CHAPTER II

FACTORIZABLEVGENERALIZED TRANSFORMATION SEMIGROUPS

The main purpose of this chapter is to characterize factoriza-
ble generalized partial transformation semigroups, factorizable
generalized full transformation semigroups and factorizable general-
ized 1-1 partial transformation semigroups. Moreover, characteriza-
tions of the semigroup of almost identical partial transformations,
the semigroup of almost identical full transformations and the semi-
group of almost identical 1-1 partial transformations on a set which

are factorizable are also studied.

Throughout this chapter, if S is a transformation semigroup
on a set and © € S, the operation on the generalized transformation

semigroup (S, 9) will be denoted by *,

The following proposition shows that for any set X, if S is

ﬁ or Ix and 0 € S, then the generalized transformation semigroup

TX’ X

(S, 8) is regular if and only if 6 is a permutation on X.

2,1 Proposition., Let X be any set and S be TX, ﬂ or Ix. If 6 €8S,

X
then the generalized transformation semigroup (S, 0) is regular if

and only if 6 is a permutation on X,

Proof : Let 6 € S, Assume that © is a permutation on X,

that is 0 € Gy, To show (S, 6) is regular, let a € S, Because under
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the composition of maps, S is a regular semigroup [Introduction,

page 4], then there exists B € S such that a = aBa, Thus a = aBa

IBG-I*G. Since 6-1 €G, <SS and B € S, we have

000 1ge"toa = are” -

that 9_186-1 € S, so o is regular.

Conversely, assume that the semigroup (S, 6) is regular. Let

o € GX' Then o € S, Since (S, 6) is regular, there exists B € S
such that o = a*B*a = a6B6a, Then a_l = fBB, so X = Aa-l = ABBH =
AB(BO) € A6 and X = Va ! = V68O = V(6B)6 < V6. Thus A0 = V6 = X,

Suppose 6 is not one-to-one, Then there exist a, b € A8 = X such
that a # b and a6 = b9, Therefore aa_l = afpo = (abB)RO = (bO)RO =
bOBRO = ba_l which is a contradiction since a-l is one-to-one. Hence

0 is one-to-one. Thus 6 is a permutation on X, #

Let X be a set and S be Tx, 'ﬂx or IX‘ Let 6 be a permutation
on X, For a € S, NGB N g e B = 6 0a m o, Then 8
is the identity of the semigroup (S, 6). Claim that Gy is the group

of units of the semigroup (S, 6). Let o € G,, Then 626 € Gy» 8O

X
(eae)‘le. Gy. Since Gy € S, (eae)'le S. Because a*(eae)'l =
ae(eae)"1 L R P SO L B (eae)"l*a = (eae)"lea N
-1

& 7, it follows that a belongs to the group of units of (S, 6), Thus
Gx is a subset of the group of units of (S, 0).

Conversely, let a be a unit in (S, 6). Then there exists
a” € S such that a*a” = a“*g = 6-1. Thus aba” = o’6a = 6_1 which -
implies a(6a”6) = (6a“6)a = 1, Since Gy is the group of units of Ty,

X
f&:and IX under the composition of maps., Then o € GX‘ This proves
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that the group of units of (S, 6) is a subset of Gy-

Therefore Gx is the group of units of the semigroup (S, 6).

Let X be a set, If 0 € ﬁ then E(( ﬂx, 8)) = E((Tx, 8)) n 3x

X’

since ( ﬂ ) is a subsemigroup of (T,, 6). If 6 € Iz, then

x’
E((Ix, 8)) = E((T,, 6)) n Ix because (IX’ 8) is a subsemigroup of

(T,, 6).

x!
Let X be a set, The next proposition gives the set of all

idempotents of the generalized transformation semigroup (T,, 6) where

0 e Gx.

2,2 Proposition. Let X be a set and 6 be a permutation on X. Then

E((T,, 0)) = {a ¢ T | Vo ¢ 860 and x6a = x for all x e Val,

Proof : Let B € E((Ty, 6)). Then B*B = B, so BeB = B. To
show VB € AGB, let x ¢ VB, Then there exists y € AR such that x = yB.
Because BO6B = B and x = yB, we have that x = yB = yBoB = x0B. This
shows that VB €& A6B and x68 = x for all x € VB, Therefore
E((T,, 8)) € {a € Tx I Vo ¢ A8a and x0a = x for all x € Vol.

Let a € Tx be such that Vo € ABa and x6a = x for all x € Vo,
Because Va € AfBa, Aa*a = AcbBo= (Vo n Aea)a-l = (Va)a-l = Aa. Let
X € Ao, Then xo € Vo, so (xa)@o = xa, Hence x(a*a) = xaba = (xa)6o
= xa, Thus o*a = o, Therefore a € E((T,, 6)). This proves that

H{a e TX | Vo € ABa and x60 = x for all x e Va} S E((Tx, 8)).

