CHAPTER 3
THE LIMIT DISTRIBUTION OF U /////‘;% N
31 DEFINITION OF U
Let
Xpa1 X200 0 o s Xm1
x21"x22’ e o o 9 X2n2
(301) o.o.aacoo--‘
X X

X
’ . . .
11 12 \ 1 lnl

be independent random variables such that the random variables in

the same row have the same distribution,

Let f(x1,..., xl) be a real-valued function which is
bounded and integrable. For 1 s i1$ Dogeeey 1 £ ils n put
(302) U(i,"o.n’ il) = f(X ) .

'..." X
111 1nl

In this chapter we shall study the asymptotic distribution of

n n

1
(3.3) U = 12: U 1,.-0.' il)o
1

=

He
[
II

In section 3.3 we show that U is asymptotically normally
distributed when Nyyeeey Ny are large. Moreover, if f,',...».'fk
are bounded integrable function of 1 variables, we also show that

asymptotic distribution of the random vector
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U &= (U1,ooo’ Uk) ’
nl n,]
= X X = )
where Up = 12_1‘..5;1 fp(lh]iq!--og‘\lil)! p 17‘ ’k ’
1 1

is a k-variate normal distribution.

3.2 MOMENTS OF U

¢ 7
DEFINITION 3,2.1 U(i1,..., il) and U(i 4000, 11) are said to

be linked if and only if there exists k such that 1 £ k£ 1 and
/ ! /
i, i+ A pair of such U(i1,..., il), U(i1...., il) will be

¢ 4
called a link. Note that if U(i1,..., il) and U(i1,..., il) are

not linked then they are Stochastically independent.

DEFINITION 3.2.,2 Any get S of U(iq...., il)'s is said to be a

i
connected if and only Aif for any U and U in S there exists a

(1) (n) S (1 (n)
n

finite sequence U 1900y U S such that U = U s, U =1
g k) and U(k+1)

and for each k = 1,..44 n=1, are linked.
B
DEFINITION 3.,2.3 . Let S, S be any séts of Ui peen, il). e say

[ i / '
that S, S are separated if foreach U € 5, U € 3, Uand U

are not linked,

DEFINITION 3,2.4 Any family of sets of U(i1,..., il) is said to

be a family of separated sets if every two sets in it are separated.

PROPOSITION 3,2,1 If {31,..., Su} is a family of separated sets

u
0f Ulijseeey iy)'s, then sNo) - T =T,
U !
UE€MS UE 5
ok K

Proof Since 51,..., Su are separated, hence .1Th gecey l[U

U € s U E 3
1 u

are functions of disjoint sets of independent random variables.

Therefore, they are independent. So, we have
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T - &M . Mo ... @ T
Uiysk U€s, UESZ' UES

%E(TU) ;

k=1
U€'Sk

PROPOSITION 3.2.2 Let S be a connected set consisting of t elements,

U(i1p,:.;,»ilp), D ® Ygeniy Lo If jk is the number of distinct

; i . <

values of i, 's occuring among U(i1p,,.,11p) in S, Then
1

}E:jk £ (=1t ¢

k=1

Proof Since S is connécted and has t elements, there must exist
at least t-1 links among the U(i1f‘.; il)' For each link, there
correspond an equal value of ik in the pair of U(i1,¢..,il)'s that
are linked. Hence to the t-1 links there correspond t-1 equal values
of ik;si

Hence there are at most lt=(t-1) = (1-1)t+1 distinect ik among
the U(i1,..., il)'s in S, Hence we have
£ (=1t +1 .

J
= Nl

Wt/j“

PROPOSITION 3,2.3 Let A(t ; Dygeesi nl).denote the number of ways
that we can form a connected set consisting of exactly t of the
U(i1,.., il)’ i, = T4eeey n 5 k= 1,000, 1, not necessary distinct,

Then

A(t ;:nf"’...,nl) g C(l,t) Z . . . g n,‘ nau..nl W&ys"
j,|+-..+jl§(1-1 t+1
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where c¢(1,t) is a number depending only on 1 and t.,

Proof There are jk values of ik’ Ve can assign jk values to ik

in the t U's in

a, +eset+a, =t °- s P

]
L 1 nk(nk-1)...-(nk- jk+ 1) wayse
k " ‘

Hence there are at most

t! .
j1+...+jl£(1-1)t+1 = &, teweta ., =t &1 a. !nk<nk-1)"'(nk-3k+1)

Soge

1 Iy L Ui
1
& i ¥ '
- ‘ Z. k_,‘ k( k 1)oaa(n Jk+1) Z t
Jotee+j £(L=1)t+1 a,+eota .=t a, leell oy
1 a V57 1 Jk
« =
: o n T
= k: nk(nk 1)o-oo(nk-3k+1)(3k)

j1+..+j1;(l—1)t+1

k-3k+1))

L
- 2a (T(Jk> )M (a1

J1+...+Ji§(l-1)t+1 k=1 k=1
oy ,ﬁ-(. yt 3 njz nj1
2 & Jk n1 2 s 1 .

