CHAPTER V

ON THE ABELIAN GROUP Ch X Cy vuu x C, (N TIMES)

2

1 Introduction.

Let the abelian group Vo =0Cs x C, Xeuu x C, (n times).
It is obvious to see that the order of the abelian group

~

of Vn is 2Mand ecach non-trivial element of Vp is of order
2. We can let the abelian group Vh'be as follows:

v, = {1, 1y 85 ave, aéf;}.

Then we have

Moreover, the abelian group Vn can be expressed as the
irredundant union of subgroupsA1, Aoy weey A " where
2=1
Ai = {1, ai}

n
for L Ta 1, 2, sl 121 .

We will consider groups which are homomorphic preimages

of the abelian group ‘Vn.

2 Croups Which can be Mapped Homomorphically onto

the abelian group Vn.

2.1 Theorem. If a group G can be mapped homomorphically
onto the abelian group Vn’ then G is an irredundant union
of 2-1 subgroups,
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Proof. Let ‘Y be a mapping such that
(F: G_.§Vn
is an onto homomorphism. Set
_ -1 -1
G, = ¢ (a;) Uy ¢ (1) :
for- i = 15 25 wwey 201, It is easy to see that Gi is a
subgroup of G for all i in 1325000, 221 and

2%
G = U G- L]
As1 * n
2-1
Finally, if for some j = %;2,...n, Gj C U Gk , then for
k=1
k#j

any y in GjN- @1(1), . belongs to G, for some k = 1,2,...n
and k # j, so that

17 # 25 = ¢(yye {1, a, } »

which is impossible, Henece the union is irredundant .

lVoreover, it is easy to .see that the subgroups Gi‘s
which we have constructed, have the following properties:
-1
G. N G, = 1)
% fndnead |
for all i, e in. . 1a 2iassiP=lrne@gd 1 # 3 .

In case n = 2, we have proved that a group is a
3-group if and only if it can be mapped homomor-hically
onto the Klein L-group V which is the abelian group
V, =C, X C,. However, whether the converse of the Theorem

2 2 2
2.1 holds or not in general has not been solved. But we can
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prove a partial converse as follows:
n
' 2-1
2.2 Theorem. Let a group G = U G, be the irredundant union of
i=1

its subgroups Gi with the additional properties:

n
2-1
(i) K = M G is a normal subgroup of G,
i=1
(i1) there exist gq; 855 s+« &, in G such that g? is
in K and Bi85 = 8484 for all i, j in{1,2, ) n},and
Gy Gorsess® £ ={A.. o f V& LicEnueeelign
{ 1 2 2-1} 111200|1j 1 2 f

§=1,25000l1 }

where Ay tpess /] [xu {gi1giz"'gij}]

1€ 14< i< 00 ijg n, § = 1,260

Then G can be mapped homomorphicall onto the abelian group
V_.
n

Proof. Let 99 be a mapping from G onto G/K as follows:

(P:G__>G/K,
defined by g s 8Ke

Then P is an onto homomorphism. We only need to show that
G/K is the abelian group Vn. By assumption we have

’ U [Kuggi eeef. J}]
Ql,l(...
j = 1,2,.-0!’1
n
1is the irredundant union of 2-1 subgroups[K[Hg ...g }]

Then the ®lements of the set

G

I
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B = L] LI ] - i i L L]
{ 511312 glj/ 1$l1<12<_ <iJ\<I‘1, }
J=1,2,esen

are all distinct and each of them does not Belong to K.
Since gg is in K for alli in{ﬁ,E,...n};the square of each
element of B must belong to K. From these, we have
J=120em )

and the elements of .G g are all distinct. Since g2 is in
K for all 1 1n{1,2,...n},(gix)2 = K. Then { K, g. K} is a
cyclic subgroup of G for alli in{1,2,... ny - From

¢ = {x}U {(gi1---gij)K/ 148, <1y < aicisgm,

J = 125080 n }_, we have
G = { &, 81K} x {K, gzK}x e % K gnK} ;
since gig = ngl Eor ALl T, jin{1,2,... ﬁ%i.e.,G/K is an

abelian group. 'So we have G K is an abelian group of the
form C, x C, X wsa x G, (n times).
Hence the theorem is proved completely.

2.3 Remark. We can state Theorem 2,1 and 2.2 in terms of
isomorphism as follows:

1. Let G be a group and K a normal subgroup of G. If
G/K is isomorphic to the abelian group V , then G is an
irredundant union of 2 1 subgroups and the intersection is
K.

n
‘ 2=1
2 Let a group G = U Gibe the irredundant union of its
i=1
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subgroups Gi with the additional properties:
n

(1) K

2=1
{]101 is a normal subgroup of G,

(ii) there exist EpBoseee g, in G.such that g§ is in K and

gi85 = gjgi for all i, j in {12,... n} and

{G1, G2...Gn } = {Aii o..i‘/ 1$i1<i.2( |.o<lj€‘n,
2 =1 12 J
§=1,2,... n}

where Ai112...ij =[xy {gi1giz"'gij}] ’

1Qi1<12<---<ij$n, j=1,2,ooa n.

Then G/K is isomorphic:to the abelian group Vn.
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