CHAPTER IV

LOCALLY CYCLIC DECOMPOSABLE GROUPS

The materials of this chapter are drawn from references

(] ,[8] .

This chapter contains some preliminaries about locally
cyclic decomposable group. But the main theorem of this
chapter is the fact that any)group has at most one non-trivial
locally cyclic decomposition, and that if such a decomposition
existg,it coincides with /‘the set of all maximal locally cyclic

subgroups of the given group.

4,1 Definition. A group is locally cyclic decomposable if it

has a locally cyclic decomposition, that is, a family

) v,

{ Gk / k € K‘} of jsubgroups of G _such that

; L) o -
g wiavisainiaig
ii.  if Gj:# G, implies Gjlq Gy = 7

where 1 denotes the identity element of G and

iii. each Gk is locally cyclic.

4,2 Definition. A subgroup of a given group is a maximal

locally cyclic subgroup if it is locally cyclic and is not

properly contained in any other locally cyclic subgroup of

the given group.
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4,3 Theorem. A group G is locally cyclic decomposable if and

e - .
only if every two elements a,, a, of G such that [al]ﬂLaZ] 1

3

Proof: Sufficiency : Define a relation ‘="4in G\ il} as

)

i

follows : TFor each aps 2, € G\ {1} , we put ay

if and only if there exists a3 € G such that

[al] ,[ az] C [aB] «_ Clearly = "is both reflexive and
symmetric. To show that it is transitive, suppose that

a, = a2 y 35 = a3 « Thén there exist bl’ b2 of G such that
a1 s [a,)<e) A 50a 3]c:\ b] . Since

[bli , [baiD[aa) we¢ gee that [bl‘j N1 be'} - %l} hence by
the assumption of the ‘theorem there exists b3 € G such that
[bl] o[ bZ]C [b3] .~ Therefore [al] ,[aBXC[bBJ . This
means that a, = Aa,}. Hence = 45 .an equivalence relation
and decomposes G \{ l} into -a collection {GJ}JEA of

equivalence classess (Forieach J & oy we put X = G ] 1}

We want to show that XJ is locally cyclic for all dEA

Let a;y 2, & Xcr\{ l} , we have [al] . [az] _ [az]

for some 2 € G, Let a < [aB] , where a # 1. Then

[al] ¥ [a] _ [aﬂ implies that a = ac . Consequently

-

a & G, « Therefore [’_aj-] X Hence XJ is locally

) s

cyclic and G is locally cyclic decomposable..

11,

there exists a third element a, of G such that aps 3, ¢ [asj .
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Necessity : Suppose G has a locally cyclic decomposi-

tion  §6, Y, ¢ g -

Let a;, a, € G such that ('al] N [azj‘ﬁ %l% . Suppose

that a, € G € G_ such that k, ¥ k.. Then G, NG #%11,
1 1 2 ky 'y J

k1, 22 k2

which is a contradiction. Hence apy 25 € Gk for some kb € K.
)

Since Gk is locally cyclic, |therec exists a, € G, < G such

o I 3 ks
/ ' 4 / S
that a;, a, € [ 3] .A,Thlstroveo ‘the necessity.
) :

V. /'

Lo4 Theorem. Every/uubgroupgol a loeally cyclic decomposable

e
0]

group locally cycllc deco posable.

//

Proof : Let G be;ahy/éﬁﬁéfoﬁf of‘la locally cyclic decomposable

group G. For each al,‘ﬁﬁr vﬂ@uch that Lal] ﬂ[fa?] #"lf

there exists Ay E”G‘Such‘ [ 371 by Theorem 4.3 .
Hence a ayy a, € [ ﬁy\\7?‘“—‘STﬁEE/EL%]f7 G is a subgroup of

the cyclic group [as] , 4t follows that l’aé}{ﬁ G is also

v
cyclic. Again by “‘Theoren 4.3 ,”G'"is“locally cyclic

decomposable.

To prove the main theorem, we need two more lemmas.

4,5 Lemma. No locally cyclic group can have a non - trivial
locally cyclic¢ decomposition whose members are proper subgroups,

where a locally cyclic decomposition %Gk} is said to be
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non - trivial if cach G_F {1} .

