CHAPTER V
TORSION-FREE LOCALLY CYCLIC DECOMPOSABLE GROUPS

The materials of this chapter are drawn from reference
[5].
In this chapter, the problem as to which torsion-free

groups are locally cyclic decomposable is solved. Namely , we

prove @

5.lhTheorem. Let G- be a/group. Then the following are
eq&ivaiéét :

l. G is strongly torsion-free.

2. G is torsion=free lecally cyclic decomposable,

3. G is the union of a family) {G, /% ¢ K} of
abelian torsion-freg ! subgroups sueh that

YWaapss {l}

if Gj* G,

Proof : 1 implies 2

Let G be a strongly torsion-free group. Then G is

torsion-free by Remark 2.6. TFor g € G . Let

<8y = {x € G / x" € [g] for some non-zero integer m}

Then €g» is a commutative subgroup of G which can be easily

shown as follows :



Lk

If g = 1, then, by Remark 2.6 (a), (g = gl} and
the claim is true. Thus we may and shall assume that g ;& 1.

<g> is commutative : Let x, y ¢ <g> . If one of the x

and y is 1, then x and y obviously commute. Assume x ?E 1 9& N

m n

then by Remark 2.6 (¢) x =y  for some non-zero integers m,n.
-1 -1 -1
-1\n (xyx I(xyx 7) oo (xyx 7)
Hence (xyx ~)° = N s
n times.
-1
= XYy’ X
m -1
=/ /X% x
m
N
n
7 V4
o - (xyx-l)n = yo.

Since G is strongly trosion-free, we have xyx—l = Y, ile€e,
xy = YXe
Hence (g% is commutative.

{g >is a subgroup of G: lie obviously have 1 € (g) « If

Xy, ¥y € (8%, then xm, yn{._: [g] for some non-zero integers
m and n. Since x and y commute, (xy)"" = x"y'" ¢ [8],
and since mn # O, xy € {8)». Finally, if x € (&> \gl},
then x E‘['g] , for some non-zero integer m so that

GH™ = e [e] s

: -1
1.6e X € (8> .
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Hence € g » is a commutative subgroup of G.

Moreover, we shall show that (g)is isomorph;’.c to a
subgroup of the additive group Q of rational numbers, and,
therefore, by Theorem 3.8, (g) is locally cyclic.

The case when g = 1 is obvious; assume g :# l. For
any x € {g5% \i 17), x" = gn for. some non-zero integers m and
n, by Remark 2.6 (c). Define /4 (x) = n/, and @) = o.

@ is a well-defined function from (g D intof{):  Let

x &€ (g) \‘(l}. Suppose M = gn and x° = gt for some

non-zero integers m, »n, /s/ and’t. Then

08 _ gns and /xS0 o gtm
ns tm A . .
so that g =g . Sidce g-3 1 and G is torsion-free,
ns = tm; i.e. 2 = E .
m 5

Hence Lpis welledeliineds

ﬁf is 1 -1 : Let'x, y € {gp such that Sﬂ(x) = P(y) = n/ .

e may and shall assume that x % 1. Then x" = g" and y'= g"

and m # 0 :f: n so that x' = ym. Since G is strongly
torsion-free x = y. Hence sﬂ is 1 - 1.

S& is a homomorphism : Let x, ¥y € { &8> . We may and shall

| . _ 1 =
assume that x £ 1 f=y, and that (F(x) = = and Y = -

Then n, my t, s are all different from O and x" = gn and

y° = gt. Since (g » is commutative, we have
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(xy)ms me ms

"
&«

so that Sékxy) , B

"

=3 Jal
+
nict

= P A ()
Thus sﬂ is a homomorphism.
Hence (g > is isomprphic to a subgroup on.
Finally, we shall /'show /that G is locally cyclic

decomposable., But we already have G = ?§EJG< g>», since

each <g> is locally cyclic subgroup of G, we only need to

show that (g>M <Y = §1}if<g> $< h). We shall prove

the contrapositive.
Suppose there is a 1 ¥x € (g DA<h>; then

g + 1 =f= h, and therefore there are non-zero integers m,n,s

m_ . n _s t

and t such that x ne

g 4 x = h'. Then x° = g and

=0 = BT that g°° = 5",  Hince na + © 3{: tm, g € < h)

and h € {g)» so that (&> c{h) and (h}C(g); i.e.,
&) = <n).

Thus (2) holds.



b7
2 _implies 3.
Since subgroups of torsion-free group are torsion-free

and since Locally cyclic subgroups are commutative, by Lemma 3.4,

2 implies 3.

2 implies 1.
Suppose G = &E& Gk, each Gk is an abelian torsicp-

free subgroup of G and Gj N Gy )= gl} if Gj :’:Gk'

Let x, ¥ G'C}\\gl} ,.and n be a non-zero integer such

that x° = yn. Then x € Gj and y &€ Gk for some j, k € K,

Since Gj and G, are -torsion-free, then 1 - X" € Gj and

1 $y e @, . Hencel # xHe= gt € Gjﬂ Gk*fl} so that

Gj = Gk' Thus x° = yn is in the abelian torsion-free subgroup

it

Gy = G, so that x

torsion-free.

y by Remark 2.6 (b). Hence G is strongly
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