A . Y v W
ﬁﬂ\“ll!‘]J‘lliJ'lGlflafmlﬂL!ﬂ Waﬂﬂ’lﬁﬂiﬂ@ni@ﬂﬂﬂiWﬂu’lM (p-adaptlve) uazwaﬂmiﬂiumﬁummm
P . P RN Ay v A "o X
59 (h-adaptwe) i]ﬂﬂ53ﬁ\iﬂﬁﬁﬂLWE]‘V]'ISl,‘ViW'ﬁﬁlﬁfJ‘V]]lﬂFl]1ﬂﬂ'li‘]Jf!'giJ'lmiJﬂ'J'liJlliJufﬂﬂJWﬂeUu

g’/ A o L c’ti'd é = [ Y 1Y 9
TuvunounsmUsnus lunan L“]fﬁa“V]‘JJﬂﬂ]uﬁ']"“If\‘]ﬂ'lﬁ11ﬂTﬁ‘l]ﬁ‘]Jﬁ'JﬁnJ’]Sﬂﬁnﬂﬁﬂﬁﬁ?‘ﬂ‘ﬂﬂulﬂ

De

(3 1 Aa

9 a 1 Aa J 4 J9 ¥ o
ﬂ'ﬁﬂ@nﬂﬁ“h’ﬂ')’lﬂﬂ@‘wa'lﬂﬁ@\‘l‘]fuﬂﬁ@ ANNUAANAIALAZAUNTIATUA Lﬁ1ﬂ5$§ﬂ@]1‘]§°ﬂﬁﬂﬂ1i

P v v y ¥ vy ¥ v
ﬂiﬂﬁﬁﬁlﬁﬂWTNﬁLﬂ’dEJGIIE]\11/]\1ﬁ'iJfﬂiLL’E)ﬂ!ﬂﬂ%ul!ﬁ%ﬁhﬂTiuTﬁuNTﬂi@Tu TﬂﬂﬁMﬂTiHTauuu

y ¥

o ¥ {9 ) o ! A { v
i lunsainaumeinilenuazudis taza1150031990  shock Madsunlidld lae

] [ o s A YA [ v A 4
nanmsdsuarvuiavessan wWol¥ds HLL lumsdszanamvesnansnvevvousas

MA  adaedas uay aedloyotiaen
Inmanouines
a a 4 4 A d' d‘ a a 4 [
a1 adlamdeildizgnd uaz  aeileye o MfSnunaneniinusvan
INPIMIAUUN Aeile¥e 0. M5 nEINeTINUTI N

Umsdnu1 2554



##5272342023 : MAJOR APPLIED MATHEMATICS AND COMPUTATIONAL
SCIENCE

KEYWORDS : ADAPTIVE DISCONTINUOUS GALERKIN METHOD /
SHALLOW WATER EQUATIONS

THIDA PONGSANGUANSIN : ADAPTIVE DISCONTINUOUS
GALERKIN METHOD FOR ONE-DIMENSIONAL SHALLOW WATER
EQUATIONS. THESIS ADVISOR : KHAMRON MEKCHAY, Ph.D.
THESIS COADVISOR : ASSISTANT PROFESSOR MONTRI
MALEEWONG, 64 pp.

The Discontinuous Galerkin (DG) method for solving the one-dimensional
advection equation and shallow water equations are presented in this thesis. To
improve the efficiency of this method, two types of adaptive technique are employed.
These are the adaptive polynomial (p-adaptive) and the adaptive mesh (h-adaptive).
The main purpose is to improve the accuracy of numerical solution during time
integration process. Troubled cells needed to be refined are detected by two types of
indicators, which are error and gradient indicators. The present schemes have been
applied for solving the advection equation and the standard shallow water equations
for both wet bed and dry bed. The moving shock can be detected correctly by the
adaptive mesh criteria when the HLL flux approximation is employed at the interface

of cell volume.

Field of Study : Applied Mathematics and .~ Advisor’s Signature

Computational Science Co-advisor’s Signature



vi

ACKNOWLEDGEMENTS

First of all, I am deeply indebted to my thesis advisor, Khamron Mekchay,
Ph.D. and thesis co-advisor, Assisitant Professor Montri Maleewong, Ph.D. for
their willingness to sacrifice to support, suggest and advice this thesis, and more-
over, they always encourage me in this thesis work. I also would like to sin-
cere thank the dissertation committee, Associate Professor Pornchai Satravaha,
Ph.D., Assistant Professor Vimolrat Ngamaramvaranggul, Ph.D., Petarpa Boon-
serm, Ph.D. and Puntip Toghaw, Ph.D., for their insightful suggestion on my work.
Sincere thank is also extended to all teachers who have taught me. Moreover, I
would like to thank my friends for encourage me during this thesis work and thank
the Science Achivement Scholarship Thailand (SAST) for the financial support
since I was in undergraduate student.

Finally, I am very grateful to my family, for their love, encouragement and
support. They are the most important persons in my life. Especially, I would like
to express my deep gratitude to my parents for always taking care of me and giving

me many useful advices. I feel very glad and pround to be their daughter.



CONTENTS

page
ABSTRACT IN THATL ..o iv
ABSTRACT IN ENGLISH .. ..o v
ACKNOWLEDGEMENTS ... vi
CONTEN TS vii
LIST OF TABLES ... e ix
LIST OF FIGURES ... xi
CHAPTER
I INTRODUCTION .. e 1
II DERIVATION OF SHALLOW WATER EQUATIONS ..................... 4
2.1 Conservation Laws ... ... 4
2.2 Derivation of shallow water equations...................... ... ... ..... )
2.3 Conservation of Mass . ... ...ttt 6
2.4 Conservation of momentume. .............. ... i 7
I[IT NUMERICAL METHOD ... e 11
3.1 The Discontinuous Galerkin (DG) scheme for the one-dimensional
scalar conservation law ... i 11
3.1.1 Convergence analysis of linear case ............................... 13
3.1.2 Numerical ux ... ...t 14
3.1.3 Total Variation Diminishing Runge Kutta (TVD-RK) ............ 14
3.1.4 The MUSCL slope limiter ........... ... ... ... .o oot 16
3.2 Discontinuous Galerkin method for the one-dimensional shallow water
EQUALIONS &« oot 17
3.2.1 Numerical flux ...... .. 19
3.2.2 The TVD-RK time discretization and slope limiter for the SWE . 20
IV ADAPTIVE METHOD ... 21
4.1 Indicators . ... 21

4.2 Adaptive polynomial for RKDG method (p-adaptive) ................. 22



4.3 Adaptive mesh for RKDG method (h-adaptive) ....................... 24

V NUMERICAL RESULTS AND DISCUSSIONS ... ... 27

5.1 Advection Equation ........ .. ... . 27

5.1.1 RKDG method without adaptive criteria for advection equation . 28

5.1.2 Adaptive polynomial RKDG method for advection equation ...... 32

5.1.3 Adaptive mesh RKDG method for advection equation ........... 38

5.2 Shallow Water Equations ........ ... .. .. .. . i 45
5.2.1 RKDG method without adaptive mesh criteria for shallow water

EQUALIONL . ..ottt 46

5.2.2 Adaptive mesh RKDG method for the shallow water equation ... 49

VI CONCLUSIONS o 61

REFERENCES .. i e e e 62



LIST OF TABLES

TABLE
5.1 The RMS errors and rate of cenvergences when using the RKDG

method for N =1, 2, and 3, and using K = 20, 40, 80, and 160 .....

5.2 The RMS errors for RKDG method using N =1, 2, and 3 and

K =20, 40, 80, and 160 ... ..o or et

5.3 The RMS errors using error indicator with K = 100 cells and for

some values of Oy and Oy ...

5.4  The RMS errors when using the gradient indicator with K = 100

cells for some values of 0y and Oy ... ... ..

5.5 The RMS error when using error indicator with K=100, N=1 for

some values of 07 and Os . ...

5.6  The RMS error when using error indicator with K=100, N=2 for

some values of Oy and @y ...

5.7 The RMS error when using gradient indicator with K=100, N=1

for some values of 07 and Oy .o

5.8 The RMS error when using gradient indicator with K = 100 cells,

polynomial degree N = 2 for some values of 67 and 65 ...............

5.9  Some values of hy, us and V when a is given ........................

5.10 The RMS errors using N =1 and N = 2 with K = 50, 100, and

200 for the wet bed case .........

5.11 The RMS error using N =1 and N = 2 with K = 25,50, and

100 for the dry bed case ........ .. ..o i

5.12 The RMS error using N =1 and N = 2 with K = 50, 100, and 200
and (61, 05) = (0.005,0.0025) for the wet bed case, error indicator

is applied . ...

5.13 The RMS error using N =1 and N = 2 with K = 50, 100, and 200
(61,602) = (0.005,0.0025) for the wet bed problem, gradient indicator

is applied .. ...

page



5.14 The RMS error using N =1 and N = 2 with K = 25,50, and 100

and (61, 02) = (0.005,0.0025) for the dry bed case, error indicator
is applied

5.15 The RMS error using N =1 and N = 2 with K = 25,50, and 100,

(61,602) = (0.005,0.0025) for the dry bed problem, gradient indicator
is applied



LIST OF FIGURES

FIGURE

2.1  One-dimensional control volume ......... ... .

5.1 The comparison between the exact solution and the approximate

solution obtained by the RKDG method at the final time 7" =1

when N =2 and K = 160 .. ...

5.2 The log-log between the RMS errors and cell sizes for fix N = 1,2,

5.3  The comparison between the exact solution and the approximate

solution at the final time T"=1 when N =1 and K =160 ...........

5.4  The comparison of the exact solution and the numerical solution at

the final time T" = 1 using error indicator ............................

5.5 The x —t plot shows adaptive polynomial method from degree 1 to

degree 3 ... e

5.6  The relasionship between log(RMS error) and log(K) for various

values of 0; and 6, when mindeg=1 and maxdeg = 3, error indicator

is applied. Number of cells are K = 50, 100, and 200 ................

