CHAPTER I

FACTORIZABLE TRANSFORMATION SEMIGROUPS

It has been proved by Tirasupa in [4] that the partial trans-
formation semigroup on a set X is fagtorizable if and only if X is
finite, The purpose of this chapter is to give an application of this

work .

If X is a set, then for a, B ¢ TX’ we have that

AoB = (Va n AB)(:;-1 € Ao and VaB = (Va n AB)B < VB,

Let X be a set. For a € TX’ the shift of o is the set of all
~ elements x in the domain of o such that xo # x, and the shift of a is
denoted by S(a), that is,

S(a) = {x ¢ Aa_l xo # x}.
Then, for o € T,, a is almost identical if and only if S(a) is finite.

Observe that if o € T_, Ao ~S(a) = {x € Aa | xa = x}. If a, B € TX’

x?
then S(aB) € S(a) U S(B). To prove this, let a, B ¢ Ty. Let x ¢ S(aB).
Then x ¢ AaB and xaB # X, so x ¢ Aa and xa € AB, If xa = x, then
X € AB and x # x0B = xB which implies x ¢ S(B). If xa # x, then
x € S(a).,

Let X be a set and let Ux be the set of all almost identical
partial transformations, that is,

Ux = {0 € Tx | |SCa)| < =}.

Then Uy ¢ Ty, If @, Be Uys then |S(a)| < » and |S(B)| < = and so



|s(aB) | < |s(a) u s(B)| . |s(a)| + |s(B)| < =, hence aB ¢ Uy. There-
fore Ux is a subsemigroup of Tx which is called the semigroup of

almost identical partial transformations on X. Clearly, 0, 1 € UX'

Then Ux is a semigroup with zero and identity, Therefore E(IIX) =

E(Tx)r\ U,, that is, for o € TX’ a is an idempotent of U, if and only

X’ X
if Vo € Aa, x0 = x for all x € Va and |S(a)| < o, We show in the next

proposition that for any set X, Ux is regular,

1,1 Proposition. For any set X, the semigroup Ux is a regular semi-

group.

Proof : Let X be a set and let ae UX' Then |S(a)| < », For
each element x ¢ Va, choose dx ¢ Ao such that dx_e xa_l. Note that
d o =x for all x € Vo, and d_ # dy if x # y in Vo, Define
a” ¢ Vo >+ X by xd” = dx for all x € Va. Then A4” = Vo and Vo~ =
{dx | x € Va} € Aa. Therefore Aa’o = (Vo’ o Am)m’"1 = (Vc;t’)ot‘-1 =
Aa” = Vo and hence Aaa”o = (Va n Aa‘a)u—l = (Voz)m-1 = Ao, If x ¢ Ao,
then xaa”“a = (xa)a’a = dxaa = xa, Hence o = aa’a, Claim that a’e UX'
For any x € Aa” = Va such that x € S(a”) we have that xa” # x and
xa” = dx which implies dx # x, thus dxa = x # dx’ so dx € S(a).
Hence if x ¢ S(a”) then dx.e S(a). Define ¢y : S(a”) - S(a) by yyp = dy
for all y ¢ S(a”)., Since for any x, y € Aa” = Vo such that x # y

implies dx # dy’ it follows that Y is one-to-one. Then |S(a”)| <

|S(a)| < o g0 0”€ UX' This proves that UX is regular. #
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The group of units of the semigroup of almost identical partial

transformations on a set is given in the next proposition.

1,2 Lemma. Let X be any set, If o € GX’ then S(a) = S(a-l).

Proof : Assume o € GX' Then Ao = Aa_l = X, Let x ¢ S(a).