31+.:+31g(1-1)t+1

A

1
N gt
Let o{l,t) = max k=1 (Jk) s, then
Joteeetiig (1-1t4

J 3y J J
T (Jk> n,] ...n1 < e¢(1,¢) Z n,{]...nlzL 3
j1+oco+j1$(1"1)t+1 . j1+.0+j1$(1-1)t+1,



22
iv&

Hence there are at most c(1,t) 2{: n, ceeeny ways of assingning
j1+..+jl£(l-1)t+1

values to i1,..., il in the t U's to have a connected set with t U'se

J J
e a z : E f 1 1
Hence d.(t’nll’n..,nl) - C(l’t) ® & i e n1 ..conl .
Jqteeetd 6(1-1)t41

LEMMA 3,2.1 Let n.= an where ak's are constants for k = 1,..,1.

Let N(t1,...,tu) be the number of ways of forming families of u

separated connected set S1,..., Su such that

(1) | sj[ =ty 2 for all j ,

LA Y g

(2) { Sj ‘ /. tj 3> for some j , .-,15;tf‘§“
f”m’lj‘ki\-%}
= 3 Y 3‘ ‘
(3) IUS:]I m., '\ . :
' ‘v‘ R \ \A AT ‘vv”.~"‘$"
m(21-1 )-1 ) .)'I:\:"-::.\», »' A‘(

then N(t ,..., t ) & o(n 2 y. N

Proof Let §, = {U(k)/T + 1€k §T.}
— g =1 J

such that

and
T. = T +tj forj=1,no’u andk=1’ooo’m.
From (1) and (2) we obtain
(&) 2u +1 < biteear t

u

Since Sj are separated, hence E: t, =

fay 4 usg -
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Therefore, from (3) and (4) we obtain
2u + 1 é, m

S0 we have

(5) nw - ¢ 21,

Since connected set Sj has tj elements, so from Proposition Se2e2,
the number of distinct values of ik's occuring among U's in Sj is
at most (1-1)tj+ 1y then the number of ways of forming Sj is

A(tj; n1,...,n1). Hence the number of ways of partition m U's into u

u
separated sets Sj's is at most 'TT’A(tj; n1,...,nl), which is less

3=1 |

- j j

<7 1 1

than or equal to ;F:.[c(l,tj) bl EZ: Ny eeee ng .
Iteeti € (l-1)tj+1

The last expression is a polynomial in Nygeee, ny of degree

& u
2;; [(1-1)tj+ 1?} = (l-1)§;;tj+ u = m(21;1)-1 .

When each n, is replaced by a,n, this expression is a polynomial
in n of degree m(21-1)-1 . Hence we have
2
m(21-1)-1
0(n - Je

I\

N(t1,..., tu)

LEMMA 3.2.2 Let n, = a,n where ak's are constants for k = 15,4441,

Define V(11,..., 11) = U(11,..., 11)-E [U(11,..., 11)],



2L

n n

1 1
and Vv = Z V 1,0.-,11)0
Ay =1 11=1
1
k(21-1) 2k k(21=1)
then M (1) - (@t (300 ea) (Z 5a)*s on !
2 (k') %q
3 - Q, O,
where gq = E [V(11”"’ll)V(lﬁ"'°’li)]
1
with ij = ij if and only if j = q .

Proof TFor convenience, let us introduce some notations.
= ————t———

Let

I = I1X12X o s e XIl,

where I = {1 24 oh n } N7 40004l &
L] 9 L] q s+ 9 b ?
For each C{

Hence //%L(V)

(i1,...,il)€ I we denote V(iq,...,il) by V (OL).