5.7 The comparison of the exact solution with the numerical solution at

the final time 7" = 1, using gradient indicator ........................

5.8 The x —t plot shows adaptive polynomial cells from degree 1 to

degree 3 ..

5.9 The relasionship between log(RMS error) and log(K) for various

values of 8; and 6, when mindeg = 1 and maxdeg = 3, gradient

indicator is applied. Number of cells are K = 50, 100, and 200 ......

5.10 The comparisons between the exact solution (dot line) and the
numerical solution (solid line) at the final time 7" = 1, using error
indicator in the adaptive mesh method for four cases of mazlev:

mazlev = 1 (top-left), maxlev = 2 (top-right), mazlev =3

(bottom left), and maxlev = 4 (bottom-right) .......................



5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

5.19

5.20

5.21

xii

The relasionship between RMS error and (6, 6,) when using N = 1

as basis function. Error indicator is applied where K =100 ............ 40
The relasionship between RMS error and (6, 62) when using N = 2

as basis function. Error indicator is applied where K =100 ............ 41
The comparisons between the exact solution (dot line) and the

numerical solution (solid line) at the final time 7" = 1, using gradient
indicator in the adaptive mesh method for four cases of maxlev:

mazlev = 1 (top-left), maxlev = 2 (top-right), mazlev =3

(bottom left), and mazlev = 4 (bottom-right) .......................... 42
The adaptive area for N =1, K = 100, (6y,62) = (0.1,0.05)
(top) and (6, 60) = (0.025,0.01)(bottom) with gradient indicator ....... 44

The comparison between the exact solution and the numerical solution

at final time 7" =1 using N = 1 and K = 200 for the wet bed case ..... A7
The comparison between the exact solution and the numerical solution

at the final time T"=1 using N = 1 and K = 100 for wet bed case ..... 48
The comparisons between the exact solution (solid line) and the
approximate solution (dot line) for the wet bed at the final time 7" = 1,
using error indicator in the adaptive mesh method for two cases of

mazxlev: mazlev =1 (top) and maxlev = 2 (bottom) ................... 50
The adaptive area for N = 1, K =100, (64,62) = (0.005,0.0025) for
maxlev =1 (top) and mazlev = 2 (bottom) using error indicator ....... 51
The comparisons between the exact solution(solid line) and the

numerical solution(dot line) for the wet bed problem at the final time

T =1, using the gradient indicator in the adaptive mesh method

for two cases of mazlev: mazxlev =1 (top) and maxlev = 2 (bottom) .. 52
The adaptive area for N = 1, K = 100, and (6;,62) = (0.005, 0.0025)

for mazlev = 1 (top) and mazxlev = 2 (bottom), when the gradient
indicator is applied ......... .. 53
The comparisons between the exact solution (solid line) and the
approximate solution (dot line) for the dry bed problem at the

final time 7" = 1, using error indicator in the adaptive mesh method



xiil

for two cases of mazxlev: mazlev =1 (top) and maxlev = 2 (bottom) .. 55
5.22 The adaptive area for N =1, K = 100, and (6, 65) = (0.005, 0.0025) for

maxlev =1 (top) and mazlev = 2 (bottom) for error indicator ......... 56
5.23 The comparisons between the exact solution (solid line) and the

numerical solution (dot line) for dry bed problem at the final time

T =1, using gradient indicator in the adaptive mesh method for

two cases of maxlev: mazlev =1 (top) and maxlev = 2 (bottom) ...... 58
5.24 The adaptive area for N = 1, K = 100, and (6;,62) = (0.005, 0.0025)

for maxlev =1 (top) and maxlev = 2 (bottom) with the gradient

indicator is applied ...... ... 59



CHAPTER I
INTRODUCTION

Many real flow problems such as transport flows or shallow water flows, for exam-
ples, can be expressed in the form of conservation laws. These systems are usually
represented as hyperbolic partial differential equations. There are numerous nu-
merical methods, for instance, the finite difference method (FDM) [1], the finite
element method (FEM) [18], the finite volume method (FVM) [10, 16], or recently,
the discontinuous Galerkin method (DG) [13, 15| for solving these systems. By
the FDM, A. Harten and H. Tal-Ezer [1] presented a family of two-level five-point
implicit schemes to solve the one-dimensional systems of hyperbolic conservation
laws, which generalized the Crank-Nicholson scheme to the fourth order accuracy
in both space and time. For the finite element method, Z. Xu et. al [18] applied the
h-adaptive streamline diffusion finite element method with a small mesh-dependent
artificial viscosity to solve nonlinear hyperbolic conservation equations. By apply-
ing the finite volume method, G. Manzini [10] developed the cell-centered upwind
differences to solve the one-dimensional linear conservation laws with stiff reaction
source terms. More details of the FVM can be found in Leveque, [16].
Conservation laws is an important class of homogeneous hyperbolic equation.
The simplest case is when we have constant coefficients in one dimension, namely
a scalar problem, in this case the equation is called the advection equation. Advec-
tion equation is an example of equation in conservative form that has various kinds
of behaviors. For example, a weak solution can be in the form of a shock wave,
namely, a solution that has a sharp gradient. For the case of system of equations,
the shallow water equations are also in conservation forms which can be used to
model many problems in real world such as dam break, tsunami, flood, etc. These
equations can be derived from the conservation of mass and the conservation of

momentum. We will give details of conservation laws and derivation of the shallow



water equations in Chapter II.

The finite element method can be used to solve these equations but the scheme
has some limitations. We require to use very large number of nodes (for higher
polynomial degrees or smaller mesh sizes) in order to obtain high accuracy solution,
causing to use very massive computational time. In addition, this method usually
does not preserve conservation property. However, the finite volume method is
represented in conservation form, but generally only provide just second order
of accuracy. Also increasing the order of approximation in each cell volume is
difficult. The Discontinuous Garlenkin (DG) method combining the FEM and
FVM concepts, is then introduced to solve such the problem. The approximate
solutions in any two cell volumes in the DG method need not to be equal at cell
interface. The accuracy of approximate solutions depend on type of basis in each
cell volume. Generally the polynomial basis is applied, so, the order of approximate
solution is depend directly on the order of polynomial basis. The approximation in
time derivative can be performed by the total variation diminishing Runge-Kutta
(TVD-RK) method. Adjustment of the usual DG method to the Runge-Kutta
discontinuous Galerkin (RKDG) method was first introduced by B. Cockburn,
C.W. Shu [2, 3]. This method is employed to enforce the stability and convergence
of numerical solution in time. The details of DG method for one dimensional
scalar conservation laws [13, 15] and shallow water equations [6, 15| are discussed
in Chapter III. The RKDG method has several advantages. It can be used to
handle complex geometries, and also adaptivity strategies are easily applied since
grid refinement can be done without taking into account the continuity condition
that is typically required by most conforming finite element methods. Moreover,
the degree of approximating polynomials can be adjusted locally, which allows an
efficient polynomial adaptivity in each cell volume with totally independenceaa
of its neighbors. Since we want to improve the accuracy of numerical solutions,
especially locally in the sharp gradient area in the computational domain, we
present two strategies that can overcome these issues, the adaptive polynomial
degree, |9], and the adaptive mesh, [11], described in Chapter IV. We apply these

two concepts and construct algorithms for the adaptive strategies employing two



types of indicators, the error and gradient indicators, for detecting troubled cells
in the computational domain during time marching. For our preliminary work,
we employ this presented method for the one-dimensional advection equation to
observe the reliability and efficiency of the presented algorithms, and then apply
these strategies to solve the one-dimensional shallow water equations. Note that
for shallow water equations, we only apply adaptive mesh criteria. The numerical
results of the advection equation and the shallow water equations from various

techniques are presented in Chapter V. Finally, conclusions are given in Chapter

VL



CHAPTER II
DERIVATION OF SHALLOW WATER EQUATIONS

The shallow water equations (SWE, also called Saint Venant equations) are con-
sidered as system of hyperbolic partial differential equations that describe the
flow below a pressure surface of a fluid. These equations are simplified from the
Navier—Stokes equations, in the case where the horizontal length scale is much
greater than the vertical length scale. In this thesis, we assumed that the flow is
strictly one-dimensional and can be derived from the basic principles of conser-
vation of mass and momentum. In this chapter, the conservation laws are first

presented, and the derivation of the shallow water equations are shown later.

2.1 Conservation Laws

In these thesis, we consider hyperbolic equation of conservation laws, represented
in the time dependent problem. In one dimensional case the equation takes the

form

0 0

where U is an m-dimensional vector of conserved quantities (or state variables),
such as mass, momentum, or energy, in a fluid dynamic problem, F' (U) is an
m-~dimensional vector called the flux function.

To solve equation (2.1), some initial conditions and possibly boundary condi-
tions on a bounded domain must be specified. The simplest case is the pure initial
value problem, called the Cauchy problem, in which (2.1) holds for —co < x < o0

and t > 0. We set the initial conditions as

U(z,0)=Uy(z), —oo<z< o00.



We also assumed the hyperbolic assumption on F' (U), namely, for each value
of U the eigenvalues of the m x m Jocobain matrix F’ (U) of the flux function
are real, and the matrix is diagolizable, i.e., there is a complete set of m linearly
independent eigenvectors.

The advection equation

ou o
ot Cax

is an example of equation in conservation form (2.1), this equation is a scalar

=0

equation in which m = 1 where U = u (z,t) and F (U) = cu where ¢ constant.
It is well-known that the solution from this equation has the same shape as the
initial condition, and it advects along the horizontal direction with speed c. For
example, if the initial condition has a shock (a singularity or discontinuity solution
at a point of z), then the resulting solution will have a shock advects with speed

c. Another system in conservation form is the shallow water equations

oh  Oq

SR D
Og—Z0PPNGI
8t+8x(h+2 =

The system is in conservation form in which m = 2, where

h q
U= | NG (DR . 2.2
q () ¢*/h+gh*/2 22

The derivation of these equations are given below.

