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ABSTRACT

Suppose *( is a set and "o" , " %" are binary operations
on | with certain compatibility condition between "o'" and " x",
For example, (1K, =, +).(with + = o) might be a field or (K, *)
(with o = %) might be a group. We consider the Cauchy type
functional equation
(1) f(x o £(y)) = f(x) * £(y)
where f :ﬂ(——a&(. Our main concern is to find the algebraic

solutions of Eq (1). As consequences, we also find continuous

solutions f : R —>TR of Eq (1).

In particular, we show that a non-zero function f mapping
a field K of characteristic O into itself satisfies the equation
(2) iz « #Hy)) .= tax) . 2y
if apd only if there exists a subgroup G of “<* ==|VK\-{O} satis-
fying the condition
(%) j:% a;g;, = O implies T‘T-gii " 1
where ai are integers and 85 € G and where the sum and product are

finite, and there exists a function @ mapping the additive
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subgroup /N of K generated by G into W such that

fx+ A) = f(x) B(A) forall xeK , A€A .

We also show that a function f mapping Go' a group G with
O, into itself satisfies equation
(3) f(x * £(y)) = f(x) *= £(y)
if and only if there is a subgroup M of G and a function t from a
set consisting of elements from a set of representatives S of
left cosets of G/y and the element O, onto M U {O} such that
f(0) = 0O whenever f $ constant and f(;c) » ¥ (sx) * m_,
where each x € G has a unique representation x = s_ x m

x x
(sxe S and m_ €& M.

As applications of this fact, we find the continuous
solutions £ : R "‘)R of the equations

(%) f(x = £(y)) fly » £(x))

and equation

(5) f(x % £(y)) f(f(x) = £(y)),

where ¥ comnld be multiplication or addition in ® . These are
done by reducing the equations (4) and (5) to (3). Moreover,
very general solutions f TR—ffR (for example, unbounded or

non-measurable) of Eq (1) and Eq (2) are obtained,
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