INTRODUCTION

Let S be a semigroup, An element a of S is called an idem-
potent of S if a2 = a, For a semigroup S, let E(S) denote the set of
all jdempotents of S, that is,

E(S) = {ae S I a2 = al,

An element z of a semigroup S is called a zero of § if
Xz = zXx = z for all x € S, An element e of a semigroup S is called
an identity of S if ex = xe = x for all x ¢ S, A zero and an identity
of a semigroup are unique if exist and they are denoted by 0 and 1,

respectively.

A nonempty subset G of a semigroup S is a subgroup of S if it
is a group under the same operation of S,

Let S be a semigroup with identity 1, An element a of S is
called a unit of S if there exists a“€ S such that aa” = a“a =1,
Let G be the set of all units of S, that is,

G = {ae S| aa”=a"a=1 for some a* € S},
Then G is the greatest subgroup of S which has 1 as its identity,

and it is called the group of units of S or the unit group of the

semigroup S,

An element a of a semigroup S is regular if a = axa for some
X e S, A semigroup S is regular if every element of S is regular,

~Let a be an element of a semigroup S. An element x of S is



an inverse of a if a = axa and x = xax, A semigroup S is an inverse
semigroup if every element of S has a unique inverse, and the unique
inverse of the element a in S is denoted by aul. A semigroup S is
an inverse semigroup if and only if S is regular and any two idempo-
tents of S commute [2, Theorem 1.17]. Then a regular subsemigroup.of
an inverse semigroup is an inverse semigroup. For any elements a, b
of an inverse éemigroup S and e ¢ E(S), the following hold :

e_1 = e, (a-l)_1 = a and (ab)—1 =

b—]'a-1
[2, Lemma 1,18],
Every group is an inverse semigroup and the identity of a

group is its only idempotent.

Let S be a semigroup and 1 be a symbol not representing any
element of S, Let S Q 1 be the semigroup obtaining by extending the
operation of S to 1 by a.1 = 1l,a = a for all a€ S and 1.1 = 1,

Then S v 1 is a semigroup having 1 as its identity, Let S1 denote
the following semigroup :

S if S has an identity,

Sul if S has no identity,

Then for ae¢ S, sta = Sa {al, as! = as v {al}.

Let S be a semigroup. Define the relations:t,JQvand 7c on S

as follow :

azb = Sla = Slb.

aRb el aS1 = bSl.

X=-ZaR.



The relations Z 5 R and 7(: are called Green's relations on S
and they are clearly equivalence relations on S,

Let S be a semigroup., If a ¢ S is a regular element of S,
then Sla = Sa, Hence if the semigroup S is regular, then the follow-
ing hold : For a, b € S,

a:tb &==)a = xb and b = ya for some x, y € S,
and aRb &> a =bx and b = ay for some X, y ¢ S.

In a semigroup S, an 7t—class of S containing an idempotent
e of S is a subgroup of S [2, Theorem 2.16], and it is the greatest
subgroup of S having e as its identity. Hence, every subgroup of a
semigroup S is contained in He for some idempotent e of S where for
aesS, Ha denotes the 7{-class of S containing a. If a semigroup S

has an identity 1, then H1 is the group of units of S,

Let X be a set, A partial transformation of X is a map which

its domain and its range are subsets of X. If o is a partial trans-
formation of X, let Aa and Va denote the domain and the range of a,

respectively, The empty transformation of X is referred as a map

with empty domain, and it is denoted by 0. Let TX denote the set of
all partial transformations of X including the empty transformation 0.
For a, B e'TX’ define the product aB as follows : If Va n AB = ¢,

let aB = 0, If Van AB # ¢, let aB : (Va n AB)G-I + (Vo n AB)B be
the composition map, Then VaB = (Va n AB)B. Thus Tx is a semigroup

and it is called the partial transformation semigroup on the set X.

The empty transformation of X, 0, is the zero of TX' The identity map



on X which is denoted by 1 is the identity of the semigroup Tx. For
any set X, the semigroup TX is a regular semigroup. For a € TX’ o is
an idempotent of TX if and only if Va € Ao and xa = x for all x & Va,
Hence ,

E(Tg) = {a € Ty | Va € Aa and xa = x for all x € Val,

An element o € T, is called a 1-1 partial transformation of X

X

if o is a one-to-one map. Let Ix denote the set of all 1-1 partial
transformations of X, that is,
Iy = {aeTy | @ is one-to-one}.