2.2 Derivation of shallow water equations

The SWE can be derived from the basic principles of conservation of mass and
momentum subject to the following assumptions:
1) The fluid is assumed to be incompressible and inviscid.

2) The fluid is nonturbulence flow.



3) The pressure distribution is hydrostatic.
The derivation of the conservation of mass and momentum for open-chanel
flow can be obtained from a consideration of the one-dimensional control volume

as shown in the following figure.

PR Sl

NS L7 g

X x+/x

Figure 2.1: One-dimensional control volume

2.3 Conservation of mass

The principle of conservation of mass states

The rate of mass =| Mass flux entering |-| Mass flux leaving

increase within the the control volume the control volume

control volume

Assume that the fluid is incompressible (the density of fluid p is constant). We
denote the fliud depth and flow velocity in the z-direction by h (x,t) and u (x,t)
respectively.

The mass flux entering the control volume at (z,t) is

phu. (2.3)

The mass flux leaving the control volume at (z + Ax,t) is



0
phu + Ax—

Then, the net rate of mass flux

)
hu — | phu + Az— (ph
phu — | phu + wax(pU)

hu) .
5y (Phu)
entering the control volume is

= —Amﬁ

5 (Phu)-

The rate of mass increase within the control volume is

Axﬁ

5 (Ph).

(2.4)

(2.6)

From (2.5) and (2.6) with the law of conservation of mass, the equation yields

(2.7)

(2.8)

(2.9)

0] o)
Ar— = —Ar— :
257 (ph) = —Av=(phu)

Assuming that p is constant and dividing both sides of the equation by pAx, we
obtain

oh 0]

Tty PAGOR
or

oh 0

N S O (hu) —

Equation 2.9 is the conservation of mass equation in the one-dimensional shallow

water equations.

2.4 Conservation of momentum

The principle of conservation of momentum states that

The rate of change of

momentum in the control

volume

The net rate of momentum

flux entering the control

volume

+

Sum of force
acting on the

control volume




The rate of momentum entering the control volume at (x,t) is the product of

the mass flow rate and the velocity, i.e.,

puh, (2.10)

and the momentum leaving the control volume at (x + Az, t) is

puh + Axﬁ
Ox

Then, the net rate at which momentum enters the control volume is

(puh) . (2.11)

2, | 2 B\ /4 A0
pu“h — | pu“h + Axam (pu h) = Ax@a: (pu h) : (2.12)

The forces acting on the control volume are as follows:
(1) The gravity force.
The body force due to the gravity is the weight of the fluid within the control

volume acting in the direction of z-axis,

F, = pghAzS;, (2.13)

where ¢ is the acceleration due to gravity, and Sy = sin 8 is the bed slope, which 6
is the angle between the bottom and the x-axis along the channel. For small bed

slope , sinf =~ 6.

(2) The hydrostatic pressure force.

The pressure force on vertical section of unit width and water depth h at (z,t) is

h
1
Fpla = / pg (h—y)dy = §pgh2~ (2.14)
0

The pressure force on vertical section of unit width and water depth h at (z + Ax, t)
is

1 0 (1
Fplotas = §P9h2 + AIE% <§P9h2> : (2.15)

The net of pressure force on two vertical side to the z-direction is



1 1
Epgh2 - [§pgh2 + A:L'2 (

1 Ax 0 9
- === . 2.1
o2 | 5P9h )} o (pal”) (2.16)

2 2
(3) The frictional force.
The frictional force which is assumed to act on the bottom and the sides of the

channel is given by

Fy = pghAxSy, (2.17)

where Sy is the friction slope. The term S; can be estimated by an empirical
formulae, and in this work, we employed the Manning resistance law represented

by

n?uh |uh|
where n is the Manning roughness coefficient.
The rate of change of the momentum in the control volume is
Ax s (puh) (2.19)
— (puh) . .
ot

Combining (2.12), (2.13), (2.14), (2.17) and (2.19), with the law of conservation of

momentum, the equation yields

0 (ph?)
or

A:Uﬁ (puh) = —A.Tﬁ (pu’h) + ghpAz (Sy — Sy) — gAx (2.20)

ot ox

Assuming that p is constant and dividing both sides of the equation by pAx, we

obtain

0 0 g Oh?
— (uh) = —— (u?h h — —Z 2.21
and can be rewrited as
0 0

h2
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Since the quantity hu is often call the discharge ¢, measuring the flow rate of water

at a certain point in space, then (2.9) and (2.22) can be rewrited as

oh  Oq

e + oz 0, (2.23)
dq 0 (¢ | gh*\ _
E—F%(E—FT = gh (S — S¢), (2.24)

which give the shallow water equations.

The system in the conservation form (2.1) is obtained by setting source term

0
S(U) = =0, 2.25
(U) o (So—57) (2.25)

and

U= B (U) = . (2.26)



CHAPTER III
NUMERICAL METHOD

In this chapter, we presented the Discontinuous Galerkin method for solving the

one-dimensional scalar conservation law and the shallow water equations.

3.1 The Discontinuous Galerkin (DG) scheme for the one-

dimensional scalar conservation law

The one-dimensional scalar conservation law is in the form

uy + f (w), =0, (3.1)

w(z,0) = ug (), (3.2)

where x € (a,b) and t € (0,T), for some fixed 7.
In this thesis, we considered the advection equation which is also in the conserva-
tion form, where f (u) = cu and ¢ is a constant.

First we partition the domain (a,b) into K subintervals, and denoted the j-th
cell by I; = |:£L'j_1/2, xj+1/2] , 7 =1,... K with the grid size A; = Tjpl =T 1 and

and z. 1 are the left and

the cell center is z; = (xj% +x;_ >/2 , where x; i1

1 1
3 3

the right boundaries of the cell, respectively.
Approximating the solution u by uy, in the finite dimensional space V¥ defined

by

VhN:{UGLl(Ovl):UhjEPN(]j)wj:L'"K}’ (3'3)

where PV (I;) denotes the space of polynomials of degree at most N on [;, and

L' (0,1) is the space of integrable functions on [0, 1]
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Multiplying (3.1) and (3.2) by a test function vy, () € PV (I;) € V;N|;, and

using the integration by parts over I;, we obtain (weak form),

=0, (3.4)

1
2

/1 (Byup) vpdz — /1 f (un) Opvda + [f (un) val 1 — [f (un) vnl;_

J

/Ivu(x,O)v(x)da::/Ivuo(x)v(x)dx, j=1,... K. (3.5)

The flux function f can be approximated using numerical flux f that depends

on the two values of uj at the interfaces ;.1 by

VI -
Froy = F (il ol ) o+ )

The notations uh|;:|:l and uh{;;l are the approximate solution from the left and
2 2

— f (wl_y wlt, ) (3.6)

=7
2 J—3

right of the boundaries j :I:% of the j-th cell, respectively. By choosing the Legendre

polynomials P,,, defined on [—1,1] as the local basis functions, the approximate

solution u;, can be written as

up, (z,1) |I]' o Z UT () om () (3.7)

where uJ () is the coefficient function of ¢, and ¢, () is the Legendre polynomial

defined by

om () = Py, <2(xT—]x])) . (3.8)

As in the standard Galerkin method, we choose the test functions v, (z) to
be the same as the basis functions, i.e., vy, (z) = {@ ()}, Some important

properties of the Legendre’s polynomial are

1

/Pm (6) Py (€) de =

-1

2

21——|—16ml s (39)

where
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fzw, Ot = b m:l, (3.10)
J 0, m=#I
and
P(-1)=(-1", 1) =1. (3.11)

The weak forms (3.4) and (3.5) are then simplified to a semidiscrete ODE,

du} (t) 20+1 20 + 1 A R
; - ' 1 — f.1
2= 2 a0 <)
20+ 1
ué (0) = Al u(x,0) ¢ (x)dz, (3.13)
J j

forj=1,...,Kandl=1,...,N.

3.1.1 Convergence analysis of linear case

In the advection case f (u) = cu, we have the following theorems|2|.

Theorem 3.1. Suppose that the initial condition ug belong to Sobolev space HN*1(0,1).

Let e be the error u — uy. Then we have,

N+1/2
le (D)l 2.y < C luolgsigoy (Da) 72,
where C' depend solely on N, |c|, and T

If we assume that the initial condition is more regular, then we have the fol-

lowing result.

Theorem 3.2. Suppose that the initial condition ug belong to Sobolev space HN+2(0,1).

Let e be the error uw — uy,. Then we have

N+1
e (T>HL2(O,1) <C |U0|HN+1(0,1) (Az) i

where C' depend solely on N, |c|, and T.
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Theorem 3.1 is a simplified version of a more general result proven by Johnson
and Pitkdranta in 1986 and Theorem 3.2 is a simplified version of a more general
result proven by Lesaint and Raviart in 1974. Proofs of Theorems 3.1 and 3.2 can
be found in [2].

The above theorems show that the DG scheme is (/N + 1)th-order accurate
scheme, at least in the advection case, provided that the regularity assumption is
met as stated in the theorems. In addition, the same order of accuracy should still
hold in the nonlinear case when the exact solution is smooth enough, see details

in [2].

3.1.2 Numerical flux

The DG shceme is called monotone if the function f (o, B) is Lipschitz continuous,

consistent and monotone, in the sense that,

(i) f is locally Lipschitz and consistent with the flux f(u), ie., f(u, u) = f(u);
(i) f is nondecreasing in its first argument; and

N

(iii) f is nonincreasing in its second argument.
In this thesis, we employ the local Lax-Friedrichs flux that satisfies the above

properties, represented by

[f @)+ f(B)-CB-a), (3.14)

where C' = max }f/ ()|, min(c, 5) < s < max («, 3).

3.1.3 Total Variation Diminishing Runge Kutta (TVD-RK)

After discretizing (3.1) and (3.2) in spatial space by the DG method, we obtain a
system of ODEs corresponding to (3.12) and (3.13). The system can be rewritten

in the form of

duh (t)
dt

=1 (uh, t) , Vt e (0, T) , (315)

with
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up (x,0) = uon, (3.16)

where Ly, (up,t) represents the right hand side of equation (3.12).

