CHAPTER IV
GENERAL SOLUTION OF f(x y) + f(xy"l) = 2f(x)£(y6) ON GROUPS,

4ol Introduction

In [l} s Kannappan determinesall the functions f on a group

G into the complex plane d: satisfying the functional equation
(c) £(xy) + £(xy"D) =, 206)E(y)

and an additional. condition

(A) f(xz yz) = $(x zy) , for every x, ¥y, z in G.

In this chapter, we use the method of [l] to obtain all
functions f from a group G into satisfying the functional
equation
.

(8) O xy) o+ £C 2y = o€ f(yd) ,

vhere 0 is any fixed elément of Gy and the additional condition
(4).

Observe that when © is the identity of G, the equation (S)
becomes (C). Hence the study of (C) is a special case of the
study of (8).

Note that when G is commutative, the condition (4) is auto-
matically satisfied. When G is the additive group of complex (or

real) numbers, the equation (C) becomes
/
(c) f(x+y) + f(x=y) = 28(x)f(y),

which is an identity for cosine. Because of this, the equation

(C) is known as the cosine equation.
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In this case, if we take ©® to be g , then the equation (8)

becomes

") fx+y) ¢ £0x =y = 2802y + §),

which is an identity for sine. So that the equation (8) includes

as its special cases, the cosine and the sine functional equations.

4,2 Some Lemmas

he2,1 Lemma Let G be an arbitrary group and let f be a complex-

valued function satisfying (§) and (4) on G, not identically zero.

Then we have ' |

(ho2.1.1) 600 =Y

(4.2.1.2) £(y°0) =/ 2f(y8)%- 1

(he2.1.3)  £( %2 070) o3BT = 2£( xy)£( xy~L)
(ho2e1ok) £0 x% 0¥ = 2r(x)°e 1

(4420145) [f( Xy) = f(x)f(e,w,:)]2 = [f(X)a- l] [f(ey)a- 1}

Proof Let x be an element of G.

Replacing y by e, the identity of G, in (S), we have
1
)

f( xe) + fxe™ 2f(x)f(eb).

Thus 2f(x) 2£(x)£(0).

Since f is not identically zero, hence we have
f(e) = 1 (’4’9201.1)

Replacing x by y© in (S), we have
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£(y8y) + £(y0y™0) = 2:(ye)(y0) ,
£(yye) + £(yy~le) = 2£(y0)2
£(y°6) + £(6) = 2f(y8)° .
Thus £(y°8) = 28(y6)>- 1 (4e241.2)

16'1, respectively, in (8),

Replacing x and y by xy and xy
we get

£(xy xy"T6™1) + 2( xyoy ¥7Y) 28(xy) £(xy™ L) ,

f(xyy-le-lx) + f(xx-?yey) 2f(xy)f(xy"1),

£(x0™t x) + f(y0y)/ .

28 (xy)f(xy ),

£(x°07) + £(5%6) 20(xy) £(xy™)  (h.2.1.3)

Replacing y by e il (8), we have

£(xx 671) 4 £(xox"l) = 28(x) £(x6™20),
£(x"0™) + B = 2rm2
thus £(x261) = 28(x)2- 1L, (ho2olok)

Now using (S), (4.2.1.2), (#.2.1.3) and (4e2e1alt), we find that

[f(}q) - f(xy-l)} ¢

]

2
[f(xy) + f(xy"l)] - b f(xy)f(xy"l),

W) bt - o £(x20™Y) + 2(y%0)] ,
|

1]

2 -
[?(xy) + f(xy'lﬂ -2 [2 £(x)% 1 + 2£(y6)°- {!,

[:'t‘(xy) + f(xy'l)]a- b [f(x)2+ f(y6)2~ l] 1

L !'f(x)2 f(ye)2 - f(x)z- f(y6)2+ l] §
= 4 [eG®)1) [2z0)21]. A
Consequently, we obtain f(xy)ﬁf(xy-1) = 2([f(X)2‘i][f(Y°)2'{1)z'

Adding this equation to (S), we get
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[ 202 1) )2,

[f(x)a- i] £(y0)%= i]

f(xy) = £(x)f(y0) + ( [f(x)a- 1]

[£(02- 1] [ 2(ey0)?- 1],
B
L

S0 we have
2

L2 - 20230
(26 - 2(2Ceye)]
[f(xy) - f(x):t‘(eey)]2

[f(xy) - f(x)f(ey)]2

1

]

[ £(x)%- 1 || £(eby)>- 1= '

f(ey) = l . (4.2.1.5)

it

1 il ¥ Canat

'f(x)z_ 1

ho2s2 Lemma Let G be any group. If f is a complex-valued

function not identically zero on G with the properties that

(1) £ satisfies (S) 6n G,
(2) 2a) € {1, LA}/
(3) £ satisfies (A) on G.

Then f has the form

-1 -1
(B) f(x) = h(O7T7 x) + n(x""6) y for all x in G,

2
where h is a homomorphiém of G into the multiplicative group of

o
nonzero complex numbers, { .