Hence, E((Ty, 0)) = {a € Ty | Vo € A6a and x6a = x

for all x € Va}, #
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Let X be a set. If a € Ix, then aa-l and a-la are identity

maps on Ao and Vu, respectively, that is, Aaa-l = Aa,,Aa-la*= Vo, xaa_l

= x for all x e Ao and xa-la = x for all x € Vo,
From Proposition 2.2, we have the following corollary.

2.3 Corollary. For any set X and 0 is a permutation on X,

E((“j 8)) = {a 6qx | x6a = x for all x € Va}

X’
-1

and E((Iy, 0)) = {e |A | A s x}

where for a map f from X and for A € X, flA denotes the restriction

of £ to the set A,

Proof : Let X be a set and 6 be a permutation on X, It is
obvious from Proposition 2.2 that E(( ﬂx, 8)) = {a e ﬂx | x00 = x

for all x € Va} since ﬂxs Tg and for all o € ﬂ Ao = X,

X’
Let o € E((Ix, 8)). Then a € E((T,, 6)), so Va € ABa and

x0a = x for all x € Vo, Since a-la is the identity map on Va,

-1
(x0)a = x = (x0 )a for all x € Va, Because a is one-to-one, x0 =

-1 -1 -1 -1
xa ~ for all x € Vo, Hence a = = GIVG, S0 O = (9|Va) =0 |

ot
|

(Va)6*

Thus E((IX, 8)) < {o | A S X}, Let B = 6-1|A for some A < X.

A
Then AB = A and xB = xe_1 for all x € A. Thus AB = Ae-1 which implies
(63)9-1 = (AB)B = VB. Because AgB = (Vg N As)e'l = (AB)e_l = VB,

AB*B = ABOB = (VB n ABB)B™ L = (VB n VB)B™L = (vB)B~! = AB. Let x € AB.

Then xB = xe-l which implies x(B*B) = xBOB = (xB)6B = xe-leB xB.

N

Thus §%8 = B, so B € E((Iy, 0)). Therefore (o™ |, | A < X}

E((Ly, 6)). Hence E((Ig, 0)) = {e-llA | AEXY: #



It has been showed in [4] that for any set X, the partial

transformation semigroup on X, T, is factorizable if and only if X

x’
is finite., Using this fact, the following theorem is obtained.

2,4 Theorem, For any set X and 6 € Tx, the generalized partial
transformation semigroup on X is factorizable if and only if ¢ is a

permutation on X and X is a finite set.

Proof : Let X be a set and § € T Assume the generalized

X"
partial transformation semigroup (Tx, @) is factorizable. Then
(TX’ ) is regular since every factorizable semigroup is regular
[4, Proposition 2,2]., By Proposition 2,1, ¢ is a permutation on X.
To show X is a finite set, suppose not. Let a ¢ X, Then

IX‘\{a}l = |X|, so there exists a one-to-one and onto map

o : X\{al » X, Thus a € Ty with Ao = X\{a} and Va = X, Since

(T ) is factorizable, Tx = Gx * E((TX’ 8)). Then there exist

x* ©
B € GX’ Y € E((Tx, 8)) such that o = B*y, It then follows that
a = BAY which implies Va = V(B6)Y ¢ Vy. But Va = X, then Vy = X,

Since v € E((Tx, 8)), Vy ¢ Agy and x6y = x for all x € Vy. Then

Apy = X which implies X = (Vg n Ay)e_1 = (Ay)e-l. Hence Ay = X6 = X,

Since AB = A6 = Ay = X, Ao = ABOY = X which is a contradiction.
Therefore X is a finite set.

Conversely, assume that © is a permutation on X and X is a
finite set, Then Ty = _QXE(TXX [4, Theorem 3,1]. Let o € Ty
Since TX e 'GXE($X); thefewgkist B e waand.y 3 E(Tk),suéhfthat

19
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o = By, It then follows that a = By = Bee-ly = B*(O_IY). Claim that

e-ly € E((T,, 6)). Since vy € E(Tx), Vy ¢ Ay and xy = x for all

x € Vy. Then (Vy)8 c (Ay)e. Because Ve—ly = (ve'l n AyY)y = (AY)Y =
Vy € Ay and 26(0”1y) = Ay, it follows that voly ¢ ne(o7ly). et

X € Ve-ly = Vy. Then xy = x, Thus xe(e-ly) = xy = X. Therefore
G-IY € E((Tx, 8)) by Proposition 2,2, This proves that the semigroup

(T

X 0) is factorizable, #

2,5 Theorem. For any set X and 6 E.ﬂx, the generalized full trans= -
formation semigroup on X is factorizable if and only if 6 is a permu-

tation on X and X is a finite set.