The time discretization process is done by the high-order TVD Runge Kutta
method which was introduced previously by Chi-Wang Shu [1988]. Noted that
when polynomial degree N is used, a TVD version of Runge Kutta method at
least of order N + 1 must be employed in order to obtain solution accuracy as
stated in theorems 3.1 and 3.2.

Let {t"}2, are a partition of [0, 7] in M intervals, and At" = ¢t"*1 — " for
n=0,...,M — 1. The time marching algorithm can be summarized as follows.

1. Set u) = ugp,

2. Forn=0,..,M — 1 compute uZ“ from uy as follows:

3. set d =2,

4. for e =1, ...,k + 1 compute the intermediate functions:

i—1
d(i) S {Z (aisd(s) &h BiSAtnLh (d(s)7 t))} 7

s=0

5. set uf Tt = dk+D)

where o, and [, are parameters depend on the order of TVD-RK.
For example, the TVD-RK of orders 2 and 3 are given by
TVD-RK order 2

dY =l + Ly, (ul, "), (3.17)

UZ-H —d® = (uz +dD ¢ AtL, (d(l)’t" + At)) , (3.18)

N | —
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TVD-RK order 3

dD =l + AtLy (uf, t") (3.19)
1
d® = I (3uf +dV + AtL, (dV, " + At)) | (3.20)
1 1
=g (uz +2d® + 2AtLy, (d@), t" + §At>) : (3.21)

By these setting, the TVD-RK has some useful stability properties. Details can
be seen in [2, 13].

3.1.4 The MUSCL slope limiter

When high-order polynomials are used for approximating the solution, numerical
method may produce some unphysical oscillations [2, 6, 13, 15, 16]. A slope lim-
iter concept can be applied on every computational cell to avoid these undesired
oscillations. For instance, in the case of piecewise linear appoximation, the slope

limiter of wy|;, is denoted by AII}, (us|y,)

AT, (unlsy) =5 + (@ — 2;)m (uj v _Auj‘l) : (3.22)
J J

forj=1,...,K.
In (3.22) @; is the mean value in the j-th cell, u,; is the slope of solution in

the j-th cell, and m is the minmod function defined by

sign (@) ming <<y, |a;|, if sign (a1) = ... = sign(a,) ,
m(ay,ag,...a,) =
0, otherwise .

(3.23)
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This is the well-known slope limiter of the MUSCL schemes introduced by
vanLeer[4, 5].
In the case that the aprroximate solution is a polynomial degree N > 2, that

is,

uplr; (1) Zu

We defined what could be called the Pl—part of uy, denoted by u} as

upr, (,t) Zu

The slope limiter procedure in this case denoted by AITLY, is summarized as follows:

(1) Compute @ 41 and u ", from
2

u. ., =1u m — U, Uj — Uj—1,Ujr1 — Uj .24
j+3 Uj + ( 41 YRR g=1» %j+1 J) ) (3.24)
U,y =U;—m (uj — Uy, UG = Uiy, Ty — Uj) . (3.25)
2 2
2)Ifa. , =u_, and @' , =u’ | set AIIY (u = upz,.
(2) i+3 i+3 o ( h|1) nlr,

(3) Otherwise, take uy|;, equal to AII} (], ).

3.2 Discontinuous Galerkin method for the one-dimensional

shallow water equations

Next, we introduced the RKDG method for solving the one-dimensional shallow

water equations in this form

U OF (U)
i Tl 2
% T os SU), (3.26)
where x € (0, L) and t € (0,7, with
h
U= L F(U) = E (3.27)
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are the vector of conserve variables and the flux vector in the x direction, respec-
tively, ¢ is the time, h is the water depth, u is the flow velocity in the z-direction,
q = uh is the discharge, and g is the acceleration due to gravity.

The right hand side of the system (3.26) represents the source term, given by

0
S(U) = , (3.28)
gh (So - Sf)
which contains the effect of the bed slope Sy, and the bed friction Sy. The term

Sy can be estimated by an empirical formulae as

n*qlq|
h10/3

Sy = (3.29)

where n is the Manning roughness coefficient.

In this thesis, we neglect the effect of source term, so S (U) = 0. We then
investigate the efficiency of the DG method for solving the shallow water equations
without source term treatment.

Similar to the one-dimensional scalar conservation case, we first partition the
domain (0, L) into K subintervals, and denoted the j-th cell by I, = [xj,l/g, xjﬂ/g}
, J = 1,... K, with the grid size A; = Tj 1 —Tjnt, and the cell center x; =
(xj% + xj_%) 2, Tji1 and Tj_1 are the left and right boundaries of the con-
sidering cell respectively.

h
Again, approximating the solution U by U, = " | in the finite dimensional
dn

space, VN x VN,
Multiplying (3.26) by a test function vy, (z) € PV (I;) and using the integration

by parts over I;, we obtain a weak form,

/ (@Uh) Uhdl'—/ F (Uh) 8xvhdm+[F (Uh) Uh]j.,_%_[F (Uh) Uh]j_% = / S (Uh) Uhde‘ .
I; I; I;
(3.30)
The flux function F’ can be approximated using numerical flux F that depends

on the two values of Uy at the interfaces z;.1 by
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By =F (Ul U, ) s By = B (Gl UilE,) . (33D)
where Uh|;:|:% and Uh|;ri% are the approximate solution from the left and right of
the boundaries j + % of the j-th cell, respectively.

By choosing the Legendre polynomials P,, as the local basis functions, the

approximate solution U}, can be written as

Un (2,0) = > U (1) o (@), (3.32)

where U™ (t) is the coefficient function of ¢, and ¢y, () is the Legendre polynomial
which is defined as before.

The weak forms (3.30) are then simplified to

dUl(t) p N A
(1) 42 = & [, F (U0 1 (@) do A { B (U) = (1) B (U), }

J

1

= Kj- /Ij S (Up) @1 (x) dz, (3.33)

where j =1,..., K.

3.2.1 Numerical flux

The DG scheme is monotone if F' (Up,Ug) is a Lipschitz, consistent and monotone
flux in the sense as state in the one-dimensional scalar conservation case. For
the shallow water equations, Toro |7, 8| presented a suitable HLL(Harten-Lax-van

Leer)-type flux [6, 7, 8, 15| based on the work by Harten et. al.[1],

Fr if 0<5g;
L (UL, Up) = { F* if S, <0< Sg; (3.34)
Fp if 0> Sg,

where F;, = F (UL), Fr = F (Ug), and F* is given by

_ SRFL —SLFR+SLSR(UR— UL)
Sr— 5L

F . (3.35)
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The wave speeds are chosen under the assumption of two-rarefaction waves in the

star region,

S; = min (uL —/ghp,u* — Vgh*) , (3.36)

Skr = min <uR +\ghg,u* + gh*) , (3.37)
with
1 1
Vot = 5 (Vahi + Vohn) = 5 (un = us) (3.38)

1
ut = = (up +ugr) +\/ghr — \/ghr. (3.39)

The expressions for the wave speeds are obtained by assuming the wet bed
condition, i.e. positive flow depth h on both sides of the computational domain.

For the dry bed case the wave speeds are approximated by

SL =Uur — \/ghL, (340)
and

SR:uL—i—QvghL. (341)

3.2.2 The TVD-RK time discretization and slope limiter for
the SWE

Once the system has been discretized in the spatial space using the DG method,
the system can be integrated forward in time by the TVD-RK method as described
in section 3.1.3. As described earlier, the non-physical oscillations resulting from
the space discretizations can be avoid by using the MUSCL slope limiter on every

computational cell during time marching process performed.



CHAPTER IV
ADAPTIVE METHOD

In general, the accuracy of the approximate solution can be improved by increasing
the degrees of polynomials of local basis functions in each cell or refine grid cells
with smaller mesh size in the computational domain. But for efficiency of the
computation, it should be adapted only for troubled cells area where the solutions
have large error, sharp gradients, or discontinuities.

In this chapter, we presented two types of adaptive algorithms, adaptive poly-
nomial and adaptive mesh. The adaptive polynomial is successfully applied for
solving the case of initially smooth data by increasing order of polynomial basis
while the adaptive mesh can be used to handle the case of high gradients or dis-
continuities. To detect which cell needed to be applied the adaptive criteria, we
need some indicators to detect those troubled cells. In this thesis, we employed two
type of indicators which are error indicator (assuming we know the exact solution)

and gradient indicator.

4.1 Indicators

The values of the indicators for the j-th cell at time t", denoted by €7, are defined
as follows:

(1) Error indicator

n _ N 2
8? _ an (qexac;g qapprox) ’ (41>

where ¢y, 1s the exact solution, gy, is an approximate solution, and ny is
the number of nodes on the j-th cell at time ¢". This indicator is the root mean

square error (RMS error) in the j-th cell. Note that to compute the error indicator
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n

%, we need to know the exact solution of the problem.

(2) Gradient indicator

3

n n
qapprox’j—&—% - qupprom|j

8 Aj/2
n quprox’jfé - qgapprox’j (4 3)
[ 9 = y .
where q; .00 |5 1 and Qpproz | j+ 1 are approximate solutions for j-th cell at the left

and right boundaries respectively, and ¢f,,,...|; is approximate solution at the
center of the j-th cell.

For general problems that the exact solution are not known, the gradient indi-
cator can be applied instead of using the error indicator. In our adaptive technique,
indicator is the most important quantity for detecting troubled cells, and gradient
indicator would be a practical choice that is often used for conservation laws or

SWE, see [9].

4.2 Adaptive polynomial for RKDG method (p-adaptive)

Algorithm for the adaptive polynomial

Given:

A control number for increasing the degree of polynomial, 6;.
A control number for decreasing the degree of polynomial, 5.
The initial degree of polynomial, mindeg.

