CHAPTER IITI
GROUPS WHICH ARE UNIONS OF THEIR PROPER SUBGROUPS

Alomost all the materials of this chapter are drawn
from reference (27,

1 Introduction.

It is evident that any group G which is not cyclic
is expressible as a union of proper subgroups; for example,
such a group G is the union of its cyclic subgroups, which
by hypothesis are all proper. Conversely, if a group is a

union of proper subgroups' of itself, it clearly can not be
‘)&‘;14""‘“
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It is not easy to characterize groups which a egkigj};_];/
finite unions of proper subgroups. That there exist ﬁ"“::%:i’

noncyclic groups which are not such finite unionsis seen
from the example ¢f the additive group Q 7 (the set of
rational numbers with the usual addition). TIndeed suppose
that @ is the union of its proper subgroups H,, Hyy wees

H + We can assume that this union is irredundant., Then there
exists ‘an r =m in H, for some integers m, n # o and r

n n n
does not belong to L_lHi. If pr is in L_‘JHi for some integer

i=2n - P 1=2

p#0, then r is in U H;,. Then for any nonzero integer p,
. i=2 :
r is in Hye Thus we have r = 1 is in Hye Let ¢ be in @Qf
p m n d
where ¢ and d # o are integers, and since 1 is in H1, S0 we
nd
have cn(1 ) = ¢ 1is in Hy. Hence @i = H; , which is a

nd d
contradiction.



More generally, no locally cyclic group can be a
finite union of its proper subgroups, which implies that
no subgroup of" @f can be an irredundant union of its

subgroups. A proof is given as follows:

Suppose that a locally cyclic group G is the

irredundant union of its proper subgroups Gyo Gz,..., Gn .

n
Then there exist g, and 8o belong to G1 N U Gi and
=)

G2‘~ ézﬁci ; respectively. Since G is locally cyclic,

i#2
[813 gé] = (g) for some g in G. If g belongs to G,, then
(g) is a subgroup of G /so that 2185 belongs to G,; .this
implies that g belongs to G1, which is impossible. Similary

g can not belong to G Then g must belong to

2.
n n
UG, ~ (G,\UG,) ‘sothat [g) is a subset of |J G, and
j=3 * 2 j=3 1

n
it follows that g, and g, belong to G., which is a
1 2 §=3 1

n
contradiction, since g; and g, do not belong to LJ(%;
=3

2 Groups can not be Unions of Two Proper Subgroups.,

2.1 Theorem. No group is a wunion of two of its proper
subgroups.

Proof. Suppose that a group G is the union of its
proper subgroups A and B. Then the union must be irredundant.
Therefore there exist a in A~B and b in B~A. So ab is
in G, it follows that ab is either in A or B. If ab is in
B, then a must be in B and if ab is in A, then b must be in
Av In either case, we have a contradiction.



3 Groups Which are Irredundant Unions of Arbitrary Number
of Their Subgroups.

3.7 Theorem. Let G be the irredundant union of the subgroups
He 's. Then for each. o H£~ contains the intersection of
all the remaining H's.

Proof. Let a be in H& and not in the other H's and
let b be an element contained in the intersection of all
the other H's. If ab is in Ha for some B # o« , then
(ab)b'1 = a is in H » which is a contradiction. Therefore
ab must belong to H . so that a'1(ab) =bis inH_ .
Hence the theorem is proved.

3.2 Theorem. Let G be a group and I an index set such that

G = c‘C:Ls the irredundant union of its subgroups H and let
iEI oL
I = I;UTI, be such that I, I, = 4.
It (M H N UHg) # 40, then NH N UH
keI, % pe 275 <eT,* Ber,P

contains its inverses.

Proof. Let a belong to N H ~ UH
E— Le1, X pel, B

1
Ho for all  in I,. Since H, is a subgroup of G, a~ ,

the inverse of a belongs to H , for all « in I,. If a~! is
ﬁn}La for some P in 12, then a is in H_ , which is a
contradiction. Hence a- | is in rWI{ \

oLe1, ’PEI o

From 3.2, the following corollary follows immediately.

Then a belongs to



3.3 Corollary. Let G be a group and I an index set. If
) %iis the irredundant union of its subgroups Qx, then
€T

for each P in I,

HI — o
P HP .cLE'IH"C
o« # B

contains its inverses.

3.4 Theorem. Let G be a group and I an index set such

that G = U H, is theirredundant union of its subgroups H
oL€T L oL

and let T = I,UI, ~be such that I, @ I, = 4.

