CHAPTER II

GEODESIC DIFFERENTIAL EQUATION

From differential geometry we know that geodesic curves

satisfy the following type of differential equation

2,1 n n.3 3, ..k .
1) 4¥X . 5 el (AR e dd 5 d function
o yo1 ko1 J% VA6 at 3k

on an open subset D of R" for all i = 1,2,...,n; as a result,
we call this differential equation the geodesic differential

equation.
Notation

2-1.1 $ is an n-vector valued function of real-valued

functions
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where for each i = 1,2,...,n ; for each k = Ly @sBsvas

is defined on some subset of Rn.
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Many of the geometric properties of geodesics come from
the fact that solutions to differential equations of the form (1)

satisfy a certain functional equation given below. For each

1l =<1 n,
v1(®,07,t) exists iff ¢ (B, ¥,at) exists end
(2)  yEal,t) = v @ Tat).

We will prove (2) in chapter III page 58

Let EN(3,3,8) = o (T3

¥ where G% is analytic on D

¥ 3k
for Y1 24,3}, k < 1+
Then H' is defined on D x R"x R and H' is smenalytic function on

D x R° R.

2-2 Properties of the solution curves to the geodesic differentisl

equation

[2-2.1] Given any initial point ?0 in D, any t, in R, then there
exists a neighbourhood U of the zero vector at ﬁo such that

-

w(ﬁo’a’to) is defined for all V e U.

Proof  Let t; be any element in R. Let B be any initial point

in D. Since (ﬁb,ﬁ,o) is a point on the domain of definition of H,
hence the fundamental theorem for second order ordinary differential
equations implies that there exists a neighbourhood W of the zero
vector at ?O, and there exists an interval I = (-r,r) such that

$(FO,$,t) exists for all Ve W and for gll t ¢ I,
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For any toa R, we then choose a real number o # O such that |ut0|< r.
Hence ato is in I. By the above statement, $(§O,v,at0) exists for
all % € W. Since for 1 < i < n, the solution curve wi satisfies

the functionel equation (2). Therefore, $(§o,uv,to) exists for all
v e W.

That is, $(§O,W,t0) exists for all W = aV ¢ aW.

But we know that W is & neighbourhood of zero vector at ?b, hence

oW is a neighbourhood of zero vector at ?0. Let us denote aW by U

and ﬁ by %. Then we are done,

[2-2.2] Given eny initial point ?O in D, and initial vector ?0 at 50,
then the paths $(§b,?o,t) and $(fo,a$0,t) egree as point sets for all

@ € R ~{0}., That is the images of the two functions are the same

sets.
Proof  Fix a,e R - {0].
> > -+ >
Let ¢, = (¥(F,,a0,t) | (B 0,V ,t) is defined} .
Let ¢, = {§(B,,¥.t) | $(B,.V,,t) is defined}.

In order to show c:L = c2 s let Ql be any point on cq-

Hence there exists t,e R such that $(F0,uoﬁo,tl) is defined and

$(§b’“oﬁo’t1> L

Since the solution § of (1) satisfies the functional equation (2),

>, . . -> be. 4
hence $(P,V ,a,t,) is defined snd w(ﬁb,ﬁo,aotl) = J(?O,aovo,tl).

Thus there exists t2 = aotl such that $(§O,Vo,t2) is defined and

-Vr(isos?c]’tz) = Ql i.e. Ql £ 02 "
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Let Q2 be any point on %. Then there exists t.e R such that

1

w(ﬁos 03 = Q2 .

Then w(§ V. .a ) is defined.
0] O 0
Hence w(ﬁ a9 0, ) is defined snd ¥(P ,ao 0’3 “*' $( 'tl)
Therefore there exists t, = —i- in R such that $(? .V ’t, ) is
%, 0700

+

defined and w(?b,a036,t2) = & le. Qec .

Thus c, = Cy - Then the proof is complete.

Definition 2-2.3 Let f'be a vector-valued function on an open subset
>
U of R" into an open subset V of B®, Then 7 is said to be &
-
bidifferential map if b4 is one to one from U onto V, and elso f

and #1 are differentiable

[2-2.4] For any tye R - {0}, for any 30 in D, there exists a
neighbourhood U of the zero vector at ?0 such that V -+ $(§0,§,t0)

is a bidifferential map of U onto an open set .