The maximum degree of polynomial, maxdeg.

The final time, T'.

A partition of time domain [0, 7], {t"}_,

Initial condition, u° at time step t°.

The number of cells, K.
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The algorithm is summarized below:

Step 1.
1. Given a uniform partition of the domain.
2. Compute approximate solution u! at time step #1.

3. For each cell j =1,2,..., K,
e set the initial degree of polynomial deg? = mindeg.

Step 2. Define the degree of polynomial in the j-th cell at time " by deg?,
1. Compute the indicator €.
2. Set mazxe = max;<;j<k {5?}. For each cell j =1,2,.... K,

e crror indicator case: If €7 > #ymaxe, mark this j-th cell as a troubled
cell.

e gradient indicator case: If £}y > #ymaze or €}, > fymaxe, mark this
j-th cell as a trouble cell

3. Increase the degree of polynomial of the mark cell.

o If deg;“1 = maxdeg, do nothing.
o If deg;f"1 < maxdeg, set the new degree in that troubled cell as deg;“1 lnew =
deg?_1 + 1.

4. For the current troubled cell at time t", n > 1

e error indicator case: If €7 < famaxe, release this troubled cell as a usual

cell.

e gradient indicator case: If efy < fymaxe and €7y < fymaxe release this

troubled cell as a usual cell.
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5. Decrease the degree of polynomial of usual cells.

e If the deg?’1 = mindeg, do nothing.

o If aleg?_1 > mindeg, set the new degree as deg?_1|new = deg?_l — 1.

In this step, we now have a new degree of polynomial for each cell at time ¢"~*.

n—1

degj

-0 to

Step 3. Using L?-projection, project the temporal coefficients {ué (1)

n—1
the new set of {u} (t"1) 73? |netw-

Step 4. Evolve numerical solutions of all cells from t"~! to ¢,

Step 5. If n < N, repeat the whole steps by going back to step 2.

4.3 Adaptive mesh for RKDG method (h-adaptive)

Since for shock or discontinuous solution, the high-order of polynomial approxima-
tion cannot improve the accuracy of numerical solution, the adaptive mesh criteria

can be employed to increase the accuracy of solution for this case.
Algorithm for adaptive mesh

Given:

A control number used to divide troubled cell into two smaller cells, 6.
A control number for merging untroubled cell into one cell, ;.

The degree of polynomial, V.

The maximum level of mesh partition, maxlev.

The final time, T

A partition of time domain [0, 7], {t"}"_,

Initial condition, u° at time step ¢°.

The initial number of cell K.
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The algorithm is summarized below:

Step 1.
1. Given a uniform partition of the domain.
2. Compute approximate solution u! at time step t!.

3. For each cell ) =1,2,..., K,
e set the initial mesh level of every cell as lev? =0..

Step 2. Define the mesh partition at time ¢" and the mesh level for the j-th cell
by {I"} and lev}, respectively.

1. Compute the indicator 7.
2. Set maxe = maxi<j<k {6?}. For each cell j = 1,2, ..., K,

e error indicator case: If €] > ¢hmaxe, mark this j-the cell as a troubled
cell.

e gradient indicator case: If €7, > Oymaxe or €}, > fymaxe, mark this
j-th cell as a trouble cell

3. Divide mark cells into two sub-cells.

e If the lev;‘_l = maxlev, do nothing.
o If lev?’l < mazxlev, set new level as levjﬁil’new = lev?’l + 1, and divide

it into two sub-cells.

4. For the current troubled cell at time t", n > 1

e error indicator case: If €7 < famaxre, release this troubled cell as a usual

cell.

e gradient indicator case: If €} < fhmaze and €7, < fhmaxe release this

troubled cell as a usual cell.
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5. merge two usual cells into one cell.

o If lev;‘_l = 0, do nothing.

o If lev;f_l > (, set the new level to be lev}“_1|new = lev?_l — 1 and merge
those two sub-cells into one cell (merge cells that come from the same
primary cell).

This step provides the new mesh level for each cell at time t" .

N

Step 3. Using L2-projection, project the temporal coefficients {ué (t"il)}lzo

from the mesh partition{/"~'} to the new mesh partition {I" 1} |,ce-
Step 4. Evolve numerical solutions for every cells from t"~! to ¢".

Step 5. If n < N, repeat the whole steps by going back to step 2.



CHAPTER V
NUMERICAL RESULTS AND DISCUSSIONS

The numerical results obtained by the adaptive Discontinuous Galerkin method
for solving the advection equation and the shallow water equations are presented

in this chapter.

5.1 Advection Equation

In this section, we will show some numerical results using the RKDG method
(use as comparison), and the adaptive RKDG methods for both p-adaptive and
h-adaptive. In these two adaptive cases, we applied two indicators as described in
Chapter IV to detect the troubled cells in the computational domain.

The advection equation is

U et=—0- (a,b) x (0,7), (5.1)

where ¢ is a constant. The initial condition is

w(z,0) = ug (). (5.2)

The exact solution of this equation is

u(x,t) =up(x —ct). (5.3)

The solution profile u (x,t) is simply propagated by speed ¢ with unchanged

shape from initial data. Details for solving this equation can be seen in [13, 16, 17].
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5.1.1 RKDG method without adaptive criteria for advection
equation

First, we consider the pure advection equation with initially smooth condition as

a model problem,

wt3u, =0, (-10,10) x (0,1), (5.4)

u(z,0) = e @37, (5.5)

In this case the exact solution is

u(z,t) = e B3k, (5.6)

The comparison between the exact solution and the approximate solution from
the RKDG method is shown in Figure 5.1. It is shown that the aprroximate
solution is in good agreement with the exact solution. Here we set the polynomial

degree N = 2 and the number of cells K = 160

solution at final time N=2 K=160
12F T T T T T T T T T 1

1} © approximate solution
= gxact solution

0.8}

0.6+ -

0.4}

0.2+ 1

o
k2
o
Ly
o
Iy
ra b
ok
k>
s
m
.

10

Figure 5.1: The comparison between the exact solution and the approximate so-
lution obtained by the RKDG method at the final time 7" = 1 when N = 2 and
K =160.
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The numerical results obtained by the RKDG method using polynomial degrees
N of 1, 2 and 3, with the number of cells K = 20, 40, 80, and 160 are shown in

Table 5.1.
N/K 20 40 80 160 rate of
convergent
1 5.4550x1072 | 1.3197x1072 | 2.7139x1073 | 5.9797x10~* 2.2
2 7.7356 x1073 | 1.1201x1073 | 1.4749x10~* | 1.8700x107° 2.9
3 6.9540x107* | 9.0615x107° | 6.2292x107% | 3.9710x10~7 3.6

Table 5.1: The RMS errors and rate of cenvergences when using the RKDG method
for N =1, 2, and 3, and using K = 20, 40, 80, and 160.

The results in Table 5.1 show that the solutions obtained from the higher
degree of polynomial are more accurate than using the lower degree of polynomial.
For a fixed degree of polynomial, the accuracy of numerical solutions increase as
the number of cell increases. These results are in expected and correspond with
the theoretical results as provided in Theorem 3.2. The rates of convergence for
the polynomial degree one, two and three are approximately in order of 2, 3 and
4 respectively. The log-log plot shown in Figure 5.2 also reveal these rates of

convergence in term of the slope of straight line.

RKDG use N=1,2,3 and K=20,40,80,160
plot log(dx) vs log{RMS error)
0F T T T T T =5
— =1
2| m=apN=2
""" N=3

=10}

logiRMS error)

12+

o -....\.m.m...... _

=16+

135 I2 15

Figure 5.2: The log-log between the RMS errors and cell sizes for fix N = 1,2, and
3
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Next, we consider the pure advection equation with discontinuous initial con-

dition

Wt 3uy =0, (-10,10) x (0, 1) (5.7)
9, ifr>2,

u(z,0) = (5.8)
1, ifz<?2.

The exact solution is

2, ifx>2+ 3t
u(x,t) = (5.9)
1, ifx<2+43t

The profile of numerical solution obtained by the RKDG method with the linear
polynomial basis and the number of cells K = 160 is shown in Figure 5.3. It is
found that the numerical solution is in good agreement with the exact solution.
The speed of sharp-front or shock interface has been detected correctly by this
method but there are some areas on the top and the bottom of shock that the

method provides smear behavior.
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solution at final time=1 when N=1 K=160
T T T T T T T T T

=—gxact solution
22 e approximate solution

e
]

Figure 5.3: The comparison between the exact solution and the approximate solu-

tion at the final time T'=1 when N = 1 and K = 160.

The RMS errors for various number of polynomial degrees and the number of
cells are shown in Table 5.2. For fixed degree of polynomial basis in the calculations,
it is found that numerical error decreases as the number of cells increases but it is
in the same order of 1072 which is not agree with the results in Theorem 3.1 and
Theorem 3.2 because the solution is not smooth enough in this case.

The numerical observations from this case are different from the case of smooth
initial data since when we try to increase the order of polynomial basis, it cannot
improve accuracy of the numerical solution. Thus, for high gradient profile, the
accuracy of numerical solution can be improved only by increasing resolutions or
the number of cells. Increment of polynomial basis order does not provide high
accuracy solution for discontinuous case. But increasing the number of cells to get
high accuracy solution is directly resulting to large computation time. This issue
motivates us to apply the adaptive mesh criteria to increase resolution espectially
near the shock area that adaptive polynomial method should not improve accuracy

in this case.
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N/K 20 40 80 160
1 0.1017 0.0844 0.0691 0.0562
2 0.1040 0.0766 0.0559 0.0398
3 0.1045 0.0805 0.0600 0.0436

Table 5.2: The RMS errors for RKDG method using N = 1, 2, and 3 and K = 20,
40, 80, and 160.

5.1.2 Adaptive polynomial RKDG method for advection equa-
tion

In the case of smooth initial condition, we found that using high order of polynomial
basis provides more accurate numerical results than using lower order basis. From
this finding, we then apply the adaptive polynomial RKDG method for solving
the advection equation with initially smooth condition to save the computational
time.