If ﬂH\U # /4 5 then UH=¢§.
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Proof, Let U H. “\[N H. # #. Then there exists an a
— -tEI Bel, P

in N H Suppose there exists a b in M H_~ U H,.

oL€1, peI ik per,P «€1.*
Since ab is in G, ab is either in %‘ for some o in 11 or
in H for some 8 in I If ab is in H;c some of in I
then a~'(ab) = b is in &i and if ab is in Hﬁ for some ?
in I,, then a.is in H,}3 . In either case, we have a
contradiction,

Hence the theorem is proved.

3.5 Theorem. Let G be a group and I an index set such
that G = U H.is the irredundant union of its subgroups H_.
oLET © %

If aisin H~ U H.and b in H ~ H,. for p # g
P fe1 &« q otLGJI‘{‘ ’



Proof. Suppose that ab is in Hp U Hq. If ab is in Hp,

then a~ (ab) = b is in H , and if ab is in H s then

(ab)b-1 =a is in H_ 4+ In either case, we haEe a contradiction.
Hence the conclusion follows.

3.6 Theorem. Let I be an index set and A = (JA the
- LeI <€

irredundant union of subgroups A . If a group G can be mapped
homomorphically onto A, then for each o in I,there exist Gd‘ ,
a proper subgroup of G and G dL%IGd? is the irredundant

€

union of subgroups Gd

Proof. Let ¢ : G — A'be an onto homomorphism. For each
in I we define Gd:as-follows;

3

q£ < ?’(Adf)
Then Gc£ is a subgroup of G and
& /4 s .
Lex X
Finally, we will show that C _}EHJG is the irredundant union
€T
of the G . Let p be in I, Since A_ ~ U A, #4,
P cCc:I
th ist VR IfG‘tc:?éG th
ere exists an a,., in i en
P B ogLe1 o P of‘k;) ’
oL # P P
?—1(3'13) A OLKTEJIG"C « Let y be an element in (P (a;.é) .
d# P
Then y must belong to G, for some & in I and of'# B , so that
aﬁ = ¢ (y) AL

which is impossible. Hence the union is irredundant.

L. Groups Which are Irredundant Unions of Finite Number of
Their Subgroups.

n

L1 Theorem. Let a group G = 1&;0 be the irredundant union

of its subgroups G. and K = {’WG is 2 normal subgroup of G,
i=1

Then o(G/K , the order of G /g is not a prime.



Proof. Let @ be the mapping such that
(P:F’ —_— G/K 5
defined by g ——— gk.
Then ¢ is an onto homomorphism. . If o(Gy) is a prime,then
G/K has no proper subgroup. For each j in { 1, 2,...n} 4

G. > LJ G. % #. Then there exists san a’. in G.~ kj Gs o L6t
L J S = Y
i#j i
A= A ak / aE.Gz}
which is a subgroup of G g+ Since a& is not in K, a K # K,
Then A # ‘{K} Suppose that a1K is in A then there exists
a2 1? G2 such that a K = azK,so that 3132 is in K. Then
a1a2 belongs .to 02 which implies that a1 is in ng a
contradiction, Thus a1K is not in A. So we have A is a

proper subgroup of G/K' Hence o(G/K) is not a prime.

L.2 Lemma. Let a'group G he the irredundant union of” subgroups
M,Ay.”.ﬁhwz)amith""AUALJ“.UA. Then if
a is not in M, we have ak in M for some k in{T 2,e0en=1 }

Proof. Since a is not in M, a is in Ay. Let b belong to

~ (lJ-A UAy). If adb is in A, for some j in{0,1,...n—1},

1=3
then b is in A1, which is.a contradiction. Thus ajb is in
M for all j in{0o,1,...n-1}. If adb = a™ for some

j, m in{o, 1,...n-1} and suppose that j>m, then we have
ad™m - 1 which is in M. In the case when ab, aQb,...,an“1b,b
are all distinct, it follows that there exist k, and k2,

k k
k1 # k2 where 0 £ Kqs k, ¢ n-1 such that a 1b and a 2b are

in the same A; for some i 2. Suppose that K> kyy 80

is in Ai which is a subset of M,
Hence the lemma is proved completely.
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L.3 Theorem. Suppose the kth roots can be-taken in the

group G for every positive integer k less than a certain
n. Then G is not an irredundant union of n (or fewer!)
of it subgroups.

