CHAPTER V
THE FUNCTIONAL EQUATION f(x *f(y)) = f£(£f(x) *£(y))

Materials of this chapter are based on reference {3].

In this chapter, we study only the character of the DMS
function. We will show that if f is a non-constant continuous DMS

function over (TR, .) then either f or -f is a SMS function.

Recall : A function f from a semi=-group (G, %) into itself is a

DMS function if f(x » f£(y)) = f(f(x) = £(y)) .

Lemma 5.1. Let (G, %) be a c_ommutative semi-group,
£ : (G, * ) —>(G, %) be a DMS function. Then

f(x »xf(y) xf(z2)) = £f(x % £f(y » £(=z)) .

Proof. f(x x f(y* £(2))) = £f(f(x) x f(y x£(2))) (f is DMS)

= f(£(x) % £(£(y) »£(2))) (f is DMS)
= f(£(£(y)% £(2)) %»£f(x)) (*is commutative)
= f(£f(y)x £(z) %£f(x)) (f is DMS)
= £f(f(x) % f(y) »£(z)) ( % is associative)
= f(£(£f(x)* £(y)) *£(z)) (£ is DMS)
= f(f(x #£(y)) =£(z)) (f is DMS)

= f(x * f(y) %£(z)) (f ie DMS) .

Hence the lemma is proved /
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Theorem 5.2. Let £ : (R, .) ___5,(ﬂ<, .) be a non-constant conti-

nuous DMS function. Then f or -f is SMS.
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Proof. We put & = f(y) f(z) in Lemma 5.1 to getﬁ;; ‘f;)
9.8%) fx #) = flx . £(yf(z))). Q’ ;i%i ’
bbibas ) \?);' \ “-Q(-:ﬂ}f /"5.
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If of=0, then f(x . f(yf(z))) = £f(0). But by Lemma 3.16 and

the faet that if f is DMS then it is MS, f(0) = O. Therefore,
£f(x . £(x£(2))yV/s O
so that f = O which is excluded or else f(y . f(z)) = 0. For

the latter case, since f is DMS, we have

0 =f(y . £(2)) = £(£(y) . £(2)),
and O xR e f(y) £(z)
so that f(y.£(2)) 7 £ 0% £(y)'. £(z).
If ok # O, then we write f£(x) as f (x. SE ) = f (é% .ol ).
Therefore, by Eq (5.1)
(5.2) 10 = £E. £y £(2)) = £(x. ;‘z”) .
We claim that
(5.3) f(x) = f(x(ﬁ%gl-)-)n) , neZ(>0).

To prove Eq (5.3), by induction en n. Since Eq (5.3) is
Eq (5.2) when n = 1, assume that Eq (5.3) holds for k £ n. Then

by induction hypothesis and by Lemma 5.1,
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Thus Eq (5.3) holds for all n ¢ Z,(>0).

[ |- .

We now claim that

Since f is non-constant, we can choose x such that f(x) 7& 0.

Since f is continuous,

£(x) = lin siyo-RZMAZL %
n-»o0 %
-t (A A ISR,
n->o0 e @
(5.4) = £ (x/4 Adm [Eﬁl-iﬁfll )
n-300 e
by Eq (5.3) so that f(x) = £(0) = O if { f(y<i52)) f <

contradicting the choice of x. Thus
f
‘ (y f(Z))r 7/ 1.
oC

il (5.0 thoiton that the digtt 1tw ( SSldBZld 7R et eites

n—>00 x
so that
’ £(y f(z))' Prar s
! oL
Thus we can write
f(y £(z)) = sgn (y, z) f(y) £f(z)

where sgn (y, z) is equal to 1 or -1 for (y, z) in

L = {(x, y)é"fR_zjf(x)'f(y) o+ o} g

If sgn (y, z2) = 1 on./\ , then



f(y £(2))

Therefore, f is SMS.

fly) £(z).
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If there exist points (x, y) in [\ such that sgn (y, z) = -1,

Eq (5.3

then according to

f(x) &g

"

f (x

f(X .

i

for all n € Z (»0). Letting n

is an even function.

First suppose that
Since

f(y £(z))

), we have

( f(y £(z)) o)
oL

.( sgn (y, z) £(y) f(z) )n)

f(y) £(z)

=3,

1, we get £(x)

K(f)

{ x t £(x)

sgn (y, z) f(y) £(z)

ﬂ
o] J is just -{o
L

f(-x) so that f

Ao

and f is continuous, sgn is continuous on ﬁ& and constant on each

component of éﬁ which ar
we have

sgn (y, z)
and since f is even,

sgn (~-y, 2z)
which implies that

sgn (y, z)
on [\ so that

f(y £(2))

But f 1is even 3

this gives

e the four quadrants. But,

sgn (z, y)

sgn (y, z)

(1]

-f(y) £(z).

at once that -f is SMS.

since f is MS,
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Suppose now that K(f) is not equal to {f)}. Since f is even,

£t (y el 2) = £l (y £(2)) = {et(y) {£}(2).
Therefore, |f} is SMS.

Now we anticipate and assume the validity of Corollary 6.4 of
Chapter VI. Since *f‘ is continuous, positive and non-constant,
this corollary gives that K(f) is either W( (>0) or R (£0).

Note that (y, z) € lRZ\ A ey, 2) éREA (v, 22§ A

Sy, 2) e BEAL(Y) £(z) = 0
&GNez) €R2A (either f(y) = O
or f(z) = 0)
&y, Z)GTRa/\f(Y) =0 ) or
((y, 2) €CA () = 0)
e (5, DeRAyY €K(2) or

2
(v, 2)€RAz ¢ K(f)

& (v, 2) RO XTR or
(y, z) € K * K(£).

so that TRZ\A = (k(£) xR U (Rxk(e)).

If K(£) = R (20), then Tif\b= (R(>0)xR) U ( RxR(>o)
so that [\ is the third quadrant which is connected. Since sgn is
continuous on [l and since we suppose that there exists (y, z)
such that sgn (y, z2) = =1,

sgn (y, z) g = 1,

on A « Therefore f(y f(2z)) = ~f(y) f(z) and -f is SMS.
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similarly if K(£) = TR (£0), we have that [\ is the first

quadrant and -f is SMS /
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