We consider the pure advection equation with the same initially smooth con-
ditions (5.4) and (5.5) which has the exact solution (5.6). We then show some
numerical results by varying the values of #; and 65, and consider different initial
degree of polynomial, maximum degree of polynomial, and the number of cells.

We denote PV as the numerical solutions obtained from the RKDG method
without adaptive criteria with polynomial degree N, and P'/P" as the numerical
results obtained from the adaptive polynomial RKDG with initial degree [ and the

maximum degree h.
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Casel Error indicator

degree 1 max degree 3, 6, =0.025, 6, =0.01, K =50 at final time = 1

use error as indicator
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Figure 5.4: The comparison of the exact solution and the numerical solution at

the final time 7' = 1 using error indicator.

We show the accuracy of numerical solutions by the adaptive polynomial RKDG
method using error indicator in Figure 5.4, where the initial degree is 1 and the
maximum degree is 3. Here, #; and 05 are 0.025 and 0.01 respectively. We can see
that the numerical solution (circle) is in good agreement with the exact solution

(solid line) including around the peak area.

degree 1 max degree 3, 6, = 0.025 8, = 0.01, K=50
use error as indicator

(9EEEEEE TR e e =

0.8
07

||||||||||||||||

06

05

0.4

0.3

02

01

Figure 5.5: The x — t plot shows adaptive polynomial method from degree 1 to
degree 3.
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The degrees of polynomial for each cell in the time domain is shown in Figure
5.5. For each time, the error indicator can detect the troubled cells which are
moving with the same speed as of the solution profile. The troubled cells are in
the high gradient areas. The color bar shows the values of degrees of polynomial.
The polynomial degree increases from one to three for the troubled cells. Also, we
can see that the troubled cells are released to usual cells as the solution moves to
the right, polynomial degree decreases from three to one. The polynomial degrees
in each cell of Figure 5.4 is shown by Figure 5.5 at T'= 1. Cells for 2 < x < 10

have been adapted by increasing degrees of polynomial.

(61,05) = (0.1,0.05) | (61,605) = (0.025,0.01) | (6y,62) = (0.01,0)
P! 1.6468e-003 1.6468e-003 1.6468e-003
P? 7.6041e-005 7.6041e-005 7.6041e-005
pP3 2.5861e-006 2.5861e-006 2.5861e-006
Pl/P2 1.3456e-004 8.9834e-005 8.3948e-005
Pl/P3 2.8599e-004 2.8096e-005 9.8543e-006
P2/P3 1.6238e-005 2.8713e-006 2.7624e-006

Table 5.3: The RMS errors using error indicator with K = 100 cells and for some

values of #; and 6,.

From Table 5.3, when the values of #; and 0, are fixed and without adaptive
polynomial criteria, the results obtained by the higher degrees are more accurate
than results calculated using the lower degrees of polynomial as expected to the
results from theory. The RMS error of P? is comparable with P'/P%. They are
in the same order, however the P? method gives more slightly accurate results.
Likewise, the results from the P3 and the P?/P? methods are comparable. The P3
method provides slightly better results. The RMS errors of P'/P? are less than
P! but are in the same order of P? when using small values of #; and 5. These
results show that the computational cells have been adapted from degree one to
degree three until the numerical solution has the RMS error in the same order as

the maximum degree of polynomial applied. Numerial results by other adaptive



35

degrees of polynomial can be concluded similarly.

logiRMS error) vs log(K) (use error indicator) degree 1=>3
K=50K=100K=200

-10

log{RMS error)

—a=(6,=0.1,6,=0.05)
2| e (8,=0.025,0,20.01)
-.—t8]=0.01.82=0J

“14f | degree 1 no adaptive |
==ndegree 2 no adaptive
=——degree 3 no adaptive i 1 | L L

BT L I  —

65 4 4.2 4.4 46 4.8 5 52 5.4

Figure 5.6: The relasionship between log(RMS error) and log(K) for various values
of #; and 6, when mindeg=1 and maxdeg = 3, error indicator is applied. Number

of cells are K = 50, 100, and 200.

In Figure 5.6, in case of without adaptive polynomial criteria, the RMS errors
decrease as the number of cells increase. The rate of convergence is approximately
of O(N + 1) where N is the degree of polynomial. When we apply the adaptive
method, the RMS error decrease as the values of 8, and 6, decrease because many

cells have been detected as trouble cells when 6 and 65 decrease.

Case2 Gradient indicator

The numerical results obtained by the adaptive polynomial with gradient indicator
are shown in this section. The objective is to show the efficiency of this indicator

and compare to that results by the error indicator.
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degree 1 max degree 3, 8= 0.025, 6,= 0.01, K = 50 at final time = 1
use gradeint as indicator

1.2 T T T T T T T T

1l e approximate solution |

=—gxact solution
0.8 N
0.6 -
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0.4
0.2
________________________ .
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Figure 5.7: The comparison of the exact solution with the numerical solution at

the final time 7" = 1, using gradient indicator.

The accuracy of numerical results obtained by the adaptive polynomial with the
gradient indicator method is shown in Figure 5.7. The profile is in good agreement
with the exact solution except around the peak area. However, if we want to
improve the solution accuracy in this area, we have to set the values of ; and 6,
to be sufficiently small in order to detect more troubled cells near the peak because

the gradient is quite small in this area.

degree 1 max degree 3, 8, =0.025,9,=0.01, K=150
use gradeint as indicator

Figure 5.8: The x —t plot shows adaptive polynomial cells from degree 1 to degree
3.

The degree of polynomial for each cell in the time domain is shown Figure 5.8.
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It is shown that the gradient indicator can detect trouble-cell zone similar to the

case of the error indicator except some cells around the peak area.

(61, 65) = (0.1,0.05)

(61, 065) = (0.025,0.01)

(61, 65) = (0.01,0)

P! 1.6468e-003 1.6468e-003 1.6468e-003
P? 7.6041e-005 7.6041e-005 7.6041e-005
pP3 2.5861e-006 2.5861e-006 2.5861e-006
Pt/ p? 3.1666e-004 1.1455e-004 9.0263e-005
P/pP3 3.5018e-004 8.1399¢-005 3.4526e-005
P?/P3 1.0345e-005 4.2764e-006 3.1197e-006

Table 5.4: The RMS errors when using the gradient indicator with K = 100 cells

for some values of 6; and 0,.

The RMS errors using the adaptive polynomial with gradient indicator for

various values of ; and 65 are shown in Table 5.4. The conclusions are similiar to

those of using error indicator. That is, the adaptive polynomial method provides

more accurate results than the method without using adaptive criteria.

log{RMS error)

=
r
T
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log(RMS error) vs logiK) (use gradeint indicator) degree 1==3
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.| [=—degree 3 no adaptive
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Figure 5.9: The relasionship between log(RMS error) and log(K') for various values

of #; and 6, when mindeg = 1 and maxdeg = 3, gradient indicator is applied.

Number of cells are K = 50, 100, and 200.

The relasionship between log(RMS error) and log(K) is shown in Figure 5.9.
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The RMS errors decrease as the number of cells increase. The rate of convergence
of numerical solution in the case of without using adaptive method is of O(N + 1)
as expected. When we apply the adaptive polynomial method, the RMS error
decreases as the values of 6; and 6, decrease because many cells have been detected

as troubled cells when #; and 6, are sufficiently small.

5.1.3 Adaptive mesh RKDG method for advection equation

For discontinuous initial condition as shown in section 5.1, the numerical accuracy
is not effected by increasing order of polynomial. But accuracy can be improved
by increasing the number of cells. Hence, adaptive mesh refinement is suitable for
this type of solution.

We consider the pure advection equation with initially discontinuous conditions
(5.7) and (5.8). The exact solution is in (5.9).

Some numerical results are shown by using adaptive mesh method when fixing
the degree of polynomial. We have varied four different values of maxlev from
1 to 4 in the adaptive mesh algorithm. Thus, mazlev = 4 corresponds to the
smallest divided cell from the primary cell which mazlev = 0 is set at the initial

computation.
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Casel Error indicator

degree 1 max level 1, 8, = 0.025, 8, =0.01, K = 100, finakime = 1

o e degree 1 maxlevel 2, 8, = 0.025, &, = 0.01, K = 100, finakime =1
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Figure 5.10: The comparisons between the exact solution (dot line) and the nu-
merical solution (solid line) at the final time 7" = 1, using error indicator in the
adaptive mesh method for four cases of maxlev: maxlev = 1 (top-left), maxlev = 2

(top-right), mazlev = 3 (bottom left), and mazlev = 4 (bottom-right).

In Figure 5.10, We have set #; and 605 as (01,6,) = (0.025,0.01). It is shown at
T = 1 that the sharp-front can be captured accurately when setting maxlev = 4
because more cells have been detected as troubled cells and these cell are divided
in to smaller sub-cells. The smallest mesh spacing occurs at maxlev = 4.

When we use polynomial degree 1 as a basis function, the results of various

values of 6, and y are shown in Table 5.5. The notation PY refers to the

mazlev
results of using polynomial degree N as a basis with maxlev in the adaptive mesh
method. We can see that for fixing degree of polynomial, the RMS error decreases

as the maxlev increases. The results in Table 5.5 are plotted in Figure 5.11.
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(61,65) = (0.1,0.05) | (61,65) = (0.025,0.01) | (6,6,) = (0.01,0)
P! 0.0647 0.0647 0.0647
P} 0.0524 0.0524 0.0524
P} 0.0435 0.0441 0.0442
P} 0.0381 0.0393 0.0395
P} 0.0362 0.0378 0.0381

Table 5.5: The RMS error when using error indicator with K=100, N=1 for some

values of 6; and 6,.