Proof. Suppose that G is the irredundant union of
n proper subgroups and adopt the notation of the lemma.
Let a be not in M and b be the (n—1)!t§root of a which exists
in G by hypothesis. .If b is in M, then b(n"1)!= a is in M,

So b is not in M, By 4.2 there exists a k in {1,2,...n-1}
r

such that b< is in M. Then (bk) = a is in M where
r = (n-1)! , which is a contradiction.
k

The "fewer part" is an obvious consequence of the
above proof.

Lol Lemma. Let G be a finite group of order N, r is a

th

prime to N, then each element of G has an r* root.

Proof. Let a be in G. Since r and N are relatively
prime, there exist integers h and k such that hr + kN = 1.

r
Therefore ahr ! akN = a so that (ah) = a; Let b= ah
which is in G. It follows that b® = a. Then a has an
th :

T root in G,

L.5 Corollary. Let G be a finite group of order N, p the
smallest prime dividing N. Then G is not a wunion of p
or fewer of its proper subgroups.

Proof. Let k be a positive integer and k less than
P. Since p is the smallest prime dividing N, k and N are
relatively prime. Then it follows from L., that each
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th
element of G has k root. Hence, by 4.3 G is not an

irredundant union of p or fewer of its proper subgrours.

The criterion of 4.3 can not be strengthened.
Indeed let G be the abelian group generated by two
elements a, b with the relations aP = bP = 1, then G
is the union of the p+1 proper subgroups generated by

2b,..., ap—1b, respectively.

a, b, ab, a
For finite groups, the case in which (as in the

example just given) the minimum imposed by 4.5 is

actually assumed may be partially characterized by

4.6 Theorem. With/'notations as in Corollary L.5, suppose
that G is the union of exactly p+1 proper subgroups Si,
then at least one of the S's, say Sj has index p. If
moreover, this Sj is normal, then all the Si have index
p and p> divides N.

Proof. Suppose the order of G/S y o(G/S ) is not p
i i

for all i. ©Since p is the smallest prime that divides
N and o(G/S ) must divide N, we have o(G/S ) > p so
i i

that o(G) % o(S.) for all i. Thus we have
p+1

N < 2ols) g (p+1)cic}1) = o(G) =N;a

pt

contradiction. Hence there exists at least one of S's,
say Sj has index p.

Suppose further that Sj is normal. For i # j
Sisj is a subgroup of G. If Sisj is a proper subgroup
of G, then G is the union of.SiS. and the p-1 proper
subgroups S, for k =1, 2,..., n+l, k # i, k # j.



By Corollary 4.5, it is impossible. Thus Sisj =G, 'Since

we have 8:8, is isomophic to S.
173/ i/s.Ns
o(G) o(sirwsj) = ol(s;),
o(SJ.)

and therefore
po(s;N8,) = ofs;)

for i # j. Let o(84) =N for i =1, 2,,..pt1. Since

p is the smallest prime that divides N, q;> P. Suppose
there exists an 1 such that q;> P, so we have

N = o(G)_g o(sj] + z;; [ (S ) = o(s rWSJ)]

< N+ ;[ X - N )
S0P Pq).
5 ‘ - ey
P k qk P <+ ,,‘E~'~. :
ﬂ+l ?'qi ¥
<bhggentizn 7S
P kA p 3 S ~w;gf/
= E +pil[N-N) -
P P P
= N y
which is a contradiction. So we have Q4 =P for all i # j
and o(Sirisj) =N . Hence all the S; have index p and p2
2
P

divides N.
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5 Groups of TInner Automorphisms of Groups Which are
Irredundant Unions of Their Subgroups.

5.1 Theorem. Let G be a group and let I(G) be the group
of inner automorphisms of G. ILet A be an index set.

If I(G) = \UI, is the irredundant union of its
L€EA

subgroups I, , then for each & in A,there exists Gpy a
subgroup of G such that G = UG, is the irredundant union

Lep &
of the Gd‘ §
Proof. Let
1(6) = {i(g) / gcG and i(g)(x) = g 'xg for all x in G },

which is the group of inner automorphisms of G. Let ¢
be the mapping such that

?:G __-?I(G) 3

defined by g t—s i(g-1)-

It is clear that { is an onto homomorphism. Since

I(c) = LJAI& is the irredundant union of its subgroups T,
oL €

by 3.6, for each « in A,there exists G, , a subgroup of G

and G = U Gy is the irredundant union of the Ge -
LEA

Hence the theorem is proved.

5«2 Remark. It is obvious to see that the converse of 5.1
1s not true, since the group of inner automomorphisms of
an abelian group is the trivial group, i.e., if G is an
abelian group, then I(G) = {17%}.
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