E(VZk)

E [ dov(k )]2k
AET

E[WT(XZV(AJW

A €T

éz_—:u.. [3_": V(O(J)]

Z 'Trv(al )+ Z E[Tl'v(o()} z [i:v(dj)]o

]
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where

(1)
E: is extended over the expectation of the products of

2k V'(Jj)s which can be formed into a family of separated connected
sets such that in the family there exists at least one separated

set which has one element,

(2)
E:: is extended over the expectation of the products of

2k V'(O%)s which can be formed into a family of separated connected

sets such that any set in it has exactly two elements.,

(3)
}:j is extended over the expectation of the products of

2k V'(Og)s whieh can be formed into a family of separated connected
sets such that every set in it has at least two elements and there
exists at least one separated conmected set which has at least three

elements,

(1)
Note that each term in the summation 2: has E(V(OG)),

which is zero, as a factor. Hence

(P ONGKDE

(1) Y E [EV(JJ.)] =00 .

ck (2)
Each term E [ TTQ(”%)] in z: can be factored
j=1

into the form

n

k
E [TrV(o(j)] - E[v<og1>v(vg2)} E{V(OgB)V( "J.(“)]...E[V(Og (o t)J

J=1 2t-1 I
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where V(Cl. ), V( d ) are linked. Here j_,.., j., is a
Jota1 Jat ! £k

permutation of 1, 2,.., 2k. To each permutation

1 2 + .+ o+ 2k

let
(p) k
TrE[V(O,( W d. ):'
t=1 dotaq Jot
k
denote the sum of all 1TE}[V(‘% )V(C4 )] such that each
: b4 1 Jot-1 Jot

pair V(Cét 1) 5 V(th) are linked but each of them is not linked
with any other V(U%).
Note that distinct permutations may give rise to the same sum
(2)

in Z , for example

1 BUWIIVIRNSE 6 ... 2k

35 J6ooo ‘]21{

1 2 3 L 5 6 .,.. 2k

J5 Jgeee Jop

1 2 3 4 5 6 ... 2k

c d b a 35 36... Jzk
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will give rise the same sumw. Observe that

1 2 .. .2k

L}
i

Jp dp ee e dny

and
1 2 « o o 2k
p' = ’
Y !
Y8l Yk
{p) (p*)
will give rise to distinct sums ’ if and only if

. . b 0, -’ -’ -’
{{31’32} 9000y {Jzk_-]"]ak}x and {{31132§ 3%y {J2k-1"]2k§i are

distinct permutations of { 1,2,...,2kk. Since there are precisely

(2k)!
Zk(k!)

(2k)! : (p)
% permutation p that give rise to different z: . Let P
27 (k1)

such partitions of { Ty240e42k %, hence we have exactly

denote a set of such permutations. Then

—_ [%E(o() ép)Tk’r (ol ity (e )
B[ Tv@)] = EV v( d )
b j=1 J ] pE P =1 Jog-1 ot

k
(p)
Observe that E T(E [V( "t )V(O(, )] are the same for all
t=1 Jat-1 ot

p € P. Hence

X E[j?:w ] - o 2. JII;E [ves, vt o],

(po)
where P, is the identity permutation. The summation z: is
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1), V(dzj) are

o o

taken over all 1,..,(7(2k € I such that V( 2 -
[

linked but each is not linked to any other <f S.

d at o
Let J denote the set of all ( Yaee dzk) such that 251

°gj have at least one common component but each has no common

b
component with any other cl s, Hence we may write

(po) k k
NELE: {V(Oé,_1)v(a(2.)] D N ’WE{V(%. DV o]
j=1 J J (A yeeyd )ET =1 J- J -
1 2k
ok d ) ol
To each (% ,.40,%, )€ J, let k, B the number of j's such that 251"
ng have common qth componeént, g = 1,.+,2k. Hence for (°g,...,d2k)€ J
we have
1
2k WD -
e —
Lot 31 denote the sét of (41,...,0(21() such that

So that we have
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(p ) k

TT'E [ved_pved 0} T P TFE{V(«'( v (o(jfj

(41 yee ,o(Zk)e J1 =

L =1
il (1,.., 21{)eJ

\/& ’ Z X rrE[ %)

When 2k = 2, we have

n n n n
i

1 1M ) ;
2.0 Efv(d v = 5 ... e Y B[V, e iV, peeis ),
(4, 0d,0€0, [ ! - i, =1 1E=1 2 :{)i-* [ 1 1 1 1

¢ /

where the summation is taken over all values of i1""il’i1”"ii

such that one and only one of the following's occurs :
; by \ {
1,] = 11,.¢.., 11 = :Ll
There are
/
n1n2(n2 =1)eeos nl(n1-1) terms in which i1 = ii .

n1(n1 1)n2n3(n3 “1)0es nl(nl—1) terms in which i,=

!
12,

#

n1(n140.............. nlm1(nl_1-1)n1 terms in which i ije

1:

Hence, we have

(Z; fetm B[v(A)v(d)]= n 0 (ny-1).in (np-1) &
1t 2 1

+ m (0, =10, (n=1) ey (n)=1) Xz

+ n,](n1—1)...--......nl_1(n1_1—1)nl ‘l
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Setting n,= a.n, n,= A5Nyeeey Ny= a0, We have

: 21~ -
(EA§J1E[V(“(1)V(°‘2)]=[n Lo ]R85 a8 4 vals 6 a 151]

=[n21—1+o(n21-1ﬂ[Ka§...ai) gl +..+(a§..ai) gl
1 1

1
- ¥ =
= n21 1(a1...a1)2 z: ;3 S o(n21 1).
Q=1 "q
In general, it can be shown that
k 1 ¥ K
Soeve vy Mefd omAk o] ¥ e )L 294 onk(2-1)),
. 23=1 23 1 1 —.a
(9( _.d)J3'1 q=1"g
1*°°% 2k 1
By a similar argument, it can be shown that
LIRS TFE[v(d WA D= o 2y,
j=1
(41,.., 51 I
Hence
(2) 2k 1 B k
(2) §:1 E 1;3(&3) ! (ik)! k(21-1)( al)zk(z: gg) . o(nk(21-1)).
J=1 27 (k!) Q=1"q
(3)
By Lemma 3.2.1, we see that the number of termsin zz is
2k(21-1)=-1
at most O(n e ). Hence
(3) . 2K 2k(21-1)=1

3 e[ MvE)]com 2 ) = oHET),
=1 177
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From (1), (2) and (3) we obtain

k
//Axk(v) _ (2k): k(21—1)(a1'°°a1)2k X 19  o(nK(21-1)y
2 (k!) q=1 aq

LEMMA 3,2.3 Let n, = a, n where ak's are constants for k = 1,.4., 1 ,

(2k+1)(21-1)

. 2
We claim that //Ag;+1(v) = o(n )y
nl nl
where V& 52;1.., E; V(i1,o.,il)
iy= =
and V(i aed i)/ = 0 a,i)-E [ 004,010 ]

Proof Let I, o , V(&) be¢ the same as in Lemma 3.2.2.

Hence //g£+1(V) = EEV2k+1]

E[ZJV@ﬂ
AET

2k+1

Rakokn 1 V(O%?}

i=1 Jd.61I
v J

2k+1

0

2k+1

PIVEIID B ’Tr—v(c( )]

o eI d\G 1 3 1

2iz+1
(1) 2k+1 2k+1

b E[‘XTV(O‘ )]+T‘(’ )E[r V(& )]

"

1]
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where

&P
i: is extended over the expectation of the products of

2k+1 V'(Q%)s which can be formed into a family of separated
connected sets such that in the family there exists at least one

separated set which has exactly one element.

(2)
Z: is extended over the expectation of the products of

2k+1 V'(dj)s which can be formed into a family of separated

connected sets such that any set in it has at least two elements.

(1)
Note that each term in the summation Z: has E[V(O%)] s
2k+1
(1)
which is zero, as a factor. Hence 2: E [ 1T~V(°%)]‘= o .
j=1

Since 2k+1 is odd, we may apply Lemma 3.2.1 to obtain an upper

(2)

bound for the number of terms in z: « It can be seen that there

(2k+1)(21-1)-1 (2)

> 2
are atmost O(n ) terms in Z . Hence
(2) 2k+1 (2k+1)(21-1) -1 (2k+1)(21-1)
{: E{ 7T'V(°k)] { 0(n £ ) = oln s )

=1 IS

Therefore,
(2k+1)(21-1)

2
//%i+1 (v) =  o(n )
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J¢3 THE ASYMPTOTIC DISTRIBUTION OF U

THEORIM 3,341 Tor each positive integer n, let Fn be the

distribution function of X = U - E(U) , where U is defined as

Var(U)
in (3.3) with Ry 2R where a,,...,a, are positive constants.
1
o Ty
Let Cq be as defined in Lemma 3,2.2. 1If 2_\ g # 0, then
q=1 a
q
Fos 2
Lin  7_(x) = == j e Zat
Ny : 1'/ 2 Tr
J
Y}