RMSE error vs 6 (use emror as indicator) N=1, K =100
0.07 —— - — -
ot adaptive
Bl max level = 1
[ max level = 2|
[Imax level = 3
[ Imaxlevel = 4|

RMS error

(6,,6,)=(0.1,0.05) (6,,6,)=(0.025,0.01) (8,.6.)=(0.01,0)

Figure 5.11: The relasionship between RMS error and (61, 6,) when using N =1

as basis function. Error indicator is applied where K = 100.

It can be seen from Figure 5.11 that the most accurate results can be obtained
using maxlev = 4. The RMS error decreases as maxlev increases. The errors are
not directly effected by the values of #; and 65 because the troubled cells appear
only around the shock area and the number of troubled cells are not different for
each pair of #; and 6,.

The results by the adaptive mesh method with error indicator when fixing de-
gree of polynomial N = 2 are shown in Table 5.6 and Figure 5.12. The conclusions

are similar to those the case of using polynomial degree N = 1.



(61,65) = (0.1,0.05) | (61,65) = (0.025,0.01) | (61,6,) = (0.01,0)
P? 0.0492 0.0492 0.0492
P? 0.0399 0.0384 0.0404
P? 0.0294 0.0294 0.0310
P? 0.0231 0.0227 0.0233
P? 0.0191 0.0204 0.0204

Table 5.6: The RMS error when using error indicator with K=100, N=2 for some

values of 6; and 6,.

Figure 5.12: The relasionship between RMS error and (6, 6,) when using N = 2

RMS emror

(6,.6,)=(0.1,0.05)

RMSE error vs 6 (use emror as indicator) N=2, K =100

(6,,0,)=(0.025,0.01)

ot adaptive
Il max level = 1§
I max level = 2
[max level = 3|
[ Imaxlevel =4

1G] ’ ,32)=(0_01 L))

as basis function. Error indicator is applied where K = 100.
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Case2 Gradient indicator
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Figure 5.13: The comparisons between the exact solution (dot line) and the nu-
merical solution (solid line) at the final time 7" = 1, using gradient indicator in the
adaptive mesh method for four cases of maxlev: maxlev = 1 (top-left), maxlev = 2

(top-right), mazlev = 3 (bottom left), and mazlev = 4 (bottom-right).

It can be seen from Figure 5.13 that the results and the area of troubled cells
from gradient indicators are similar to the error indicators. The sharp front is well

captured as mazlev increased.
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(61,05) = (0.1,0.05) | (61,6,) = (0.025,0.01) | (64,65) = (0.01,0)
P! 0.0647 0.0647 0.0647
P} 0.0523 0.0524 0.0524
P} 0.0426 0.0435 0.0439
P! 0.0375 0.0368 0.0385
P} 0.0658 0.0300 0.0353

Table 5.7: The RMS error when using gradient indicator with K=100, N=1 for

some values of 6; and 6,.

It can be seen from Table 5.7 that the most accurate result can be obtained by
using maxlev=4, and the RMS errors are not directly effected by the values of 6,
and 6. However, for case of (61,02) = (0.1,0.05), these values are relatively large
so that the trouble cells cannot be detected correctly like in the case of (61,0y) =
(0.025,0.01). The (x — t) plot showing the adaptive mesh area is presented in
Figure 5.14. The troubled cell zone for the case of (0y,62) = (0.1,0.05) is smaller
when comparing with the case of (6,62) = (0.025,0.01).



degree 1 max level 4, 8 = 0.1, 8,= 0.05, K = 100, final time=1
use gradeint as indicator

degree 1 max level 4, 8, = 0.025, 8, =0.01, K = 100, finaltime = 1

use gradeint as indicator

44

Figure 5.14: The adaptive area for N = 1, K = 100, (¢,,6,) = (0.1,0.05) (top)
and (01, 6,) = (0.025,0.01)(bottom) with gradient indicator.

(01,65) = (0.1,0.05) (01,65) = (0.025,0.01) (01,05) = (0.01,0)
p? 0.0492 0.0492 0.0492
P? 0.0415 0.0419 0.0411
P} 0.0351 0.0319 0.0307
P} 0.0388 0.0258 0.0231
P? 0.0549 0.0245 0.0199
Table 5.8: The RMS error when using gradient indicator with K = 100 cells,

polynomial degree N = 2 for some values of 6; and 65.

The results by the adaptive mesh method with gradient indicator when fixing
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polynomial degree 2 are shown in Table 5.8. The conclusions are similar to those
the case of using degree 1. We can obtain the highest accurate results if we use

sufficient small values of 61, 05, and maxlev = 4.

5.2 Shallow Water Equations

In this section, we show some numerical results using the RKDG method and the
adaptive mesh RKDG methods for solving the shallow water equations. For adap-
tive cases, we used two indicators to detect the troubled cells in the computational
domain as applied before in the advection equation. In this thesis, we restrict our
attentions to the shallow water equations with no source term, i.e., S (U) = 0.

Let the initial condition be

hy, itz <0,
h(2,0) = (5.10)
h& ifz > 0.

For wet bed problem, hrp > 0 and for dry bed problem, hg = 0. The fluid is
assumed initially at rest or equaivalently the initial velocity is zero.
When we set h;, = 1 and hg = 0, the exact solution for the dry bed case can

be expressed as

1, ifx <t,
hz,t)=qL(2-2)2 if ~t<az<2t, (5.11)
0, if 2t < x.

If we set hy, = 1, hg = a where 0 < a < 1, the exact solution for the wet bed

case is,
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1, ifr < -1,
Lig_z\2 if _t<r< —
ot = 5 (2 t) , i —t <ax < (ug — he)t, (5.12)
hg, if (UQ - hg)t S i S Vt,
a, ifVt <.

where hs, us and V' can be found numerically by the Newton’s method when the

value of a is specified.

a ho Ug Vv
0.9 | 0.94933 | 0.05132 | 0.98763
0.8 | 0.89715 | 0.10564 | 0.97555
0.7 | 0.84309 | 0.16360 | 0.96394
0.6 | 0.78661 | 0.22618 | 0.95340

Table 5.9: Some values of hsy, us and V' when a is given.

In this thesis, we choose a = 0.6 for the wet bed case. More detail derivations

of these exact solution can be found in [12] and [14].

5.2.1 RKDG method without adaptive mesh criteria for shal-

low water equation

Wet bed case

First, consider the wet bed problem with initial condition

1, ifr <0,
h(z,t)= (5.13)
0.6, ifx>0.

The initial velocity is zero.



47

The solution accuracy by the RKDG method for the wet bed case is shown in
Figure 5.15. The approximate solution is in good agreement with the exact solu-

tion in the smooth region but smearing near the shock and the rarefaction area.

N=1 K=200 final time = 1 (not adaptive)
T T T T T T T I I
= exact solution

0 et approximate solution ||

0.9}

= 0.8+

06-

0.5+ n

0.4 1 ! 1 1 1 I 1
I5 = z = =

e

Figure 5.15: The comparison between the exact solution and the numerical solution

at final time 7' = 1 using N = 1 and K = 200 for the wet bed case.

Some numerical results for polynomial degrees N = 1 and N = 2, with K =

50,100, and 200 are shown in Table 5.10.

N | K=50|K=100| K =200
1] 0.0230 0.0145 0.0088
2 | 0.0184 | 0.0137 0.0091

Table 5.10: The RMS errors using N =1 and N = 2 with K = 50,100, and 200

for the wet bed case.

It can be seen from table 5.10 that the RMS errors decrease as K increase.
However, increasing the degree of polynomial basis cannot improve solution accu-
racy. It is also confirmed that we have to increase numerical resolution instead of

increasing degree of polynomial when we are dealing with moving shock.
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Dry bed case

For the dry bed problem, we consider the initial condition given by

1 ifz <0,

h(x,t) = (5.14)

0 ifx > 0.

The initial velocity is zero.
The free surface profiles for the dry bed case is shown in Figure 5.16. The
numerical solution is in good agreement with the exact solution including the

rarefaction area, —1 < x < 2.

N=1 K=100 (not adaptive)
1.2~ T T T T T T I I
= exact solution

""""" approximate solution

0.8+

= 06+

0.4

0.2

Figure 5.16: The comparison between the exact solution and the numerical solution

at the final time 7" =1 using N = 1 and K = 100 for wet bed case.

Some numerical results when using polynomial degrees N = 1 and N = 2, with

the number of cell K = 50,100, and 200 are shown in Table 5.11.

N | K=2| K=50| K=100
1| 0.0289 | 0.0288 | 0.0154
2 1 0.0489 | 0.0208 | 0.0115

Table 5.11: The RMS error using N =1 and N = 2 with K = 25,50, and 100 for

the dry bed case.
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The numerical results are similar to the case of wet bed case. It can be seen
from Table 5.11 that the RMS errors decrease as K increase. However, increasing
the degree of polynomial basis cannot improve solution accuracy. It is also con-
firmed that we have to increase numerical resolution instead of increasing degree

of polynomial.

5.2.2 Adaptive mesh RKDG method for the shallow water

equation

We consider the shallow water equations in two cases, wet bed and dry bed prob-
lems. Since the initial condition of both wet bed and dry bed are discontinuous,
we can see from Table 5.10, Table 5.11 and the previous results that the results
obtained from higher degree of polynomial are not necessary accurate than using
lower degree of polynomial. However the accuracy of the numerical solutions can
be improved by increasing the number of cells. Hence, this suggest us to employ
the adaptive mesh criteria for the case of initially discontinuous condition.

Some numerical results are shown below by using the adaptive mesh method
when degree of polynomial is fixed. We have varied maxlev from 1 to 2 in the
adaptive mesh algorithm. Thus, maxlev = 2 corresponds to the smallest divided

cell from the primary cell which maxlev = 0 is set at the initial computation.

Wet bed case

We consider the wet bed case with initial condition (5.13) which is the same con-

dition previously performed by the RKDG method.
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Figure 5.17: The comparisons between the exact solution (solid line) and the

approximate solution (dot line) for the wet bed at the final time 7' = 1, using error

20

indicator in the adaptive mesh method for two cases of mazlev: mazxlev =1 (top)

and maxlev = 2 (bottom).