Proof Let h(x) = p(ex) .,

Replacing x by 6x in (4.2.1.5), we have

[f(e x¥) - £(ox )f(ey{]2 “ [?(ex ). 1]‘:f(6y)2- 1] (4e24241)

Since f(x)° = 1 for all x in G,
(he24241) shows that f(6x y) = f(ox )f(ey) (he24242)
Hence h(xy) = f£(oxy) = £(Ox)f(0y) = h(x)h(y) .

Therefore h is a homomorphism,

Since h(x )2 = f(ex)2 = 1 for all x in G.



Hence h(e-lx )2 L2
Therefore, we have h(e-lx ) = h(e-l )-1.
So that,
p(x) = Lf(epEs Y,
= h(e-lx) ]
_ ne™tx) + n(e7tx)
- ?
2
Gl 2 PR D
& )
z

]
.

4.3 The Main Theofemn

hke3.1 Theorem Let G be an arbitrary group. Any complex~valued

function f not identically zero on G satisfies

() f(xy) + 2(xyt) = 28(x)£(y0)
and
(a) f(x yz) = f( x zy) ,

for every x, y, z in G, if and only if there exists a hcmomor=-
*
phism h from G into ( such that

(H) f(x) h(e-l X) g h(X-le)
2

for all x in G.
Proof Let f be a solution of (8) on G.
Lemma 4.,2.2 is the present theorem if f£(Q) C'{l, -1} . Suppose

that there is an x. in G such that

0

33
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2
£(0x,) 74 1 (4e3.1.1)
Let ol = f£(0 xo) and B be a square root of (CLa- 1.

That is, dv - 1 = B (1“'030102)
We now define
h(x) = £(6x) + % [f(eno) - £(0x )£(ox, )] , for all x

in G. It follows that

n(x) = %‘[f(exxo)+(5-ot) £(ex) | (44341.3)

Further, utilizing (4.2.1.5), (4.3.1.2) and (4.3¢1.3) » we have

1

"4 2
(80 - 260 0]" = 4 [r(om) - 2tam 20 %],

B
= .1.2 [f(ex )F= 1 :[ [f(Oxo)Z- 1] '
B
o U 22
= [f(OX) - lJ [}
=
p
= f(ex )2 - 1 n
Therefore, we obtain
h(x)%- 2n(® £(6x) +1 = o (4e3elak)

From (4.3.1.4) we conclude that h(x) 74 0 for any x ,

2
f(e X) = M
2h(x)

moreover

h(x) + h(x)™* _
2

Replacing x by 0% x » we have

fx) - B6™x )« n(e7rx )L
2
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It remains only to prove that h defined by (4.3.1.3) is a
homomorphism, that is, h(x y) = h(x) n(y), for every x, y

in G.

25(0xx;) £(0yxy ) = 2£(6xxy) f(ebyxy ) ,
= 2f(éxxy) f(ey x50) ,

= 2f(6xxo) f(y x50) .

From (8), we have

2£(0xx,) £(0yx) £(0%xy y3g ) + £(0xx, (yxy) ™),

1 =1
Y)’

= £ABxxg yxo) + £(Bxxyxy

=/ £(0x yxg ) +.£(8 xy'l) .

L[ 2eexyetxe) - £6 =) | +
[ 2tten) 2(y0) - 2(e xp) |,

& [éf(e xyxs) fle %,0) - £(8 xy)] +

U ere oeteyed - 20 xp) |,

- [2f(6 xy x5) £(eb xy) - £(8 xy)j +
[22¢0 026009 - 200 x 1],

= [2200 xy x)2(6 x0) - 26 xp)] +

[Zf(e x)f(0y) - £(© xy)] "

& ;2 [f(s xyx,y )E(8 x5) + £(0x)2(0y)-£(0 xy)]

(443e145)

Again using (S),we get

11549215¢%
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ztf(e XX, )f(eby + f(eyxo?f(ee X )j,

-
2|£(0xx, )(0y) + f(eyxo)f(ex)]
- 2[1‘(6 XX Y£(eyd) + f(eyxo )f(exe)];

= 2[:&‘(6 xxo)f(ye) - f(eyxo)f( xe)],

= £(0 xxoy) + £(© xxoy-l) +.
-
f(nyOx) ¥ f(eyxox P g

-1

= f(exxoy)+f(exoy x) +

) ol
f(oxyxo) ¥ f(exox .