Proof : Let X be a set and 6 ¢ ﬂx. Assume the generalized

full transformation semigroup ( ﬂ 0) is factorizable. Then (‘ﬂx, 8)

X’
is regular since every factorizable semigroup is regular [4, Proposi-
tion 2.2], By Proposition 2.1, 6 is a permutation on X. To show X
is a finite set, suppose not, Let a ¢ X. Then |X| = |X\{a}|, so
there exists a one-to-one map o with Aa = X and Va = X\{a}. Thus

a e f)X' Since (ﬂ , 0) is factorizable, er = GX * E(( ﬂx’ 0)).

Then there exist B € GX’ X?
Thus y = (Be)_la, so Vy = V(BB)-la = (V(Be)“1 N Ao)a = (Ao)a = Vo =

Yy ¢ E(( ﬂ 0)) such that o = B*y = BOY.
X\ {a}. Claim that xy = xe-l for all x € X. Let x € X. Then there
exist b, ¢ € X such that bB6 = x (since VRO = X) and cB = xy (since
VB = X), Therefore bo = bBOY = xy = x(yky) = xy0y = cBOy = ca.
Since o is one-to-one, b =-c, Then bB = cB = xy. Because bR = x,

bB = xe_l. Then xe_l = bB = xy. This proves that xy = xe_l for all
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x € X, Thus Xy = Xe-l = X, it is a contradiction because
Xy = Vy = X~\{a}.

Conversely, assume O is a permutation on X and X is a finite
set, By Theorem 2.4, (TX, 6) is factorizable. To show the semigroup
('ﬂ , 0) is factorizable, let o € ﬂX‘ Then o € TX’ so there exist
B e GX’ Y € E((Tx, f)) such that a = B*y = By, Then vy = (Be)_la.
Since Aa = A(Be)-l = X, Ay = X, Then Y ¢ ﬂx N E((Ty, 6)) =

E((il , 8)). Therefore, the semigroup ( gX’ 8) is factorizable. #

2,6 Theorem, For any set X and 6 € IX’ the generalized 1l-1 partial
transformation semigroup on X is factorizable if and only if 6 is a

permutation on X and X is a finite set.

Proof : Let X be a set and 6 € IX' Assume the generalized

1-1 partial transformation semigroup (IX’ 8) is factorizable. Then

(I,, 6) is regular by Proposition 2.2 [4]. By Proposition 2.1, 6 is

X?
a permutation on X. To show X is a finite set, suppose not. Let

a € X, Then |X\{a}| = |X|, so there exists a one-to-one map a with
Ao = X\ {a} and Va = X, Thus o € Iy but o & Gyg. Since (Ix, 8) is
factorizable, IX = GX * E((Ix, ©)). Then there exist B € GX’
Y € E((IX, 8)) such that a= B*y., Thus o = BAY which implies

Va = V(Be)Y ¢ VY, But Vo = X, then Vy = X, Because y € E((Ix, 8)),
Y= S-IIAY. Then X = Vy==Ve-l|AY = (A‘y)e-1 which implies X6 = Ay,

&l ol
I

But X6 = X, so Ay = X, Therefore vy = 6 x =0 . Sincea-= BOY,

-1
o= BB =B € GX which is a contradiction. Then X is a finite set.
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Conversely, assume 6 is a permutation on X and X is a finite
set. By Theorem 2,4, (TX’ 8) is factorizable. To show the semigroup

(I,, 8) is factorizable, let o € IX’ Then o € TX’ so o = Bky = BOY

x’

i -1
for some B ¢ Gy and v € E((T,, 8)). It then follows that y = (B6) "a.
Since (Be)—1 and o are one-to-one, we have that y is one-to-one.

Hence Y ¢ E((TX, 0)) n IX = E((IX, 9)). This shows that the semi-

group (Ix, 9) is factorizable, as required. #

The following corollary follows directly from Theorem 2.4,

Theorem 2.5 and Theorem 2.6,

2,7 Corollary., For any set X and ¢ is a permutation on X, the
following are equivalent :
(i) X is a finite set,

(ii) (T g) is factorizable.

xl

(iv) (Ix, 9) is factorizable.

9) is factorizable.