In Figure 5.17, we set N = 1, K = 100, and (6;,602) = (0.005,0.0025). It is

shown at T' = 1 that the sharp front and rarefaction can be captured accurately

when setting maxlev = 2 because many cells have been detected as troubled cells

and divided to be smaller sub-cells in the high gradient zone. The smallest mesh

spacing occurs at mazlev = 2.



o1

N=1, K=100, & =0.005, e‘,=0.0025 (error indicator) wet bed max level=1

N=1, K=100, & =0.005 e‘,=0.0025 (error indicator) wet bed max level=2

Figure 5.18: The adaptive area for N = 1, K = 100, (1, 6>) = (0.005,0.0025) for

mazxlev = 1 (top) and mazlev = 2 (bottom) using error indicator.

The level of mesh for each cell in the time domain is shown Figure 5.18. It is
shown that, for each time, the error indicator can detect troubled cells which are
moving with the solution profile. The troubled cells are lie in the sharp-front and
rarefaction areas. The color bar shows the values of mesh level in each time.

When we use polynomial degree 1 or 2 as a basis function, the numerical results
for various mazlev comparing with the RKDG method without adaptive mesh
criteria are shown in Table 5.12. It can be seen that for a fixed degree of polynomial,

the RMS error decreases as the maxlev increases.



mazlev | K=50 | K=100 | K=200 | maxlev | K=50 | K=100 | K=200
P! 0.0230 | 0.0145 | 0.0088 P? 0.0184 | 0.0137 | 0.0091
P} 0.0145 | 0.0088 | 0.0060 P} 0.0137 | 0.0089 | 0.0058
Py 0.0111 | 0.0075 | 0.0053 P} 0.0093 | 0.0060 | 0.0043

52

Table 5.12: The RMS error using N = 1 and N = 2 with K = 50,100, and 200
and (01, 6,) = (0.005,0.0025) for the wet bed case, error indicator is applied.

Case2 Gradient indicator
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Figure 5.19: The comparisons between the exact solution(solid line) and the nu-
merical solution(dot line) for the wet bed problem at the final time 7" = 1, us-
ing the gradient indicator in the adaptive mesh method for two cases of maxlev:

mazxlev = 1 (top) and mazlev = 2 (bottom).
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N=1, K=100, & =0.005, 6.=0.0025 (gradient indicator) wet bed max level=1

Figure 5.20: The adaptive area for NV =1, K = 100, and (64, 602) = (0.005,0.0025)
for mazlev = 1 (top) and maxlev = 2 (bottom), when the gradient indicator is

applied.

It can be seen from Figure 5.19 that the gradient indicator can detect the area
of troubled cells, similar to that has been done by the error indicator. The level
of mesh for each cell in the time domain is shown in Figure 5.20. The results
are similar to those results obtained by the error indicator. The sharp-front and
the rarefaction area are well captured when maxlev is increased. When we use
polynomial degree 1 and 2 as a basis function, the results of various mazlev,
comparing with the RKDG method without adaptive mesh criteria are shown in
Table 5.13. These numerical results are similar to those the case of using the error

indicator, i.e., the RMS errors decrase as the maxlev increase.



max level | K=50 | K=100 | K=200 | max level | K=50 | K=100 | K=200
P! 0.0230 | 0.0145 | 0.0088 P? 0.0184 | 0.0137 | 0.0091
P} 0.0145 | 0.0088 | 0.0060 P} 0.0121 | 0.0085 | 0.0074
Py 0.0111 | 0.0075 | 0.0053 P} 0.0100 | 0.0061 | 0.0043

Table 5.13: The RMS error using N = 1 and N = 2 with K = 50,100, and 200

(61, 62) = (0.005,0.0025) for the wet bed problem, gradient indicator is applied.

Dry bed case

We consider the dry bed case with initial condition (5.14) which is the same con-

dition previously performed by the RKDG method.
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Casel Error indicator

N=1, K=100, 61=0.0C|5, 6,=0.0025, max level=1 (error indicator)
1.2 T T T T T T T

: ;
—exact solution
--------- approximate solution
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0.4
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N=1, K=100, 61=U.0C|5, 6,=0.0025, max level=2 (error indicator)
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: ;
—exact solution
--------- approximate solution
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= 06+ 4

0.4 .

0.2}

Figure 5.21: The comparisons between the exact solution (solid line) and the
approximate solution (dot line) for the dry bed problem at the final time 7' =
1, using error indicator in the adaptive mesh method for two cases of maxlev:

maxlev = 1 (top) and mazlev = 2 (bottom).

In Figure 5.21, we set N = 2, K = 50, and (01,65) = (0.005,0.0025). It is
shown at T" = 1 that the rarefaction can be captured accurately when setting
maxlev = 2 because many cells have been detected as troubled cells and are
refined to smaller sub-cells in the high gradient zone. The smallest mesh spacing
occurs at maxlev = 2.

The level of mesh for each cell in the time domain is shown Figure 5.22. It is
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shown that, at each time, the error indicator can detect troubled cells which are
moving with the solution profile. The troubled cells are lie in the rarefaction areas.

The color bar shows the values of mesh level in each time.

N=1, K=100, 8 =0.005, 8.=0.0025 (error indicator) dry bed max level=1

Figure 5.22: The adaptive area for N = 1, K = 100, and (6,,62) = (0.005, 0.0025)

for mazlev = 1 (top) and mazxlev = 2 (bottom) for error indicator.

When we use polynomial degrees 1 or 2 as a basis function, the numerical
results for various mazlev, comparing with the RKDG method without adaptive
mesh criteria, are shown in Table 5.14. Similar to wet bed case, It can be seen that

for a fixed degree of polynomial, the RMS errors decrease as the mazlev increase.
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mazxlev | K=25 | K=50 | K=100 | maxlev | K=25 | K=50 | K=100
P! 0.0289 | 0.0288 | 0.0154 P? 0.0489 | 0.0208 | 0.0115
P} 0.0287 | 0.0154 | 0.0082 P} 0.0208 | 0.0111 | 0.0061
P} 0.0265 | 0.0139 | 0.0071 P} 0.0151 | 0.0082 | 0.0043
Table 5.14: The RMS error using N =1 and N = 2 with K = 25,50, and 100 and

(01, 602) = (0.005,0.0025) for the dry bed case, error indicator is applied.
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Case2 Gradient indicator

N=1, K=100, 6,=0.005, 6,=0.0023, maxlevel=1 (gradient) dry bed
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—exact solution
--------- approximate solulion_
1
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or + 4 - 1 0 1 2 3 4 5
X
N=1, K=100, 6,=0.005, 6,=0.0025, maxlevel=2 (gradient) dry bed
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—exact solution
--------- approximate solulion_
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Figure 5.23: The comparisons between the exact solution (solid line) and the
numerical solution (dot line) for dry bed problem at the final time 7' = 1, using
gradient indicator in the adaptive mesh method for two cases of maxlev: maxlev =

1 (top) and maxlev = 2 (bottom).
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N=1, K=100, 8,=0.005, 32=D.0025 (gradient indicator) dry bed max level=1

a

Figure 5.24: The adaptive area for N =1, K = 100, and (64, 02) = (0.005,0.0025)
for mazlev = 1 (top) and maxlev = 2 (bottom) with the gradient indicator is

applied.

It can be seen from Figure 5.23 that the gradient indicator can detect the area of
troubled cells similar to that has been done by the error indicator. The level of
mesh for each cell in the time domain is shown in Figure 5.24. The results are
similar to those results obtained by the error indicator. The rarefaction area are
well captured when maxlev is increased. And when we use polynomial degrees
1 and 2 as a basis function, the results of various maxlev, comparing with the
RKDG method without adaptive mesh criteria are shown in Figure 5.15. These
numerical results are similar to those the case of using the error indicator, i.e., the

RMS errors decrease as the maxlev increase.



60

mazxlev | K=25 | K=50 | K=100 | maxlev | K=25 | K=50 | K=100
P! 0.0289 | 0.0288 | 0.0154 P? 0.0489 | 0.0208 | 0.0115
P} 0.0287 | 0.0154 | 0.0082 P} 0.0208 | 0.0111 | 0.0061
P} 0.0265 | 0.0139 | 0.0071 P} 0.0151 | 0.0082 | 0.0043
Table 5.15: The RMS error using N = 1 and N = 2 with K = 25,50, and 100,

(01, 602) = (0.005,0.0025) for the dry bed problem, gradient indicator is applied.



CHAPTER VI
CONCLUSIONS

In this thesis, we have presented the adaptive RKDG method for solving the one-
dimensional advection equation and the shallow water equations. For the advection
equation, we consider both the smooth initial condition and the discontinuous
initial condition. For shallow water equations, we consider two problems which are
the wet bed and dry bed problems with discontinuous initial condition.

There are two types of adaptive algorithms presented in this thesis, the adaptive
polynomial for solving the smooth initial condition and the adaptive mesh for
solving the discontinuous initial condition. We also present two types of indicators
which are the error and gradient indicators. The indicators are used to detect
troubled cells in the computational domain before applying the adaptive criteria.
The adaptive polynomial is appropriate for increasing the accuracy of numerical
solutions in the case of the smooth solutions. Our presented approach can increase
automatically the degree of polynomial basis for troubled cells, and revesely it can
decrease automatically the degree of polynomial if that cells are usual. The highest
accuracy can be obtained if the maximum degree is used. However, increasing
order of polynomial basis cannot improve accuracy for sharp-front solution, the
adaptive mesh refinement is needed in this case. Then, we apply only adaptive
mesh criteria for solving the shallow water equations. The numerical results by the
adaptive mesh method for the advection equation and the shallow water equations
are shown. It is found that the solution accuracy increases as the maximum level
increases. For these two criteria, the values of #; and 6y are depended on desired
order of accuracy. Our presented adaptive mesh method are successfully applied
to capture some shock interfaces, rarefaction and high gradient areas in our model

problems.
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