- -1
Then xa # x. To show that x € S(o 1), suppose not., Then x % S(a ),
so xa-l = x which implies x0 = x, a contradiction. Therefore
X € S(a-l). Thus S(a) € S(a—l). From the above proof, we have that

S(Q-l) c S((G-l)_l) = S(a). Hence S(a) = S(a_l). #

1.3 Proposition. For any set X, the set erw Ux is the group of units

of the semigroup UX'

Proof : Let X be a set. Let a ¢ GX n UX’ Then o € GX' By

Lemma 1,2, S(a) = S(a-l), so lS(a-l)I = |s(a)| < = since a € Uy

Because ao. =1 = a_la and a-le U it follows that

Then a-le U x?

x.
o belongs to the group of units of UX' This proves that GX n Ux is

a subset of the group of units of UX‘

Conversely, let o be a unit in UX‘ Then there exists a”e UX
such that aa” = a”a = 1, Since Gy = {B e Ty | BB” = B8 = 1 for some
B” e Tx}, we have that a € Gy. Therefore a ¢ Gyn Uy,

Hence, lew UX is the group of units of UX’ as desired. #

We proceed to prove a main theorem of this chapter. First,
we recall that the following have been proved in [4]., If S is a semi~

group with identity and is factorizable as S = GE, then G is the group
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of units of S, For any set X, the partial transformation semigroup

(TX) is factorizable if and only if X is finite,

1.4 Theorem, For any set X, the semigroup of almost identical partial

transformations on X is factorizable.

Proof : Let X be a set, Let ae Uk. Then |S(a)| < =, Since

o is a map, |S(a)a| = |{xa|x € S(a)}| < IS(a)I < », Then
|S(a) v S(a)a| < |S(a) | + |s(@)a| < =, Let Y = S(a) y S(z)a, Then
YES Xand |Y| < », Let B = alAGI\Y’ the restriction of o to Ao n Y,

Then AB = Aa n Y S Y and VB = S(a)a €Y, so B ¢ TY' Since |Y| < o

B = Ay for some A € G, and Y € E(TY) [4, Theorem 3.1]. Define the

map 4 ¢ X »> X by

xA\ if x e Y,
Xy =

X IRX # Y.

Since A € GY’ HEG From the definition of u, it is clear that

x.
S(u) = S(A) € Y, Then [S(u)]| < |Y| < =, so ue Ug. Thus pe Gyn Uy

which is the unit group of Ux by Proposition 1.,3. Claim that
Ay ¢ (Ao)u., Let x € Ay, Since AYS Y, x € Ay n Y = AY n VA. Then
xk-le (AY n VA)A-I = Ay = AB=A0dnYEY, so there exists y ¢ Y
such that y = xl-l. Since y ¢ Y, yp = yA = x, Then xu-l =y = xk_l,
so xu_l = xk—le AB = Ao n Y € Ao which implies x e (Aa)u., Thus
Ay ¢ (Aa)u, Let 8 : (Aa)u + X be defined by
{ xy 1if xedy ,
x§ =

x 1if x e (Aa)uQ\AY.
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Then VS = Vy u ((Aa)uN\AY)., Since y € E(TY), we have that Vy ¢ Ay and
xY = x for all x ¢ Vy, It then follows that V6 = Vy u ((Aa)u\Ay) ¢
Ay v ((Aa)PNAY) = (Aa)u = AS and x6 = x for all x € V6, Hence

§ e E(TX)' From the definition of §, it is immediate that S(8) =

S(Y) € Y vhich is finite, Thus 6 ¢ E( U,). Claim that o = S,

- -1 -1
Since v e G ((Aa)u)u Kis Ao, so Aué = (Vu n A8)u ~ = (A8)u ~ =

X’
((Act)u)u"1 = Ao, Let x € Aa,
Case x € Y, Then xu = xA, and xB = xo0 since x € Ao n Y, But since
Xx € danY=A8=AMy=(VAn AY)A-I, it follows that xA ¢ VA n Ay € Ay.
Therefore (xA)8 = (xA)y. Hence xué = (xA)8§ = xAy = xB = xo,
Case x é Y. Then x ¢ S(a), so xa = x. By the definition of u, xu = x,
Then x € (Aa)u, Because x ¢ Y and Ay ¢ Y, x ¢ Ay. Then x8 = x, Thus
xpé = x6 = x = xa,

Hence o = ué,

This proves that the semigroup Ux is factorizable,as

required., #

Let X be a set and set

Vy = {o ¢ ﬂx | |s(@)| < =}
and W - {o e I, | |s(a)| < =}.