Let X be a set, and let ux, Vx and WX be defined as in

Chapter I, that is,

{a e 1y | [S(0)| < =},

=

vy = laed | [s@] <= u
and Wy = {ae1 | [s@)] <=}s= Uy © Iy

Recall that Uys VX and Wx are regular semigroups under the composi-

tion of maps, and er\ UX = Gx n VX = GX N Wx is the group of units

of Uy» VX and WX.
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x? VX or Wk and 6 € S,

Assume that 6 € GX‘ Then S(6) = s(e'l). Thus 9-1 € S.

Let S be U

Let a € S, Then o = afo for some B € S, so a = u*(e-lﬁe_l)*a. Since
9—1 and B € S, 6-189-1 € S, This shows that if 6 € GX’ then the
transformation semigroup (S, 6) is regular.

Suppose that the semigroup (S, 6) is regular. Let a € GX nSs,
Then o € S, so & = a*B*o = a(0B6)a for some B € S, Thus e 080,
Heice X = Aa"L = £080 & AG\Rud X A/Ws - = V6o ¢ Vo, so A8 = VO = X,
Since Aa-l = X and a_l is one-to-one, 06 is one-to-one. - Therefore
0 € Gg.

X

Hence, we have

2.8 Proposition. For any set X, if S is UX’ Vy or WX and 6 € S,

then (S, 6) is regular if and only if 6 is a permutation on X,

Let X be a set, S be UX’ Vo or WX’ and © € S, Assume that

X
6 € GX' Then S(G—l) = §(0), so 9_1 (2 Gx n S, Clearly, 6—1 is the
identity of the semigroup (S, 6). Let a e GX n UX = GX n S, Then
e Gy N S. Thus 88 06 5 and a*(e"la'le"l) P

(e-la_le—l)*a. Suppose that B € S such that B*y = 6—1 = ykB for

some YeS. Then BOY = 6-1 = y0B, so B(By6) =1 = (6y6)B., Thus B € GX

ﬂ and I, under the composition of

since G, is the unit group of TX’ X X

X
maps., Hence B € Gx nsS = GX N UX' Therefore, we have that

GX N Ux = GX n Vx_= Gx N WX = GX n S is the unit group of the semi-

group (S, 06). Because ( U,, 0) is a subsemigroup of (TX, 8), it

X’
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immediate from Proposition 2.2 that
E(( Uy, 8)) = {a e Uy | Vo € 860 and x6a = x for all x e Va}
= E((Ty, 9)) n UX.

Hence,

E((Vx, 8)) {a e Vy | x6a = x for all x e Va}

- 5Ty o n vy

= E((Ug,, 6))n VX

E((Ly, ©)) n Wy

and E((W,, 6))

= E(( Ugs 8))n Wy
-1
= c
{67 |, |Asx}nwy
= {e_llA | A €X and 207 # a at most a finite

number of a € A}
= {e-llA | A< X and ab # a at most a finite

number of a € A},

2,9 Theorem, Let X be a set and S be UX’ VX or WX' Assume 6 € S,
Then the generalized transformation semigroup (S, 6) is factorizable

if and only if 6 is a permutation on X.

Proof : Assume that the semigroup (S, 6) is factorizable.
By Proposition 2.2 [4], the semigroup (S, 6) is regular. Hence, by
Proposition 2,8, 6 is a permutation on X,
-1
Then 6 € GX NS, sob € Gx ns,
Case S = U,. To show the semigroup ( U,, 6) is factorizable, let

Conversely, assume 6 € GX'

o € UX' Since UX = (chw UX)E( Ux), a = By for some B € fo\ Ux
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and vy € E(U Then o = B*(O_ly) and vy € E(T As the proof in

he =7
Theorem 2.4, we have that e'ly € E((Tx, 6)). Since e’ly € UX’

07'y € E((Ty, 0)) n Uy = E(( Uy, 6)). Hence Uy = (G n U)*E(( Uy, ©)).

Case S = VX‘ Let o e VX' Then a € UX' From the first case,
Bxy = BOY for some B € Gy N Uy and Y € E(( UX’ 8)). Thus

Qo

Y (Be)_la. Since BO € G, N U, = GX n VX’ (Be)-le Gxn Vo, V

X X X X*

Then (80)-1a € VX’ so y e V Thus vy ¢ E(( Uys 8))n V, =

X* X

E((VX, 0)). This shows that VX = (Gx N UX)*E((V s 0))4

Case S = WX' Let a e WX' Then o € Ug. From the first case,

B*y = BOY for some B € Gy n Uy and Y € E(( Uss 8)). Thus

Il

o

-1 -1
(BO) "o € Wx because (BO) e Gx ) Wx c Wx and o € WX. Hence

E(( Ugs 8)) n WX = E((WX, 8)). This proves that

Y

m

¢
Wy = (Gg 0 Uy) * E((Hg, 0)).

Hence, the theorem is completely proved. #
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