Proof Let t,) be any element in R - {0},

Let ?0 be any point in D,

By property [2-2.1], there exists a neighbourhood U of the zero vector

at ? such that for all V e U, $(3 ,ﬁ,t ) exists.,

Let T be the map defined by T 5 V,to) where V ¢ U

We will prove that T is a bidifferential map.

By theorem 1-1.11, ¥ is a ¢* function, thus it is enough to prove that

the jacobian of T at the zero vector is not zero because of the inverse

function theorem,
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Since for each i = 1,2,...,n,

(2) o (P,a¥,t)

¢H¥ﬁﬁtﬁ

Differentiate (2) with respect to g, we obtain
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satisfies the functional equation

i o
Wa Bt = et for 1< j<n
3V3
Substitute @ = 0 into the above equation, we get
sl 33 R :
v J (P,0,t) =\ [JAP,V,0)t = vt
av
i | 7
- ]
Let a; =
0 S V#/8 \
Hence for each i =1,2,..., n we get
(3) 3 (P,O)t) i t GJ y 1, § = 1,2,...,n
v
4
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Since iﬂi(Po,o,to) gﬂ’--2(1)0,0,1:0) o (PO,O t.)
av av 3V
o i 2 -5 ﬂz-r ->
I2 (0) = det l(PO,O,tO) (PO, ’to) o s n(PO,O,tO)
v 9V av
2
-6 -am‘n-i ->
1 0, 'tg) 5(Fs0,t,) . (P ,0, t,)
A v v BV
Substitute (3) into the above equation, we get
t, (J
->
¥ (0) = aet " 2 £ 0
) t °
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Then the proof is complete.
In differential geometry property [2--2.4] is called the exponential

property.

[2-2.5] For any compact neighbourhood U of the zero vector at
?0 in D, there exists a neighbourhood V of zero in R such that

ﬁ(?oﬁ,t) exists for all Ve U and for all t € V.

Proof It is enough to show that for any open ball B(a§ 5 rl) there

exists an interval V of zero in R such that $(§0,?,t) exists for

all Ve 3(6 ,rl) for all t € V since U is a compact neighbourhood

?

0

of in R°, hence U is a closed and bounded subset of R (by

-5
0
$O

Heine-Borel Theorem). Therefore,there exists en open ball B(ﬁ ,r)

which contains U. 0

By the fundamental theorem for 2nd order ordinary differential

equations, there exists an open ball 3(3 ,rE) and an interval I of

0
zero in R such that $(§0,$,t) exists for all V e B(ﬁﬁ oT

0

2) and for

all t € I,

Let B(ﬁﬁ ,rl) be any open ball center at Bﬁ , radius r;.
0 0
If B(?L ,rl)‘E B(O ,re), then it is clear from the above statement
P

?

0 0
that there exists an interval V of zero in R such that $(§0,$,t)
is defined for all V ¢ B(D ,rl) for all t € V, just take V = I,
0
If ]3(_(5__> ,r2)C: B(-CS_§ ,rl), then choose ay € R ~ {0} such that |a0ri|< T,

PO 0
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For any V e B(3 »T)), ve have ‘“Ovl |a0||$| < lagry| <r

2, g
Therefore, a0$ € B(ﬁ% ,re) for all V e B(3§ ,rl).
0 0
Hence $(§0’a0¢’t) exists for all V e B(3§ ,rl) for all ¢ ¢ I,

0
Since § satisfies the functional equation (2), hence $(§6,v,aot)

_>
exists and W(?O,aov,t) = $(§0,v,uot).
Thus $($b,%,u0t) exists for all V ¢ 3(3% ,rl) for all t ¢ I.
0
Let V = aOI. Then V is an open interval of zero in R.

Therefore, we conclude that there exists a neighbourhood V of 0

in R such that LT(?O,?,t*) exicts for all V € B(E_}k ,r;) for all
0
t*¥ € V. Then the proof is complete.
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