CHAPTER V

CONTINUOUS SOLUTION OF f(xy)+f(xy'l) = 2f(x)f(y6) ON A TOPOLOGICAL

GROUP

5.1 Introduction

In [3] v TeMe Flett found all confinuous complex-valued

X
functionson R satisfying
£z + zZ5) + f(gl- z,) = 2f(z1)f(z,) ,

to be £ O or of the f&rm

i

200 | / ¢ ' e(<&x&5y)+ e-(ax + By)
+ iy) = cdosh ( XX3By) = A '

f(z)

where o, B are some compléx numbers.

In this chapter, we characterize the continuous solution of

(8) £( xy) + flxy sy = 28(x)f(ye) ,
where f is a function from a topological group G into 4 . This

14"
result is applied to the case G = R to obtain all continuous

n
functions £ \R ) ¢ such that
fx+y) + f(x-y) = 2f(x)f(y + €).

This includes the equation studied in [3] as a special

case.

5+2 Continuous Solutions of f(x y) + f(x y-l) = 2f(x)£(y0)

on a Topological Group.

521 Theorem Let G be a topological group. Any contingous



I

function not identically zero on G satisfies

(s) f(x y) + £f(x y-l) = 2f(x)£(yd)
and
(4) £( xyz) = £(x zy)

for every x , y, z in G, if and only if there exists a continuous

x
homomorphism h from G into (€ such that

g0 = BTIx) 4 n(xhe)

2

Proof Assume that f : G—»({ is continuous and satisfies
(S) and (A)o
By theorem 4.3.1, we have

~1 -1
f(x) - h(e x) + h( X e) ,

2

X
for all x in G, where h is a homomorphism from G to & .

It remains to be/proved that h is continaous.

h(e-lx ) + h(x °16)
2]

Then £(0x) h(x) + h( x‘l)
2

Since f(x)

s for every x in G.

1]

y for every x in G.

h(x y) + h(y-l xrl)
2

Thus  £(8x y)

- -h(x)h(y) + h(y'l)h( x-l) (5.241.1)

2

o § -1
and  £(ox )£(8y) = h(x) ; hix ") . h(y) ; h(y ™) ,

: [h(x)h(y)+h<xrl>h(y)+h<x>h<y“1)4h(xfl)h(y'1>]
(50201.2)
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Substracting (5.2.1.2) from (5.2.1.1), we get

f(8xy)=-£(0 x)£(0y)

E [ B60n e DG aE ) e | |

h(x) = h(x'-l) . h(y) - h(y"l)
2 2

hix) + BC x~L)
2

But £(8 x)

L]

h(x) - n( x™)
.

and hence h(x) - £(8 x)

Thus £(® xy) - £(& x)f£(8y)

[ao-2(8 ) ('h(y) - 20p)] (5.2.1.3)

£(6 x) , for all x in G.

i

Case I  Suppose h(x)
Then clearly, h is contintous .

Case IT  Otherwise, +thére is an X, in G such that

éﬁ = h(x)) - £(6x) # 0,

With X, for y in (542:153)—we get

i

208 3xg) - £(0 )1(8x,) = [nlx) - £(6 )] [ nlx,) - 2(ox))]

BGx ) 20 ) w2 [ eene )00 2cex, )]

i

(502.1.1"')

Hence h is continuous.
*
Conversely, if h : @ ——>( is a continuous homomorphism

*
from G to &j, then it is dlear that

-] -1
f(x) * h(e X) + h( X 9) .

2

is continuous. Furthermore, it follows from theorem L4e3,1 that

f satisfies (8) and (4).
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5242 Corollary Let G be a commutative topological group.
Then f : G ——> (€ is continuous and satisfies

() flxy) + 20 ™) = 28(x)£(y8)

if and only if there exists a continuous homomorphism h from G
*
into the multiplicative group d? of nonzero complex numbers

such that

i e h(e"'1 x) + h(x -16) .

2

Proof Since G is a commutative group, -hence the condition
(a) f(x yz) =7 I gy) ,

holds for every x , y, # in G and for all functions f : G‘————>d;
Hence the class of all contingous functions that satisfies (8)
coincides with the class ofia%l continuous functions that satisfies

(8) and (A).