Proof Let V = U - &(U),// Hence Var(V) = Var(U),

=~ T 3
Therefore /Aﬁ(X) £ /75 vﬁ:r‘
- | ar(V)J
h——— ——
= 5 N
(Var(V))2

Note that Lemma 3.2,2 and Lemma 3.2.3 are applicable to our

random variable V, ‘'hen m is replaced by 2k, we obtain

1. %
] - ! S ’»\v o -
(zk)' nk(21 1) (a ee el )2{( 2__ __3) + o(nk(Zl 1))
' < 1 1 a .
V] (X) - 2 (ki) q=1 Cl
2k ( 2; k
In(21-1)(a ol ) R O(n21-1))]
N 1 1 it a
q=1"q J
§
= %{—)..;_ ER 0(1) .
27(k!)
hence ‘é(x = + 0(1), when m is an even integer.,

3
2 (E)'
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When m is replaced by 2k+1 , we obtain

(2k+1)(21-1)

e
//( (1) = o(n )
2k+1 1 ¥ 2k+1
(21-1) 2{" 0g (21-1) }
{n (aje02,)7 ¢, = + o(n )
Q=1 "q
= d1) ,
hence /éé(x) = o(1) when m is an odd integer.
So we have
4
m} - s
= when m is even integer,
. | 2
un A0 = 22D
n--y 90
0 when m is odd integer,

so by Corollary 2.1 .we obtain

> -22
2

lim F (x) - o € adE

n—oQ = VZW

-

THEOREM 3,3,2 Let fp, P = 1T4eeeyk , be bounded integrable
function of 1 variables and let (in), i= 1,...,nj, J & Ty004,1
be a system of independent random variables such that for each Jo

in are identically distributed. For p = 1,...,k, let

ny n,
U_ = E E f (X i ,...,X . ) o Assume that the covariance
P P 1i
1l= i =1 1

matrix ( GEq) of (U1,..., Uk) is non-singular,



AI . . OL ! 7. L i
Let q(t1"' ’tk) be bq of Lemma 3,2.2 with

k
—
f(x,‘,oao,xl) = Z_:q D ; fp(xq'-on,xl) .
P=1 [6pa

If nq = aqn s Where B 9000493, are positive constants such that

1
y Z(qft1,..,t1{)

q=1 a

for all (t1,..,tk) # (Oyees,0), tlen (U1,..,Uk) is asymptotically

normally distributed-when n//is large.

Proof Let Qg(t1,...,tk) bel thie | characteristic function of the

0/= 02
joint distribution of _3_,::;2“ £OX P = 1yennyk o
Var (V)
bel
Vie obtain
. o
el (U1) Yk (Uk) )
. 1’ — t1+...+ e by
¥ I -«/Var(U,]) +/Var(U, )
(!j;(t1,.no,t1:) = B l e j
\

= B (el.lL ) s
where
t,U £ U St t U
1] +oaet Er§ O ) L 1_3 oot ‘EWFJ
N Ve 041 ) ki
, t404 Uy
ar( Yoot )
AL ¥6rax
t,U t U
and t =] Var( 173 tooot ,k =]
V14 W/ O



Note that
n n
1 1
t, U t. U t
—1—1+...+—'1~{.-“E= . oaaZ J—f1(x1i ’.."}:li )+ooo
Y611 Y6 171 17146, ! .
nl n1
= 1v-1.ao. —1 f(x1i1,oo-, xlil) L]
1° o i
t t

1

b

d——m £ (X

o

k
Where f(x ,..,Xl) wai gem——— f1(x1’o.o,xl)+ool+ tk(x1,ooo, X )

! 611 A Oy

which is also bounded and integrable.

n

1 n1
Let U = }:i 5:: f(x1i ,...,Xli ), then
i /=1 = 1
17 1
x - U-EW -

q/Var(U)

11
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1

".oo’xli

Hence by Theorem 2+»1.2, Theorem 2.2.4, Theorem 2.2.6 and Theorem 3.3.1,

we see that

_t°
lim E(elXt) = e 2
n— oo ; :
; [ t1J1 X . tkUk
-= Var if=: R
i.e. 1lim 99 (£, 70004t ) = ¢ © e 6k
n 1 k
n— oo

k k
t U t. U tt &
But Var{ 11 tan —E—k = Z E —LLPB
A G171 Ay

Ne
"
-
o]
I
-
A
=]
o)
L

1
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1
, -
hence 1lim Kpn(t,],..,tk) _— P=14/6pp 6qq ,
n-yoo

which is the characteristic function of the multivariate normal
distribution.

We see that % (t‘l""’tk)’ which is the characteristic

U - E(U)
function of —Eee—e— PR pon P = 140004k , has its limit as the
AfVar (Up)

characteristic function of multivariate normal distribution,
hence (U1,.., Uk) is asymptotically normally distributed when n

is large.
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