2£(e xxg) + (6 xoxy-l) + f(exoy x-l)

H

= 2[f(6xxoy) - f(exo)f(xy-lﬁ)] 1
= Z[f(exxo y) + f(@x)f(ex y-la) ],
= 2[#(oxx, ) + £ox)1e0xy™M],
= 2[#0xx, 3) + exeCexy™) ],
= 2[f(6x>co y) + oL f(8 xy-l) :]{ N
= 2f #8000y 1) +ot{2r(e02(50)-£(0x 3]

3 2![1‘(6 xxoy>+d{2f(ex)f(ey)-f(ex ]
(ha3.1.6)

In view of (4.3.1.3), (4e3:1.5), (4.3.1.6) and (4.3.1.2), we obtain

h()h(y) = -‘;2 [_f(GxxO) + (B =ot)e(o x)] [£Cerxy) + (8 ~oz(em) ]
= é‘a[f(ﬁxxo)f(eyxo) + (B~ ot){ f(ex)f(eyxo) + f(ey)f(exxo)_}

+ (B -)? f£(ox )f<ey>] ;

L

5 [f(ex yxo)f(exo) + £(0x )f(0y) - f(6x y)

es]

+ (8 -&){f(@xxoy) + di2f(6x)f(GY)- f(6x y)}}

+ (P --0‘-)2 f(ex )f(oy) ’ "
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= 3 [ 6 fCexngy) + (8% (o2 1))2(0x Y£(oy)-(1+ B o«2)£(0x y)] ’
Bk

4 ﬁ?-_ﬁ £2(0 xxy) - (B - p2) eoxy) |,

- % Ef(ex yx) + (B -oL) f(ox Y)] 1

= R ¥) i

Hence h is a homomorphism.

n(e~tx ) + n(e™lx  Ji
2

Then f£(x)

1

n(e~lx 5 K(x =8) T{ 74N
2 \{.,J.;-;‘"\ \"7 S ; F

Conversely, assume that

e(x) = BOTFE) Emx L) i

2

X
for all x in G and h is a homomorphism from G to @ .

=t y) +hl(x y)“le)+h(e"1 ¥ y—l)+h((xy-l)-19)
2 2 s
n(o™t x v) o+ h(:)r"":L x “8)enco™L x y-1)+h(y fle)}
2

Hence, f(xy) + f(xy—l-) =

1 [h(e-l)h(x)h(y)+h(yul)h( x-l)h(e) +

2
,h(e‘l)h(x)h(y"l) + h(y)h(x'l)h(e) ] A

and

2£(x)£(y®)

fl

3 {h(e'lx)+h( x1o) . n(e~lye) +h((y6)'18)}’
2 2

%‘[h(ﬁ-l}.) + h(x-le)‘] [h(e"lye) , h(e'ly*le):l,

il

% [h(e"lx)h(e'lye) + h(x'le)h(e'lye) + h(e“lx)h(e'ly“le)

+ h( x‘le.)h(e'ly “'16>J, ;



Therefore, f(xy) + f(xy"

i} i

381 § oo

% [h(e'l)h(x)h(e'l)h(y)h(ﬁ) + n(x"Hn(e)ne™ yn(y)n(o)

38

+ h(0™Hn(x)ne™ iy Hno) + h(xrl)h(e>h<e"1>h<y‘1>h(e>] ;

[h(x)h(y>h<e"1)h<ee"1) + h(Hn(y)n(e)n(ee™d)

+ h(ny™Hne~HHncee™) + h(x?l)h(y'l)h(e)h(ee“l)]
- [h(x)h(y)h(e'l) + B(xHn(y)nce) + n(xn(y Ln(e™t)
+ h(x -l)h(y-l)h(e)] .

1) = 2f(x)£(y0d)

Also, for any Xy Vo 2 310G

f(x yz) =

and

-1

h(e™" x yz) + h((xyz)-le) :

f.

n(0™ x y2) 4 /nlp Tyt xrlﬁ)
T |

2

n(e™Hn(Dn(y)ulz) + wz=2)nly" Y nix ~Lyn(e) ’
e

iy

HeO™ z2y) + h((xzy)-le)

£f( xzy) = 5

2

n(e~t xzy) + h(y'lz-l x-le)
¥ 9

a

h(8™HRGOR(2)N(y) + hiyHnz" )n( x~Lynce)
2

Therefore, f( xyz) = f£( xzy) .

443.2 Corollary Let G be a commutative group. Then f : G ——s

not identically zero on G satisfies

(s)

flxy) + £x y7™8) = 2r(x)e(ye)
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if and only if f is of the form

-] -
(H) £(x) . h(e77x) + n(x""0) \

2

X
for all x in G, where h is a homomorphism from G to d? .

Proof Since G is a commutative group, hence the condition

(4) £f( xyz) = £( xzy) ,

for every x ,y,z in G, holds for all functions f : G — dj.
Hence the class of all functions that satisfies (8) coincides

with the class of all funetions that satisfies (S) ana (4).

ha3.3 Corollary Let G be/ any group. Then every solution of

f(x y) + £(x y"l) = - 2f(x)f(y)
satisfying the condition
f(x yz) & £(x zy) -,

for all x, y, z in G, has the form

-1
f(x) KORK EINHVEASITY) ;

2

X
for all x in G, where h is a homomorphism of G into dj .

Proof This corollary is a special case of theorem 4.3.1 when

® = e, the identity of G.
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