Then under the composition of maps, Ix is an inverse subsemigroup of

TX with identity 1 and zero 0, and it is called the symmetric inverse

semigroup on the set X and for a ¢ Ix, the inverse map a-l, is the
inverse of a in Iy, so fot = Va, T le Ao, For o ¢ I, o is an
idempotent of Ix if o is the identity map on Aa., Then

E(Ix) = {ae I | o 1s the identity map on Aal,

An element o € TX is called a full transformation of X if

Ao = X, Let({]X denote the set of all full transformations of X,
that is,
¢3]X

Then under the composition of maps, 'ﬁx is a regular subsemigroup of

={0.6TXIA°~=X}.

TX with identity 1 and it is called the full transformation semigroup

on the set X, Therefore
E(:&) = {a € ﬂx | & is the identity map on Va},
For any set X, let Gx denote the permutation group on X,

that is,



Gy = {o : X> X | o is one-to-one and onto}.

Then GX is the group of units of TX’ also of IX and of ﬂx.

.For any set A, let |A| denote the cardinality of A,

A semigroup S is said to be factorizable if there exist a

subgroup Gof S and a set E of idempotents of S such that S = GE

( = {ge l g ¢ G, e € E}). Observe that if a semigroup S is factori-
zable as S = GE, then S = GE(S). Every factorizable semigroup is
regular [4, Proposition 2.2]. If a semigroup S has an identity and
S is factorizable as GE, then G is the group of units of S [4,

Theorem 2.4].

A semigroup S is called a weakly factorizable semigroup if

there exist a subsemigroup T of S which T is a union of groups and
a set E of idempotents of S such that S = TE, Then factorizable
semigroups are weakly factorizable semigroups. But the converse is

not true.

A transformation semigroup on a set X is a semigroup of maps

from subsets of X onto subsets of X and the operation is the composi-
tion of maps. Let S be a transformation semigroup and let 6 € S.
The semigroup S under the operation * defined by a*B = a6B for all

a, B € S is called a generalized transformation semigroup on the set

X, and it is denoted by (S, 8). Note that for any set X and for
0 € TX’ the generalized transformation semigroup (TX’ 8) is referred
as a generalized partial transformation semigroup on X. A generalized

full transformation semigroup on a set and a generalized 1-1 partial



transformation semigroup on a set are referred similarly. Observe
that for any set X, if ¢ is the identity map on X, then the general-
ized transformation semigroups(TX, 8), ( gx, 8) and (IX’ 0) are the
partial transformation semigroup, the full transformation semigroup
and the 1-1 partial transformation semigroup (the symmetric inverse

semigroup) on the set X, respectively.

Let X be a set, A partial transformation o on X is said to

be almost identical if there exists at most a finite number of ele-

ments X in the domain of o such that xo # x, Therefore, a partial
transformation a on X is almost identical if and only if the set
{x ¢ Aa | %o # x} is finite.

Let X be a set, Uy = {a e Ty | & is almost identicall,
Vg = {ae qx | o is almost identical} and
Wy = {a ¢ Ix | o is almost identical}, It is shown in the first
chapter that under the composition of maps UX’ V, and Wx are regular

X

semigroups which are called the semigroup of almost identical partial

transformations on X, the semigroup of almost identical full transfor-

mations on X and the semigroup of almost identical 1-1 partial trans-

formations on X, fespectively. We prove in Chapter I that for any

set X, the transformation semigroups UX’ Vx and Wx are factorizable.
Generalized partial transformation semigroups, generalized

full transformation semigroups and generalized l-1 partial transforma-

tion semigroups are studied in the second chapter, The following are

shown, Let X be a set and S be Tx, ﬂx or I If 6 ¢ S, then the

X‘



generalized transformation semigroup (S, 6) is regular if and only if
6 is a permutation on X, The main result of this chapter is to show
that the semigroup (S, ©) is factorizable if and only if 6 is a per-
mutation on X and X is a finite set. Moreover, it is shown that for

any set X, if S is U VX or W, and 6 ¢ S, then the semigroup (S, 6)

X? X
is factorizable if and only if © is a permutation on X,

In the last chapter, weakly factorizable transformation semi-
groups are studied, We show that the partial transformation semigroup
on a set X is weakly factorizable if and only if X is finite, and it

is also showed that the full transformation semigroup on a set X is

weakly factorizable if and only if X is finite,
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