Then Vx is a subsemigroup of ﬂx:and of Ux with identity and Wx is

a subsemigroup of Ix and of Ux with zero and identity, The semi-

groups Vx and Wx are called the semigroup of almost identical full

transformations on X and the semigroup of almost identical 1-1 partial

transforamtions on X, respectively, Observe that

$
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{o e leAa=X}= an"jx’

Vy =
Wy = {ae Uy | o is one-to-one} = Ug n Iy,
E(Vy) = {a ¢ E(Up) | 8a = X} = E(UY) n 1.
and E(Wk) = {0 € E( UX) | o is one-to-one} = E( Ux) N IX‘

c c
Let X be a set, Since Vx c UX and Wx < UX’ GX nV, & er\ Ux

and Gx n WX c fo\ UX' If o € erw UX’ then o e Gy which implies

Ao = X and o is one-to-one, hence a e Gx n Vx and o ¢ Gx n Wx. There-

fore, Gxtw Vx = Gx

c
Gxn UX < WXE UX‘

having 1 as its identity, it follows that fo\ UX is the greatest sub-

= e
n UX Gy N Wy. Thus Gyn U, ¢ Vg € U, and

X X X X
But since Gxdw UX is the greatest subgroup of Ux

group of Vx and of Wx having 1 as its identity. Hence er\ Ux is the

group of units of Vx and Wx.

We show in the following proposition that for any set X, the

semigroup Vx is regular and the semigroup Wx is inverse,

1.5 Proposition. For any set X, the semigroup Vx is a regular semi-

group and the semigroup Wx is an inverse semigroup.

Proof : Let X be a set. Let ¢ ¢W,, Then ae U Define

X X*

a” from o as in the proof of Proposition 1,1, Then aa”c = a.
Since d_ # dy if x # y in Aa” = Va, it follows that a” is one-to-one,
hence a” ¢ Wy This proof that Wy is regular, But Wy is a subsemi-

it then follows that W, is an in-

group of the inverse semigroup IX’ X

verse semigroup,

Let o € Vy. Then aelgv Define o” from a as in the proof



of Proposition 1,1, Define the map B : X » X by

xa” if x € Ao~ = Va,
xB =
x 1if x € X\Aa”,

x* let x € X, Then xa € Va =

Aa” which implies (xa)B = (xa)a”, Thus xaBa = ((xa)B)a= ((xa)a’)a =

Then B € jx and S(B) = S(a”), so Be V

xoa“a = xa, Hence aBo = a, This proves that VX is regular, #

Using Theorem 1.4, we show in the next two theorems that the

semigroups VX and Wx are factorizable for any set X,

1.6 Theorem, For any set X, the semigroup of almost identical full

transformations on X is factorizable.
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Proof : Let X be a set. Let oo € V,, Then o € U, and Ao = X,

X X

By Theorem 1.4, o = By for some B & Gy U and Y € E(UX). Then

X
Y = B-la. Since AB-l = Ao = X, AB-la = X, so Ay = X, Then Yy € VX'
Thus vy € E(UX) nVy= E(VX)‘ Because Gx n Uy is the group of units

of Vys it is proved that V, is factorizable, #

X

1.7 Theofem. For any set X, the semigroup of almost idenfical 1-1

partial transformations on X is factorizable,

Proof : Let X be a set. Let o € WX’ Then o € Ux and a is

Nn U, and

one-to-one, By Theorem 1.4, o = By for some B € GX X
i ¥

-1 -1
Y € E(Ux), Then B "a = y, Since B~ and o are one-to-one, Yy is

one-to-one., Then Y e Wy, 80 v € E(Ux) n WX = E(Wk). But G

is the group of units of Wy, so Wy is: factorizable. #

x " Ux
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