5¢3 Continuous Solution of £f(x y) + f(x y~

on Rn

The following theorem givesall continuous solutions of

1y = 28(x)£(38)

(Sl) f(x+ y) + f(x=-y) = 2f(x )f(y + 0)

n
on R

Ll

n
5¢3e1 Theorenm Let f : W{———-) d: be continuous and not identi-
n
cally zero on ﬁ? o« Then f satisfies (Sl) if and only if there

exists Tiseee, r & d: such that



by

s rl( x1-61)+...+ rn(xn-en)+ erl(el-xi)+"'+rn(en- xn)
2

f( xl,ooo, xn) =

Proof By corollary 5.2.2, any continuous function f satisfies

(Sl) if and only if f is of the form

) . BE-0) +h-x

2

where X = ( Xiresey Xn) and h is a continuous homomorphism
n x
from R to d: .

By theorem 3.3.5, we have

LLXS /$loloat DX
Where x = ( xl’.'.’ xn) and Ilj e & ’ j = l’.o.’ Ne

; n
Thus every continuous solution of (Sl) on R must be of the form

erl(xl-ei)"’cno'f' rn(xn-en) erl(el"xl)+...+ rn(en" Xn
f(x g4o004X ) = = =
1 n

2

1 %
5¢3.2 Corollary Let f tR—— R be continuous and not

n
identically zero on IR . Then f satisfies (Sl) if and only if f
is of the. form
1 [erl(xl"'el) +oeet rn(x],l-en)

(5.3.201) f(xl,.-.' xn) = 'é’

rl(el-xl) + eeet I‘n(en- xn) ]
+ e
where all Tysees, T, are real numbers or all Tysesey r are pure

imaginary numbers.

n
Proof Assume that f :R—> R is continuous and satisfies (Sl).

n ]
Since IR Q a. We may consider f to be a function on IR into d: °
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By Theorem 5.3.1 , f must be of the form

. | L TR [ erl(xl- 1)+ et r (x - 6)
.l,oon, n - '2'

3 erl(el-- xl)+...+ rn(en- xn) ] P

where Ty secey T, € (l :
2 n
Since f maps R into R y hence the imaginary part of f(xl"°"xn)

must be zero for all Xygeeey X 4 i.es we have

rl(xl-el)+oo .+rn(xn-9n) I‘l( ell‘xl)‘*"c ° .+I‘n( en"'xn)

(5.3.2.2) Im (e e ) =" @

+

2
n/,

for all (Xl,noo,xn) 3 R. o

For convenience, for j /= 15%Wesly Ny et

/

/ y V)
rj % rj +drs

e / "

where i~ = - 1, Ty o0Xy are real numbers, and we denote X4 Bj

b .o
J YJ

With this notation, it follows from (5.3.2.2) that

/ /
[erlyl+...+rnyn-

/ /
e"(rlyl‘f'-oo"‘rnyn)] n

/i
(5-3.2.3) sin (rlyl+ooo+rnyn) = O,

for-all xl’..., Xn -

/i
B rj f' O for some jo, we can choose Xy3eeesX, 80 that
0
- # /t
sin (riyi+ eoe+ r ) .0
Therefore, (5.3.2.3) implies

/ / ; / /
er1y1+...+rnyn e-(rly1+...+rnyn)
= ?

for all Xl,-..., xn
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Hence, we have

/ /

/ /
rlyl +ooe + rnyn o (rlyl +eoot rnyn)-

/ / .
ThuS rlyl +eoot I‘nyn = O, for all Xlgcuig Xn °

i / A
We see that if rj 75 O for any j, we can choose Xyseeoy X

so that

/ /

rlyl +eeot rnyn % O .

!
Therefore, we must have rj ¥ Q) TOR=L] Jj = 1688, n's
[ /
Hence, if not all rj are zero, then all rj must be zero,.
Therefore, all of rl,...,rn must be real or all must be pure
imaginary.
Conversely, if f is‘of the form (5.3.2.1), then it is clear

that f is real-valued, and a straightforward verification shows
that f satisfies (8,)

S.4 Existence of Discontinuous Solution of f(xy)+f(xy"l)

= 2f(x)£(y0).

n
Selial .Theorem There exists discontinuous function f : W%———*(i

such that f satisfies

(Sl) flx +y) + flx =) = 2f(x)f(y + 6).

Proof By corollary 5.2.2, every continuous solution of (Sl)

must be of the form

(5.4.1.1) £(x) = Bx-0) +nC-x)
2



n X
where h is a continuous homomorphism from ﬂR to d: .

Therefore, by taking h to be a discontinuous homomorphism from

n . !
Ee to d; y we can get a discontinuous solution of (S.) of the

1

form (5.4.141). The existence of discontinuous homomorphisms

n ¥
from K to d: is already demonstrated in section 3.k4.

L7



	Chapter V Continuous Solution Of F (Xy)+F (Xy-1) = 2F (X) F (Y0) On A Topological Groups