Proof: Let G be a locally cyclic group. We may assume that
G #1{—1} , if not, G will not have any proper non =- trivial
subgroup and we will have nothing to prove. Suppose that

{Gk/ k & K\‘ is a locally cyclic decomposition of G where
A j

Gy ‘7’; G, ’
/ 7/

Let a € G, b E¥GJ’J:/%;9 such that a £ 1 and
e — O, -
b q‘: 1. Since G is< 1§ally ‘cyelic-se a, b ¢ [c¥ for some

o

¢ € G. Thus c e g/ /for ,,Some k€ K. Since Giﬁ Gk >

[aJN[c] = [];&%11 ‘i‘(henG £ G, . But then

6, NG, =GN G, D[clﬂ[b] [v] F §1} so tnat 6= Gy,

e

Hence the Lemma is prOVed. 2)

4,6 Lemma. If L 1 A)a locally cyclJ.(Jsubgroup of a group G,

then there exists a maximal locally cyclic subgroup of G that

contains L.

¢
Proof : Let M = { M & G /L < M and M is locally cyclic}.
We partially order ‘M by inclusion ; i.e., Mo M, em,
f=

; and let €C/m be a

My =3 M, if and only if i < M,

chain. In view of 2.2 , we can prove that M has a maximal
element by showing that ¥, has an upper bound.

Congider U® , it is clear that L & UE ; moreover



Lo

Ue is an ascending union, hence by Lemma %.3, we know that
L}C’ is locally cyclic. Therefore U¥ is a locally cyclic
subgroup of G that contains L, then U¥ € 7n . Hence Vg
is an upper bound of &? « Then Cbl has a maximal element,

this proves the lemma.

Now we come to the unigueness thecrem for locally cyclic
/ }

decomposable group.

— s —

7/
4,7 Theorem. If a<gr§n§2G
7 /7

/'is locally cyclic decomposable, then
/,//,rr;" .

it has exactly one/qgﬁ/Lthigial locally cyclic decomposition
{ék / k € K} whiibfqoiﬁbidésiwith the collection of all its

maximal locally cyclic éﬁbg§¢u§é.

4
Proof : Let G be a locally cyclic decomposable group. Since
Q £
the case for which .G = %*ll is trivial, we assume that

i [
G qb gl} « TFurthermore, we may assume that G is not locally

cyclic, for otherwise it fcllows from Lemma 4.5 that G can
not have a non - trivial locally cyclic decomposition whose
members are proper subgroups of G, that is, %G} is the only
possible such locally cyclic decomposition.

Let %Gk/ k € K} be a non - trivial locally cyclic
decomposition of G. We first show that each Gk is a maximal

locally cyclic subgroup of G. Suppose there is a Gk which is
o

not a maximal locally cyclic subgroup of G. TLet I be a



maximal locally cyclic subgroup of G such that {1}5& Gk 55 M,
o}

such M exists by Lemma 4.6, Let a € Gk?\\ % 1} ana
O
b € M\ Gk « Then b € (%]for some m € K. Since both a
O 1
and b belong to M, a, b € [ c¢] for some ¢ € G and there

is an n € K such that ¢ € G . But G M G Dc]N Tal =
o]

1 S = G 3 -
[ a] aL 31} so that Gn Gy Moreover, Cm M Gko

¢ Ne D[vlN[ec] =Fv] €41} sothat & = G .

Hence b € Gk which is d/contradiction. Thus Gk must be a
@] O

maximal locally cyclic Subgroup. Hence each Gk is a maximal
locally cyclic subgroup /of G.

We are left td shHow that each maximal locally cyclic
subgroup of G is one ofthe Gk. Suppose to the contrary that
there is a maximalk‘iecally-cyclic—subgroup M of G such that
M #& Gk for all Kill€ K o—Then M qﬁ i l} and can not be
contained in any Gj for any j € K'so 'that we can find a pair

j, k € K such thaat M N Gj\ fl} ¥ ¢~ and that

M nGk\Gj#¢. Let a ngGj\Sl} and b € M ) G NG..

Since a, b € M, a, b &€ [c] for some ¢ € Gm and for some

m € K. Then

e.Nc DLa)N( ] D[a] F 51}
so that G, = G_ o Similarly G =G . Thus G, = G_ = G, which
J m k 1 J m k

is a contradiction since b € GP ey, Gj. Hence every maximal

N



locally cyclic subgroup of G is one of the Gk.

The theorem is now completely proved.
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